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A GLOBAL BIFUR CA TION RESUL T OF A NEUMANN
PR OBLEM WITH INDEFINITE WEIGHT
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Abstra ct. This paper is concernedwith the bifurcation result of
nonlinear Neumann problem

�
� � pu = �m (x)jujp� 2u + f (�; x; u) in 

@u
@� = 0 on @
 :

We prove that the principal eigenvalue � 1 of the corresponding
eigenvalue problem with f � 0; is a bifurcation point by using a
generalizeddegreetype of Rabinowitz.

1. Intr oduction

The purposeof this paper is to study a bifurcation phenomenonfor
the following nonlinear elliptic problem

(P)
�

� � pu = �m (x)jujp� 2u + f (�; x; u) in 

@u
@� = 0 on @
 ;

where 
 is a boundeddomain of IRN ; N � 1; with smooth boundary and �
is the unit outward normal vector on @
; the weight function m belongsto
L 1 (
) and � is a parameter. We assumethat

R

 m(x)dx < 0 and j
 + j 6= 0

with 
 + = f x 2 
; m(x) > 0g, where j : j is the Lebesguemeasureof IRN :
The so-called p-Laplacian is de�ned by � � pu = �r :(jr ujp� 2r u) which
occurs in many mathematical models of physical processesas glaciology,
nonlinear di�usion and �ltration problem, see[18], power-low materials [2],
the mathematical modelling of non-Newtonian 
uids [1]. For a discussionof
somephysical background, see[10]. In this context and for certain physical
motivations, seefor example[17]. Observe that in the particular casef � 0
and p = 2, (P) cameslinear.

The nonlinearity f is a function satisfying someconditions to be speci�ed
later.

Classical Neumann problems involving the p-Laplacian operator have
been studied by many authors. Senn and Hess [14, 15] studied an eigen-
value problem with Neumannboundary condition. Bandele,Pizio and Tesei
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[4] studied the existenceand uniquenessof positive solutions of somenonlin-
ear Neumannproblems;we cite also the paper [6] wherethe authors studied
the role played by the inde�nite weight on the existenceof positive solution.
In [16], the author shows that the �rst positive eigenvalue � 1; of

(E)
�

� � pu = �m (x)jujp� 2u in 

@u
@� = 0 on @


is well de�ned and if
R


 m(x) dx < 0, it is simple and isolated. These
fundamental properties will be usedin proof of our main bifurcation result.

In general, variational method and bifurcation theory have been used
in pure and applied mathematics to establish the existence, multiplicit y
and structure of solutions to Partial Di�eren tial Equations. However, the
relationship betweenthesetwo methods have remainedlargely unrecognized
and searchershave tendedto useonemethod or the other. The present paper
gives an example of nonlinear partial di�eren tial equation with Neumann
boundary condition, expandingvariational and bifurcation methods to occur
the connection betweenthesetwo distinct "arguments".

In recent years, bifurcation problems with a particular with a particular
nonlinearity werestudied by several authors, with the right hand sideof the
�rst equation of the form f and the Direchlet boundary condition. In fact,
bifurcation Direchlet boundary condition problemswith other conditions on
m and f were studied on bounded smooth domains by [5] and [9]. These
resultswereextendedfor any boundeddomain and m is only locally bounded
by [11] and [12]. The authors consideredthe bifurcation phenomena,namely
on the interior of domain. The case
 = IRN was treated by Dr�abek and
Huang [13] under someappropriate hypotheses.

The purposeof this paper is to study the bifurcation phenomenonfrom

the �rst eigenvalue of (E) when
Z



m(x) dx < 0, by using a combination

of topological and variational methods. Our main result is formulated by
Theorem 3.2, where we investigate the situation improving the conditions
of the nonlinearity f for Neumann boundary condition. In Proposition 3.1,
we give a characterization of the bifurcation points of (P) related to the
spectrum of (E). We establish the existenceof a global branch of nonlinear
solutions pairs (�; u), with u 6= 0, bifurcating from the trivial branch at � =
� 1. Bifurcation here meansthat there is a sequenceof nontrivial solutions
(�; u), with u 6= 0, going to zero as � approaches the right eigenvalues.

The rest of the paper is organized as follows: Section 2 is devoted to
statement of someassumptionsand notations which we uselater and prove
some technical preliminaries; in Section 3 we verify that the topological
degreeis well de�ned for our operators in order to be able to show that this
degreehas a jump, when � crosses� 1, which implies the bifurcation result.
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In fact, we may employ the global bifurcation result of that of Rabinowitz
[19].

2. Assumptions and Preliminaries

We �rst introduce some basic de�nitions, assumptions and notations.
Here p > 1; 
 is a boundeddomain in IRN ; (N � 1) with a smooth bound-
ary. W 1;p(
) is the usual Sobolev space,equipped with the standard norm

kuk1;p =
� Z



jr ujp dx +

Z



jujp dx

� 1
p

; u 2 W 1;p(
) :

2.1. Assumptions. We make the following assumptions:
f : 
 � IR � IR � ! IR is a Carath�eodory's function, satisfying the homoge-
nization condition type

f (�; x; s) = o(jsjp� 1); as s ! 0 (2:1)

uniformly a.e. with respect to x 2 
 and uniformly with respect to � in any
bounded subsetof IR. Moreover f satis�es the asymptotic condition:
There is q 2 (p; p� ) such that

lim
jsj! + 1

f (�; x; s)
jsjq� 1 = 0; (2:2)

uniformly a.e. with respect to x 2 
 and uniformly with respect to � in any
bounded subsetof IR. Here p� is the critical Sobolev exponent de�ned by

p� =
� N p

N � p if N > p
+ 1 if N � p;

2.2. De�nitions. 1. By a solution of (P), we understand a pair (�; u) in
IR � W 1;p(
) satisfying (P) in the weak sense,i.e.,

Z



jr ujp� 2r ur v dx = �

Z



m(x)jujp� 2uv dx +

Z



f (�; x; u)v dx; (2:3)

for all v 2 W 1;p(
). This is equivalent to saying that u is a critical point of
the energy functional corresponding to (P) de�ned as

1
p

Z



jr ujp dx �

�
p

Z



m(x)jujpdx �

Z



F (�; x; u)dx;

where F denoted the Nemitskii operator associated to f . In other words,
F is the primitiv e of f with respect to the third variable, i.e., F (�; x; u) =Z u

0
f (�; x; s) ds. We note that the pair (�; 0) is a solution of (P) for every

� 2 IR. The pairs of this form will be called the trivial solutions of (P). We
say that P = (�; 0) is a bifurcation point of (P), if in any neighborhood of
P in IR � W 1;p(
) there exists a nontrivial solution of (P).
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2. Throughout, we shall denote by X a real re
exiv e Banach spaceand
by X 0 stand for its dual with respect to the pairing h:; :i . We shall deal
with mapping T acting from X into X 0. T is demicontinuous at u in X , if
un ! u strongly in X , implies that Tun * Tu weakly in X 0. T is said to
belong to the class(S+ ), if for any sequenceun weakly convergent to u in
X and lim sup

n! + 1
hTun ; un � ui � 0; it follows that un ! u strongly in X:

2.3. Degree theory . If T 2 (S+ ) and T is demicontinuous, then it is pos-
sible to de�ne the degreeDeg[T; D ; 0], where D � X is a boundedopen set
such that Tu 6= 0 for any u 2 @D. Its properties are analogousto the ones
of the Leray-Schauder degree(cf. [7]).

Assume that T is a potential operator, i.e., for some continuously dif-
ferentiable functional � : X ! IR; � 0(u) = Tu; u 2 X . A point u0 2 X
will be called a critical point of � if � 0(u0) = 0. We say that u0 is an iso-
lated critical point of � if there exists � > 0 such that for any u 2 B � (u0),
� 0(u) 6= 0 if u 6= u0. Then, the limit

I nd(T; u0) = lim
� ! 0+

Deg[� 0; B � (u0); 0]

exists and is called the index of the isolated critical point u0, where B r (w)
denotesthe open ball of radius r in X centered at w.

Now, we can formulate the following two lemmas which we can �nd in
[20].

Lemma 2.1. Let u0 be a local minimum and an isolated critic al point of � .
Then

I nd(� 0; u0) = 1:

Lemma 2.2. Assumethat h� 0(u); ui > 0 for all u 2 X ; kukX = r . Then

Deg[� 0; B � (0); 0] = 1:

2.4. Preliminaries. Let us de�ne, for (u; v) 2 W 1;p(
) � W 1;p(
), the op-
erators

Ap; G : W 1;p(
) ! (W 1;p(
)) 0

and
F : IR � W 1;p(
) ! (W 1;p(
)) 0

hApu; vi =
Z



jr ujp� 2r ur v dx

hGu; vi =
Z



m(x)jujp� 2uv dx

hF (�; u); vi =
Z



f (�; x; u)v dx
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Remark 2.1. (i ) Due to (2:3) a function u is a weak solution of (P) if, and
only if,

Apu � �Gu � F (�; u) = 0 in (W 1;p(
)) 0 (2:4)
(ii ) The operator Ap has the following properties:

(a) Ap is odd, (p � 1)-homogeneous and strictly monotone, i.e.,

hApu � Apv; u � vi > 0 8 u 6= v:

(b) Ap 2 (S+ ).

Lemma 2.3. G is well de�ned, compact, odd and (p � 1)-homogeneous.

Pro of. The de�nition and compactnessof G are required by the compact-
nessof Sobolev embedding

W 1;p(
) ,! L p(
) :

The oddnessand (p � 1) homogeneity of G are obvious. Thus, the lemma is
proved.

Lemma 2.4. For any � 2 IR; the Nemitskii operator F (�; :) is well de�ned,
compact and F (�; 0) = 0. Moreover, we have

lim
kuk1;p ! 0

F (�; u)

kukp� 1
1;p

= 0 in (W 1;p(
)) 0; (2:5)

uniformly for � in any bounded subsetof IR.

Pro of. Conditions (2:1) and (2:2) imply that for any � > 0, there are two
reals � = � (� ) and M = M (� ) > 0 such that for a.e., x 2 
 ; we have

jf (�; x; s)j � � jsjp� 1 for jsj � � (2:6)

and
jf (�; x; s)j � M jsjq� 1 for jsj � � : (2:7)

Therefore, for 0 < � � 1; we get by integration on 
 that
Z



jf (�; x; u(x)) jq

0
dx �

Z



ju(x)jq

0(p� 1) dx + M
Z



ju(x)jq dx: (2:8)

We have q0(p� 1) � p0(p� 1) = p < q. Thus L q(
) ,! L q0(p� 1)(
) and there
is a constant c > 0 such thatZ



ju(x)jq

0(p� 1)dx � c
Z



ju(x)jqdx: (2:9)

Inserting (2.9) in (2.7), we deducethe estimate
Z



jf (�; x; u(x)) jq

0
dx � (c + M )

Z



ju(x)jq dx: (2:10)

Thus F (�; :) maps L q(
) into its dual L q0
(
) continuously ( for more detail

on the properties of Nemitskii operator the reader can see[8] ). Moreover,
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if un * u in W 1;p(
) then un ! u in L q(
), becausep < q < p� and
F (�; un ) ! F (�; u) in L q0

(
) : Since L q0
(
) ,! (W 1;p(
)) 0, it follows that

F (�; un ) ! F (�; u) in (W 1;p(
)) 0: This implies that F (�; :) is compact. It
is not di�cult to verify that F (�; 0) = 0; for all � 2 IR.

In virtue of (2:1), we have
F (�; u)

kukp� 1
1;p

! 0 in L q0
(
) ; as u ! 0 in W 1;p(
) :

Indeed, set u = u
kuk1;p

: Hence

F (�; u)

kukp� 1
1;p

=
F (�; u)
jujp� 1 jujp� 1: (2:11)

From this and H•older's inequality, we deducethat

Z




�
�
�
�
�
F (�; u)

kukp� 1
1;p

�
�
�
�
�

q0

dx �

" Z




�
jF (�; u(x)) j

ju(x)jp� 1

� q0t

dx

# 1
t � Z



juj(p� 1)q0t0

dx
� 1

t 0

;

(2:12)
for somet > 0 which satis�es

q0(p � 1)
p� <

1
t

<
p� � (p � 1)q0

p� : (2:13)

This is always possible,since p < q < p� : By (2:6) and (2:7); we conclude
that












�
�
�
�
F (�; u)
jujp� 1

�
�
�
�

q0











t

t

� � j
 j + M q0t
Z



jujq

0t (q� p)dx; 8� > 0: (2:14)

From this inequality and the fact that u ! 0 in W 1;p(
), we have the limit











�
�
�
�
F (�; u)
jujp� 1

�
�
�
�

q0











t

t

! 0 as u ! 0 in W 1;p(
) :

On the other hand, u belongsto L p�
(
) ( because

Z



jujp

�
dx � c). Then,

we �nd a constant c > 0 such that

kjuj(p� 1)q0
kt0 � c;

sinceq0t0(p � 1) < p� by (2.13). This completesthe proof.

Remark 2.2. Note that every continuous map T : X � ! X 0 is also demi-
continuous. Note also, that if T 2 (S+ ) then (T + K ) 2 (S+ ) for any compact
operator K : X � ! X 0.

Remark 2.3. � is an eigenvalueof (E) if and only if, u 2 W 1;p(
) nf 0g
solves

Apu � �Gu = 0: (2:15)
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Now, de�ne an operator T� : W 1;p(
) ! (W 1;p(
)) 0; by T� u = Apu �
�Gu � F (�; u):
In view of Lemma 2.3, Lemma 2.4, Remark 2.1 and Remark 2.2, it follows
that, for � > 0, su�cien tly small, the degree

Deg[T� ; B � (0); 0]; (2:16)

is well de�ned for any � 2 IR such that T� u 6= 0 for any kuk1;p = � ( here
B � (0) is the open ball of radius � in W 1;p(
) centered at 0 ).
By using the sameargument as used in proof of Lemma 2.3, we can state
the following proposition which plays a crucial role in our bifurcation result.

Prop osition 2.1. If (�; 0) is a bifurcation point of problem (P), then � is
an eigenvalueof (E).

Pro of. Fix � 2 IR: Since(�; 0) 2 IR � W 1;p(
) is a bifurcation of (P) there
exists a sequencef (� j ; uj )gj � IR � W 1;p(
) of nontrivial solutions of the
problem (P) such that

� j ! � in IR and uj ! 0 in W 1;p(
) ; (2:17)

as j ! + 1 :
(� j ; uj ) solve the equation (2.4). Therefore,by (p� 1)� homogeneity we have

Apvj � � j Gvj =
F (� j ; uj )

kuj kp� 1
1;p

;

wherevj =
uj

kuj kp� 1
1;p

: The sequence(vj ) j is boundedin W 1;p(
) : Thus, there

is a function v 2 W 1;p(
) such that vj * v in W 1;p(
) ( for a subsequence
if necessary). Then, by combining Remark 2.1, Lemma 2.3 and Lemma 2.4,
we obtain that vj ! v strongly in W 1;p(
) and

0 = Apvj � � j Gvj �
F (� j ; uj )

kuj kp� 1
1;p

! Apv � �Gv : (2:19)

Then
Apv = �Gv in (W 1;p(
)) 0: (2:20)

It is clear that v 6= 0, becausek vj k1;p= 1; 8j 2 IN � . Hence(2:20) proves
that � is an eigenvalue of (E) in view of Remark 2.3. This clearly concludes
the proof.

3. Main Resul ts

The goal of this section it to prove our main bifurcation results. In order
to do so, we shall introduce further notations and someproperties of the
principal positiveeigenvalueof the eigenvalue problem (E) which will beused
in our analysis. For this purpose,consider the variational characterization
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of � 1.
We recall that � 1 can be characterized variationally as follows

(3:1) � 1 = inf
� Z



jr ujp dx; u 2 W 1;p(
) ;

Z



m(x)jujpdx = 1

�
:

In fact, we have the following theorem.

Theorem 3.1. [16] Let us suppose that m 2 L 1 (
) such that mesf x 2

 =m(x) > 0g 6= 0, then we have
(i ) � 1 is e�ectively an eigenvalueof (E) with weight m; and 0 < � 1 < + 1
if and only if m changessign and

R

 m(x) dx < 0.

(ii) � 1 is simple, namely, if u and v are two eigenfunctionsassociated to � 1
then u = kv for somek:
(iii ) If u is an eigenfunction associated with � 1, then min



juj > 0:

(iv ) � 1 is isolated.

Lemma 3.1. Let (un )n be a sequence in W 1;p(
) such that

kr un kp
p � �

Z



m(x)jun jp dx � c; (� )

for some0 < � < � 1 and positive constant c independent on n. Then (un )n
is bounded in W 1;p(
) .

Pro of. From (� ), we deducethat

kr unkp
p � � kmk1 kunkp

p � c:

That is,
kr un kp

p � c + � kmk1 kunkp
p; 8n 2 IN � :

Thus it su�ces to show that (kunkp)n is bounded. Supposeby contradiction
that kun kp ! 1 ( for a suitable subsequenceif necessary).We distinguish
two cases:

� kr un kp is bounded. Set vn = un
kun kp

; 8n 2 IN � . Thus (vn )n is

bounded in W 1;p(
). Consequently, by compactnessthere exists
a subsequence(noted also (vn )n ) such that vn * v in W 1;p(
),
vn ! v in L p(
) and vn ! v almost everywherein 
, for somefunc-
tion v 2 W 1;p(
). It is clear that kvkp = 1 ( becausekvn kp = 1; 8n
) and

kvk1;p � lim inf
n! + 1

kvn k1;p

which implies that

kr vkp � lim inf
n! + 1

kr un kp

kun kp
= 0:

EJQTDE, 2004,No. 9, p. 8



This yields that v is, almost everywhere, in 
, equal to a nonzero
constant d.
Now, dividing (� ) by the quantit y kunkp

p and letting n ! + 1 , we
obtain

� � j d j
Z



m(x) dx � 0:

So, we get that
R


 m(x) dx � 0 which is a contradiction.
� kr un kp is unbounded. We can suppose that, for n large enough,

kr un kp > c
1
p ; where c is given by (� ).

From (� ), we deducethat

� �
Z



m(x) j un jp dx < 0;

for all n large enough. That is
Z



m(x) j un jp dx > 0:

As n tends to plus in�nit y, un is admissible in the variational char-
acterization of � 1 given by (3:1). Thus

� 1

Z



m(x) j un jp dx � kr unkp

p:

Set vn = un
kr un k1;p

. Thus (vn )n is bounded in W 1;p(
) and conse-

quently there is a function v 2 W 1;p(
) such that vn convergesto v
weakly in W 1;p(
) and strongly in L p(
) (for a subsequenceif nec-
essary).
Dividing (� ) by kr unkp

1;p and combining with last inequality, we
arrive at

� 1

Z



m(x) j vn jp dx � �

Z



m(x) j vn jp dx �

c
kr unkp

1;p
: (�� )

Let n goesto + 1 in (�� ), we concludethat

(� 1 � � )
Z



m(x) j v jp dx � 0:

This and the fact that
R


 m(x) j v jp dx � 0 imply that

� 1 � � � 0:

Which is a contradiction.

Finally, from the both above cases,we concludethat (kr unkp)n is bounded
and the proof of the lemma is achieved.
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Let E = IR � W 1;p(
) be equipped with the norm

k(�; u)k =
�
j� j2 + kuk2

1;p

� 1
2

De�nition 3.1. We say that

C = f (�; u) 2 E : (�; u)) solves (P); u 6= 0g

is a continuum (or branch) of nontrivial solutions of (P), if it is a connected
subsetin E.

Theorem 3.2. Under the assumptions(2:1) and (2:2), the pair (� 1; 0) is
a bifurcation point of (P). Moreover, there is a continuum of nontrivial
solutions C of (P) such that (� 1; 0) 2 C and C is either unbounded in E or
there is � 6= � 1, an eigenvalueof (P); with (�; 0)) 2 C.

Pro of. We shall employ the homotopy invarianceprinciple of the considered
degreeto deducethat

Deg[Ap � �G ; B � (0); 0] (3:2)

jumps from 1 to � 1, as � crosses� 1. If this fact is proved, then Theorem
3.1 follows exactly as in the classicalglobal bifurcation result of Rabinowitz
[19]. Choose� = � (� ) > 0 small enough,so that � 1 � � > 0 and the interval
(� 1 � � ; � 1 + � ) does not contain any eigenvalue of (E) di�eren t of � 1. A
such � exists because� 1 is isolated in the spectrum. Then, the variational
characterization (3:1) of � 1 and Lemma 2.2 yield

Deg[Ap � �G ; B � (0); 0] = 1; (3:3)

when � 2 (� 1 � � ; � 1). To evaluate (3.2) for � 2 (� 1; � 1 + � ), we usea similar
argument developed in [11] (seealso [12]). Fix a number t 0 > 0 and de�ne
a continuously di�eren tiable function h : IR � ! IR by

h(t) =
�

0 for t � t0
a(t � 2t0) for t � 3t0;

where a > �
� 1

and h is positive and strictly convex in (t0; 3t0): Now, de�ne
an auxiliary functional

� � (u) = 1
pkr ukp

p � �
p

R

 m(x)jujpdx + h( 1

pkr ukp
p)

= 1
phApu; ui � �

p hGu; ui + h( 1
pkr ukp

p):

Then � � is continuously Frêchet di�eren tiable. It is not di�cult to show
that any critical point w 2 W 1;p(
) of � � solves the equation

Apw �
�

1 + h0( 1
pkr wkp

p)
Gw = 0:
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However, the only nontrivial critical points of � � occur if

h0
�

1
p

kr ukp
p

�
=

�
� 1

� 1: (3:4)

Because� 6= � 1 and by de�nition of h, we must have 1
pkr ukp

p 2 (t0; 3t0):
Due to the simplicit y of � 1; either u0 = � �u 1 for some� 2 IR+

� , whereu1 > 0
is the principal eigenfunction normalized by ku1k1;p = 1 corresponding to
� 1. Thus, for � 2 (� 1; � 1 + � ), the derivative � 0

� possessesprecisely three
isolated critical points � �u 1; 0; �u 1 .
Now, to complete the proof, it su�ces to prove that these points are local
minimums of � � , so that we can apply Lemma 2.1. For this, we argue by
variational method. We claim that:
(C1) � � is weakly lower semicontinuous.
(C2) � � is coercive, i.e.

lim
kuk1;p ! + 1

k� � (u)k1;p = 1 :

Indeed, for (C1) let due to the de�nition of un * u in W 1;p(
). Thus,
Lemma 2.3 implies

hGun ; un i � ! hGu; ui : (3:5)

Thanks to the weakly lower semicontinuit y of the norm, we obtain

kr ukp � lim
n! + 1

kr un kp: (3:6)

Using (3.5), (3.6) and the fact that h is increasing in (3t 0; 1 ), we deduce
that

lim inf
n!1

� � (un ) � � � (u):

We deal now with (C2); � � (u) is coercive otherwise, there exist a sequence
(un )n in W 1;p(
) and a constant c > 0 such that lim n!1 kunk1;p = 1 and
� � (un ) � c.
Therefore

� � (un ) = 1
phApun ; un i � �

p hGun ; un i + h( 1
pkr unkp

p)

=
1
p

Z



jr un jp dx �

�
p

Z



m(x)jun jp dx + h(

1
p

kr unkp
p)

� 1+ a
p

Z



jr un jp dx �

�
p

Z



m(x)jun jp dx � 2at0:

It follows that

kr unkp
p �

�
1 + a

Z



m(x)jun jp dx � c + 2at0:
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Since � 1 > �
1+ a then Lemma 3.1 implies that kun k1;p is bounded which is

contradiction.
Consequently, from (C1) and (C2) and the fact that � � is even, there are
precisely two points at which the minimum of � � is achieved: � �u 1 and
�u 1 for some � 2 IR+

� , in view of [3]. The point origin 0 is obviously an
isolated critical point of "the saddletype".
From Lemma 2.1, we have

I nd(� 0
� ; � �u 1) = I nd(� 0

� ; �u 1) = 1: (3:7)

Simultaneously, we have
h� 0

� (u); ui > 0;
for any kuk1;p = R, with R > 0 large enough. Indeed, it is easy to verify
that

hApu; ui > � hGu; ui and hApu; ui > 3t0;
for kuk1;p large enough. Therefore,

h� 0
� (u); ui � (� 1 � � )hGu; ui + ahApu; ui

� � �
� 1

hApu; ui + ahApu; ui

� (a � �
� 1

)kr ukp
p:

That is h� 0
� (u); ui ! 1 ; as kuk1;p ! 1 , due to the choice of a and Lemma

3.1.
Lemma 2.2 implies that

Deg[� 0
� ; BR (0); 0] = 1: (3:8)

We chooseR so large such that k�u 1k1;p = R, i.e, �u 1 2 @BR (0):
Now, thanks to additivit y property of the degree,(3.7) and (3.8), we deduce
that

Deg[L � �G ; B � (0); 0] = � 1: (3:9)
On the other hand, it is clear that

hApu; ui � � hGu; ui ! 0;

as kuk1;p ! 0. Then, by the de�nition of h; we obtain

Deg[Apu � �G ; B � (0); 0] = I nd(� 0
� ; 0); (3:10)

for � > 0 small enough. Which implies from (2.3) and the homotopy invari-
anceprinciple of the degree,that for � > 0 small enough,

Deg[T� ; B � (0); 0] = Deg[Apu � �G ; B � (0); 0)]; (3:11)

for � 2 (� 1 � � ; � 1 + � )nf � 1g. Consequently, we concludefrom (3.3), (3.9),
(3.10) and (3.11) that

Deg[T� ; B � (0); 0] = 1 for � 2 (� 1 � � ; � 1);
EJQTDE, 2004,No. 9, p. 12



Deg[T� ; B � (0); 0] = � 1 for � 2 (� 1; � 1 + � )

for � > 0 su�cien tly small. The "jump" of the degreeis establishedand the
proof is completed.

Remark 3.1. We can extendthe bifurcation result above to any eigenvalue
� n which is isolated in the spectrum and of odd multiplicity in order to be
able to apply the above argument.
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