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ON THE EXPONENTIAL CONVER GENCE TO A
LIMIT OF SOLUTIONS OF PERTURBED LINEAR
VOLTERRA EQUA TIONS

JOHN A. D. APPLEBY, SIOBHAN DEVIN, AND DAVID W. REYNOLDS

Abstra ct. We considera system of perturb ed Volterra integro-
di erential equationsfor which the solution approachesa nontrivial
limit and the di erence betweenthe solution and its limit is inte-
grable. Under the condition that the secondmomert of the kernel
is integrable we show that the solution decays exponertially to its
limit if and only if the kernel is exponertially integrable and the
tail of the perturbation decays exponertially .

1. Intr oduction

In this paper we study the exponertial decg of the solution of
Z

(1.1a) xqt) = Ax(t) + tK(t s)x(s)ds+ f (t); t> O;
0
(1.1b) x(0) = Xo;

to a constart vector. Here the solution x is a vector-valued function
on[0;1 ), A isareal matrix, K is a cortinuousand integrable matrix-
valued function on [0;1 ) and f is a cortinuousand integrable vector-
valued function on [0; 1 ).

The solution of (1.1) can be written in terms of the solution of an
unperturbed version of the equation. This unperturbed equation is
given by

Z t
(1.2a) RAt) = AR(t)+ K(t S)R(s)ds; t> O
0
(1.2b) R(0) = I;

wherethe matrix{v alued function R is known asthe resohent or fun-
damenal solution of (1.1). The represetation of solutionsof (1.1) in
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terms of R is given by the variation of constarts formula
YA t

x(t) = R(t)xo + R(t 9s)f(s)ds; t O
0

For this and other reasonsthe asymptotic behaviour of R haslong
beena topic of study, and it is well known that uniform asymptotic
stability for (1.1a) is ass@iated with the solution R of (1.2) being in-
tegrable. In this caseit is interesting to understand the relationship
betweenthe rate of deca of the kernel, and the rate of deca of solu-
tions. Authors who have shovn that somesort of exponertial deca in
the kernelcanbeidenti ed with exponertial deca of the resohert in-
clude Murakami [8, 9] and Appleby and Reynolds[2]. Murakami showvs
that the exponertial deca of the solution of (1.2) is equivalert to an
exponertial deca property on the kernel K under the restriction that
none of the elemens of K changesignon [0;1 ). A condition of this
typewill beemployedin this paper to idertify exponertial cornvergence.
In a similar spirit, various authors have identi ed decg conditions on
K which give rise to particular decg properties in the resohernt. For
exampleBurton, Huangand Mahfoud [3] have shown that the existence
of the \moments" of the kernel can be identi ed with the existenceof
the momerts of the solution. Appleby and Reynolds[1] have stud-
ied a type of non-exponenial deca of solutions(called subexponertial
deca) which canin certain circumstanceseident ed with the subex-
ponenial deca of the kernel. Jordan and Wheeler [5] and Sheaand
Wainger[10] have studied the relationship betweenthe existenceof the
kernelin a certain weighted LP-spaceand the existenceof the solution
in sud spaces.

The casewhere the solutions of (1.2) are neither integrable, nor
unstable,hasalsobeenconsidered.Krisztin and Terjeki [6] studied this
caseand determined conditions under which R(t) convergesto a limit
R, , which neednot be trivial, ast! 1 . In addliiion to determining
aformula for R; , they showved that the condition 01 t?kK (H)kdt < 1
is crucial. MacCarny and Wong [7] dealt with a nonlinear version of
(1.1). They showed that if the kernel and the perturbation satisfy an
exponertial decg constrairt, then x corvergesto a nontrivial limit x,
exponertially fast.

In this paper we considerthe casewhere the resohert of (1.1) is
not integrable. In the rst instance,we nd an equivalencebetween
the exponertial decgy property oft 7! R(t) R; and an exponertial
decygy property of the kernel; we alsoshaw for solutionsof (1.1) that the
exponertial decgy oft 7! x(t) x; canbeidentied with exponertial

deca in the kernel and the perturbation.
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2. Mathematical Preliminaries

We introduce somestandard notation. We denote by R the set of
real numbers. Let M,(R) be the spaceof n n matrices with real
ertries, and | be the idertity matrix. We denoteby diag(a;; a;:::;an)
the n n matrix with the scalarertries a;; a»; :::; a, ont|3e diqgonaland
0 elsewhere.For B = (b ) 2 M,(R) wedene kBk= " [, [ jhbjj.
All other norms on M,(R) are equivalert to k k. If J is an interval
in R and V a nite dimensionalnormed space,we denoteby C(J;V)
the family of continuousfunctions :J ! V. The spaceof Lebesgue
integrable functions : (0;1 ) ! V will be denotedby L((0;1 );V).
The convolution of F and G is denotedby F G and de ned by

YA t
(F G)t) = F(t s)G(s)ds; t O
0
We denoteby N the set of natural numbers. We denoteby C the set
of complexnumbers;the real part of z in C being denotedby Rez and
the imaginary part by Imz. If B : [0;1 ) ! M,(R) then the Laplace
transform of B is formally de ned to be
1
B(z) = B(t)e Zdt:
R 0
If 2Rand , kB(s)ke Sds< 1 then B(z) existsfor Rez  and
is analytic for Rez > . If B is a cortinuous function which satis es
kB(t)k ce! fort > 0 then the inversionformula
Z +iT 1 Z +il
B(z)eldz = > B(z)e?'dz

il

1
B(t) = lim —
(® T 21 T
holdsfor all >
We now make our problem precise. Throughout the paper we assume
that the function K : [0;1 )! M,(R) satis es

(2.1) K 2 C([0;1 );Ma(R))\ L((0;1 ); Mn(R));
and the function f :[0;1 )! R" satises
(2.2) f 2 C(0;1);RM\ L(0:1);R"):

It is corveniert to de ne theéail of the kernelK as
1

(2.3) Kit)=  K(s)ds; t O

t

and the tail of the perturbation f as

(2.4) fa(t) = lf(s)ds; t O

t
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The existenceof K; and f; is assuredby the integrability of K and f
respectively. We de ne the function t 7! x(t;Xo;f) to be the unique
solution of the initial value problem (1.1). Under the hypothesis(2.1),
it is well-known that (1.2) has a unique cortinuous solution R, which
is cortinuously di erentiable. Moreover the solution of (1.1) for any
initial condition Xxq is given by

(2.5) X(t;Xo;f) = R(t)xo+ (R f)(t); t O

Where Xo and f are clear from the context we omit them from the
notation.

A fundamernal result on the asymptotic behaviour of the solution of
(1.1) is the following theorem due to Grossmanand Miller [4]; under
(2.1) the resohent R of (1.2) is integrableif and only if

(2.6) detzi A K(2)]6 0, for Rez O

In this paper we considerthe casewhere the solution of (1.1) ap-
proadhesa constart vector x; which neednot be trivial, and so (2.6)
doesnot necessarilyhold.

3. Discussion of Resul ts

In this section we explain the connection between the results on
exponertial decy presemed by Murakami in [8, 9] and those here.
Murakami obtained the following result in the casewherethe solutions
of (1.2) are integrable.

Theorem 3.1. Let K satisfy (2.1). Supmsethe resolventR of (1.2)
satis es

(3.1) R 2 LY((0;1 );Mq(R)):
If
(3.2) each entry of K doesnot changesignon [0;1 ),

then the following are equivalent;

(i) There existsa constant > 0 suchthat
Z 1

(3.3) kK (s)ke® ds< 1 :
0

(i) There exist constantsc; > 0 and ; > 0 suchthat
(3.4) kR(t)k ce ;) t O

In this paper we begin by consideringthe casewherethe solution of

(1.2) approadesa constart matrix.
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Theorem 3.2. Let K satisfy (2.1) and
YA 1
(3.5) t2kK (t)kdt < 1 :
0
Supmsethere existsa constant matrix R; suchthat the solution R of
(1.2) satis es

(3.6) R() Ri 2LY(0;1);Ma(R)):
If
(3.7) each entry of K doesnot changesignon [0;1 );

then the following are equivalent;
(i) There existsa constant > 0 suchthat
yA 1
(3.8) kK (s)ke® ds< 1 :
0
(i) There exist constants , > 0 and ¢, > 0 suchthat

(3.9) kR(t) R:1k e 2% t O

We canreadily seethe similarities between Theorem 3.1 and Theo-
rem 3.2: the hypotheseq3.1) and (3.2) in Theorem 3.1 areidertical to
(3.6) and (3.7) in Theorem3.2; moreover, the equivalencebetween(3.3)
and (3.4) in Theorem3.1is mirrored by the equivalencebetween (3.8)
and (3.9). The hypothesisin Theorem 3.2 which hasno courterpart in
Theorem3.1is (3.5); howewer, as we mertion later, this hypothesisis
natural and sometimesindispensiblein the caseR; 6 0.

It is possibleto obtain results comparableto Theorem 3.2 for the
solution of the perturbed equation (1.1). More precisely it is possible
to shov that the exponertial deca of x x; is equivalert to the
exponertial deca of the tail of the perturbation and the exponertial
integrability of the kernel. The following theorem makesthis precise.

Theorem 3.3. Let K satisfy (2.1) and (3.5), f satisfy (2.2), and f
be de ned by (2.4). Supmsethat for all xo there is a constant vector
X1 (Xo;f) suchthat the solution t 7! x(t;Xxo;f) of (1.1) satis es

(3.10) X( ;X0 f)  Xq (Xo;f) 2 L((0;1 );R"):

If K satis es (3.7) the following are equivalent;

(i) Thereexists > 0 suchthat statement(i) of Theorem 3.2 holds
and there exist constants > 0, ¢; > 0 independentof xo such
that

(3.11) kfi(hk ce % t O
EJQTDE, 2005No. 9, p. 5



(i) For eachxg the solution t 7! x(t; xo; f) satis es
(3.12) kx(t) xi1k ce %t 0
for some ;> 0 independentof Xq, and ¢; = ¢4(Xg) > O.

Murakami consideredthe casewhere the resohent of (1.2) is inte-
grable, which forcesR(t) ! Oast! 1. In this paper, we consider
the casewherethe solutionsof (1.1) approad a constart vector, which
may not necessarilybe trivial, in which casethe solution is not inte-
grable. As a result it is not possibleto apply Murakami's method of
proof directly to our equation. Instead, we nd it is necessaryo appeal
to aresult of Krisztin and Terjeki [6] to obtain appropriate hypotheses
for Theorem 3.2 and Theorem 3.3.

Beforeciting the relevant resultsfrom [6], we intro dgcesomenotation
usedthere and adoptedhereinafter. WeletM = A+ 01 K(s)dsand T
be an invertible matrix sud that T *M T hasJordan canonicalform.
Let e = 1if all the elemets of the i row of T M T are zero, and
e = Ootherwise.Put P = Tdiag(e;; e;:::;6,)T *andQ=1 P. We
now state the relevant theorem.

Prop osition 3.4. If K satis es (3.5) and the resolventR of (1.2)
satis es (3.6) then

detzi A K(2)]60 for Rez 0Oandz6 0

and
Z 1 z 1
(3.13) det P M PK (u)duds 6 O;
0 S
moreover
Z,272, 1
(3.14) R = P M PK(u)duds P:
0 S

Krisztin and Terjeki's result not only suggeststhe appropriate hy-
pothesedor our theorems,but guararteesthe existenceof the constart
matrix R; aswell asgiving a formula for it. We note that under as-
sumptions (3.5) and (3.6) that (2.6) failsat z= 0if R; 6 O.

4. Prep arator y Work

In order to prove Theorem 3.2 and Theorem 3.3 we must reformu-
late (1.2) as was done in Theorem 2 of [6]. In order to make this
reformulation precisewe state the following lemma.

Lemma 4.1. Supmsethat (2.1), (3.5), and (3.6) hold. Then

(4.1) 2)+ F(2)P(2)=6(z) Rez O
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whee F(z) is de ned for Rez 0andz6 0 by
(4.2) F(z) = %P(K‘(O) K (2)) ZTllQu + A+ KR (2))

and
(4.3) FO)= QU +A+K(@©) PKYo);

and G(z) is de ned for Rez 0Oandz 6 0 by

(4.4) G(z2) = Q1 (+A+R©@)R,

1
@+
L PRI+ QR(O) QK@ Ri PRO) RE@R:;
and

(45) G0)=Q Q( + A) %PK‘O?O) QK Y0) + QK (0) R;:

Proof. As conditions (3.5) and (3.6) hold we know from Proposition
3.4 that (3.14) holds. We now employ an idea usedin [6, Theorem
2]. De ne the function by (t)= P+ e 'Qfort 0. Takingthe

convolution of ead side of (1.2) with , we get RO= (AR) +
(  K) R, which after integration by parts becomes
(4.6) R+ (F R(t)= (1), t O
where
VA 1

F)= e '(Q+ QA) (e QK)t)+P  K(udu t O

t

andthe function eisde ned by e(t) = e ', t 0. A further calculation
yields

4.7) Y(t)+(F Y)(t)=6G(), t O

whereY (t) = R(t) R; and
VA 1 YA 1
Git)=e'Q e'(QR; + QAR )+ PK (s)R; dsdu
7 1 t u
QK(UR;du (e QKRy)(t); t O
t
Since(2.1) holds we can take the Laplacetransform of (4.7) to obtain
(4.1) whereF and G aregivenby (4.2) and (4.4) respectively for Rez >
0 and z 6 0 and are given by (4.3) and (4.5) whenz = 0.
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Remark 4.2 If we assumethat there exists a constat > 0 sudt
that (3.8) of Theorem 3.2 holds then the functions F and & de ned
by (4.2) and (4.4) respectively when can be extendedinto the negative
half plane.

The following lemma may be extracted from [6, Theorem 2] and is
necessaryin the proof of Theorem5.1.

Lemma 4.3. If (2.1), (3.5) and (3.6) hold, then
(4.8) det]l + F(2)] 6 0; Rez O:

The following proposition may extracted from [8, 9] and usedis later
in the proof of Theorem5.2.

Prop osition 4.4. Let K be a continuous integrablefunction suchthat
no entry of K changessign on [0;1 ). Supmse that there is a con-

tinuous function z 7! B(z) de ned for jRezj 1 and analytic for
jRezj< 1, whee ;> 0.1fK(z)=B(z)forall0 Rez< 4, then
yA 1

kK (s)ke **ds< 1 :
0

The proof is idertical in all important details to that of Theorem 2
in [8].

5. Pr oof of Theorem 3.2

Theorem 3.2 is a consequencef the following results.

Theorem 5.1. LetK satisfy (2.1) and (3.5), and R be the solution of
(1.2). Suppsethere existsa constant matrix R; suchthat (3.6) holds.
If there existsa constant > 0 suchthat K oleys (3.8) in Theorem
3.2, then there exist constants , > 0 and ¢, > 0 suchthat R okeys
(3.9) of Theorem 3.2.

Theorem 5.2. Let K satisfy (2.1), (3.5) and (3.7), and let R be the
solution of (1.2). Supmsethere existsa constant matrix R; suchthat
(3.6) holds. If there exist constants , > 0 and ¢, > 0 suchthat R
oleys (3.9) in Theorem 3.2, then there existsa constant > 0 such
that K oleys (3.8) in Theorem 3.2.

Proof of Theorem 5.1. Since (3.6) holds the inversion formula for the
Laplace Transformof Y is well-de ned when > O;
- limm t -
Y(t) = TI.'{n 27 (2)e"'dz:
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>Fom Lemma 4.3 we know that det]l + F(z)] 6 0 for Rez 0 sowe
can write

¥(2) = Hi(2); Rez O
where
Hi(z) = (I + F(2)) 'G(z); Rez O

We begin by shaving that
1 Z 2+il
(5.1) Y(t) = > H.(z2)e'dz; t> O;
il

2

for some 5, > 0.
Obsene that sincedet]l + F(0)] 8 0, H1(0) exists. Using (3.8) and
the Riemann{LebesgueLemmawe seethat K(z) ! 0Oasjzj! 1 for

Rez , thus we can seefrom (4.2) that F(z) ! Oasjzj! 1 for
Rez . Thereforewe can nd Ty > 0 sud that for jimzj > T,
we have that det[l + F(z)] 6 0 when Rez , jimzj > To. Hence
H1(z) existswhenjlim zj > Ty and Rez . Let

D=fz: > Rez 0O; jlmzj Tog
and
= maxRez:z2D; det]l + F(z)] = 0g:

Sincez 7! (I + F(2)) is analytic on the domain Rez > , and its
determinart is a cortinuous function of its ertries then z 7! det[l +
F (2)] is analytic on the domainRez > . Thusit hasat mosta nite
number of zerosin the setD, and soc, < 0. Take aconstart , > 0
sothat , < co. Considerthe integration of the function Hi(z)e #
around the boundary of the box:

f +i : 5 T Tg:

SinceH,(z) existsand is analytic in this box it followsthat the integral
over the boundary is zero, that is:
Z Z 2+iIT VA 2 T yA 2 T
+ + + Hi(z)e'dz = 0

2 T 2+iT 2+iT 2 T

2+iT

Our claim will be veri ed if
YA 2+iT YA 2 iT
lim Hi(2)¢"dz=0; lim H.(z)e" dz = O:
Tl ST Tl . 0T
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ConsiderkH,(z)e*'k forz= +iT and 2. then

kH.(2)e'k = k(I + F(2)) *G(2)e*k
e 2'kG(z)kk(l + F(2)) 'k
e 2!
=
. k(PKY0) + R (0))R; k . kPK (O)R; k
T T2
.\ kPK (2)R; k .\ kK (2)R; k
T2 T

kQk+ Q+ QA+ PKq0)+ QR(0) R,

>Fom the Riemann{Lebesgued_Lemmawe seethat asjTj! 1 ,K(z)!
Oand F(z) ! 0, uniformly for Rez . ThuskH(z)e?’k ! 0 as
T! 1 with Rez ». Using the cortinuity of H,(z)e** and the
above we can nd constat m< 1 sud that

KH,(2)&k ge 2t

for jRezj 2, 2= +iT,t> 0. Also
z z

2+iT 2 ]
H.(2)€dz KH.( + iT)el *Mitkd
2+iT 2

Z

2

m m
—e?d 2 ,—e?

, T T
R ..
Thus_ I Hy(2)e?dz! OasT! 1. A similar argumer shows
that 2 " Hy(z)e*dz! OasT! 1. Thus
Z 2+il Z 2+il
H.(z)e’'dz = H.(z)e'dz;
2 il 2 il

nishing the demonstration of (5.1).
It is necessaryo choosean integrablefunction H, in orderto obtain
(3.9). We de ne the function H,(z) asfollows:

Ha2) = Hi?) (2 ) 'L
=1 I o+ Pw) !
zh G z+1

[
(z c)(z+1G(2) (z+1)(+F(2)L

where

L=0Q( (I1+A+K(@O)R,) PKRYO)R;:
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Thus
Z Z

zZHz(hz)= T o1 UHF@) ! i
2(z+1)G(z2) zL  c(z+1)G(z) L (z+ 1F(2)L :
Clearly - ZCO and ;7! lasjzj! 1. As(3.8) holdswe know from
the Riemann{Lebesgudemmathat K(z) ! Oasjzj! 1 with Rez
thus (I + F(2)) ! | also z(z+ 1)6(z) zL , c(z + 1)G(2)
and (z + 1)F(z)L are bounded for Rez . Now we have that
kz?H,(z)k < 1 asjzj! 1 with Rez » that is

sup 2kH2( 2+i )k< 1;
2

consequetty
Z 2+il
kH,(z)kds := c:
2 il
Thereforewe obtain
2+il
KY (t)k H.(z)e* dz
2 il
2+il 1 Z 2+il L
Hz(Z)ezt dz + —
5 i1 2 , i1 £ @
2+il
kH,(z)k dz + ZikLkeCot

N

dz

N N N
(¢
™

2 il

S
®
w2

completing our proof.

Proof of Theorem 5.2. Note that from our hypothesis ¥ exists and is
corntinuousfor Rez » andis analytic for Rez > ». Dueto (3.5)
and (3.6) sowe can apply Proposition 3.4 to get (3.13). We seethat
detR; + z¥(z)] is non-zeroat z = 0. From the cortinuity of ¥ (2)
at zerothere exists an open neighbourhood certred at zero on which
det[R; + z¥(z)] 8 0. Also det[zl + P] is non-zeroexceptat zeroin an
open neighbourhood certred at zerowith radius lessthan one. Choose

> 0 suc that det[R,; + z¥(2)] and det[zl + P] are non zero for
0< jRezj < . De ne the function B asfollows

B(z)=(P+zl) ' Z22Q1 (1+A)Y?(@ R1))
+z2(z+ 1)PRYO)R; + (z+ 1)(P + zQ)K (O)R;

+z(z+ PRV (2) + Z2(z+ )Y (2) (z9(2)+ Ry ) *
EJQTDE, 2005No. 9, p. 11



for 0< jRezj < and B(0) := K (0). The function B hasbeencon-
sructed sothat B(z) = K(z) for 0 Rez< . HenceProposition 4.4
can be applied to yield Theorem5.2.

6. Pr oof of Theorem 3.3
Theorem 3.3 is a consequencef the following results:

Theorem 6.1. Let K satisfy (2.1) and (3.5) and let f satisfy (2.2).
Supmsethat for all x, there is a constant vector x; (Xo;f) suchthat
the solution t 7! x(t;xo;f) of (1.1) satis es (3.10). If there existsa
constant > 0 suchthat statement(i) of Theorem 3.2 holds,and there
exist constants > 0 and ¢z > 0 suchthat statement(i) of Theorem
3.3 holds, then there exist constants 3 > 0, independent of Xy, and
Cs = C4(Xo) > O, suchthat statement(ii) of Theorem 3.3 holds.

Theorem 6.2. Let K satisfy (2.1), (3.5) and (3.7) and let f satisfy
(2.2). Supmsethat for all xq there is a constant vector x; (Xo;f) such
that the solutiont 7! x(t;xo;f) of (1.1) satis es (3.10). If there exist
constants 3 > 0, independentof Xg, and ¢; = ¢4(Xg) > 0 suchthat
statement(ii) of Theorem 3.3 holds,then there existsa constant > 0
suchthat statement(i) of Theorem 3.2 holds, and moreover there exist
constants > 0 and c3 > 0 suchthat statement (i) of Theorem 3.3
holds.

Remark 6.3. If we imposea wealker condition, that is if (3.12) of Theo-
rem 3.3(ii) only holds for a basisof initial values,then the sameresult
holds.

Proof of Theorem 6.1. Using (2.2) ar%d (2.5) we have that
1

X1 = R; Xp+ f(S)dS ;
0
thus z .
X(t) X1 = R({)xo+ (R f)(t) Ry Xot f(s)ds
0
Z t

(R() Ri)xot+ (R(t s) Ri)f(s)ds Ry fa(t):
0

Integrating (R Rj;) f)(t) by parts we obtain
(6.1) x(t) x1 = (R(t) Rz1)Xo Z(R(O) Ry )fa(t)

t
+ (R(t) R1)f1(0) RYt s)fi(s)ds Rifa(t):
0
Due to the fact that K obeys (3.8), by Theorem 3.2, it follows that

R R; decas exponertially. We prove in the sequelthat R° decys
EJQTDE, 2005No. 9, p. 12



exponenially, f; also decgs exponertially therefore the convolution
of R%and f, decgs exponertially. By useof the above facts and the
hypothesis(3.11) on f ;, we have that ead term on the right hand side
of (6.1) decass exponertially, which yields (3.12).
We now showv that R° decas exponertially. We can rewrite the
resohent equation (1.2) as
yA t
(6.2) RYt)= AR(t) Ri)+ K(t s)R(s) Ri)ds
0 7 L
Kl(t)Rl + A+ K (S)ds Rl .
0
The rst term onthe right-hand sideof (6.2) decgs exponertially since
(3.8) holds. We now provide an argumert to showv that the second
term decgs exponertially; sinceR(t) R; decas exponertially and
(3.8) holds we can choose sud that e K(t) ande' (R(t) R;) 2
L1((0;1 ); M, (R)). Becausehe cornvolution of two integrablefunctions
is itself integrable,
YA t
e' K({t s)R(s) R;)ds
0 7 t
= et 9K (t s)eS(R(s) Ry)ds ¢
0
sothat the secondterm on the right-hand side of (6.2) decgs expo-
nertially. Note that
Z, Z,
(6.3) ¢ = kK (s)ke® ds kK (s)ke® ds
0 t 7 1
e' KK (s)kds e' kK (t)k;
t
shawing that the last term on the right-hand side of (6.2) alsodeca/s
exponertially . R
Finally we show that (A + 01 K(s)ds))R; = 0. Integrating (6.2)
and rearrangingthe terms yields
YA 1 YA t
A+ K(s)ds R;t= A(R(s) Rj)ds
YA tn z s ° ° (0}
+ K(s u)(R(u) Rp)du Ki(s)R: ds (R(t) Ro):
0 0
Eadh fgrm on the right-hand side of the equation is integrable thus
(A + 01 K(s)ds)R; = 0. From the above we seethat R° decays
exponertially .
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the standard basisfor R". As (3.12) holds for all initial valuesxg, we
canobtain n + 1 solutionsx; (t)j=1. .n+1 Of (1.1) by setting

Xj(0)= j forj=1;, ;n, Xn:1(0)=0:
We know that Xx; (t) approadesx;(1 ) exponertially fast. Introduce
Sj(t) = X () Xn+a (1)

and notice 5;(0) = . Dene S(t) in M,(R) by S = [s1(t);:::;sa(t)].
Then S(0) = | and

Sqt) = AS(t) + (K S)(); t> O

Weseethat S(t) ! S; = [s1(1 );:::;s,(1 )] exponertially fast, if we
put sp(1)=xX;(1) Xn1(1). Theorem5.2canbe appliedto obtain
(3.8). Note that the rate of convergenceof K is independen of x,.
Usingthe above we cannow prove (3.11). Choosexg = 0. Integrating
(1.1) we obtain
YA t z t z t
x(t) = Ax(s)ds+ (K Xx)(s)ds+ f (s) ds:
0 0 0

By rearrangingterms,

YA t YA tZ S
x(t) = A(X(s) Xxp)ds+ K(s u)(x(u) x;)duds
° VA t VA t(2 SO YA t
+ Ax,; ds+ K(s u)x; duds+ f (s) ds:
0 0O O 0

By changingthe order of integration and changingvariable, we seethat
VA t YA t u
X(t) Xy = X; + A+ K(v)dv (x(u) x;)du
Z t VA 1 ° ° YA t YA t
+ A+ K(v)dv x; du Ki(u)du+ f (s)ds:
0 0 0 0
R
It is shown later that (A + 01 K (u)du)x; = 0. Hence
yA t YA t
X(t) Xy = Xx; + A+ K(v)dv (x(u) x;)du
yA t YA t
K1i(u)du+ f (s)ds:
0

0
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Allowingt! 1 we seethat

Z 1 Z 1
X1 = A+ K(v)dv (x(u) x;)du
0 0 7 1 7 1
+ K1(u)x; du f (u) du;
0 0
and thus we obtain
Z 1 z 1
X(t) X = A+ K (v) dv (X(u) x1)du
z, ° 'z
+ Ki(u)du fa(t) Ki(t  u)(x(u) xq)du;
t 0
giving
VA 1 Z 1 VA 1
(6.4) fi(t)= A+ K (u) du (x(s) xp)ds K1(u) du
0 t t
V4 t

(x(®) x1)+  Ka(t u)(x(u) xp)du
0

>Hom hypothesis (3.12) we can now show that f; decgs expo-
nertially. first, as K has been shavn to obey (3.8) we see from
(6.3) that tl KK 1(s)k cge ', t 0. By (3.12), (3.8) and the
last estimate, ead term on the right hand side of (6.4) decys ex-
ponertially to zero. Note that since K is independen of x, and
kx(t) x1k c40)e 4 = cue 4 the rate of decy of f, is inde-
penden of Xg.
RlEarIier in this proof, we postponed showving that the equality (A +
o K(u)du)x; = 0held. To seethis, consider

YA t
(6.5) xqt) = A(X(t) x1)+ K(t s)(x(s) xi)ds
0 7 L
+f() Kyt)+ A+ K(s)ds x;:
0
Clearly the rst four terms on the right-hand side of (6.5) are inte-
grable. Integrating and rearrangingterms we obtain
Z 1 YA t
A+ K(s)ds x;t= A(X(s) xp)ds (x(t) Xo)

0
s

+ K(s u)(x(u) xp;)du+f(s) Kgy(s) ds:
0 0
Ead of the tggms on the right-hand side approad a nite limit which
implies A + 01 K(u)du x; = 0.
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