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Abstract

We apply fixed point theorems to obtain sufficient conditions for
existence of infinitely many solutions of a nonlinear fourth order bound-
ary value problem

uW () = a(t) f(u), 0<t<1,
u(0) = u(1) = '(0) = u'(1) =0,

where a(t) is LP-integrable and f satisfies certain growth conditions.
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1 Intro duction

In this paper we are interestedin (2; 2) conjugate nonlinear boundary-value
problem

u®() = a(t)f (u(r)); O0<t<1; 1)
u(0) = u(l) = v'()=u'@@) =0 2

which descrikes deformationsof elastic beamswith xed end points.
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The paper is organizedin the following fashion. In the introduction we
brie y discussthe badkground of the problem and give an overview of related
results. In section 2 we introduce the assumptionson the inhomogeneous
term of (1), discussthe propertiesof the Green'sfunction of the homogeneous
(1), (2), and state the theoremsthat we use to obtain our main results
presered in sections3 and 4.

Recertly Yao [18 applied Krasnosel'ski's xed point theorem [15 to
study the eigervalue problem

u@@) = f (ut)); O0<t<1;
u(0) = u(1l) = U'(0) = U'QQ) = G;

The author obtained intervals of eigervalues for which at least one or two
solutions are guararteed. For other related results we refer the reader to
[5,7,17 19.

Fixed point theoremshave beenapplied to various boundary value prob-
lemsto show the existenceof multiple positive solutions. An overview of
numerous sud results can be found in Guo and Lakshmikantham [4] and
Agarwal, O'Reaganand Wong [1].

The study of sucient conditions for the existenceof in nitely many
positive solutions was originated by Eloe, Hendersonand Kosmatov in [3].
The authors of [3] considered(k;n k) conjugatetype BVP

( D" kuM(t) = a(t)f (u(t)); O0<t<1;
u©)=0;, i=0:::k 1
ud@=0 j=0:::n k L
Their approad was basedon applications of cone-theoretictheoremsdue to
Krasnosel'ski and Leggett-Williams [16]. For applications of the latter see
Davis and Henderson2] and Hendersorand Thompson[6] and the references

therein. Later, in [13, 14], the author obtained in nitely many solutions for
the secondorder BVP

u’(t) = a(t)f (u(t)); O0<t<1;
u(0) u()=0;
u(l)+ u'@a) = 0;

where ; ; ; 0, + + > 0. In addition, we point out that
[13 14] only dealt with a very special choice of a singular (L!) integrable
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function a(t). The study of in nitely many solutions was further deweloped
by Kaufmann and Kosmatov [9, 10] to extend the results [13, 14] to the
generalcaseof a(t) 2 LP[0;1] for p 1. In [9], a(t) was taken to possess
courtably many singularities (or to be anin nite seriesof singular functions)
and, in [10, a(t) was selectedin the form of a nite product of singular
functions. It is alsorelevant to our discussionto mertion [8, 11, 12] dewoted
to BVP's on time scalesand three-point BVP's.

In this note, we extend the results of Yao [18] (with = 1). We also
generalizeand re ne the results of [3] (with n = 4, k = 2) by obtaining
sharper su cien t conditions for existenceof in nitely many solutions of (1),

).

2 Auxiliaries and xed point theorems
The Green'sfunction of

u® =0
satisfying (2) is

( 2 2 . .
G(ts) = % t2(1 5)2((5 t)+ 2(1 t)s)j 0 t s 1j 3)
‘(1 )*((t s)+2(1 9s)); 0 s t 1L

Definition 2.1 Let B be a Banach spee and let K B be closal and
nonempty. Then K is said to be a cone if

1. u+ v2Kforallu;v2 K andfor all ; 0, and
2. u; u2K impliesu 0.

We let B = C[0; 1] with the norm kuk = maxc(;1;ju(t)j. In the sequelof
our note we take 2 [0; ) and de ne our coneK B by

K =fu(t) 2Bju(t) 0on]0;1]; t Tm1n ]u(t) ¢ kukg; (4)
€l 1=

wherec = % 4 Wedene anoperator T: B! B by
Z 1
Tu(t) = G(t; s)a(s)f (u(s))ds:
0

The required properties of T are stated in the next lemma.

EJQTDE, 2004No. 12,p. 3



Lemma 2.2 The operator T is completelycontinuousand T: K ! K .
Proof: By Arzela-Ascolitheorem, T is completely cortinuous.
Now we shaw that it is cone-preserving.To this end, if s 2 [t; 1], then

min G(t;s) = é(l s)? miQ]tQ((s t)+ 2(1 t)s)

tel ;1- ] te[ ;1

1, 2
g @ 921 )

1 2

éc 3(1 9

C %(1 s)}((s th+ 21 t)s)
c G(t;s)

for all t' 2 [0;s]. The caseof s 2 [0;t] is treated similarly to seethat

min G(t;s) ¢ G(t';s)
te[ ;1—- ]
for all s;t’ 2 [0; 1].

With the estimate above we have

1
min Tu(t) = min G(t; s)a(s)f (u(s)) ds
te[ ;1— ] te[1-1 ¢
1

temillj ]G(t; s)a(s)f (u(s)) ds

c 1G(t’; s)a(s)f (u(s)) ds
0
= ¢ Tu(t)

0

for all t" 2 [0; 1]. Hencemin[ ;- ; Tu(t) ¢ kTk and the proof is nished.

O
Fixed points of T are solutionsof (1), (2). The existenceof a xed point

of T follows from theoremsdueto Krasnosel'ski and Leggett-Williams. Now
we state the former.

Theorem 2.3 Let B be a Banach space and let K B be a cone in B.
Assumethat ;, , areopenwith02 , 5, and let

T:K\ (2n ! K

be a completelycontinuous operator suchthat either
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() kTuk kuk; u2 K\ @;; and kTuk kuk; u2 K\ @, or
(i) kTuk kuk; u2 K\ @,; and kTuk kuk; u2 K\ @ .
Then T hasa xed point in K\ ( on ).

To introduce Leggett-Williams xed point theoremwe needmore de ni-
tions.

Definition 2.4 The map is said to be a nonngjative continuous concave
functional on a cone K of a (real) Banach space B providel that : K !
[0; 1 ) is continuous and

(tu+ (1 ty) t (+ @ t) (v)
forallu;v2 KandO0 t 1

Definition 2.5 Let0< a< bbhegivenand be a nonngyative continuous
concave functional on a cone K. De ne convexsets

B =fu2Kjkuk<rg

and
P( ;a;bh=fu2Kja (w); kuk  bg:

The following xed point theorem due to Leggett and Williams enables
oneto obtain triple xed points of an operator on a cone.

Theorem 2.6 Let T: B.! B be a completelycontinuous operator and let
be a nonnegative continuous concave functional on a cone K such that
(u) kuk for all u2 B.. SupmsethereexistO< a< b< d c suchthat

(C1) fu2 P( ;b;d)j (uy>bg6 ; and (Tu)> bforu2 P( ;b;d);
(C2) kTuk< afor kuk a, and
(C3) (Tu)> bforu?2 P( ;a;b with kTuk > d.

Then T has at least three xed points u;, us;, and us suchthat ku;k < a,
b< (up), andkusk > awith (u3z) > b

To obtain some of the norm inequalities in Theorems 2.3 and 2.6 we
employ Helder's inequality.
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Theorem 2.7 (Holder) Letf 2 LP[a; b withp> 1, g2 L9a; b withgq> 1,
and rl> + é= 1. Thenfg2 L![a;l] and

kf gk Kf kokgkq
Letf 2 L'[a;bl andg2 L><[a;b]. Thenfg2 L'[a;h] and
kfgk, Kfkkgke:

The following assumptionson the inhomogeneouserm of (2) will stand
throughout this paper:

(A1) f is nonnegatiwe and cortinuous;

(A2) tIir? a(t) =1 ,where0< ty < 1;
—Llo

(A3) a(t) is nonnegatiwe and there existsm > 0 sud that a(t) m a.e. on
[0; 1];

(A4) a(t) 2 LP[O;1] forsomel p 1.

Any xed points of T are now positive.
We will needto employ someestimateson (3) that are given below.
One canreadily seethat

1
max G(t;s) = —: 5
t;se[O?(l] (ts) 192 )
The function
z 1- 1Z t
G(t;s)ds = 5 2 (1 t)*(t s)+2(1L s)t)ds
141
t g t2(1 9)%((s t)+2(1 t)s)ds
t
11 4 1 3 1 2 2 3 3 1 4
= (= 7+ Zt°+ + =
6(4t 2t 4t t t 4 )
attains its maximum on the interval [0; 1] at t = £ and
Z
max  Gts)ds= (4 S+ L (6)
te[0;1) ' 24 16
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and its minimum onthe interval [ ;1 Jatt= ;1 sothat
Z 1
min G(t;s)ds= 2 21 2)1 272 (7)

tel ;1-]

Using the fact that (7) attains its minimum on the interval [ /; 7]  (0; 1)
at one of the end-points and de ning

n 0]
I ") = 2—14 min 1 29@ 27%); @ 2”@ 2"  (8)
we get that
Z .,
min G(t;s)ds = 1 A 2)1 27?)
te[ ;1- ] ’ 24
> 057 (9)

forall 2[7; "]
It follows from (6) that

1

kG(t; )k; = =—: 10
max (t )k = 555 (10)
One can also easily seefrom (5) that
Z, 1 1
kG(t; kg = qat; < 11
max G(t; )kq max Gi(t;s)ds 195 (11)

Remark: Other estimateson (3) (usedin construction of cones)canbe found
in [3, 18].

3 Positiv e solutions and Krasnosel'ski 's xed
point theorem

We considerthe following three casefor a 2 LP[0;1]: p> 1, p = 1, and
p= 1. Casep> 1listreated in the following theorem.

Theorem 3.1 Letf g, besuchthat ; < Jand (# *> 0. LetfAcgX,
and f Bxgre; be suchthat

A1 < 6Bk < Bk < CBr < Ax; k2N
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whele
384

C= 1
Mm@+ 16(; Py

Assumethat f satis es
(H1) f(z) M A forall z2 [0;Ac] k 2 N; whee M;  192hkak,,.

(H2) f(z) CBy forall z2 [c By;By]; wheec, = 2 2.

win

Then the boundary value problem (1), (2) hasin nitely many solutions
fucgee,. Furthermore, By  kugk Ay for eachk 2 N.

Proof: Fora xed k, dene 4 = fu2 B: kuk < Acg. The coneK ,
is givenby (4) with = . Then

u(s) Ax = kuk

for all s 2 [0; 1]. By (H1),
Z 1
kTuk = max G(t;s)a(s)f (u(s)) ds
4o

te[0;1]

1
max  G(t; s)a(s) dsM;Ag:
te[0;1]

Sincep> 1, takeq= pr1 > 1. Then, by Theorem?2.7,

KT uk max kKG(t; )kqkak,M Ay:

tel0;1]
From (11) and (H1),
1
KTuk < lﬁszkakpM 1Ak
< Ay
Sincekuk = Ay forallu2 K, \ @ ;x, then
KTuk < kuk: (12)

Remark: Note that sincel+ 16( ;4 %) < 1and kak, m, we have
that M; < C (otherwisethe theoremis vacuouslytrue).
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Now dene ¢ = fu2 B: kuk < Bxg. Letu 2 K\ @ 2« and let
s2[«x;1 «]. Then

By = kuk u(s) rqin u(s) c kuk= ¢By:

kL7 k

By (H2),
Z 1
kTuk = max G(t;s)a(s)f (u(s)) ds
te[0:1] _g
1—

max kG(t; s)a(s)f (u(s)) ds

te[0;1] .
1—

k
max G(t; s)a(s) dsCBy:
tefoi]

Now, by (A3) and (6),
Z,
KT uk max G(t; s)a(s) dsCBy

te[0;1] B
1—

k
max G(t; s) dsmCBy

tefo;l]
1,, 4 1
— + —)mCB
ik kT k
1
_ Kkt g,
ot 5

> By;
since y < ;. Thus,ifu2 P, \ @ 2, then
kKTuk > By = kuk: (13)

Now 0 2 o ok 1k- By (12), (13) it follows from Theorem
2.3 that the operator T hasa xed point ux 2 P\ (_1;k n ok) sud that
Bk kugk Ag. Sincek 2 N was arbitrary, the proof is complete.

O
The following theorem dealswith the casep= 1 .
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Theorem 3.2 Letf g, besuchthat ; < Jand (# *> 0. LetfAcgX,
and f Bxgre, be suchthat

A1 < 6Bk < Bk < CBr < Ax; k2N

whee C andc , are asin Theorem 3.1.
Assumethat f satis es (H2) and

(H3) f(z) MyA for all z2 [0; Ac]; k 2 N; whee M,  384nkak..

Then the boundary value problem (1), (2) hasin nitely many solutions
fukge,. Furthermore, By  kugk Ay for eachk 2 N.

Proof: We now use(10) and repeat the argumen above.

O
Our last result correspndsto the caseof p= 1.

Theorem 3.3 Letf g;>, besuchthat ; < s and # *> 0. LetfAgy2,
and f Bygye , be suchthat

A1 < Bk < Bk < CByx < Ay; k2 N;

whee C andc, are asin Theorem 3.1.
Assumethat f satis es (H2) and

(H4) f(z) Mj3A for all z2 [0;Axl;k 2 N; whee M3 192nkak;.

Then the boundary value problem (1), (2) hasin nitely many solutions
fukge>,. Furthermore, By  kugk Ay for eachk 2 N.

Proof: Fora xed k,dene 4 =fu2B: kuk< A¢g. Then

u(s) Ax = kuk
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for all s 2 [0; 1]. By (H4) and (5),
YA 1
max  G(t; s)a(s)f (u(s)) ds
4 _o

t€[0;1]

kTuk

1
max  G(t; s)a(s) dsM A,
te[0;1]
1

max G(t; s)a(s) dsMzA,
o teo;1]

1
max G(t;s) a(s) dsMizAi
s;t€[0;1] 0
- 1t kak; M ;A
- 192 1IVI3Mk
Ax

and thus we obtain (12), which together with (13) completesthe proof.
O

4 Positiv e solutions and Legett-Williams  xed
point theorem

In this sectionwe only considerthe caseof p > 1. The existencetheorems
correspnding to the casesof p = 1 and p = 1 are similar to the next
theoremand are omitted.

For our conewe now choose

K=fu2Bju(t) 0Og
and our nonnegatiwe cortinuous concave functionals on K are de ned by

| u(t)

k(U) = min
tel g1

kL7 k

with ((u) kuk for ead 2 (0;2). For the rest of the note ¢ , is denoted
by c.

Theorem 4.1 Letf gi°, besuchthat ; < fand (# *> 0. LetfAcg2,,
fBkoe,, and f Cygee , be suchthat

1
Cii1 < A< Bi< aBk<Ck; k2N;
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where M is asin Theorem 3.1. Supmsethat f satis es
(H5) f(z) < M,A¢ for all z2 [0;A«], k2 N;

and

(H6) f(z) > LBy for all z 2 [Bk;¢-Bil, k 2 N; whee L =
I( *; 1) is givenby (8).

mi( *; 1)

(H7) f(z) < M;C for all z2 [0;Cy], k 2 N:

Then the boundary value problem (1), (2) hasthree in nite families of
solutions fuy, 02, fugor>,, and fusoee, satisfying ku;k < Ay, By <
k(Ugy), and kuz k > Ay, B > «(us,) for eachk 2 N.

Proof: As in De nition 2.5,setfor eathh k 2 N,

Ba, = fu2 Kjkuk < Ayg

k

and
Bc, = fu2 Kjkuk < Cya:

We use(H5) and (H7) and repeat the argumert leadingto (12) to seethat
T:Ba,! Ba,andT:Bgc, ! Bc,. Thus, the condition (C2) of Theorem
2.6is satis ed.

As in De nition 2.5, set

k

1 1
P By, —By)=fu2KijB u); kuk —B
( « e k) J Bk k(u) o k0

and
P( k;Bk;Ck) =fu2 KjBx  k(u); kuk  Cya:
Choosingu = éBk 2 P( k;Bk;éBk), we have (u) = éBk > By, that is,
fu2 P( «;Bk;gBK)i «(u)> Bkg6 ;.
By assumption(A3),

k(Tu) = te[m-lﬂ }TU(t)
k» k Z .
= min G(t; s)a(s)f (u(s)) ds
tel wil— %] _g
YA 1
min G(t; s)f (u(s)) dsm
tel wil— &l _g
VARSI
> min G(t; s)f (u(s)) dsm:
tel pil— &)

k
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Now, by (H7), using (7)-(9) we have

Z i
k(Tu) > min G(t; s) dsLBm
te[ e l— k] &
1 2
= — 21 2910 2,:5HmLB
24 K ( K)( k) K
> By;

since * < < . Therefore, ((u) > By for all u2 P( k;Bk;éBk) and
the assumption(C1) of Theorem 2.6 is satis ed.

If, in addition, u 2 P( g;Bg;Ck) with kTuk > CikBk, then (as in the
proof of Lemma 2.2)

k(Tu) min  Tu(t)

tel pil— &)
YA 1
= min G(t; s)a(s)f (u(s)) ds
tel ml— &l ¢
1
min  G(t; s)a(s)f (u(s)) ds
20 tel xil— 4]
1

cG(t'; s)a(s)f (u(s)) ds
0

G Tu(t’)

forall t’ 2 [0; 1], which implies ((Tu) ¢kTuk > By. Thusthe assumption
(C3) is chedked.
Sinceall hypothesesof Theorem 2.6 are satis ed, the assertionfollows. 4
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