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ABSTRA CT. Cooke and Yorke deweloped a theory of biological growth and epidemics
basedon an equation xY(t) = g(x(t)) g(x(t L)) with the fundamertal property that gis
an arbitrary locally Lipschitz function. They proved that ead solution either approaces
aconstart or 1  onits maximal right-interval of de nition. They alsoraiseda number of
interesting questionsand conjecturesconcerningthe determination of the limit set, periodic
solutions, parallel results for more generaldelays, and stabilit y of solutions. Although their
paper motivated many subsequeh investigations, the basicquestionsraisedseemto remain
unanswered.

We study such equationswith more generaldelays by meansof two successie applica-
tions of contraction mappings. Given the initial function, we explicitly locate the constart
to which the solution corverges,shaw that the solution is stable, and shawv that its limit
function is a type of "selective global attractor.” In the last sectionwe examine a problem
of Minorsky in the guidanceof a large ship. Knowledgeof that constart to which solutions

cornvergeis critical for guidanceand cortrol.

1. Intro duction.

In this study we focus on a celebrated paper on epidemicsby Cooke and Yorke [7]
who preserted three models of considerableinterest for the growth of a population. Our
analysis of these problemsis by meansof cortraction mappingswhich o er a very simple,
quick, and e ective way of treating many qualitiativ e behavior problems in functional
di erential equations.

The models of Cooke and Yorke on which we focus are:
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(@) xAt) = g(x(t)) g(x(t L)); L>0,

(b) xAt) = g(x(t Li)) g(x(t Li Lyz); Li>0,

and

© xXt) = g(t; x(t)) gt x(t L)); g(t+ L;x)= g(tx):

These equations sharethree fundamertal properties:

(A) gis any locally Lipschitz function.

(B) Every constart function is a solution of eat of them.

(C) Each equation hasa rst integral.

They prove that every solution of (a) satis es either:

(I) x(t) tendsto a constart,

or

(') x(t) tendsto +1 ,

or

(11 x(t) tendsto 1

on its maximal right-interval of de nition.

They claim that (b) istoo dicult for their methods and they do not attempt (c).

Later, Kaplan, Sorg, and Yorke [13] proved the samethree conclusionsfor a more
general equation than (a) which still enjoyed (A) and (B), but not (C). A vast number
of papers followed treating equations more generalthan (a) which fail to allow (A) and
(C), but strengthen the conclusionto (I) alone. Recerily, Arino and Pituk [1] considered
a very generalequation with nite delay along the samelines, asking only a type of global
Lipschitz condition, and used xed point theory to prove that solutions tend exponertially
to a constart solution and that the constart solution is uniformly stable.

The literature will showv that (A) will eliminate one point of uncertainty in biological
investigations. It wasa brillian t cortribution of Cooke and Yorke, and is the certer of our
focus.

Here, we note a tacit assumption of Cooke and Yorke which suggestsa cortraction
mapping approad. Moreover, Cooke and Yorke suggestasking jg(x)j K jxj for large jx]
in order to ensurethat all solutions can be continued for all future time. If we adopt a

variant of thesetwo conditions, we can show that:
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(i) Every solution approadesa constart.

(i) The limit constart can be known in advance.

(iii) Each solution is stable and the limit constart is a "selective global attractor,"
attracting all solutions having initial functions with the same"averagevalue."

(iv) All the work canbe donein exactly the sameway for very generaldelays, including
pointwise, distributed, in nite, and combinations. All are illustrated here.

(v) The problem (b) is not harder than (a); in fact, the analysisis the same.

(vi) The periodic case(c) is handled in the sameway. But it doesnot yield the result
they had conjecturedin the form of a periodic solution to which all others corverged. That
behavior is not promoted by sud equations.

(vii) Neutral equationscan also be handeledin the sameway.

(viii) Higher order equations possessingoroperties (A), (B), and (C) can be treated
similarly.

(ix) The general construction of g(x(t)) g(x(t L)) in an equation can result in
extremely stable behavior of solutions. It is very useful in designing cortrol problemsin
which it is simple to specify a target and initial conditions to achieve that target.

All of this is donewith great simplicity using cortractions. Fixed point theory canbe
very e ectiv e in dealing with problems for which we can invert the equation in sud a way
that a mapping is producedwhich will map the set of desiredcandidatesfor solutions into
itself. We can not, howewer, treat the more general problems of Kaplan, Sorg, and Yorke
[13] becausewe have beenunable to invert them in a usable way.

It should be menrtioned early on that if R(;( g(s)ds! 1 asjxj! 1 then the trivial
Liapunov function will show that all solutions of (a) are bounded and (I) holds. The

Liapunov functional is
YA X Z t

Vix())= 2 g(s)ds+ g°(x(s))ds

0 t L
and its derivative along solutions of (a) satis es

Vay = 20°(x) + 20(x)g(x(t L))+ g*(x) g*(x(t L))
g°(x) + 20(x)g(x(t L) g*(x(t L)

(gx) g(x(t L))?
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Thus, V(x) ! 1 asjxj! 1 andV?® 0 yields all solutions bounded, the maximal
interval of de nition is [0;1 ), and both (I) and (I11) are impossible. When solutions
depend continuously on initial conditions, then a classicalresult by Krasovskii [14; p. 153]
and Hale [11] shows that every bounded solution approadesthe set where V%= 0. That
set consists of those functions where g(x(t)) = g(x(t L)) and sox%t) = 0 and x(t) is
constart. The particular proof given by Krasovskii bearsmore study. It seemslikely that

the required cortin uous dependenceof solutions on initial conditions might be reduced.

2. The fundamen tal assumption.

In 1973 Cooke and Yorke [7] introduced a delay-di erential equation as a proposed
model for an epidemic. In fact, Cooke [5] had proposedthe model some years earlier,
but the 1973 paper contained substartial analysis. The model itself, if not the biological
application, generatedenormousinterest for thirt y years. The purposeof this work is to
point out that xed point theory provides an excelleri meansof attack which presenes
the outstanding feature of the Cooke-Yorke problem, a feature lost in most of the other
attacks to be found in the literature.

In many population problemsthere is endlessspeculation on the form of the functions
generating growth and decline. The classic monograph by Maynard-Smith [16] dewtes
Chapters 2 and 3 to describing se\eral choicesfor growth functions with lessthan strong
reasonfor choosing one over the other. Pielou [18; p. 20] suggestsa medanical choice
by picking the simplest part of a Tayor serieswhich will generatean S-shaped curve; this
yields g(x) = ax bx? with a and b positive constarts. It is to be noted that in so many
of the papers motivated by the Cooke-Yorke paper, monotonicity and sign conditions on g
are assumed.Thus, those papers seemoutside the generalframework of interest here and
will not be discussed. The interested reader may pick more than ft y referencesto sut
work from the bibliographies of Arino and Pituk [1], Haddock [8], and Krisztin [15].

Cooke and Yorke by-passedall those questions. Their discussionis worth repeating
and the next paragraph is a quote of their work from [7; pp. 76-77].

"Th us, if x(t) denotesthe number of individuals in a population at time t, the number

of births B(t) is somefunction of x(t), say B(t) = g(x(t)). Let us assumeat rst that
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ewvery individual has life span L, a constart. Inasmuch as ewvery individual dies at age
L, the number of deaths per unit time at time t is g(x(t L)). Since the dierence
g(x(t)) g(x(t L)) isnetchangein population perunit time, the growth of the population

is governed by the equation

(1) xqt) = g(x(1)) g(x(t L)):

This is oneof the equationsto be analyzedhere. Models of this type were suggestedby one
of the authors in [5]. We must emphasize that gis allowed to be any dieren tiable
function in our results. "

The bold emphasisis ours and it is really the critical part of their paper, putting
it far ahead of so many similar investigations, both before and after publication of that
paper. It should be noted that Cooke cortinued the investigation in [6]. Somany of the
subsequen investigators focusedon solutions approacing constarts, but seemedo ignore

this all-important lack of condition on g.

3. Limits, rst integrals, tacit assumptions.

To specify a solution of (1) we require an initial function on an initial interval. Typ-
ically, we need a continuous function : [ L;0]! R and obtain a continuous function
x(t; 0; ) with x(t;0; )= (t) on[ L; 0], while x satises (1) for t > 0. Although X is
continuous, the derivative may fail at t = 0. Equation (1) is autonomoussowe losenothing
by starting the solution at zero. At times we will considernon-autonomousequationsand
may still start at zero for simple corvenience. Existence theory can be found in Chapter
3 of [4], for example.

In [7; p. 78], Cooke and Yorke note that (1) hasa rst integral
YA t
2) x(t) = g(x(s))ds+ ¢

t L

where c is a constart of integration. They claim that "to have a correct biological inter-

pretation we must have c= 0." In fact, for a giveninitial function , then
Zy
3 c= (0) ) g( (s))ds:
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Thus, we focuson (2 ) with ¢ de ned by (3) and we denoteit by
Z 0 V4 t

(2) x() = (0) L@l( (s))ds+ g(x(s))ds:

t L
The discussionof Cooke and Yorke [7] suggestghat they have two tacit assumptionsin

mind. We nd both of thoseassumptionsfundamertal for the investigation. By formalizing
and strengthening thoseassumptionswe are able to very simply answer the questionsposed
in the paper using cortraction mappings. First, to understand what the aforemertioned
condition ¢ = 0 may meanfor the problem, we note that Cooke and Yorke[7; p. 83]assume
a local Lipschitz condition and suggestthat the readermay wish to insert the requiremert

that there is a constart K with
jax)j Kijxj for all large x:

Sud a condition ensuresthat solutions can be cortinued for all future time. It is well-

Rl
ds ;
a 309 < 1 , then solutions can not be

corntinued for all future time. Thus, if we want to cortin ue solutions for all future time and

known that if g(x) > 0 on aninterval [a;1 ) with

if we want to allow g to be free of sign restricitons, then somekind of growth condition
must be assumed. Our investigation rests squarely on a growth restriction in the form of
a global Lipschitz condition.

The situation discussedabove is su cien tly critical that an example should be given.
Supposewe have g(x) = x x2. With that g in (1), there will be solutions with nite
escape time whenewer the initial function is negative. Sud initial functions seldom, if
ever, have any biological signi cance. Howewer, in [7; p. 87] Cooke and Yorke ask that we
considera g(t; x) with g periodic in t, represening seasonalchangesin the growth. Thus,
if wetake g(t; s) = p(t)(x x?) with p cortinuous and periodic, evenif the initial function
is positive it is readily showvn that there can be nite escape time if p is negative at one
point.

Next, Cooke and Yorke consistenly state that ¢ should be zero for correct biological
applications. They also focus on the fact that every constart function is a solution. If we
wereto askc= 0, askfor a constart solution x(t) = k 6 0, and askthat g(x) = K x, then
(3) would become

0=k KKkL
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sothat
(4) KL=1

since we ask for a solution x = k 6 0: The choiceof c = (0) ROL g( (s))ds permits
all constarts to be solutions of (2). We allow all constarts in this discussion.But we also
needto corntrol KL just a bit more strongly than Cooke and Yorke would with (4). We
need < 1with KL

4. Some solutions of the problems of Cooke and Yorke.
We will assumethat there is a xed positive constart K sud that x;y 2 R implies
that

) jgx) 9 Kjx i
a global Lipschitz condition. Next, we supposethere is a positive constart < 1 with

(6) KL

Theorem 1. Let (5) and (6) hold andlet :[ L;0]! R be a given cortinuous

function. Then there is a unique constart k satisfying
Zy
(7) k= (0)+ g(k)L ] g( (s))ds

sud that the unique solution of (2) with initial function satisesx(t;0; )! kast! 1.
Proof. Let us rst shaw that (7) hasa unique solution. De ne amappingQ :R! R
by k 2 R implies that Z,
Qk = (0) + g(k)L ) g( (s))ds:

Then for k;d2 R andj j denoting absolute value we have
jQk Qdj Ljg(k) g(d)j LKjk d  jk dj

so Q is a contraction on the complete metric space(R;j j). Thus Q hasa unique xed

point k.
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Next, let (M;k k) be the complete metric spaceof bounded cortinuous functions
[ L;1)! Rwith (t)= (t)on[ L;0], (t)! kast! 1, andk kis the
suprermum metric.
DeneP:M! M by 2 M impliesthat (P )(t)= (t)on[ L;0]andfort> Olet
Z, Z,
(8) (P M= (0 g( (s))ds+ L9( (s)ds;

L t

we have used (2) to dene P and a xed point will solve (1) and (2). Notice that since
() ! k we have F? L 9( (s))ds! g(k)L ast! 1 . Usingthis, (8), and then (7) we see
that (P )(t)! kast! 1. Thus,P:M ! M: To seethat P is a cortraction we note
that for ; 2 M then
Z
j(P )(1) (P )(1)] jg( (s)) 9( (s))jds

tL
LK k Kk

so P is a cortraction with unique xed point 2 M. By the way (8) was constructed,
satis es (2).

Remark 1. This theorem tells us precisely what the limit of ead solution will be,
basedon its initial function. We note that in [7; p. 84] Cooke and Yorke show that if g
of a solution stays above a certain value for L time units, then g of it will never go below
that value. They also show that if g of the solution stays below a certain value for L time
units, then g of it will stay below that value forever. These results can require care in
interpretation unlessg(x) hasthe sign of x, a condition which is studiously avoided here.
Our result is much sharper than that of Cooke and Yorke; given an initial function, we
know exactly the limiting value of the corresponding solution. There is no needat all for
the solution to stay above a certain value over an interval of length L; it merely needsto
do so on somewell-de ned type of average. While the aforemertioned papers of Kaplan,
Sorg,and York [13]and Arino and Pituk [1] dealwith generalLipschitz equationsand show
that solutions approac a constart, they do not seemto be able to identify that constart
directly from the initial function. Moreover, both are restricted to nite delay, while we

will illustrate that any of our problems can be extendedto in nite delay equations.
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Remark 2. Examine Equation (7) which determinesthe unique constart k to which

the solution x(t; 0; ) corverges.Notice that erters as
Z 0
(0) ) 9( (s)ds:

If :[ L;0]! R iscontinuousand satis es
V4 0 Z 0
() ) g( (s))ds= (0) ] g( (s))ds

then Theorem 1 will alsoshow that x(t;0; )! k. Foragiven , thereisanin nite setof
functions which qualify and k k is unbounded. We can think of k as being a "selective
global attractor". The sameobsenation can be made in all of the subsequet problems.

Remark 3. Equation (1) is alsoan extremely stable cortrol problem. Given a desired
target k, solve (7) for Z,

) g( (s)ds  (0) = g(k)L k:
The right-hand-side is a xed constart. Pick any  satisfying that equation. Use the
chosen asthe initial function. The resulting solution will approad the desiredtarget, k.
This will have signi cant application in a secondorder cortrol problem in the last section
of this paper.

Theorem 1 is in the way of a stability result. Continual dependenceof solutions on
initial functions tells us that solutions which start closewill remain closeon nite inter-
vals. But under conditions of Theorem 1 they remain closeforever and their asymptotic
constarts are close.

This is the only stability result we will state, but parallel work can be donefor all the

equations consideredhere.

Theorem 2. Under the conditions of Theorem 1, every continuousinitial function is
stable: for eadh > Othereisa > 0sud that k ; ok < implies that jx(t; 0; 1)
X(t;0; 2)j < fort 0. In particular, if x(t;0; 1) ! ki and x(t;0; ») ! ks, then
jki  koj <

Proof. We will usethe notation of the proof of Theorem 1 and we have also denoted

the suprenum of initial functions on[ L; O]by k k, eventhough we alsousethat asthe
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supremum metricon|[ L;1 ). Let ; be xed andlet , be any other continuous initial
function. Then by Theorem 1 there are unique 1; 2;Kz; Kk, sud that if P; is the mapping

de ned with ; then
Pr 1= 1; P22= 2, 1(t)! kgi;  20t)! ko
Notice that since | =  on[ L;0]we have

1) 20j=J(Pr () (P2 22('[)]
0

j 1(0)  2(0)j+ ng( 1(8))  9( 2(s))jds
Zt
+ ng( 1(s))  9( 2(s)jds

t
j 1(0) 200)j+ KLk 1 2k+ KLk 1 2jj

or
KL+1
K1 2K 1 KLkl ok <
provided that
(1 KL) .
K1 ks e T

This provesthe rst part.

For the secondpart, we havej i(t) kjj! Oast! 1 andso

jki  koj=jki () + o(t)  2(t)+ 2t) ko
jki a®j+ k1 2k+ ) ot)  koj

and the last term tendsto k 1 ok < : This completesthe proof.

Cooke and Yorke [7; p.85] shav that for (1) solutions tend to a constart or to 1
They remark that periodicity in g might yield a periodic solution (for ead initial function)
to which other solutions might corverge. Their idea is that the growth is seasonally
aected. Thus, it appearsthat they would divide L into a xed number of periods sothat

L, itself, would be a period, although probably not the smallestperiod. We will now shav
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that simple inspection revealsthat the only solutions of period L are constart functions.
As in Theorem 1, for a given there is a constart to which the solution corverges.

Consider the equation
9) xqt) = f(tx() fExt L)
wheref is continuous and
(10) f(t+L;x)=f(tx)
for all x. By (10) we can write (9) as

xqt) =f (t;x(t)) f(t L;x(t L))
4

(11) = % t Lf(s;x(s))ds:

Theorem 3. If (10) is satis ed and if (9) has a periodic solution of period L, then
that solution is constart.
Proof. If x(t) is a solution of (9) with period L, then we can integrate (11) and write

Z Zy

(22) x(t) = x(0) + f (s;x(s))ds f (s;x(s))ds:
t L L

As x(t+ L) = x(t), it follows from (10) that

F (1) = f (& x(1))

satises F(t+ L) = F(t): Thus, the integral of F over any period of length L hasthe same
constart value. It then follows from (12) that x(t) = x(0) for all t. This completesthe
proof.

Continuing with their question about periodicity, if L is a period of f, then we can
again nd asymptotic limits of solutions. We will needa courterpart of (5). Supposethere

is a constart K sud that t; x; y 2 R implies that

(13) jftx) fEy) Kjx i
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Theorem 4. Let (6), (10), and (13) hold for (9) andlet :[ L;0]! R beagiven

continuous function. Then there is a unique constart k satisfying
Z, Zy

(14) k= (0)+ f (s;k)ds f(s; (s))ds
t L L

and the unique solution of (9) with this initial function satises x(t;0; )! kast! 1.
Here is a brief sketch. The proof proceedsexactly as that of Theorem 1 when we

R,

notice in (14) that f (s;k) has period L in s sothat |

f (s;k)ds is constart; thus, Q
hasa xed point. De ning P from (12) and M as before, it readily followsthat (t)! k
implies that (P )(t) ! k: We will seemore detail of this type in later, more di cult,

theorems.

Cooke and Yorke [7; p. 87] cortinue the study and proposea model in which they
postulate a time lag L, betweenconceptionand birth. Then the number of births at time

tisg(x(t Li)) and (1) is replacedby

(15) xAt) = g(x(t Li1)) g(x(t Li L))
or in integrated form
(16) x(t) = c+ g(x(s))ds:

t L1 Lo
They state that the integral in (16) is the number of individuals born in the past generation
[t Lo;t](conceivedint L; Lp;t Lq]). Their view is that ¢ must be zerofor correct
biological interpretation.

It is worth taking a look at their statemert in [7; p. 87] concerning (1) and (16) in
order to seewhat xed point theory cando for this type of study. They state that analysis
of (15) is much more di cult than that of (1) and they state that they have no result for
(16). By cortrast, we showv that with xed point theory analysis of (1) and (16) is the
same. Moreover, they state that they expect a wider range of behavior of solutions of (16)
than of (1) and, indeed, expect (16) to have periodic solutions. Fixed point theory shovs
that the behavior of solutions of (1) and (16) is the sameand that there are no periodic

solutions, except constarts.
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To fully describe (16) we needa continuous initial function :[ L; L;0]! R.
Under (5) this will yield a unique solution x(t; 0; ) of (15) satisfying
Zt L1 VA L1
(17) x(t)= (0)+ g(x(s))ds g( (s)ds

t L]_ L2 I—l I—2

for t > 0. In this problem, L is replacedby L, in (6) sowe askthat there exist < 1 with

(18) KL,

Theorem 5. Let (5) and(18) holdandlet :[ L; L»;0]! R beagivenconinuous

function. Then there is a unique constart k satisfying
VAR
k= (0)+ L2g(k) g( (s))ds

L1 L2

and the solution x(t; 0; ) of (15) convergesto k ast! 1.
Proof. The mapping Q of the proof of Theorem 1, adapted to (18), is a cortraction
with unique solution k. Let (M;k k) be the complete metric spacewith the supremum

metric and with
M=f [ Ly Lyl1l)! Rj 2C; (t)= (t) on [ Ly L»;0j tIlilm (t) = kg:

Dene P:M! M by 2 M impliesthat (P )(t)= (t)on[ L; L;0],andfort O

then
Z t La Z L
(P)(t)= (0)+ g( (s))ds g( (s))ds:

t Ll L2 Ll L2

If ; 2 M then wereadily nd that
i(P (M) (P )(1)j L2KK K;

soP is a cortraction. Since (t)! kast! 1 ,it follows that
Z Ll
(P )@ (0)+ Lag(k) g( (s))ds= k:

L1 L2

This completesthe proof.
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5. Jehu's periodic theory .
Jehu [12] considersan equation in the spirit of (9), although he doesnot mertion the

Cooke-Yorke work. His equation is
xq) = fEx@)+fEx(t 1)+ h)

in which f(t+ 1;x) = f(t;x);h(t+ 1) = h(t); Rol h(s)ds = 0, and f (t; x) is strictly
increasingin x for xed t. The equation doesnot have the property that ead constart is
a solution, unlessh(t) = 0. He shows that ead solution approadesa periodic solution.
It is to be noted that his work does not require uniquenessand it doesyield a periodic
solution which is not necessarilyconstart. Jehu's work is totally dierent from ours, but
there is one marked similarity. We have explicitly found the constart to which solutions
converge,and Jehu explicitly nds the periodic function to which solutions converge.

Our purposein this sectionis to shaw that f can be replacedwith a function which
is simply Lipschitz, instead of being strictly increasing, but the Lipschitz constart must
be restricted. That will force solutions to be unique as well.

Consider the equation
(19) xqt) = FEx) + fEx( L))+ h(t)

R
where (6), (10), and (13) hold, h is continuous, h(t + L) = h(t); and OL h(s)ds = 0: This
equation will have a rst integral sinceit can be written as
yA t yA t

x(t) = % t Lf(s;x(s))ds+% . h(s)ds

R
and S h(s)dsis alsoL periodic sinceh has mean value zero.

For a given cortinuous initial function :[ L;0]! R we have

Z, Z, Zo
(20) x(t) = f (s;x(s))ds+ h(s)ds+ (0) + f(s; (s))ds
t L 0 L
and we de ne
Zy
(21) c= (0)+ f(s; (s))ds:

L
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Theorem 6. If (6), (10), and (13) hold, then there is an L-periodic function

satisfying Z, zZ,

(t)=rc f(s; (s))ds+ h(s)ds
t L 0

and the unique solution x(t; 0; ) of (2) corvergesto ast! 1.
Proof. Let (Y;k k) bethe Banad spaceof continuousL -periodic functions :R! R

with the supremum norm and dene amappingQ :Y ! Y by 2 Y implies that
Z, Z,
(P )t)=c f(s; (s)ds+  h(s)ds:

t L 0

Becauseof (10) and the fact that h has meanvalue zero, Q doesmap Y into Y. Because
of (6) and (13), Q is a cortraction and there is a unique xed point inY.

Notice that doessatisfy (19) and for ead constart c there is suc a periodic solution
of (19).

Let (X;k k) bethe complete metric spaceof cortinuous functions :[ L;1)! R
satisfying (t) = (t)on[ L;0], (t)! (t)ast! 1. DeneP:X! X by 2X
implies that (P )(t)= (t)on[ L;0]and

Z Z

(P (1) = f(s; (s))ds+  h(s)ds+ c:
t L 0

Since(P )(0) = (0), P doesmapX ! X. By (6) and (13), P isacortraction. Moreover,

if J (t) J for someJd > 0, sincef is uniformly continuouson [O;L] [ 2J;2J],
sincef is periodic in t, and since (t)! (t), it follows that
z t Z t
j f(s; (s))ds f(s; (s))dsj! O;
t L t L

thus, (P )(t)! (t). This completesthe proof.

6. Some generalizations of the delay: perio dicit y.
Brillian t as was the idea of Cooke and Yorke to let g be an arbitrary di erentiable
function, it was not matched by the assumption that the number of deaths would be
represemted by g(x(t L)). The deaths of those born at time t would be distributed all

along the time period [t;t + L], and certainly a few beyond t + L.
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A seemingly more appropriate model was o ered by Haddock and Terjeki [10] (see

also[8]) in the form of

Z 0
(23) xqt) = g(x()) + ) p(s)g(x(t + s))ds
with Z,
p(s)ds= 1

L
but was removed from the Cooke-Yorke classby the additional assumptionsof g(0) = 0
and g strictly increasing. They also considered
Zy
(24) xqt) = F[ x(t)+ ax(t L)+b p(s)x(t + s)ds]
1

R
with F increasing, F(0) = O0;a+ b= 1; (1) p(s)ds = 1. The linearity inside F and the
monotonicity of F seemcritical.

We will examine what can be said for thesekinds of distributed delays, without the

monotonicity assumptions,using cortraction mappings. Thus, we consider

Z t
(25) xqt) = g(x(1) - p(s  t)g(x(s))ds
with p continuous,
z 0
(26) p(s)ds = 1;

L

and assumethat there is a constart K sud that for all real x; y we have

(27) jgx) ay)i Kijx yj:

For the cortraction condition we will need < 1 sud that
Z 0
(28) K ) jp(s)j( s)ds

Remark 4. If p(t) = 1=L sothat there is a uniform distribution of deaths over an
interval of length L then (26) is satis ed, while (28) yieldsK L=2 , aweaker requiremert

than in the constart delay case.
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We can write (25) as
d Z 0 Z t
(29) x(t) = at p(s) g(x(u)) duds:

t+s

Then to specify a solution we needa continuous function :[ L;0]! R sothat we can
write (25) as

Zo Z, Zo Zo
(30) x(t) = (0) + ] p(s) g(x(u))duds ) p(s)  9( (u))duds:

t+s S

This theorem s actually a corollary to Theorem 8, but the proof is sosimple it seems

wrong to embed it in that framework with a much more complicated proof.

Theorem 7. Supposethat (26), (27), and (28) hold. For the giveninitial function

there is a unique constart k satisfying
Zy Zy Zy
(31) k="(0)+ g(k) ) p(s)( s)ds ) p(s)  g( (u))duds

S

and the unique solution x(t; 0; ) of (3) corvergesto k ast! 1 .
Sketchof proof. Use(31) to de ne a mapping Q aswe did in the proof of Theorem 1.

The mapping will be a cortraction becauseof (28). We then de ne
(32) M=f [ LLO]! Rj 2C; ()= (t) on [ L; O];tllilm (t) = ko:

With the supremum metric, M is a complete metric space.Use(30) to de ne a mapping P
of that spaceinto itself. In particular, we notethat 2 M implies (P )(t)! kast! 1.
Also, P will be a cortraction becauseof (28) with unique xed point. This completesthe
proof.

Consider the scalar equation
YA t
(33) xqt) = g(t x(1) p(s  t)g(s;x(s))ds

t L

where g and p are cortinuous, there is a K > 0 sud that x;y 2 R implies

(34) jatix) aty) Kijx yj;
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(35) g(t+ L; x) = g(t; x);

and p satis es (26).

We can write (33) as
d V4 0 V4 t
(36) xq(t) = at p(s) g(u; x(u))duds:
L

t+s

Then for a continuousinitial function  we can write (36) as
Zy Z, Zy Zy
x(t) = p(s) g(u; x(u))duds+ (0) p(s) g(u; x(u))duds:
L L

t+s S
In the next result we could also prove that the solutions are stable following the ideas

in the proof of Theorem 2.

Theorem 8. If (26), (28), (34), and (35) hold, then for a given contin uous function
[ L;0]! R thereis a unique periodic solution of (33) having period L and the
unique solution x(t; 0; ) of (33) tendsto ast! 1 . Also, is constart only if there is

ak 2 R with Z,
g(t; k) = p(s)g(t + s;k)ds:
L

R
Proof. Letc= (0) OL p(s) RSO g(u; (u))dudsandlet (X;k k) bethe Banad space

of continuous L -periodic functions with the supremrum norm. Dene Q: X ! X by 2 X

implies that z, Z
(Q )t)=c+ ) p(s) g(u; (u))duds:
t+s
Note that
Z 0 Z t+L
(Q )t+L)=c+ p(s) g(u; (u))duds
L t+L+s
Z 0 Z t
=c+ p(s) g(u+ L; (u+ L))duds
L t+s
= (Q )(1):
To seethat Q is a cortraction, if ; 2 X then
Zy Z,
JQ (1) (Q )V ] ip(s)j K dudsk k k k:
t+s
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Hence,Q hasa unique xed point 2 X, an L-periodic solution of (33).
Now, let (M ;k k) bethe complete metric spaceof cortinuousfunctions with (t) =
(t)yon[ L;0land (t)! (t) ast! 1 . We takethe supremum metric.
Dene amappingP :M ! M by 2 M impliesthat (P )(t)= (t)on[ L; 0], and
fort > 0 dene
Zy Zy
(P )(1)= (0) p(s)  g(u; (u))duds
7 . ZLt S
+ p(s)  9(u; (u))duds
LZ . t+ SZ t
=c+ p(s) g(u; (u))duds:
L t+s

We must shaw that (P )(t) ! (t): From the de nition of andP fort > L we have

z 0 VA t z 0 z t

PO ®i=j  ps)  g(u; (u))du p(s)
L +s L t
zo 2,
jp(s)] Kj (u)  (u)jduds
ya OL ZHt-s
) ip(s)] Kj (u)  (u)jduds

t L

g(u; (u))duds

+

and the last term tendsto zeroast! 1 sincej (u) (Wj! Oasu! 1 andpis
continuous (so is bounded).
The details for shawing that P is a cortraction are identical to that of shaving that

Q is a contraction. Hence, P has a unique xed point in M and that xed point does

corvergeto
If (33) hasa constart solution k, then x%(t) = k%= 0soin (36)
Zy
] p(s)[a(t; k) g(t + s;k)]ds= 0
or Z, z,
g(t; k) p(s)ds = p(s)g(t + s;k)ds
L L

R
and since OL p(s)ds = 1 we have
Zy

g(t; k) = p(s)g(t + s;k)ds:
L
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This completesthe proof.

Remark 5. It is worth thinking about the proof for a moment. One is tempted
to say that P and Q are the same, but they are not becauseP is de ned separately on
[ L; 0]. The solution will be periodic only if one is so fortunate as having guessedan

initial function  whoseperiodic extensionto all of R is a xed point of Q.

7. Our preferred model.
Cooke and Yorke produced the model (15) and provided the rationale given with it.
We have just consideredthe model of Haddock and Terjeki (23). And we have yet to
considertheir model (24). Careful consideration of thesethree modelsleadsus to suggest

the model
Z t Z t
(37) xqt) = p(s t)g(x(s))ds . d(s t)g(x(s))ds

t L
asthe one embracing the most realistic properties from ead of the models. The rst term
on the right takesinto accourt the ideasfrom (15) in a more generalform. The second

term takesinto accourt the deathsdistributed over all past times. Here, we supposethat

Zy
(38) p(s)ds= 1
L
while
Z 0 Z 0 V4 v
(39) g(s)ds=1 and jg(u)jdudv exists:
1 1 1

Moreover, the equation o ers an interesting challengein that it doesnot have a ready rst

integral. There is a simple xed point solution, but there is a price to pay. Write (37) as
Z t z t
(40) x(t) = ) p(s t)g(x(s))ds g(x(t)) + g(x(t)) ) a(s t)g(x(s))ds
t
and then write
yA 0 yA t yA t Z s t

p(o g(x(u)) duds+ & L ddugtx()ds

() XA = =

dt
If cis any constart then
YA 0 YA t Z t yA s t
(42) x(t)=rc p(s) g(x(u))duds+ g(u)dug(x(s))ds
L

t+s 1 1
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is a solution of (41).

Let :(1 ;0]! R beaboundedcontinuousfunction and write (41) as

Z 0 Z t Z t Z st
x(t) = p(s) g(x(u))duds+ g(u)dug(x(s))ds
Zo 2, 20 2,
(43) (0) + ] p(s) . g( (u))duds L q(u)dug( (s))ds:
It will be cornveniert to denote
Zo Zy Zo Zs
(44) c:= (0)+ L|0(S) . g( (u))duds L q(u)dug( (s))ds:

We supposethere is a K > 0 sud that x;y 2 R implies that

(45) j9x) a(y)i  Kjx i

and thereisan < 1 sud that
Z, Z, Z,

(46) LJ'IO(S)J'( s)ds+ L jg(u)jdudv =K :

Theorem 9. Let (38), (39), (45), and (46) hold. Then there is a unique constart k
satisfying
z 0 z 0 YA \Y
(47) k=c gk) p(s)( s)ds+ g(k) q(u)dudv
L 1 1

where c is de ned in (44). The unique solution x(t; 0; ) of (43) approachesk ast! 1 .
Proof. Use(47) to dene amappingQ:R! R by
Z, Z, Z,
Qk=1c g(k)  p(s)( s)ds+ g(k) q(u)dudv
L 1 1
sothat for k;d 2 R we have
Z, Z, Z,
jQk Qdj Kijk dj jp(s)sjds+ Kijk dj jq(u)jdudv
L 1 1
jk dj
by (46). This yields the unique k.
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For the given and the xed point k, dene M as the set of cortinuous functions

(1 ;1)! Rwith (t)= (t)on(1l ;0]land (t)! kast! 1. Usethe supremum

metric. Dene P : M! M by 2 M impliesthat (P )(t) = (t) on(1 ;0]and for
t 0then use(43) and (44) to de ne

Z 0 Z t Z t Z s t
(P )t)=c ) p(s) g( (u))duds+ q(u)dug( (s))ds:

t+s 1 1

We must show that (P )(t)! kast! 1:
Fora xed 2 M, let > 0begivenand nd positive numbersJ and T sud that
jagC (t)) ok)j Jforalltandj (t) kj< ifT t<1.
First, it is clear that
Z, Z, Z,
LIO(S) g( (u))duds! g(k)  p(s)( s)ds

t+s L

ast! 1 . Next,

j L q(u)du(g( (s))  g(k))dsj
z T YA st Z t YA s t
J jg(u)jduds + jg(u)jduK ds
1 1 T _1
YA T t YA S YA t YA s t
=J jg(u)jduds+ K jq(u)jduds:
1 1 1 1

In the last line, the rst term tendsto zeroast! 1 becauseof the assumedcorvergence

in (46). The secondterm is boundedby K =K = by (46). Hence,
YA t YA s t YA t yA s t
L q(u)dug( (s))ds! g(k) L q(u)duds

ast! 1 . Comparing theseresults with (47) shavsthat (P )(t)! k.

To seethat P is a contraction, if ; 2 M then

i(P (1) (PZ)(t)J'
0
Kk Kk jp(s)sjds+ Kk k jg(u)jduds
L 1 1
k K:
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There isa xed point in M which meetsthe conditions in the theorem.

Remark 6. This isthe only ini nite delay problem we will do here, but the interested
reader will seethat all of our delays could be changedto in nite delays and the analysis
would be parallel to that just given. We could also follow the proof of Theorem 8 and
introduce periodicity in t in g(t; x). Finally, solutions are stable and ead limit constart is

a selectiwe global attractor.

9. Neutral equations

Considerablee ort has goneinto extending the theory of equations where eat con-
stant is a solution to neutral equations. And there is good reasonfor doing so. The
problem has its roots in mathematical biology, a subject in which neutral-type behavior
is ubiquitous. Every parent and every gardenerhasobsened a living organism displaying
ordinary or sub-ordinary growth. Suddenly, growth acceleratesand accelerationgivesbirth
to more accelerationuntil the obsener may claim to actually seethe growth taking place.
This is typical of neutral growth. Presen growth rate dependsnot only on the past state,

but on the past growth rate. A typical examplein our conext is
d
(48) G XM hx(t L)) =gx(®) gx(t L2):

Clearly, any constart function is a solution. We supposethat g;h: R! R and that there

are positive constarts K 1; K, sothat for all x; y 2 R we have

(49) jh(x) h(y)j Kujx yj
and
(50) jax)  a(y)i  Kajx yj

with an < 1 sud that

(51) K1+ LoK>
If L = max(Li;L,) andif :[ L;0]! R is cortinuous, then we can write our
equation with that initial function as
Z, Zy
(52)  x(t) = h(x(t L))+ ) g(x(s))ds+ (0) h( ( Li)) ] g9( (s))ds:
t 2 2
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Theorem 10. Let the above conditions hold andlet be a given continuousfunction.

There is a unique constart k satisfying
Zy
(53) k=h(k) + g(k)L+ (0) h( ( Li)) g( (s))ds

L,
and the unique solution x(t; 0; ) of (52) tendsto k ast! 1.

Proof. Use (53) to de ne a mapping Q as before. By (51) it will be a cortraction
with unique xed point. For the given , let (M;k Kk) be the complete metric spaceof
cortinuousfunctions :[ L;1)! Rwith (t)= (t)on[ L;0]land (t)! kast! 1.
Dene P:M! M by 2 M impliesthat (P )(t)= (t)on[ L;0]landfort 0 then

Z Zy
(P (M) =h((t L)+ g( (s))ds+ (0) h( ( Li)) g( (s))ds:

t Ly Lo
We may note that (P )(0) = (0) andthat since (t)! kwehave(P )(t)! kast! 1.

Moreover, P is a contraction sincefor ; 2 M we have
Z t
J(P )t (P X)) Kqj (t L) (t Laj+ ) K2j (s) (s)jds
t 2
(K1+ K2L2)k k:

This completesthe proof.

There are two results in Haddock et al [9] which compare loosely with the one just
given. Theirs requires sign conditions and linearity, while ours does not. Our results
specify preciselythe limit of ead solution, while theirs doesnot. We strongly cortrol the
Lipschitz constart and the delay, while they do not.

Arino and Pituk [1] usea condition closelyakin to (51) and Krasnoselskii's xed point
theoremto provethat solutions exponertially approac constarts and that those constarts
are uniformly stable. We obtain more in that we nd the constarts, our technique of
Theorem 2 would prove ead solution stable, we could shov that the constart limit is a
selective global attractor, and our techniques work equally well in the in nite delay case.
Periodicity can be consideredas before. Their problem is much more abstract and their

analysisis deep. The cortraction argumert is quick and totally elemenary.

10. Higher order equations.
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Seeral authors have investigated this problem for systems,but the certral condition
of Cooke and Yorke that g be an arbitrary di erentiable function, possibly bounded by
Kjxj, seemsto have been pushed aside, except in [1]. Atkinson and Haddock [2] and
Atkinson, Haddock, and Sta ans [3] have looked at problems involving a system x° =
P(t)[x(t) x(t h)] and have found a variety of conditions, such asP 2 L?2[0;1 ) to ensure
that solutions approadc constarts.

In this sectionwe o er adierent kind of examplewhich we feelis closerto the original
problem posedby Cooke and Yorke.

Minorsky designedan automatic steering device for the large ship the New Mexico
which was governed by an equation

x%t) + exq(t) + g(x(t  h)) = O
Here, the rudder of the ship hasangular position x(t) and there is friction force proportional
to the velocity. There is a direction indicating instrument which points in the actual
direction of motion and there is an instrument pointing in the desired direction. These
two are connectedto a device which activates an electric motor producing a certain force
to move the rudder so asto bring the ship onto the desired course. There is a time lag
of amount h betweenthe time the ship gets 0 courseand the time the electric motor
activates the restoring force. The object is to give conditions ensuring that x(t) will stay
near zero so that the ship closely follows its proper course. One may nd a bit about the
problem in Minorsky [17; p. 517]and in Burton [4; p. 149].

Thesekinds of cortrol devicestend to over-correct the errors. The Cooke-Yorke type
equation may do a much better job. If Minorsky had applied the opposite force L-time
units later, say g(x(t h L)), then his ship would have ewvertually gonein a straight
line, but on a course parallel to his desired course, provided that g satis es a Lipschitz
condition and that h and L are not too large.

Instead of Minorsky's equation we look at

(54) x%%+ ex%t) + g(x(t h)) g(x(t h L))=0
which we write as

d Z t h
(55) x%+ cx=  — g(x(s))ds:

dt ¢ n L
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Given aninitial function :[ h L;0]! R andx%0) we canwrite (55) as

Z h Zt h
xYt) + cx(t) = x(0) + ¢ (0) + g( (s))ds g(x(s))ds

Zt ) h L t h L
(56) = g(x(s))ds:

t h L
and then as

Z t V4 s h
(57) x(t)= (0)e *+ e ct 9 g(x(u))du]ds:
0 s h L

Following the proof of Theorem 5, we ask that there is K > 0 sud that for all real

X; y we have

(58) jgx) aiv)j  Kjx yj
and thereisan < 1 with

(59) KL C:

Theorem 11. Let (58) and (59) hold, let be a given continuous initial function
on[ h L;O0] let x{0) be given, and let  be de ned in (56). Then there is a unique

constart k satisfying
(60) ck = g(k)L

and the unique solution x(t; 0; ;x9%0)) of (57) corvergesto k ast! 1 .

Proof. Clearly, the mapping Q:R! R dened by k 2 R implies

(61) Qk:=(  g(kL)=c

is a contraction with unique xed point. Let (M;k k) be the complete metric spaceof
cortinuousfunctions :[ h L;1)! R satisfying (t)! kast! 1, (t)= (t)on
[ h L;0l.DeneP:M! M by 2M impliesthat (P )(t)= (t)on[ h L;O0]and

for t > 0 then
Z t Z s h
(62) (P )t)= (0e + e 9 g( (u))dulds:
0 s h L
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We have
Zt
(P )t)= (0)e *+ et 9 (s
0
Zt Z s h

e« 9 [9( (u)) g(k) + g(k)]duds:
0 s h L

Now, examine part of the last term. Let T be a large positive number and let
kK Kkiray= sup j (u) Kj:
t T h L

Then
Z t Z s h
jHtj=j et L[@J( (u) g(k)]dudsj

s h

z; Z,
e KLk kkds+ e " 9KLk Kk )ds:
0 T

The last term can be made as small as we pleaseby taking T large since (t)! k. The
other term tends to zero; hence,this whole term, H (t), can be made as small aswe please
by taking t large.

Thus, we can say that

(PHMH= e @+ —[1 e

g(t)l—[l e Ct]+ H(t)
which tends to

gL

c c

ast! 1.

Moreover, P is a cortraction since ; 2 M imply that

Zt
(P Y1) (P (D] e St Kk kds %k k:
0

Remark 6. We now remind the reader of Remark 3. Given a target k, we can solve

(60) for . If wethen selectany initial function having the value in (56) of this number
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and manually steerthe ship in the pattern of that initial function, then the solution will
cornvergeto k. This is a type of cortrol problem.
Next, we considera problem having an asymptotically periodic solution.

Let a be a positive constart, g(t; X) a cortinuous scalar function satisfying

(63) jgtx) g(ty)] Kjx yj

for all x;y 2 R and someK > 0. Assumethat there is an L > 0 with
(64) g(t+ L;x) = 9(t; x)

for all t and x, while thereisan < 1 with

(65) K L=a

Consider the scalar equation

(66) x%%+ ax®+ g(t; x(t)) g(t;x(t L)) =0

Every constart function is a solution and the equation doeshave a rst integral since
VA t

(67) x4+ ax?+ d g(s;x(s))ds= O:
dt ,

We nish with a simple arti cial model corntaining a periodic term, following the stan-
dard spring-mass-dashpt system found in elemenary dierential equations texts. Dis-
tributed and in nite delays, aswell as stability, would presen no more di culties than in
earlier rst order problems.

There is a unit masswhich is free to move along the x-axis. It has a rod attached
to it which leadsto the dashpot exerting a force of ax¥t) on the mass. There is also a
rod attached to the masswhich exerts a force g(t; x) on the masswhen the massis in
position x(t) at time t. But exactly L time units later the last mentioned rod also exerts

a force of g(t; x(t L)) onthe mass. We have

(68) x%=axqt) g(t; x(t) + g(t; x(t L)):
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The massis subjected to an initial velocity and initial position . What will the limiting
position of the massbe?

Given a cortinuousinitial function :[ L;0]! R and an x9%0) we canwrite (67) as

YA 0 VA t
xqt) + ax(t) = x%0) + a (0) + g(s; (s))ds g(s; x(s))ds
ya L t L
(69) = t g(s; x(s))ds
t L
and then as
VA t VA S
(70) x(t)= (0)e &+ e 3t I g(u; x(u)) du]ds:
0 s L

Theorem 11. Let (63)-(65) hold andlet :[ L;0]! R be corntinuous with
Z 0
= xY0) + a (0)+ g(s; (s))ds:
L

Then there is an L-periodic function satisfying
YA t Z S
() = e at 9 g(u; (u))du]
L

1 S
and the unique solution x(t; O; ) of (70) corvergesto (t) ast! 1.
Sketchof proof. For that giveninitial function we can nd a periodic solution to which

the solution x(t; 0; ) corvergesast! 1 . Instead of integrating aswe did just now, write

V4 t
(xe®)0= & g(s; x(s))ds]:
t L
Formally integrate from 1 to t and obtain
Z t z S
(71) x(t) = e 3t 9 g(u; x(u)) du]ds:
1 s L

If we usethis last equation to de ne a mapping Q from the spaceof continuousL periodic
functions with the suprenum norm into itself, then we can show that Q is a cortraction
with a unique xed point

Next, we de ne M asthe set of continuous functions :[ L;1)! R which agree

with  onthe initial interval and which satisfy (t)! (t) ast! 1 . Wethen use(70) to
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de ne a mapping P of M into itself and shaw that it is a contraction under the suprenum

metric. We then shawv that (P )(t) !  (t) using the classicalproof that the convolution

ofan L' function with a function tending to zero does, itself, tend to zero.

10.
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