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1 Intro duction

Let G R? beaboundedand simply connecteddomain with smooth boundary
@5, and B; = fx 2 R? or the complex plane C;x? + x5 < 1g. Denote S =
fx 2 R%x2+ x2 = 1;x3=0gand S? = fx 2 R3x2+ x2+ x3 = 1g. The vector
value function can be denotedasu = (ui;u,;us) = (U%u3). Let g= (g%0) be
a smooth map from @5 into S*. Recall that the energy functional

z z

jr uj?dx + 1 uzdx
G

E-(u) = . >3

NI =

with a small parameter " > 0 was introduced in the study of somesimpli ed

model of high-energyphysics, which cortrols the statics of planner ferromagnets
and antiferromagnets (see[9] and [12]). The asymptotic behavior of minimizers
of E-(u) had beenstudied by Fengbo Hang and Fanghua Lin in [7]. When the
term 2”—52 replacedby % and S? replacedby R?, the problem becomesthe
simpli ed model of the Ginzburg-Landau theory for superconductors and was
well studied in many papers such as[1][2] and [13]. Theseworks show that the
properties of harmonic map with S'-value can be studied via researting the
minimizers of the functional with somepenalization terms. Indeed, Y.Chen and
M.Struwe usedthe penalty method to establish the global existenceof partial

regular weak solutions of the harmonic map ow (see[4] and [6]). M.Misawa
studied the p-harmonic maps by using the sameidea of the penalty method in
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[11]. Now, the functional
z Z
1 1 2
E-(u;G)= = jrujfdx+ == usdx; p> 2
P c 2P g
. . : - R : . o

which equipped with the penalization Zip G u3dx, will be consideredin this
paper. From the direct method in the calculus of variations, it is easyto see
that the functional achievesits minimum in the function cIasngl;P(G;Sz).
Without loss of generality, we assumeusz 0, otherwise we may consider jusj
in view of the expressionof the functional. We will researd the asymptotic
properties of minimizers of this p-energy functional on ng?P(G;SZ) as" ! 0,
and shall prove the limit of the minimizers is the p-harmonic map.

Theorem 1.1 Let u- be a minimizer of E-(u;G) on WgP(G;S?). Assume
deg(g® @3) = 0. Then

lim u- = (up;0); i W1P(G; S?);
R
where u,, is the minimizer of  jr ujPdx in ng?P(G; @B1).

Remark. When p = 2, [7] shaws that if deg(g® @5) = 0, the minimizer of
E-(u) in Hg(G;%) is just (uz;0), where u, is the energy minimizer, i.e., it is
the minimizer of ' jr uj?dx in H(G; @1). When p> 2, there may be se\eral
minimizers of E- (u; G) in Wy (G;S?). The author proved that there exists a
minimizer, which isFé:aIIed the regularized minimizer, is just (up;0), where up
is the minimizer of  jr ujPdx in ng?P(G; @3,). For the other minimizers, we
only deducedthe result as Theorem 1.1.

Comparing with the assumption of Theorem 1.1, we will considerthe prob-
lem under someweaker conditions. Then we have

Theorem 1.2 Assumeu- is a critical point of E-(u; G) on W,?(G; S?). If
E-(u;K) C (1:2)

for somesuldomain K G. Then there exists a subsguene u-, of u- such
thatask! 1,

u, ! (up;0); weakly in WP(K;R3); (1:2)
wher u, is a critical point of RK jr ujPdx in WYP(K;@81), which is named
p-harmonic map on K. Moreover, for any 2 C} (K), when"! 0,

Z z
jr ue P dx! ir upj® dx; (1:3)
K K
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|~

u-3 dx! O (1:4)

X T

K

The corvergert rate of ju®j ! 1andus! Owill beconcernedwith as" ! 0.

Theorem 1.3 Let u- be a minimizer of E-(u;G) on WyP(G;S?). If (1.1)
holds, then there exists a positive constant C, suchthat as" ! 0,
z Y4 Y4

i uljiPdx+ o uegjPdx + i uZdx C" ;
K K p K

whee =1 % whenp 2 (2;po];, = pfpz whenp > po. Herepy 2 (4;5) is a
constant satisfying p>  4p?> 2p+ 4= 0.

2 Proof of Theorem 1.1

In this section, we always assumedeg(g® @3) = 0. By the argumert of the weak
low semi-cortinuity, it is easyto deducethe strong corvergencein WP sense
for some subsequenceof the minimizer u-. To improve the conclusion of the
convergencefor all u-, we needto researd the limit function: p-harmonic map.

From deg(g% @5) = 0 and the smoothnessof @ and g, we seethat there is
a smooth function o:@5! R sud that

g=¢ ° on @: 2:1)

Consider the Diric hlet problem
div(r j %r ) =0; in G; (2:2)
jes = o (2:3)

Prop osition 2.1 There existsthe unique weak solution  of (2.2) and (2.3) in
WLP(G;R). Namely, for any 2 WP (G;R), there is the unique satis es

jr jP% rdx =0 (2:4)

Pro of. By using the method in the calculus of variations, we can seethe
existencefor the weak solution of (2.2) and (2.3).
If both ; and , areweaksolutions of (2.2) and (2.3), then, by taking the
test function = 2 in (2.4), there holds
Z

(r 4j° r o jir o 2jf 2y 2r (1 2)dx = O
G
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In view of Lemma 1.2 in [5] we have
z

rC1 2)fdx O
G

Hence, 1 = Const: onG. Noting the boundary condition, wesee 1 ,=
0 on G. Proposition is proved.

Reca&that u?2 ng?p(G; @B1) is named p-harmonic map, if it is the critical
point of  jr ujPdx. Namely, it is the weak solution of

div(jr uj® 2r u) = ujr uj? (2:5)
on G, or forany 2 C} (G;R? or C), it satis es
Z Z
jr ui 2rur dx = ujr uj? dx: (2:6)
G G

Assume is the unique weak solution of (2.2) and (2.3). Set
u=¢ ; on G (2:7)
Prop osition 2.2 up de nedin (2.7) is a p-harmonic map on G.

Pro of. Obviously, u, 2 WJ**(G; @) since 2 Wl(;p(G;R). We only need
to prove that u, satis es (2.6) for any 2 CJ (G;C). In fact,

R o 2 . .
G (r upj? “r upr Up jr upjP)dx

— i i ip 2 e ial dx = R ip 2 i d
=i gjr P ( r +ie'r yax=1i gjr P “r r (e )dx
forany 2 C} (G;C). Noting € 2 W,P(G;C) and is the weak solution
of (2.2) and (2.3), we obtain

Z Z

jr upj® 2r upr dx U jr upjPdx =0

forany 2 C} (G;C). Proposition is proved.
Since W, ?(G; @1) 6 ; when deg(g® @) = 0, we may considerthe mini-
mization problem
Z

Minf  jr ujPdx;u 2 W P (G; @1)g (2:8)
G
The solution is called p-energy minimizer.

Prop osition 2.3 The solution of (2.8) exists.
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Pro of. The weakly low semi-coninuity of RG jr Iggpdx is well-known. On the
other hand, if taking a minimizing sequenceuy of  jr ujPdx in ng?p(G; @),
then there is a subsequenceof uy, which is still denoted uy itself, such that as
k! 1, uk corvergesto up weaklyin WP(G;C). Noting that WyP(G; @) is
the weakly closedsubsetof WP (G; C) sinceit is the convex closedsubset, we
seethat up 2 W, (G; @:). Thus, if denote
Z
=Inff jr ujiPdx;u2 W P (G; @1)g;
G

then Z Z

jr ugjPdx limy,, jr ukjPdx
G G

This meansuy is the solution of (2.8).
Obviously, the p-energy minimizer is the p-harmonic map.

Prop osition 2.4 The p-harmonic map is unique in ng?P(G; @1).

Pro of. It followsthat u, = € is a p-harmonic map from Proposition 2.2. If
u is also a p-harmonic map in ng?P(G; @81), then from deg(g® @) = 0 and
using the results in [3], we know that thereis o 2 W'P(G;R) such that

u=€ °; on G;

0= o oOn @
Substituting these into (2.6), we seethat  is a weak solution of (2.2) and
(2.3). Proposition 2.1 leadsto o= , which implies u = up.

Now, we concludethat ug in Proposition 2.3 is just the p-harmonic map up.
Furthermore, the p-energy minimizer is also unique in ng?p(G; @1).

Pro of of Theorem 1.1. Noticing that u- is the minimizer, we have

E-(u;G) E-((up;0);G6) C (2:9)
with C > 0 independert of ". This means

Z
jr u-jPdx  C; (2:10)

G

Z
ufzdx C"P: (2:11)

G

EJQTDE, 2004No. 16, p. 5



Using (2.10), ju-j = 1 and the embedding theorem, we seethat there exists a
subsequencar-, of u- andu 2 WYP(G;R?), sudch that as"x ! O,

u- ! u; weakly in WZYP(G;S?); (2:12)

k

u. ! u; in C (G;S?; 2 (0;1 2=p: (2:13)

k
Obviously, (2.11) and (2.13) leadto u 2 WP (G;S*).
Applying (2.12) and the weak low semi-cortinuity of . jr ujPdx, we have
Z Z
jrujPdx  lim., o jrouejPdx
G G
On the other hand, (2.9) implies
Z Z
jr u- jPdx jr (up; 0)jPdx;
G G
hence, Z Z
jr u%jPdx jr upjPdx:
G G
This meansthat u® is also a p-energy minimizer. Noting the uniquenesswe see
u = up. Thus
Z Z z z
jr upiPdx  lim. , o jr ujPdx  limeo oo jroue jPdx jr upjPdx:
G G G

When "¢ ! 0, 7 7
jir ue jP ! ir upjP:
G
Combining this with (2.12) yields

n LP(G;S?):

kI!ilm ru, =r (up0)
In addition, (2.13) implies that as" ! O,
u, ! (up;0); in LP(G;S?):

Then
Jimou, = (up;0); i WEP(G; S?):

Noticing the uniquenessof (up; 0), we seethe corvergenceabove also holds for
all u-.
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3 Proof of Theorem 1.2

In this section, we always assumethat u- is the critical point of the functional,
and E-(u-;K) C for somesubdomain K G, where C is independert of ".
The assumptionis weaker than that of Theorem 1.1. So, all the results in this
sectionwill be derived in the weak sense.

The method in the calculus of variations shows that the minimizer u- 2
Wy P(G; S?) is a weak solution of

div(jr uj® 2r u) = ujr ujP + %(uug uzes); on G; (3:1)

wheree; = (0;0;1). Namely, for any 2 W;°(G; R?), u- satis es
Z Z Z

jruf 2rur dx=  u jr ujPdx+ i (Uuu3  uzes)dx: (3:2)
G G P G

Pro of of (1.2). E-(u-;K) C means
z
jr u-jPdx  C; (3:3)
K
Z
u?dx  C"P; (3:4)
K
where C is independert of ". Combining the fact ju-j = 1 a.e. on G with (3.3)
we know that there exist u, 2 W1P(K; @) and a subsequencei-, of u-, suc
that as"x ! O,

u, ! (up;0); weakly in WZEP(K); (3:5)

u, ! (Up;0); in C (K); (3:6)

forsome 2 (0;1 %). In the following we will provethat up, is a weak solution
of (2.5).

Let B = B(x;3R) K. 2C}(B(x3R);[0;1]); =1lonB(x;R); =0
onBnB(x;2R) andjr j C, whereC isindependert of ". Denoteu = u-,
in (3.2) and take = (0;0; ). Thus

Z 1 z Z
jiruj? ?rusr dx + 5 jujPusdx=  us jr ujPdx:
k B B
Applying (3.3) we can derive that
z z z
1 . 2 . . . .p . .p 1. . . .
- ju%? jusjdx jruffdx + jrujf Yr jdx C: (3:7)
k B B B
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From (3.6) it followsju§ 1=2 when "y is sucien tly small. Noting = 1 on
B (x; R), we have b

% juzjdx  C: (3:8)
k B(xR)

Taking £ = ";F¢ = %;(u--ku?ks u-, 3€3) in Lemma 3.11 of [8], noting jFyj =
+jusjjug and applying (3.5) and (3.8) we obtain that for any q 2 (1;p), as
E P 0,ru ! rup, inLYB(x; R)): SinceB(x; R) is an arbitrary discin K,
we can seethat as"y ! 0, forany 2 C} (B;R?3) there holds

z z

jr u P 2rouer dx! Bjr UpiP ?r upr dx: (3:9)

Now, denote u® = u.‘?k = (u1;up). Taking = (uz;0;0) and = (O;uy;0)
in (3.2), respectively, where 2 C} (B;R), we have that for m;j 2 f1;2g, and
meéj,

R R T
7 g UsUmUj dX+ o umu; jr ujPdx
k

R R

= gir ujP 2rumr up dx+ S ujjr ujf Zroupr dx

One equation subtracts the other one, then
Y4

0= jruf 2(urru)r dx; (3:10)
B
whereu”™ r u= usr us u,r u;. On the other hand, since
R R
g U2jr ujP “r ugr dx g Up2jr UpjP “r upir dx
R ., . o 2
= g(@r U “rug jr upi? “r upg)upar dx
R
+ g druP Zrugr (uz o up)dx;

we obtain that as"y ! O,
Z Z
Usjr ujP 2r ugr dx! Up2jr UpjP 2r upr dx (3:11)
B B

by using (3.3)(3.6) and (3.9). Similarly, we may also get that
Z Z
lim = uajr uiP 2r upr dx = Uupijr upj® 2r uper dx: (3:12)
: B B
(3.12) subtracts (3.11), then
Z Z

limjr uiP 2unrru)r dx= e upi® 2(up A roup)r dx
' B B
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Combining this with (3.10), we have
z
jr upi® 2(up N roup)r dx = 0 (3:13)
B

Letu = up1+iupz:B! C. Thus
jruj?=jr upj? (3:14)

It is easyto seethat tru =r (juj?)+(u ~ru)i=0+(u ~ru)isince
ju j% = jup1j? + jupzj? = 1. Substituting this into (3.13) yields

Z
i jrujP?rur dx=0
B
forany 2 C§ (B;R). Taking = Re(u j)and = 1Im(u ;) (j = 1;2),
respectively, where = ( 1; 2) 2 C} (B;R?), we can seethat
Z Z
jrujP?2trurReu )dx+i jrujfP?@rurlim@u )dx=0:
B B
Namely Z
0= jrujP?rrur (u )dx
G
Noting Ur u = wur U, weobtain

0

R R

gir ujP ?rur dx girujP 2ururu dx
R . ) R . )

= girujP ?rur dx gir ujPu dx =1

By using (3.14) and Re(J) = 0, Im(J) = 0, we have

Z Z
jr upj® 2roupar dx = jr upjPupy dx (3:15)
B
and z z
jr upj® 2r upar dx = jr upjPup dx:
B
Combining this with (3.15) yields that for any 2 C} (B;R?),
Z Z
jr upi® Zrupr dx = jr upjPup dx:
B

It shows that u, is a weak solution of (2.5). (1.2) is completed.
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Pro of of (1.3). For simpli cation, denote"y = ". From (3.3) and (3.6) it is
deducedthat as"! O,
Z Z
j U3 jruPdxj  sup(l ju3?) jr ujPdx ! 0; (3:16)
K K K
R o R R o
i Uulp jroujPdx o jroujPdxj = (WUp  upup) jroujPdxj
R (3:17)
sup ju® Upj j  Upjr ujPdxj! O
and
Z Z

(u  (up;0)) jr ujPdx  supju  (up;0)j j  upjr ujPdxj! 0:  (3:18)
K K K

Similarly, (3.4) and (3.6) imply that as"! 0,
1 z 1 z 1 z
ins u3 dx o uf (1 u3)dxj supjl ju%? w5 uzdxj ! 0 (3:19)
K K K K

and
1 Z 1 Z z
jmm  up u3dx = ujdxj supju® upj —j upuidxj! 0: (3:20)
Pk Pk K PT ok
Letting "! 0in (3.2) we have
. R R
lim-y o , u jr ujPdx+ - K (uui  uses)dx]
R _ R _ _ (3:21)
= 0 Upj® 2Zr (up;O)r  dx = (up;0) jr upjPdx:
Take = (0;0;usz ) where 2 C} (K) we have
z 1 z
lim[ u3 jr ujfdx+ — u3 (U3 1)dx]= 0
ok Pk
Combining this with (3.16) we derive
1 z
lim = uj (Ui 1)dx= o
: K
Substituting this into (3.19) yields
1 z
lim — u3 dx= 0 (3:22)
TP
Hence,as" ! 0, 7 7

1. . 1
ol uu dxj o us dx! O
K K
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Thus, for any 2 W, (K;R3), thezre holds

1
lim — uui dx=0: (3:23)
"0 p K
In addition, substituting (3.22) in'%) (3.20) leadsto

1
lim —  up u%idx = 0 (3:24)
) K

Take = (up ;0)in (3.21) we have
(Zp ) in (3.21) “ .

. - 1 . :
im[  u%p jr ujPdx+ = up uUZdx]=  jr upjP dx;
ok Pk K
which, together with (3.224), implies
lim  u%p jr ujPdx = jr upjP dx:
ook K
Combining this with (3.17) we can see(1.3) at last.

Pro of of (1.4). Obviously, (3.18) and (1.3) show that as" ! 0,
R

I ur uPodx (Ups O)jr upjP dx;

R o . .R o :

Ik (U (Ups0)jr ujP dxj+j  (up; 0)(r ujP jr upjP) dxj! O
Substituting this and (3.23) into (3.21), we seethat the left hand side of (3.21)

becomes

- R H H R
limey o[  u jr ujPdx+ - K (uuf  uszes)dx]

R . _ R
= (Up; 0)ir upj? dx limw o= |  Uzesdx:
Comparing this with the right hang side of (3.21), we have
.1 ]
,!l!mom ) uzezdx = O:
This is (1.4). Theorem 1.2 is proved.

4 A Preliminary Prop osition

To presert the corvergert rate of ju’j ! 1 and u-3! 0in WLP sensewhen
"1 0, we needthe following

Prop osition 4.1 Assumeu- is a minimizer of E-(u; G) on W. If E«(u-;K)
C for somedomain K G. Then there exists a positive constant C which is
independent of " 2 (0;1), suchthat
z 1 z 1 z u®

= grwiPdx+ o ufdx CUPPH S jr —jPdx: (4:1)
P« Pk Pk Jus
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Pro of. Denotew = % ChooseR > 0su cien tly small suc that B (x; 3R)
K. It follows from (3.6) that

juj  1=2 (4:2)
on B(x; 3R) as" sucien tly small. This and (3.3) imply
z z z
jr wjiPdx 2P judiPir wiPdx C jr ujPdx C:
B (x; 3R) B (x; 3R) B (x; 3R)

(4:3)
Applying (1.1) and the integral mean value theorem, we know that there is a
constart r 2 (2R; 3R) such that

Z Z
1 jr ujPdx+ i u#zdx = Co(r)E-(u-;Bsr nBor) C: (4:4)
P @xr) 2" @ (xr)
Consider the functional
1Z 1 z
E(;B)== (r j?+1P2dx+ =—— (1 )2dx;
(; B) b B(J | ) > B( )

where B = B(x;r). It is easyto prove that the minimizer 1 of E(; B) on

Wjﬁ?gj(B; R* [ f0g) exists and solves

1

Ty
i@ = ju; (4:6)

wherev = jr j2+ 1. Since1=2 < ju?j 1, it follows from the maximum

principle that on B,

div(vl® 272r y= —(1 ) on B; (4:5)

1
5< 1 L 4:7)
Clearly, (1 ju%)? (@ ju4%)? = u§ u3: Thus, by noting that ; is a

minimizer, and applying (1.1) we seeeasily that
E( 1;B) E(ju%;B) CE-(u;B) C: (4:8)

Multiplying (4.5) by ( r ), where denotes 3, and integrating over B,
we have

R R
@v(p A% r )2d o+ v 2% p (1 )dx

. R (4:9)
=5 g ) r )dx

where denotesthe unit vector on B, and it equalsto the unit outside norm
vector on @3B.
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Using (4.8) we obtain
jRB viP 272 (o )dxj
CRB v 222 j2dx + 1 RB v(P 272( 1 v)dxj
C+ 3] RB r (v=2)dxj C+ %RB jdiv(vP=2 ) vP=2div jdx

R
c+1 vP=2(d :

P @
Combining (4.6), (4.4) and (4.8) we also have

1 R i (R 2di 2d i
jwm g )0 r)dj 5 g )div.dx  G(@  )d]
1 R 2idi i 1 R 2
w5 g )Fdiv jdx+ o @(1 )<d C:
Substituting theseinto (4.9) yields
z 1Z
i VP AT y2d ) Cc+ = v (4:10)
@ P &

Applying (4.6), (4.4) and (4.10), we obtain for any 2 (0;1),
R
@szzd = @v(p 2[4+ ( r )2+ ( r )?d
R R
@ VP P72+ 5 VP 272( ¢ )2
R p=24 \(p 2)= R i u%i 2=
H g VPd) P @( 1 uj)Pd )P
C()+ (:+ 2)R vP2d ;
P @ :

where denotesthe unit tangent vector on @. Henceit follows by choosing
> 0 sosmall that Z

v2d  C: (4:11)
@
Now we multiply both sidesof (4.5) by (1 ) and integrate over B. Then
Z 1 Z z
vP AT jPdx+ o (1 )%dx= v 2% )@ )d
B B @

From this, using (4.4), (4.6), (4.7) and (4.11) we obtain
R
E(1:B) Cj VP 27 r )1 )dj
R - R -
Cj g VP2d jP D) (1 )2d =P (4:12)

R
Cj (1 ju%)2dj= c"
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Sinceu- is a minimizer of E- (u; G), we have
E-(u;G) E-(U;G);

where q
U=(w; 1 2 on B; U=u on GnB:

Namely,
E-(u;G) E«( ;w;B)+ E«(u-;GnB):

Hence

E-(u;B) E-(1w;B)

1 ; i2 2; i2\p=2 1 R 2 . (4:13)
=5 gl 2o+ 2r wi9)Pdx+ 75 (1 D)dx
wherew = % On one hand,
R T R .
g(r 12+ fir wj)P=2dx 5 ( %jr wj%)P=2dx
R R
=8, ollr 12+ Zir wj?)P 2725
(4:14)

+( 2jr wj?)(P 2721 g)]dsjr  1jdx
R
C g(r 1P +jr j3r wjP ?)dx:

On the other hand, by using (4.12) and (4.3) we have
z z z
jroaddir wiP 2dx o (jr 1jPdx)ZP ( jr wiPdx)P 2P C"27P: (4:15)
B B B
Combining (4.13)-(4.15), we can derive
1Z
E-(u-;B) b Pir wjPdx + C"%P:
B

Thus (4.1) can be seenby noticing (4.7).

5 Proof of Theorem 1.3

Assumethat u- is a minimizer, and B = B(x;r). By noting p > 2 and using
Jensen'sinequality, we have
Z z z z

1 1 1 1
E-(u-;B) = jr hjPdx+ =  hPjr wjPdx+ = jr usjPdx+ =  u3dx;
(u-;B) p L p gl 75 U
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where h = ju?j. Thus, from (4.1) it follows that,
R
1

R R
5 g (r hiP+ jr ugjP)dx + % g (P 1)jr wjPdx + & 5 u3dx &)
R :
E-(u;B) % g Ir wjPdx  C"#P;

Sincejusj 1 and (1.1), we have

jus(x) us(y)j Ckuskwiekyix Yj* P Cjx

Hence,u3(x)  (jus(y)j C"! 2*P)2 whenx 2 B(y;"). Substituting this into
(3.4) we obtain

yit P, 8x;y2K:

z

(us(y)j C"* 2P)? uj(x)dx  C"
B(y;")

for any y 2 K. This implies
supjus(y)j C"* #P:
y2K
Thus, by using (4.2) and (3.3), we have that for any constart 2 (0; 1),

1 R . . 2P R . .
5 g (1 hP)jr wjPdx > g (L hP)hPjr wjPdx

(5:2)
C g ugjr ujPdx C"1 #P;
Substituting this into (5.1), we can derive
Z Z 1 Z
jr hiPdx+jr ugiPdx + = usdx C("! FP+ "2y (5:3)
B B
If p 4,then we have nished. If p> 4, we will prove
Theorem 5.1 Letpo 2 (4;5) satisfy p> 4p> 2p+ 4= 0. Then
Z Z 1 Z
jr hiPdx + jr ugjPdx + usdx C"' 2*P: when p2 (4;pol;
B B B
Z VA VA
I . . 1 2 2p
jr hjPdx+  jr ugjPdx + a5 usdx C"#»” 2; when p> po:
B B B
Pro of. Step 1. The idea of Proposition 4.1 is used. At rst, from (5.3) it
follows that z

2
uidx C"#*P:
B
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Using this and the integral meantheorem, we seethat there existsr, 2 (2R;r)
sud that Z
udx C"F*P:

@B (xir 2)
Next, considerthe minimizer » of the functional
1Z 1 Z
E(; B(xr2) = = (r 7+ D)PPdx+ o 1 )2dx
p B (x;r 2) 2'p B (x;r 2)

in WP (B(x;r2);R* [ f0Og). By the sameargumert of (4.12) we also obtain

ju?j
. . ni(2+p).
E( 2,B(X,r2)) pp .

Then, similar to the derivation of (4.1) we can seethat
]_Z 2 (2
E-(u;B(X;r2)) b jr wjPdx + c"pzG P,
B

At last, by processingas the proof of (5.3) we have
z z 1 z .,
jr hiPdx + jr usPdx+ o uddx C("L 2P+ mar TPy
B (xr 2) B (xr 2) B (xir 2)
Step 2. Replacing (5.3) by the inequality above, and via the similar argumernt
of Step 1, we also deducethat there exist r; 2 (2R;r; 1) sud that for any

=1z
Z Z 1 Z
jr hjPdx+ jr uzjPdx+ — usdx C("! FP+"d); (5:4)
B(xirj) B (xrj) P B (xrj)
wherea; = 2 and g = Z(a 1+ p) forj = 23, . Obviously, fa g is

a increasing and bounded sequence. So we seeeasily that its limit is p_22p_2
Letting j ! 1 in (5.4) we have proved Theorem 5.1.
Combining Theorem 5.1 and (5.3) yields that Theorem 1.3 is proved.
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