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Abstract

We apply fixed point theorems to obtain sufficient conditions for
existence of infinitely many solutions of a nonlinear fourth order bound-
ary value problem

u(4)(t) = a(t)f(u(t)), 0 < t < 1,

u(0) = u(1) = u′(0) = u′(1) = 0,

where a(t) is Lp-integrable and f satisfies certain growth conditions.
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fourth order boundary value problem.

1 In tro duction

In this paper we are interestedin (2; 2) conjugatenonlinear boundary-value
problem

u(4)(t) = a(t)f (u(t)) ; 0 < t < 1; (1)

u(0) = u(1) = u′(0) = u′(1) = 0; (2)

which describesdeformationsof elastic beamswith �xed end points.

EJQTDE, 2004No. 12, p. 1



The paper is organizedin the following fashion. In the introduction we
brie
y discussthe background of the problemand give an overviewof related
results. In section 2 we introduce the assumptionson the inhomogeneous
term of (1), discussthe propertiesof the Green'sfunction of the homogeneous
(1), (2), and state the theorems that we use to obtain our main results
presented in sections3 and 4.

Recently Yao [18] applied Krasnosel'ski��'s �xed point theorem [15] to
study the eigenvalue problem

u(4)(t) = �f (u(t)) ; 0 < t < 1;

u(0) = u(1) = u′(0) = u′(1) = 0;

The author obtained intervals of eigenvalues for which at least one or two
solutions are guaranteed. For other related results we refer the reader to
[5, 7, 17, 19].

Fixed point theoremshave beenapplied to variousboundary value prob-
lems to show the existenceof multiple positive solutions. An overview of
numeroussuch results can be found in Guo and Lakshmikantham [4] and
Agarwal, O'Reaganand Wong [1].

The study of su�cien t conditions for the existenceof in�nitely many
positive solutions was originated by Eloe, Hendersonand Kosmatov in [3].
The authors of [3] considered(k; n � k) conjugatetype BVP

(� 1)n−ku(n)(t) = a(t)f (u(t)) ; 0 < t < 1;

u(i )(0) = 0; i = 0; : : : ; k � 1;

u(j )(1) = 0; j = 0; : : : ; n � k � 1:

Their approach wasbasedon applications of cone-theoretictheoremsdue to
Krasnosel'ski�� and Leggett-Williams [16]. For applications of the latter see
Davis and Henderson[2] and Hendersonand Thompson[6] and the references
therein. Later, in [13, 14], the author obtained in�nitely many solutions for
the secondorder BVP

� u′′(t) = a(t)f (u(t)) ; 0 < t < 1;

� u(0) � � u′(0) = 0;


 u(1) + � u′(1) = 0;

where � ; � ; 
 ; � � 0, � 
 + � � + � 
 > 0. In addition, we point out that
[13, 14] only dealt with a very special choice of a singular (L 1) integrable
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function a(t). The study of in�nitely many solutions was further developed
by Kaufmann and Kosmatov [9, 10] to extend the results [13, 14] to the
generalcaseof a(t) 2 L p[0; 1] for p � 1. In [9], a(t) was taken to possess
countably many singularities(or to be an in�nite seriesof singular functions)
and, in [10], a(t) was selectedin the form of a �nite product of singular
functions. It is alsorelevant to our discussionto mention [8, 11, 12] devoted
to BVP's on time scalesand three-point BVP's.

In this note, we extend the results of Yao [18] (with � = 1). We also
generalizeand re�ne the results of [3] (with n = 4, k = 2) by obtaining
sharper su�cien t conditions for existenceof in�nitely many solutionsof (1),
(2).

2 Auxiliaries and �xed poin t theorems

The Green'sfunction of
u(4) = 0

satisfying (2) is

G(t; s) =
1
6

(
t2(1 � s)2((s � t) + 2(1 � t)s); 0 � t � s � 1;

s2(1 � t)2(( t � s) + 2(1 � s)t); 0 � s � t � 1:
(3)

Definition 2.1 Let B be a Banach space and let K � B be closed and
nonempty. Then K is said to be a cone if

1. � u + � v 2 K for all u; v 2 K and for all � ; � � 0, and

2. u; � u 2 K implies u � 0.

We let B = C[0; 1] with the norm kuk = maxt∈[0;1] ju(t)j. In the sequelof
our note we take � 2 [0; 1

2
) and de�ne our coneK � � B by

K � = f u(t) 2 B ju(t) � 0 on [0; 1]; min
t∈[� ;1−� ]

u(t) � c� kukg; (4)

wherec� = 2
3
� 4. We de�ne an operator T : B ! B by

Tu(t) =
Z 1

0

G(t; s)a(s)f (u(s))ds:

The required properties of T are stated in the next lemma.
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Lemma 2.2 The operator T is completelycontinuous and T : K � ! K � .

Proof: By Arzela-Ascoli theorem,T is completelycontinuous.
Now we show that it is cone-preserving.To this end, if s 2 [t; 1], then

min
t∈[� ;1−� ]

G(t; s) =
1
6

(1 � s)2 min
t∈[� ;1−� ]

t2((s � t) + 2(1 � t)s)

�
1
6

� 2(1 � s)22(1 � � )�

�
1
6

c� 3(1 � s)2

� c�
1
6

(1 � s)2((s � t ′) + 2(1 � t ′)s)

� c� G(t ′; s)

for all t ′ 2 [0; s]. The caseof s 2 [0; t] is treated similarly to seethat

min
t∈[� ;1−� ]

G(t; s) � c� G(t ′; s)

for all s; t ′ 2 [0; 1].
With the estimate above we have

min
t∈[� ;1−� ]

Tu(t) = min
t∈[� ;1−� ]

Z 1

0

G(t; s)a(s)f (u(s)) ds

�
Z 1

0

min
t∈[� ;1−� ]

G(t; s)a(s)f (u(s)) ds

� c�

Z 1

0

G(t ′; s)a(s)f (u(s)) ds

= c� Tu(t ′)

for all t ′ 2 [0; 1]. Hencemint∈[� ;1−� ] Tu(t) � c� kTk and the proof is �nished.

Fixed points of T are solutionsof (1), (2). The existenceof a �xed point
of T follows from theoremsdue to Krasnosel'ski�� and Leggett-Williams. Now
we state the former.

Theorem 2.3 Let B be a Banach space and let K � B be a cone in B.
Assumethat 
 1, 
 2 are open with 0 2 
 1, 
 1 � 
 2, and let

T : K \ (
 2 n 
 1) ! K

be a completelycontinuous operator suchthat either
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(i) kTuk � kuk; u 2 K \ @
 1; and kTuk � kuk; u 2 K \ @
 2 , or

(ii) kTuk � kuk; u 2 K \ @
 1; and kTuk � kuk; u 2 K \ @
 2.

Then T has a �xed point in K \ (
 2 n 
 1).

To introduceLeggett-Williams �xed point theorem we needmore de�ni-
tions.

Definition 2.4 The map � is said to be a nonnegative continuous concave
functional on a cone K of a (real) Banach space B provided that � : K !
[0; 1 ) is continuous and

� (tu + (1 � t)v) � t� (u) + (1 � t)� (v)

for all u; v 2 K and 0 � t � 1.

Definition 2.5 Let 0 < a < b be given and � be a nonnegative continuous
concavefunctional on a cone K. De�ne convexsets

B r = f u 2 K j kuk < rg

and
P(� ; a;b) = f u 2 K j a � � (u); kuk � bg:

The following �xed point theorem due to Leggett and Williams enables
one to obtain triple �xed points of an operator on a cone.

Theorem 2.6 Let T : B c ! B c be a completelycontinuous operator and let
� be a nonnegative continuous concave functional on a cone K such that
� (u) � kuk for all u 2 B c. Supposethere exist 0 < a < b< d � c suchthat

(C1) f u 2 P(� ; b;d)j � (u) > bg 6= ; and � (Tu) > b for u 2 P(� ; b;d);

(C2) kTuk < a for kuk � a, and

(C3) � (Tu) > b for u 2 P(� ; a;b) with kTuk > d.

Then T has at least three �xed points u1, u2, and u3 such that ku1k < a,
b< � (u2), and ku3k > a with � (u3) > b

To obtain some of the norm inequalities in Theorems 2.3 and 2.6 we
employ H•older's inequality.
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Theorem 2.7 (Hölder) Let f 2 L p[a;b] with p > 1, g 2 L q[a;b] with q > 1,
and 1

p + 1
q = 1. Then f g 2 L 1[a;b] and

kf gk1 � kf kpkgkq

Let f 2 L 1[a;b] and g 2 L∞[a;b]. Then f g 2 L 1[a;b] and

kf gk1 � kf k1kgk∞:

The following assumptionson the inhomogeneousterm of (2) will stand
throughout this paper:

(A1) f is nonnegative and continuous;

(A2) lim
t→t0

a(t) = 1 , where0 < t0 < 1;

(A3) a(t) is nonnegative and there exists m > 0 such that a(t) � m a.e. on
[0; 1];

(A4) a(t) 2 L p[0; 1] for some1 � p � 1 .

Any �xed points of T are now positive.
We will needto employ someestimateson (3) that are given below.
One can readily seethat

max
t;s∈[0;1]

G(t; s) =
1

192
: (5)

The function
Z 1−�

�
G(t; s) ds =

1
6

Z t

�
s2(1 � t)2(( t � s) + 2(1 � s)t) ds

+
1
6

Z 1−�

t
t2(1 � s)2((s � t) + 2(1 � t)s) ds

=
1
6

(
1
4

t4 �
1
2

t3 +
1
4

t2 + t2� 3 � t� 3 +
1
4

� 4)

attains its maximum on the interval [0; 1] at t = 1
2

and

max
t∈[0;1]

Z 1−�

�
G(t; s) ds =

1
24

(� 4 � � 3 +
1
16

) (6)
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and its minimum on the interval [� ; 1 � � ] at t = � ; 1 � � so that

min
t∈[� ;1−� ]

Z 1−�

�
G(t; s) ds =

1
24

� 2(1 � 2� )(1 � 2� 2): (7)

Using the fact that (7) attains its minimum on the interval [� ′; � ′′] � (0; 1
2
)

at oneof the end-points and de�ning

l(� ′; � ′′) =
1
24

min
n

� ′2(1 � 2� ′)(1 � 2� ′2); � ′′2(1 � 2� ′′)(1 � 2� ′′2)
o

(8)

we get that

min
t∈[� ;1−� ]

Z 1−�

�
G(t; s) ds =

1
24

� 2(1 � 2� )(1 � 2� 2)

> l(� ′; � ′′) (9)

for all � 2 [� ′; � ′′].
It follows from (6) that

max
t∈[0;1]

kG(t; �)k1 =
1

384
: (10)

One can alsoeasily seefrom (5) that

max
t∈[0;1]

kG(t; �)kq = max
t∈[0;1]

� Z 1

0

Gq(t; s) ds
� 1

q

<
1

192
: (11)

Remark: Other estimateson (3) (usedin construction of cones)canbe found
in [3, 18].

3 Positiv e solutions and Krasnosel'ski ��'s �xed
poin t theorem

We consider the following three casefor a 2 L p[0; 1]: p > 1, p = 1, and
p = 1 . Casep > 1 is treated in the following theorem.

Theorem 3.1 Let f � kg∞

k=1 be suchthat � 1 < 1
2

and � k # � ∗ > 0. Let f Akg∞

k=1

and f Bkg∞

k=1 be suchthat

Ak+1 < ckBk < Bk < CBk < Ak ; k 2 N;
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where

C = max
�

384
m(1 + 16(� 4

1 � � 3
1 ))

; 1
�

:

Assumethat f satis�es

(H1) f (z) � M 1Ak for all z 2 [0; Ak ]; k 2 N; where M 1 � 192nkakp.

(H2) f (z) � CBk for all z 2 [c� k
Bk ; Bk ]; where c� k

= 2
3
� 4

k .

Then the boundary value problem(1), (2) has in�nitely many solutions
f ukg∞

k=1. Furthermore, Bk � kukk � Ak for each k 2 N.

Proof: For a �xed k, de�ne 
 1;k = f u 2 B : kuk < Akg. The coneK � k

is given by (4) with � = � k . Then

u(s) � Ak = kuk

for all s 2 [0; 1]. By (H1),

kTuk = max
t∈[0;1]

Z 1

0

G(t; s)a(s)f (u(s)) ds

� max
t∈[0;1]

Z 1

0

G(t; s)a(s) dsM 1Ak :

Sincep > 1, take q = p
p−1

> 1. Then, by Theorem2.7,

kTuk � max
t∈[0;1]

kG(t; �)kqkakpM 1Ak :

From (11) and (H1),

kTuk <
1

192
kakpM 1Ak

< Ak :

Sincekuk = Ak for all u 2 K � k
\ @
 1;k , then

kTuk < kuk: (12)

Remark: Note that since1 + 16(� 1
4 � � 1

3) < 1 and kakp � m, we have
that M 1 < C (otherwise the theorem is vacuouslytrue).
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Now de�ne 
 2;k = f u 2 B : kuk < Bkg. Let u 2 K � k
\ @
 2;k and let

s 2 [� k ; 1 � � k ]. Then

Bk = kuk � u(s) � min
[� k;1−� k]

u(s) � c� k
kuk = ckBk :

By (H2),

kTuk = max
t∈[0;1]

Z 1

0

G(t; s)a(s)f (u(s)) ds

� max
t∈[0;1]

Z 1−� k

� k

G(t; s)a(s)f (u(s)) ds

� max
t∈[0;1]

Z 1−� k

� k

G(t; s)a(s) dsCBk :

Now, by (A3) and (6),

kTuk � max
t∈[0;1]

Z 1−� k

� k

G(t; s)a(s) dsCBk

� max
t∈[0;1]

Z 1−� k

� k

G(t; s) dsmCBk

=
1
24

(� 4
k � � 3

k +
1
16

)mCBk

=
� 4

k � � 3
k + 1

16

� 4
1 � � 3

1 + 1
16

Bk

> Bk ;

since� k < � 1. Thus, if u 2 P� k
\ @
 2;k , then

kTuk > Bk = kuk: (13)

Now 0 2 
 2;k � 
 2;k � 
 1;k . By (12), (13) it follows from Theorem
2.3 that the operator T has a �xed point uk 2 P� k

\ (
 1;k n 
 2;k ) such that
Bk � kukk � Ak . Sincek 2 N was arbitrary, the proof is complete.

The following theoremdealswith the casep = 1 .
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Theorem 3.2 Let f � kg∞

k=1 be suchthat � 1 < 1
2

and � k # � ∗ > 0. Let f Akg∞

k=1

and f Bkg∞

k=1 be suchthat

Ak+1 < ckBk < Bk < CBk < Ak ; k 2 N;

where C and c� k
are as in Theorem 3.1.

Assumethat f satis�es (H2) and

(H3) f (z) � M 2Ak for all z 2 [0; Ak ]; k 2 N; where M 2 � 384nkak∞.

Then the boundary value problem(1), (2) has in�nitely many solutions
f ukg∞

k=1. Furthermore, Bk � kukk � Ak for each k 2 N.

Proof: We now use(10) and repeat the argument above.

Our last result corresponds to the caseof p = 1.

Theorem 3.3 Let f � kg∞

k=1 be suchthat � 1 < 1
2

and � k # � ∗ > 0. Let f Akg∞

k=1

and f Bkg∞

k=1 be suchthat

Ak+1 < ckBk < Bk < CBk < Ak ; k 2 N;

where C and c� k
are as in Theorem 3.1.

Assumethat f satis�es (H2) and

(H4) f (z) � M 3Ak for all z 2 [0; Ak ]; k 2 N; where M 3 � 192nkak1.

Then the boundary value problem(1), (2) has in�nitely many solutions
f ukg∞

k=1. Furthermore, Bk � kukk � Ak for each k 2 N.

Proof: For a �xed k, de�ne 
 1;k = f u 2 B : kuk < Akg. Then

u(s) � Ak = kuk
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for all s 2 [0; 1]. By (H4) and (5),

kTuk = max
t∈[0;1]

Z 1

0

G(t; s)a(s)f (u(s)) ds

� max
t∈[0;1]

Z 1

0

G(t; s)a(s) dsM 3Ak

�
Z 1

0

max
t∈[0;1]

G(t; s)a(s) dsM 3Ak

� max
s;t∈[0;1]

G(t; s)
Z 1

0

a(s) dsM 3Ak

=
1

192
kak1M 3Ak

� Ak

and thus we obtain (12), which together with (13) completesthe proof.

4 Positiv e solutions and Legett-Williams �xed
poin t theorem

In this section we only considerthe caseof p > 1. The existencetheorems
corresponding to the casesof p = 1 and p = 1 are similar to the next
theoremand are omitted.

For our conewe now choose

K = f u 2 B j u(t) � 0g

and our nonnegative continuousconcave functionals on K are de�ned by

� k(u) = min
t∈[� k;1−� k]

u(t)

with � k(u) � kuk for each � k 2 (0; 1
2
). For the rest of the note c� k

is denoted
by ck .

Theorem 4.1 Let f � kg∞

k=1 be suchthat � 1 < 1
2

and � k # � ∗ > 0. Let f Akg∞

k=1,
f Bkg∞

k=1, and f Ckg∞

k=1 be suchthat

Ck+1 < Ak < Bk <
1
ck

Bk < Ck ; k 2 N;
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where M 1 is as in Theorem 3.1. Supposethat f satis�es

(H5) f (z) < M 1Ak for all z 2 [0; Ak ], k 2 N;

(H6) f (z) > LB k for all z 2 [Bk ; 1
ck

Bk ], k 2 N; where L = 1
m l(� ∗;� 1)

and
l(� ∗; � 1) is given by (8).

(H7) f (z) < M 1Ck for all z 2 [0; Ck ], k 2 N:

Then the boundary value problem (1), (2) has three in�nite families of
solutions f u1kg∞

k=1, f u2kg∞

k=1, and f u3kg∞

k=1 satisfying ku1kk < Ak , Bk <
� k(u2k), and ku3kk > Ak , Bk > � k(u3k) for each k 2 N.

Proof: As in De�nition 2.5, set for each k 2 N,

BAk
= f u 2 K j kuk < Akg

and
BCk

= f u 2 K j kuk < Ckg:

We use(H5) and (H7) and repeat the argument leading to (12) to seethat
T : B Ak

! B Ak
and T : B Ck

! B Ck
. Thus, the condition (C2) of Theorem

2.6 is satis�ed.
As in De�nition 2.5, set

P(� k ; Bk ;
1
ck

Bk) = f u 2 K j Bk � � k(u); kuk �
1
ck

Bkg

and
P(� k ; Bk ; Ck) = f u 2 K j Bk � � k(u); kuk � Ckg:

Choosingu = 1
ck

Bk 2 P(� k ; Bk ; 1
ck

Bk), we have � k(u) = 1
ck

Bk > Bk , that is,
f u 2 P(� k ; Bk ; 1

ck
Bk)j � k(u) > Bkg 6= ; .

By assumption(A3),

� k(Tu) = min
t∈[� k;1−� k ]

Tu(t)

= min
t∈[� k;1−� k ]

Z 1

0

G(t; s)a(s)f (u(s)) ds

� min
t∈[� k;1−� k ]

Z 1

0

G(t; s)f (u(s)) dsm

> min
t∈[� k;1−� k ]

Z 1−� k

� k

G(t; s)f (u(s)) dsm:
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Now, by (H7), using (7)-(9) we have

� k(Tu) > min
t∈[� k;1−� k ]

Z 1−� k

� k

G(t; s) dsLB km

=
1
24

� k
2(1 � 2� k)(1 � 2� k

2)mLB k

> Bk ;

since� ∗ < � k < � 1. Therefore, � k(u) > Bk for all u 2 P(� k ; Bk ; 1
ck

Bk) and
the assumption(C1) of Theorem2.6 is satis�ed.

If, in addition, u 2 P(� k ; Bk ; Ck) with kTuk > 1
ck

Bk , then (as in the
proof of Lemma 2.2)

� k(Tu) = min
t∈[� k;1−� k ]

Tu(t)

= min
t∈[� k;1−� k ]

Z 1

0

G(t; s)a(s)f (u(s)) ds

�
Z 1

0

min
t∈[� k ;1−� k]

G(t; s)a(s)f (u(s)) ds

�
Z 1

0

ckG(t ′; s)a(s)f (u(s)) ds

= ckTu(t ′)

for all t ′ 2 [0; 1], which implies � k(Tu) � ckkTuk > Bk . Thus the assumption
(C3) is checked.

Sinceall hypothesesof Theorem2.6 are satis�ed, the assertionfollows.
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