
Ele ctr onic Journal of Qualitative The ory of Di�er ential Equations
2005, No. 9, 1-16; h ttp://www.math.u-szeged.h u/ejqtde/

ON THE EXPONENTIAL CONVER GENCE TO A
LIMIT OF SOLUTIONS OF PER TURBED LINEAR

V OLTERRA EQUA TIONS

JOHN A. D. APPLEBY, SIOBH �AN DEVIN, AND DAVID W. REYNOLDS

Abstra ct. We consider a system of perturb ed Volterra integro-
di�eren tial equationsfor which the solution approachesa nontrivial
limit and the di�erence betweenthe solution and its limit is inte-
grable. Under the condition that the secondmoment of the kernel
is integrable we show that the solution decays exponentially to its
limit if and only if the kernel is exponentially integrable and the
tail of the perturbation decays exponentially .

1. Intr oduction

In this paper we study the exponential decay of the solution of

x0(t) = Ax(t) +
Z t

0
K (t � s)x(s) ds+ f (t); t > 0;(1.1a)

x(0) = x0;(1.1b)

to a constant vector. Here the solution x is a vector-valued function
on [0; 1 ), A is a real matrix, K is a continuousand integrablematrix-
valued function on [0; 1 ) and f is a continuousand integrablevector-
valued function on [0; 1 ).

The solution of (1.1) can be written in terms of the solution of an
unperturbed version of the equation. This unperturbed equation is
given by

R0(t) = AR(t) +
Z t

0
K (t � s)R(s) ds; t > 0;(1.2a)

R(0) = I ;(1.2b)

wherethe matrix{v alued function R is known as the resolvent or fun-
damental solution of (1.1). The representation of solutions of (1.1) in
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terms of R is given by the variation of constants formula

x(t) = R(t)x0 +
Z t

0
R(t � s)f (s) ds; t � 0:

For this and other reasons,the asymptotic behaviour of R has long
been a topic of study, and it is well known that uniform asymptotic
stabilit y for (1.1a) is associated with the solution R of (1.2) being in-
tegrable. In this caseit is interesting to understand the relationship
betweenthe rate of decay of the kernel, and the rate of decay of solu-
tions. Authors who have shown that somesort of exponential decay in
the kernel can be identi�ed with exponential decay of the resolvent in-
cludeMurakami [8, 9] and Appleby and Reynolds[2]. Murakami shows
that the exponential decay of the solution of (1.2) is equivalent to an
exponential decay property on the kernel K under the restriction that
none of the elements of K changesign on [0; 1 ). A condition of this
typewill beemployed in this paper to identify exponential convergence.
In a similar spirit, various authors have identi�ed decay conditions on
K which give rise to particular decay properties in the resolvent. For
exampleBurton, HuangandMahfoud [3] haveshown that the existence
of the \moments" of the kernel can be identi�ed with the existenceof
the moments of the solution. Appleby and Reynolds [1] have stud-
ied a type of non-exponential decay of solutions(called subexponential
decay) which canin certain circumstancesbe identi�ed with the subex-
ponential decay of the kernel. Jordan and Wheeler [5] and Sheaand
Wainger[10]have studied the relationship betweenthe existenceof the
kernel in a certain weighted L p-spaceand the existenceof the solution
in such spaces.

The casewhere the solutions of (1.2) are neither integrable, nor
unstable,hasalsobeenconsidered.Krisztin and Terj�eki [6] studied this
caseand determinedconditions under which R(t) convergesto a limit
R1 , which neednot be trivial, as t ! 1 . In addition to determining
a formula for R1 , they showed that the condition

R1
0 t2kK (t)k dt < 1

is crucial. MacCamy and Wong [7] dealt with a nonlinear version of
(1.1). They showed that if the kernel and the perturbation satisfy an
exponential decay constraint, then x convergesto a nontrivial limit x1

exponentially fast.
In this paper we consider the casewhere the resolvent of (1.1) is

not integrable. In the �rst instance, we �nd an equivalencebetween
the exponential decay property of t 7! R(t) � R1 and an exponential
decay property of the kernel;wealsoshow for solutionsof (1.1) that the
exponential decay of t 7! x(t) � x1 can be identi�ed with exponential
decay in the kernel and the perturbation.
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2. Ma thema tical Preliminaries

We introduce somestandard notation. We denote by R the set of
real numbers. Let M n (R) be the spaceof n � n matrices with real
entries, and I be the identit y matrix. We denoteby diag(a1; a2; :::; an )
the n� n matrix with the scalarentries a1; a2; :::; an on the diagonaland
0 elsewhere.For B = (bij ) 2 M n (R) we de�ne kBk =

P n
i=1

P n
j =1 jbij j.

All other norms on M n (R) are equivalent to k � k. If J is an interval
in R and V a �nite dimensionalnormed space,we denoteby C(J; V)
the family of continuous functions � : J ! V. The spaceof Lebesgue
integrable functions � : (0; 1 ) ! V will be denotedby L 1((0; 1 ); V).
The convolution of F and G is denotedby F � G and de�ned by

(F � G)(t) =
Z t

0
F (t � s)G(s)ds; t � 0:

We denoteby N the set of natural numbers. We denoteby C the set
of complexnumbers; the real part of z in C being denotedby Rez and
the imaginary part by Im z. If B : [0; 1 ) ! M n (R) then the Laplace
transform of B is formally de�ned to be

B̂ (z) =
Z 1

0
B(t)e� zt dt:

If � 2 R and
R1

0 kB(s)ke� �s ds < 1 then B̂ (z) exists for Rez � � and
is analytic for Rez > � . If B is a continuous function which satis�es
kB(t)k � ce� t for t > 0 then the inversion formula

B(t) = lim
T !1

1
2� i

Z � + iT

� � iT
B̂ (z)ezt dz =

1
2� i

Z � + i 1

� � i 1
B̂ (z)ezt dz

holds for all � > � .
Wenow makeour problemprecise.Throughout the paper weassume

that the function K : [0; 1 ) ! M n (R) satis�es

K 2 C([0; 1 ); M n(R)) \ L1((0; 1 ); M n(R));(2.1)

and the function f : [0; 1 ) ! Rn satis�es

f 2 C([0; 1 ); Rn) \ L1((0; 1 ); Rn):(2.2)

It is convenient to de�ne the tail of the kernel K as

K 1(t) =
Z 1

t
K (s) ds; t � 0;(2.3)

and the tail of the perturbation f as

f 1(t) =
Z 1

t
f (s) ds; t � 0:(2.4)
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The existenceof K 1 and f 1 is assuredby the integrability of K and f
respectively. We de�ne the function t 7! x(t; x0; f ) to be the unique
solution of the initial value problem (1.1). Under the hypothesis(2.1),
it is well-known that (1.2) has a unique continuous solution R, which
is continuously di�erentiable. Moreover the solution of (1.1) for any
initial condition x0 is given by

x(t; x0; f ) = R(t)x0 + (R � f )( t); t � 0:(2.5)

Where x0 and f are clear from the context we omit them from the
notation.

A fundamental result on the asymptotic behaviour of the solution of
(1.1) is the following theorem due to Grossmanand Miller [4]; under
(2.1) the resolvent R of (1.2) is integrable if and only if

det[zI � A � K̂ (z)] 6= 0; for Rez � 0:(2.6)

In this paper we consider the casewhere the solution of (1.1) ap-
proachesa constant vector x1 which neednot be trivial, and so (2.6)
doesnot necessarilyhold.

3. Discussion of Resul ts

In this section we explain the connection between the results on
exponential decay presented by Murakami in [8, 9] and those here.
Murakami obtained the following result in the casewherethe solutions
of (1.2) are integrable.

Theorem 3.1. Let K satisfy (2.1). Supposethe resolventR of (1.2)
satis�es

R 2 L1((0; 1 ); M n(R)):(3.1)

If

each entry of K does not changesign on [0; 1 ),(3.2)

then the following are equivalent;

(i) There existsa constant � > 0 suchthat
Z 1

0
kK (s)ke�s ds < 1 :(3.3)

(ii) There exist constantsc1 > 0 and � 1 > 0 suchthat

kR(t)k � c1e� � 1 t ; t � 0:(3.4)

In this paper we begin by consideringthe casewherethe solution of
(1.2) approachesa constant matrix.
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Theorem 3.2. Let K satisfy (2.1) and
Z 1

0
t2kK (t)kdt < 1 :(3.5)

Supposethere existsa constant matrix R1 suchthat the solution R of
(1.2) satis�es

R(�) � R1 2 L1((0; 1 ); M n(R)):(3.6)

If

each entry of K does not changesign on [0; 1 );(3.7)

then the following are equivalent;

(i) There existsa constant � > 0 suchthat
Z 1

0
kK (s)ke�s ds < 1 :(3.8)

(ii) There exist constants � 2 > 0 and c2 > 0 suchthat

kR(t) � R1 k � c2e� � 2 t ; t � 0:(3.9)

We can readily seethe similarities betweenTheorem 3.1 and Theo-
rem 3.2: the hypotheses(3.1) and (3.2) in Theorem3.1 are identical to
(3.6) and (3.7) in Theorem3.2;moreover, the equivalencebetween(3.3)
and (3.4) in Theorem3.1 is mirrored by the equivalencebetween(3.8)
and (3.9). The hypothesisin Theorem3.2 which hasno counterpart in
Theorem 3.1 is (3.5); however, as we mention later, this hypothesisis
natural and sometimesindispensiblein the caseR1 6= 0.

It is possibleto obtain results comparableto Theorem 3.2 for the
solution of the perturbed equation (1.1). More precisely, it is possible
to show that the exponential decay of x � x1 is equivalent to the
exponential decay of the tail of the perturbation and the exponential
integrability of the kernel. The following theoremmakesthis precise.

Theorem 3.3. Let K satisfy (2.1) and (3.5), f satisfy (2.2), and f 1

be de�ned by (2.4). Supposethat for all x0 there is a constant vector
x1 (x0; f ) suchthat the solution t 7! x(t; x0; f ) of (1.1) satis�es

x(� ; x0; f ) � x1 (x0; f ) 2 L1((0; 1 ); Rn):(3.10)

If K satis�es (3.7) the following are equivalent;

(i) There exists� > 0 suchthat statement(i) of Theorem 3.2 holds
and there exist constants 
 > 0, c3 > 0 independentof x0 such
that

kf 1(t)k � c3e� 
 t ; t � 0:(3.11)
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(ii) For each x0 the solution t 7! x(t; x0; f ) satis�es

kx(t) � x1 k � c4e� � 3 t ; t � 0;(3.12)

for some� 3 > 0 independentof x0, and c4 = c4(x0) > 0.

Murakami consideredthe casewhere the resolvent of (1.2) is inte-
grable, which forcesR(t) ! 0 as t ! 1 . In this paper, we consider
the casewherethe solutionsof (1.1) approach a constant vector, which
may not necessarilybe trivial, in which casethe solution is not inte-
grable. As a result it is not possibleto apply Murakami's method of
proof directly to our equation. Instead,we �nd it is necessaryto appeal
to a result of Krisztin and Terj�eki [6] to obtain appropriate hypotheses
for Theorem3.2 and Theorem3.3.

Beforeciting the relevant resultsfrom [6], weintroducesomenotation
usedthere and adoptedhereinafter. We let M = A +

R1
0 K (s)ds and T

be an invertible matrix such that T � 1M T has Jordan canonicalform.
Let ei = 1 if all the elements of the i th row of T � 1M T are zero, and
ei = 0 otherwise. Put P = Tdiag(e1; e2; :::; en )T � 1 and Q = I � P. We
now state the relevant theorem.

Prop osition 3.4. If K satis�es (3.5) and the resolventR of (1.2)
satis�es (3.6) then

det[zI � A � K̂ (z)] 6= 0 for Rez � 0 and z 6= 0

and

det
�
P � M �

Z 1

0

Z 1

s
PK (u)duds

�
6= 0;(3.13)

moreover

R1 =
�
P � M �

Z 1

0

Z 1

s
PK (u)duds

� � 1

P:(3.14)

Krisztin and Terj�eki's result not only suggeststhe appropriate hy-
pothesesfor our theorems,but guaranteesthe existenceof the constant
matrix R1 as well as giving a formula for it. We note that under as-
sumptions (3.5) and (3.6) that (2.6) fails at z = 0 if R1 6= 0.

4. Prep ara tor y Work

In order to prove Theorem 3.2 and Theorem 3.3 we must reformu-
late (1.2) as was done in Theorem 2 of [6]. In order to make this
reformulation precisewe state the following lemma.

Lemma 4.1. Supposethat (2.1), (3.5), and (3.6) hold. Then

bY(z) + F̂ (z) bY(z) = Ĝ(z) Rez � 0;(4.1)
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where F̂ (z) is de�ned for Rez � 0 and z 6= 0 by

F̂ (z) =
1
z

P(K̂ (0) � K̂ (z)) �
1

z + 1
Q(I + A + K̂ (z))(4.2)

and

F̂ (0) = � Q(I + A + K̂ (0)) � PK̂ 0(0);(4.3)

and Ĝ(z) is de�ned for Rez � 0 and z 6= 0 by

(4.4) Ĝ(z) =
1

(z + 1)
Q

�
I � (I + A + K̂ (z))R1

�

�
1
z

�
PK̂ 0(0) + QK̂ (0) � QK̂ (z)

�
R1 �

1
z2

P(K̂ (0) � K̂ (z))R1 ;

and

(4.5) Ĝ(0) = Q �
�

Q(I + A) �
1
2

PK̂ 00(0) � QK̂ 0(0) + QK̂ (0)
�

R1 :

Proof. As conditions (3.5) and (3.6) hold we know from Proposition
3.4 that (3.14) holds. We now employ an idea used in [6, Theorem
2]. De�ne the function � by �( t) = P + e� t Q for t � 0. Taking the
convolution of each side of (1.2) with �, we get � � R0 = � � (AR) +
(� � K ) � R, which after integration by parts becomes

R(t) + (F � R)(t) = �( t); t � 0;(4.6)

where

F (t) = � e� t (Q + QA) � (e � QK )(t) + P
Z 1

t
K (u)du; t � 0;

and the function e is de�ned by e(t) = e� t , t � 0. A further calculation
yields

Y(t) + (F � Y)(t) = G(t); t � 0;(4.7)

whereY(t) = R(t) � R1 and

G(t) = e� t Q � e� t (QR1 + QAR1 ) +
Z 1

t

Z 1

u
PK (s)R1 dsdu

�
Z 1

t
QK (u)R1 du � (e � QK R1 )( t); t � 0:

Since(2.1) holds we can take the Laplacetransform of (4.7) to obtain
(4.1) whereF̂ and Ĝ aregivenby (4.2) and (4.4) respectively for Rez >
0 and z 6= 0 and are given by (4.3) and (4.5) when z = 0. �
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Remark 4.2. If we assumethat there exists a constant � > 0 such
that (3.8) of Theorem 3.2 holds then the functions F̂ and Ĝ de�ned
by (4.2) and (4.4) respectively whencan be extendedinto the negative
half plane.

The following lemma may be extracted from [6, Theorem 2] and is
necessaryin the proof of Theorem5.1.

Lemma 4.3. If (2.1), (3.5) and (3.6) hold, then

det[I + F̂ (z)] 6= 0; Rez � 0:(4.8)

The following proposition may extracted from [8, 9] and usedis later
in the proof of Theorem5.2.

Prop osition 4.4. Let K be a continuous integrablefunction suchthat
no entry of K changessign on [0; 1 ). Suppose that there is a con-
tinuous function z 7! B(z) de�ned for j Rezj � � 1 and analytic for
j Rezj < � 1, where � 1 > 0. If K̂ (z) = B(z) for all 0 � Rez < � 1, then

Z 1

0
kK (s)ke� 1s ds < 1 :

The proof is identical in all important details to that of Theorem 2
in [8].

5. Pr oof of Theorem 3.2

Theorem3.2 is a consequenceof the following results.

Theorem 5.1. Let K satisfy (2.1) and (3.5), and R be the solution of
(1.2). Supposethere existsa constant matrix R1 suchthat (3.6) holds.
If there exists a constant � > 0 such that K obeys (3.8) in Theorem
3.2, then there exist constants � 2 > 0 and c2 > 0 such that R obeys
(3.9) of Theorem 3.2.

Theorem 5.2. Let K satisfy (2.1), (3.5) and (3.7), and let R be the
solution of (1.2). Supposethere existsa constant matrix R1 suchthat
(3.6) holds. If there exist constants � 2 > 0 and c2 > 0 such that R
obeys (3.9) in Theorem 3.2, then there exists a constant � > 0 such
that K obeys (3.8) in Theorem 3.2.

Proof of Theorem 5.1. Since(3.6) holds the inversion formula for the
LaplaceTransform of Y is well-de�ned when � > 0;

Y(t) = lim
T !1

1
2� i

Z � + iT

� � iT
Ŷ (z)ezt dz:
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>From Lemma 4.3 we know that det[I + F̂ (z)] 6= 0 for Rez � 0 so we
can write

Ŷ (z) = H1(z); Rez � 0;

where

H1(z) = (I + F̂ (z)) � 1Ĝ(z); Rez � 0:

We begin by showing that

(5.1) Y(t) =
1

2� i

Z � � 2+ i1

� � 2 � i 1
H1(z)ezt dz; t > 0;

for some� 2 > 0.
Observe that sincedet[I + F̂ (0)] 6= 0, H1(0) exists. Using (3.8) and

the Riemann{LebesgueLemma we seethat K̂ (z) ! 0 as jzj ! 1 for
Rez � � � , thus we can seefrom (4.2) that F̂ (z) ! 0 as jzj ! 1 for
Rez � � � . Therefore we can �nd T0 > 0 such that for jIm zj > T0

we have that det[I + F̂ (z)] 6= 0 when Rez � � � , jIm zj > T0. Hence
H1(z) exists when jIm zj > T0 and Rez � � � . Let

D = f z : �
�
2

� Rez � 0; jIm zj � T0g

and

c0 = maxf Rez : z 2 D; det[I + F̂ (z)] = 0g:

Sincez 7! (I + F̂ (z)) is analytic on the domain Rez > � � , and its
determinant is a continuous function of its entries then z 7! det[I +
F̂ (z)] is analytic on the domainRez > � � . Thus it hasat most a �nite
number of zerosin the set D, and so c0 < 0. Take a constant � 2 > 0
so that � 2 < � c0. Consider the integration of the function H1(z)e� zt

around the boundary of the box:

f � + i� : � � 2 � � � � 2; � T � � � Tg:

SinceH1(z) existsand is analytic in this box it follows that the integral
over the boundary is zero, that is:

� Z � 2+ iT

� 2 � iT
+

Z � � 2+ iT

� 2+ iT
+

Z � � 2 � iT

� � 2+ iT
+

Z � 2 � iT

� � 2 � iT

�
H1(z)ezt dz = 0:

Our claim will be veri�ed if

lim
T !1

Z � 2+ iT

� � 2+ iT
H1(z)ezt dz = 0; lim

T !1

Z � 2 � iT

� � 2 � iT
H1(z)ezt dz = 0:
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ConsiderkH1(z)ezt k for z = � + iT and � � 2 � � � � 2: then

kH1(z)ezt k = k(I + F̂ (z)) � 1Ĝ(z)ezt k

� e� 2 tkĜ(z)kk(I + F̂ (z)) � 1k

�
e� 2 t

T
�
�

kQk +







�
Q + QA + PK̂ 0(0) + QK̂ (0)

�
R1








+
k(PK̂ 0(0) + K̂ (0))R1 k

T
+

kPK̂ (0)R1 k
T2

+
kPK̂ (z)R1 k

T2
+

kK̂ (z)R1 k
T

�

>From the Riemann{LebesgueLemmaweseethat asjTj ! 1 , K̂ (z) !
0 and F̂ (z) ! 0, uniformly for Rez � � � . Thus kH1(z)ezt k ! 0 as
T ! 1 with Rez � � � 2. Using the continuity of H1(z)ezt and the
above we can �nd constant m < 1 such that

kH1(z)ezt k �
m
T

e� 2 t

for jRezj � � 2, z = � + iT , t > 0. Also









Z � 2+ iT

� � 2+ iT
H1(z)ezt dz








 �

Z � 2

� � 2

kH1(� + iT )e(� + iT )t kd�

�
Z � 2

� � 2

m
T

e� 2 td� � 2� 2
m
T

e� 2 t :

Thus
R� 2+ iT

� � 2+ iT H1(z)ezt dz ! 0 as T ! 1 . A similar argument shows

that
R� 2 � iT

� � 2 � iT H1(z)ezt dz ! 0 as T ! 1 . Thus
Z � 2+ i1

� 2 � i 1
H1(z)ezt dz =

Z � � 2+ i1

� � 2 � i 1
H1(z)ezt dz;

�nishing the demonstrationof (5.1).
It is necessaryto choosean integrablefunction H2 in order to obtain

(3.9). We de�ne the function H2(z) as follows:

H2(z) = H1(z) � (z � c0)� 1L

=
1

z � c0
�

1
z + 1

� (I + F̂ (z)) � 1

�
h
(z � c0)(z + 1)Ĝ(z) � (z + 1)(I + F̂ (z))L

i

where

L := Q(I � (I + A + K̂ (0))R1 ) � PK̂ 0(0)R1 :
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Thus

z2H2(z) =
z

z � c0
�

z
z + 1

� (I + F̂ (z)) � 1

�
h�

z(z + 1)Ĝ(z) � zL
�

� c0(z + 1)Ĝ(z) � L � (z + 1)F̂ (z)L
i

:

Clearly z
z� c0

and z
z+1 ! 1 as jzj ! 1 . As (3.8) holds we know from

the Riemann{Lebesguelemmathat K̂ (z) ! 0 asjzj ! 1 with Rez �

� � thus (I + F̂ (z)) ! I also
�

z(z + 1)Ĝ(z) � zL
�

, c0(z + 1)Ĝ(z)

and (z + 1)F̂ (z)L are bounded for Rez � � � . Now we have that
kz2H2(z)k < 1 as jzj ! 1 with Rez � � � 2 that is

sup
� 2

�

� 2kH2(� 2 + i� )k < 1 ;

consequently Z � � 2+ i1

� � 2 � i 1
kH2(z)kds := c:

Thereforewe obtain

kY(t)k �
1

2�








Z � � 2+ i1

� � 2 � i 1
H1(z)ezt dz








�
1

2�








Z � � 2+ i1

� � 2 � i 1
H2(z)ezt dz






 +

1
2�








Z � � 2+ i1

� � 2 � i 1

L
z � c0

dz







�
1

2�
e� � 2 t

Z � � 2+ i1

� � 2 � i 1
kH2(z)k dz +

1
2�

kLkec0 t

� c2e� � 2 t ;

completing our proof. �

Proof of Theorem 5.2. Note that from our hypothesis Ŷ exists and is
continuousfor Rez � � � 2 and is analytic for Rez > � � 2. Due to (3.5)
and (3.6) so we can apply Proposition 3.4 to get (3.13). We seethat
det[R1 + zŶ (z)] is non-zeroat z = 0. From the continuity of Ŷ (z)
at zero there exists an open neighbourhood centred at zero on which
det[R1 + zŶ (z)] 6= 0. Also det[zI + P] is non-zeroexceptat zeroin an
open neighbourhood centred at zerowith radius lessthan one. Choose
� > 0 such that det[R1 + zŶ (z)] and det[zI + P] are non zero for
0 < jRezj < � . De�ne the function B as follows

B(z) = (P + zI ) � 1
�

� z2Q(I � (I + A)(Ŷ (z) � R1 ))

+ z(z + 1)PK̂ 0(0)R1 + (z + 1)(P + zQ)K̂ (0)R1

+ z(z + 1)PK̂ (0)Ŷ (z) + z2(z + 1)Ŷ (z)
�
(zŶ (z) + R1 )� 1
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for 0 < jRezj < � and B(0) := K̂ (0). The function B has beencon-
sructed so that B(z) = K̂ (z) for 0 � Rez < � . HenceProposition 4.4
can be applied to yield Theorem5.2. �

6. Pr oof of Theorem 3.3

Theorem3.3 is a consequenceof the following results:

Theorem 6.1. Let K satisfy (2.1) and (3.5) and let f satisfy (2.2).
Suppose that for all x0 there is a constant vector x1 (x0; f ) such that
the solution t 7! x(t; x0; f ) of (1.1) satis�es (3.10). If there exists a
constant � > 0 suchthat statement(i) of Theorem 3.2 holds,and there
exist constants 
 > 0 and c3 > 0 such that statement (i) of Theorem
3.3 holds, then there exist constants � 3 > 0, independent of x0, and
c4 = c4(x0) > 0, suchthat statement(ii) of Theorem 3.3 holds.

Theorem 6.2. Let K satisfy (2.1), (3.5) and (3.7) and let f satisfy
(2.2). Supposethat for all x0 there is a constant vector x1 (x0; f ) such
that the solution t 7! x(t; x0; f ) of (1.1) satis�es (3.10). If there exist
constants � 3 > 0, independent of x0, and c4 = c4(x0) > 0 such that
statement(ii) of Theorem 3.3 holds,then there existsa constant � > 0
suchthat statement(i) of Theorem 3.2 holds,and moreover there exist
constants 
 > 0 and c3 > 0 such that statement (i) of Theorem 3.3
holds.

Remark 6.3. If we imposea weaker condition, that is if (3.12) of Theo-
rem 3.3(ii) only holds for a basisof initial values,then the sameresult
holds.

Proof of Theorem 6.1. Using (2.2) and (2.5) we have that

x1 = R1

�
x0 +

Z 1

0
f (s) ds

�
;

thus

x(t) � x1 = R(t)x0 + (R � f )( t) � R1

�
x0 +

Z 1

0
f (s) ds

�

= (R(t) � R1 )x0 +
Z t

0
(R(t � s) � R1 )f (s) ds � R1 f 1(t):

Integrating ((R � R1 ) � f )( t) by parts we obtain

(6.1) x(t) � x1 = (R(t) � R1 )x0 � (R(0) � R1 )f 1(t)

+ (R(t) � R1 )f 1(0) �
Z t

0
R0(t � s)f 1(s) ds � R1 f 1(t):

Due to the fact that K obeys (3.8), by Theorem 3.2, it follows that
R � R1 decays exponentially . We prove in the sequelthat R0 decays
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exponentially , f 1 also decays exponentially therefore the convolution
of R0 and f 1 decays exponentially . By useof the above facts and the
hypothesis(3.11) on f 1, we have that each term on the right hand side
of (6.1) decays exponentially , which yields (3.12).

We now show that R0 decays exponentially . We can rewrite the
resolvent equation (1.2) as

(6.2) R0(t) = A(R(t) � R1 ) +
Z t

0
K (t � s)(R(s) � R1 ) ds

� K 1(t)R1 +
�

A +
Z 1

0
K (s)ds

�
R1 :

The �rst term on the right-hand sideof (6.2) decays exponentially since
(3.8) holds. We now provide an argument to show that the second
term decays exponentially; sinceR(t) � R1 decays exponentially and
(3.8) holds we can choose� such that e�t K (t) and e�t (R(t) � R1 ) 2
L1((0; 1 ); M n(R)). Becausethe convolution of two integrablefunctions
is itself integrable,

e�t










Z t

0
K (t � s)(R(s) � R1 ) ds










=










Z t

0
e� (t � s)K (t � s)e�s (R(s) � R1 ) ds








 � c6;

so that the secondterm on the right-hand side of (6.2) decays expo-
nentially . Note that

(6.3) c7 :=
Z 1

0
kK (s)ke�s ds �

Z 1

t
kK (s)ke�s ds

� e�t
Z 1

t
kK (s)kds � e�t kK 1(t)k;

showing that the last term on the right-hand side of (6.2) also decays
exponentially .

Finally we show that (A +
R1

0 K (s) ds))R1 = 0. Integrating (6.2)
and rearrangingthe terms yields

�
�

A +
Z 1

0
K (s) ds

�
R1 t =

Z t

0
A(R(s) � R1 )ds

+
Z t

0

n Z s

0
K (s � u)(R(u) � R1 ) du � K 1(s)R1

o
ds � (R(t) � R0):

Each term on the right-hand side of the equation is integrable thus
(A +

R1
0 K (s) ds)R1 = 0. From the above we seethat R0 decays

exponentially . �
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Proof of Theorem 6.2. We begin by proving (3.8). Let f � 1; : : : ; � ng be
the standard basisfor Rn . As (3.12) holds for all initial valuesx0, we
can obtain n + 1 solutionsx j (t) j =1 ;��� ;n+1 of (1.1) by setting

x j (0) = � j for j = 1; � � � ; n, xn+1 (0) = 0:

We know that x j (t) approachesx j (1 ) exponentially fast. Introduce

sj (t) = x j (t) � xn+1 (t);

and notice sj (0) = � j . De�ne S(t) in M n (R) by S = [s1(t); : : : ; sn(t)].
Then S(0) = I and

S0(t) = AS(t) + (K � S)(t); t > 0:

We seethat S(t) ! S1 = [s1(1 ); : : : ; sn (1 )] exponentially fast, if we
put sj (1 ) = x j (1 ) � xn+1 (1 ). Theorem5.2 can be applied to obtain
(3.8). Note that the rate of convergenceof K is independent of x0.

Usingthe abovewecannow prove(3.11). Choosex0 = 0. Integrating
(1.1) we obtain

x(t) =
Z t

0
Ax(s) ds+

Z t

0
(K � x)(s) ds+

Z t

0
f (s) ds:

By rearrangingterms,

x(t) =
Z t

0
A(x(s) � x1 ) ds+

Z t

0

Z s

0
K (s � u)(x(u) � x1 ) duds

+
Z t

0
Ax 1 ds+

Z t

0

Z s

0
K (s � u)x1 duds+

Z t

0
f (s) ds:

By changingthe order of integration and changingvariable, we seethat

x(t) � x1 = � x1 +
Z t

0

�
A +

Z t � u

0
K (v) dv

�
(x(u) � x1 ) du

+
Z t

0

�
A +

Z 1

0
K (v) dv

�
x1 du �

Z t

0
K 1(u) du +

Z t

0
f (s) ds:

It is shown later that (A +
R1

0 K (u) du)x1 = 0. Hence

x(t) � x1 = � x1 +
Z t

0

�
A +

Z t � u

0
K (v) dv

�
(x(u) � x1 ) du

�
Z t

0
K 1(u) du +

Z t

0
f (s) ds:
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Allowing t ! 1 we seethat

� x1 = �
Z 1

0

�
A +

Z 1

0
K (v) dv

�
(x(u) � x1 ) du

+
Z 1

0
K 1(u)x1 du �

Z 1

0
f (u) du;

and thus we obtain

x(t) � x1 = �
�

A +
Z 1

0
K (v) dv

� Z 1

t
(x(u) � x1 ) du

+
Z 1

t
K 1(u) du � f 1(t) �

Z t

0
K 1(t � u)(x(u) � x1 ) du;

giving

(6.4) f 1(t) =
�

A +
Z 1

0
K (u) du

� Z 1

t
(x(s) � x1 ) ds �

Z 1

t
K 1(u) du

� (x(t) � x1 ) +
Z t

0
K 1(t � u)(x(u) � x1 ) du:

>From hypothesis (3.12) we can now show that f 1 decays expo-
nentially . First, as K has been shown to obey (3.8) we see from
(6.3) that

R1
t kK 1(s)k � c8e� �t , t � 0. By (3.12), (3.8) and the

last estimate, each term on the right hand side of (6.4) decays ex-
ponentially to zero. Note that since K is independent of x0 and
kx(t) � x1 k � c4(0)e� � 4t = c4e� � 4 t the rate of decay of f 1 is inde-
pendent of x0.

Earlier in this proof, we postponed showing that the equality (A +R1
0 K (u)du)x1 = 0 held. To seethis, consider

(6.5) x0(t) = A(x(t) � x1 ) +
Z t

0
K (t � s)(x(s) � x1 ) ds

+ f (t) � K 1(t) +
�

A +
Z 1

0
K (s) ds

�
x1 :

Clearly the �rst four terms on the right-hand side of (6.5) are inte-
grable. Integrating and rearrangingterms we obtain

�
�

A +
Z 1

0
K (s) ds

�
x1 t =

Z t

0
A(x(s) � x1 ) ds � (x(t) � x0)

+
Z t

0

� Z s

0
K (s � u)(x(u) � x1 ) du + f (s) � K 1(s)

�
ds:

Each of the terms on the right-hand sideapproach a �nite limit which
implies

�
A +

R1
0 K (u)du

�
x1 = 0. �
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