
Ele ctr onic Journal of Qualitative The ory of Di�er ential Equations
2005, No. 11 , 1-22; h ttp://www.math.u-szeged.h u/ejqtde/

On a time-dep endent subdi�eren tial
evolution inclusion with a noncon vex
upp er-semicon tin uous perturbation

S. Guillaume 1, A. Syam2

1 D�epartement de math�ematiques,Universit�e d'Avignon,
33, rue Pasteur, 84000Avignon, France,

sophie.guillaume@univ-avignon.fr

2 D�epartement de math�ematiqueset informatique,
Universit�e Cadi Ayyad, 618Marrakech, Maroc,

syam@fstg-marrakech.ac.ma

Abstract. We investigate the existenceof local approximate and strong solutions for a
time-dependent subdi�erential evolution inclusionwith a nonconvexupper-semicontinuous
perturbation.

Keyw ords. Convex function, Evolution equation, Nonconvex perturbation, Subdi�eren tial,
Upper-semicontinuous operator.

AMS (MOS) Sub ject Classi�cations. 35G25,47J35,47H14

1 In tro duction

For a given family of convex lower-semicontinuousfunctions (f t )t2 [0;T ], de�ned on a sepa-
rable real Hilbert spaceX with rangein R [ f1g , and a family of multiv alued operators
(B(t; :)) t2 [0;T ] on X , we shall prove an existencetheorem for evolution equationsof type:

u0(t) + @f t (u(t)) + B(t; u(t)) 3 0 ; t 2 [0; T]: (1)

For each t, @f t denotesthe ordinary subdi�erential of convex analysis. The operator
B(t; :) : X !

! X is a multiv alued perturbation of @f t , dependent on the time t.

When the perturbation B(t; :) is singlevaluedand monotone,many existence,unique-
nessand regularity results have beenestablished,see Brezis [3] (if f t is independent of
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t), Attouch-Damlamian [2] and Yamada[18]. The study of caseB(t; :) nonmonotoneand
upper-semicontinuouswith convex closedvalueshasbeendeveloped under someassump-
tions of compactnesson domf t = f x 2 X j f t (x) < 1g the e�ective domain of f t . For
example,Attouch-Damlamian [1] have studied the casef independent of time. Otani [15]
hasextendedthis result with more generalassumptions(the convex function f t depends
on time). He has also studied the casewhere � B(t; :) is the subdi�erential of a lower
semicontinuous convex function, see [14].
In this article, the operator B(t; :) will be assumedupper-semicontinuous with compact
valueswhich arenot necessaryconvex, and it is not assumedbea contraction map. Never-
theless,� B (t; :) will be assumedcyclically monotone. Cellina and Staicu [7] have studied
this type of inclusion when f t and B(t; :) are not dependent on t.

This paper is organizedas follows. In Section2 we recall somede�nitions and results
on time-dependent subdi�erential evolution inclusionsand upper-semicontinuity of oper-
ators which will be used in the sequel. We also introduce the assumptionsof our main
result. In Section 3 we obtain existenceof approximate solutions for the problem (1)
and give properties of these solutions. In Section 4 we establish existencetheorem for
the problem (1). We particularly study two caseswhere the family (f t )t satis�es more
restricted assumptions.Examplesillustrate our results in Section5.

2 Perturb ed problem

Assumethat X is a real separableHilbert space.We denoteby k:k the norm associated
with the inner product h:; :i and the topological dual spaceis identi�ed with the Hilbert
space.Let T > 0 and (f t )t2 [0;T ] be a family of convex lower-semicontinuous (lsc, in short)
proper functions on X . We will denote by @f t the ordinary subdi�erential of convex
analysis.

De�nition 2.1 A function u : [0; T] ! X is said strong solution of

u0+ @f t (u) + B(t; u) 3 0

if 1: (i) there exists � 2 L 2(0; T; X ) suchthat � (t) 2 B(t; u(t)) for a.e. t 2 [0; T],

(ii) u is a solution of
�

u0(t) + @f t (u(t)) + � (t) 3 0 for a.e. t 2 [0; T]
u(t) 2 domf t for any t 2 [0; T]:

The aim result of this article is, for each u0 2 domf 0, the existenceof a local strong
solution u of u0 + @f t (u) + B(t; u) 3 0 with u(0) = u0, when the values of the upper-
semicontinuous multiapplication B(t; :) are not convex.

We shall considerthe following assumptionon (f t )t2 [0;T ], see Kenmochi [10, 11]:

1As usual, L r (0; T ; X ) (T 2]0; 1 ]) denotesthe spaceof X -valued measurablefunctions on [0; T) which
are r th power integrable (if r = 1 , then essentially bounded). For r = 2, L 2(0; T ; X ) is a Hilb ert space,
in which k:kL 2 (0 ;T ;X ) and h:; :i L 2 (0 ;T ;X ) are the norm and the scalar product.

EJQTDE, 2005No. 11, p. 2



(H 0) : for each r > 0, there are absolutelycontinuous real-valued functions hr and kr on
[0; T] suchthat:

(i) h0
r 2 L2(0; T) and k0

r 2 L1(0; T),
(ii) for each s; t 2 [0; T] with s 6 t and each xs 2 domf s with kxsk 6 r there
existsxt 2 domf t satisfying

�
kxt � xsk 6 jhr (t) � hr (s)j(1 + jf s(xs)j1=2)
f t (xt ) 6 f s(xs) + jkr (t) � kr (s)j(1 + jf s(xs)j):

or the slightly strongerassumption,see Yamada[18], denotedby (H) , when(ii) holds for
any s; t in [0; T].

The following existencetheoremhave beenproved in [19]:

Theorem 2.1 Let T > 0 and � 2 L 2(0; T; X ). Let u0 2 domf 0. If (H0) holds, then the
problem 8

<

:

u0(t) + @f t (u(t)) + � (t) 3 0 ; a:e: t 2 [0; T]
u(t) 2 domf t ; t 2 [0; T]
u(0) = u0

hasa unique solution u : [0; T] ! X which is absolutelycontinuous.

Furthermore, we have the following type of energy inequality, see [11, Chapter 1]: if
ku(t)k < r for t 2 [0; T], then

f t (u(t)) � f s(u(s)) +
1
2

Z t

s
ku0(� )k2 d� 6

1
2

Z t

s
k� (� )k2 d� +

Z t

s
cr (� ) [ 1 + jf � (u(� )) j ] d�

(2)
for any s 6 t in [0; T], wherecr : � 7! 4jh0

r (� )j2 + jk0
r (� )j is an element of L 1(0; T).

Let us add a compactnessassumptionon each f t by using the following de�nition:

De�nition 2.2 A function f : X ! R [ f + 1g is said of compact type if the set f x 2
X j jf (x)j + kxk2 � cg is compact at each level c.

Denoteby L2
w(0; T; X ) the spaceL 2(0; T; X ) endowed with the weaktopology. Under this

compactnessassumptionon each f t , the map

p :
�

L2
w(0; T; X ) ! C([0; T]; X )

� 7! u

�

is continuousand mapsboundedset into relatively compactsetsfollowing [9, proposition
3.3], � and u being de�ned in Theorem2.1.

Recall the de�nition of upper-semicontinuity of operators.
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De�nition 2.3 Let E1 and E2 be two Hausdor� topological sets. A multivalued operator
B : E1

!
! E2 is said upper-semicontinuous (usc in short) at x 2 DomB if for all neigh-

borhood V2 of the subsetBx of E2, there exists a neighborhood V1 of x in E1 such that
B(V1) � V2.

Furthermore, if E1 and E2 are two Hausdor� topological spaceswith E2 compact and
B : E1

!
! E2 is a multiv alued map with Bx closedfor any x 2 E1, then B is usc if and

only if the graph of B is closedin E1 � E2. We introduce following conditions on the
multifunction B : [0; T] � X � !

� ! X :

(B o) : (i) Dom(@f t ) � DomB(t; :) for any t 2 [0; T],
(ii) there exist nonnegative constants �; M such that kx � u0k 6 � implies
B(t; x) � M BX for any t 2 [0; T] and x 2 Dom@f t .

(B) :
(i) Dom(@f t ) � DomB(t; :) and the set B(t; x) is compact for any t 2 [0; T] and

x 2 Dom(@f t ),
(ii) there exist a nonnegativereal � and a convexlsc function ' : X ! R suchthat

kx � u0k 6 � implies B(t; x) � � @' (x) for any t 2 [0; T] and x 2 Dom(@f t ),
(iii) for a.e. t 2 [0; T], the restriction of B(t; :) to Dom(@f t ) is usc,
(iv) for each r > 0, there is a nonnegative real-valued function gr on [0; T]2 such

that
(a) lim t ! s� gr (t; s) = 0,
(b) for eachs; t 2 [0; T] with t 6 s and eachxs 2 Dom@f s and � s 2 B(s;xs)

with kxsk _ k� sk 6 r there existsx t 2 DomB(t; :) and � t 2 B(t; xt ) satisfying

kxt � xsk _ k� t � � sk 6 gr (t; s):

By convexity, the function ' of (B)(ii) is M -Lipschitz continuous on someclosedball
u0 + � BX and the inclusion @' (x) � M BX holds for any x 2 u0 + � BX . In fact, we could
take ' with extendedreal valuesand u0 in the interior of the e�ective domain of ' . Thus,
(B)(ii) implies (Bo)(ii).
The condition (B)(ii) means that � B (t; :) is cyclically monotone uniformly in t. An
exampleis the multiapplication B(t; :) : Rn !

! Rn de�ned by

� = (� 1; : : : ; � n ) 2 B(t; x) ( ) � 1 2

8
<

:

f 1g if x1 < 0
f� 1; 1g if x1 = 0
f� 1g if x1 > 0

and � 2 = � � � = � n = 0

for any x = (x1; : : : ; xn ) 2 Rn . When B(t; :) = � @ t with  t : X ! R [ f + 1g a lsc
proper function, then  t is convex if this operator is monotoneand (B)(ii) is equivalent
to the existenceof a real constant � t with  t = ' + � t . In this casewe dealswith the
problem u0 + @f t (u) � @' (u) 3 0, see Otani [14] when f t is not dependent on t. This
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condition (ii) could be extendedto a function ' t which dependson the time t, and also
with a nonconvex function: for example,a convex composite function, see [8].

The condition (B)(iii) is always satis�ed if B (t; :) or � B (t; :) is a maximal monotone
operator of X , and more generally if they are � -monotoneof order 2.

The condition (B)(iv) is always satis�ed if B (t; :) = B : X !
! X is not depending on the

time t. It can alsobe written for any t 6 s in [0; T]:

lim
t ! s�

e(gphB(t; :) \ rBX 2 ; gphB(s; :)) = 0;

e standing for the excessbetweentwo sets. When B(t; :) or � B (t; :) is the subdi�feren tial
of a convex lsc function  t which satis�es (H0), the condition (iv) is satis�ed.

3 Existence of appro ximate solutions

For any real � > 0 and t 2 [0; T], the function f t
� shall denotethe Moreau-Yosidaproximal

function of index � of f t , and we set

J t
� = (I + �@f t )� 1 ; D f t

� = � � 1(I � J t
� ):

We �rst prove the approximate result of existence:

Theorem 3.1 Let (f t )t2 [0;T ] be a family of proper convex lsc functions on X with each
f t of compact type. Assumethat (H) and (Bo) are satis�ed. For each u0 2 domf 0, there
existsT0 2]0; T] such that u0+ @f t (u) + B(t; u) 3 0 has at least an approximate solution
x : [0; T0] ! X with x(0) = u0 in the following sense: there exist sequences (xn )n of
absolutelycontinuous functions from [0; T0] to X , (un)n and (� n )n of piecewiseconstant
functions from [0; T0] to X which satisfy:

1. for a.e. t 2 [0; T0]
�

x0
n (t) + @f t (xn (t)) + � n (t) 3 0

xn (0) = u0
and � n (t) 2 B(� n (t); un(t))

where 0 6 t � � n (t) 6 2� nT,

2. there existsN 2 N suchthat for any n > N :

8t 2 [0; T] kxn (t) � u0k 6 � and k� n (t)k 6 M ;

3. (xn )n and (un )n converge uniformly to x on [0; T0], (� n )n convergesweakly to � in
L2(0; T0; X ), (x0

n )n convergesweakly to x0 in L2(0; T0; X ) and x is the solution of
x0(t) + @f t (x(t)) + � (t) 3 0, x(0) = u0 on [0; T0].
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3.1 Pro of of Theorem 3.1

Lemma 3.1 We can �nd a set f zt : t 2 [0; T]g and � 0 > 0 suchthat zt 2 � 0B, f t (zt ) � � 0

for every t 2 [0; T].

Pro of. Let z0 2 domf 0 and r > 0 such that r > kz0k _ jf 0(z0)j. For all t 2 [0; T], there
exists zt 2 domf t satisfying

�
kzt � z0k 6 jhr (t) � hr (0)j(1 + jf 0(z0)j1=2)
f t (zt ) 6 f 0(z0) + jkr (t) � kr (0)j(1 + jf 0(z0)j):

The lemma holds with � 0 = ( r + kh0
r kL 1 (1 + r 1=2) ) _ ( r + kk0

r kL 1 (1 + r ) ). �

Lemma 3.2 [18, Proposition 3.1]. Let x 2 X and � > 0. The mapt 7! J t
� x is continuous

on [0; T].

Pro of. >From Kenmochi [11, Chapter 1, Section1.5, Theorem1.5.1], there is a nonneg-
ative constant � such that f t (x) > � � (kxk + 1) for all x 2 X and t 2 [0; T]. Thus,

f t
� (x) �

1
2�

kx � J t
� xk2 = f t (J t

� x) > � � (1 + kJ t
� xk);

which implies
kx � J t

� xk2 6 2�� (1 + kJ t
� x � xk + kxk) + 2�f t

� (x): (3)

Since2�f t
� (x) 6 2�f t (zt ) + kzt � xk2 6 2�� 0 + (� 0 + kxk)2 by Lemma3.1,we canconclude:

supfk J t
� xk j t 2 [0; T] ; � 2 ]0; 1] ; x 2 rBg < 1

supfj f t (J t
� x)j j t 2 [0; T] ; x 2 rBg < 1

for any r > 0.

Let t 2 [0; T] and r > kJ t
� xk. By assumption(H0), for each s 2 [0; T] with s > t there

exists xs 2 domf s satisfying
�

kJ t
� x � xsk 6 jhr (t) � hr (s)j(1 + jf t (J t

� x)j1=2)
f s(xs) 6 f t (J t

� x) + jkr (t) � kr (s)j(1 + jf t (J t
� x)j):

Since� � 1(x � J s
� x) 2 @f s(J s

� x), we have

f s(J s
� x) +

1
�

hx � J s
� x; xs � J s

� xi 6 f s(xs) 6 f t (J t
� x) + jkr (t) � kr (s)j(1 + jf t (J t

� x)j):

Hence,for any s > t, we have

1
�

hx � J s
� x; J t

� x � J s
� xi

6
1
�

hx � J s
� x; J t

� x � xsi + f t (J t
� x) � f s(J s

� x) + jkr (t) � kr (s)j(1 + jf t (J t
� x)j)

6 kDf s
� (x)kjhr (t) � hr (s)j(1 + jf t (J t

� x)j1=2) + f t (J t
� x) � f s(J s

� x)

+ jkr (t) � kr (s)j(1 + jf t (J t
� x)j):
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By symmetry it is true for any s 2 [0; T]. In the sameway for t; s in [0; T], we have

1
�

hx � J t
� x; J s

� x � J t
� xi 6 kDf t

� (x)kjhr (t) � hr (s)j(1 + jf s(J s
� x)j1=2) + f s(J s

� x) � f t (J t
� x)

+ jkr (t) � kr (s)j(1 + jf s(J s
� x)j):

Adding thesetwo inequalities we obtain

1
�

kJ s
� x � J t

� xk2 6 [ kDf t
� (x)k _ kDf s

� (x)k ] jhr (t) � hr (s)j(1 + jf s(J s
� x)j1=2 _ jf t (J t

� x)j1=2)

+ jkr (t) � kr (s)j(1 + jf s(J s
� x)j _ jf t (J t

� x)j):

Sinceboth kDf t
� (x)k and jf t (J t

� x)j are bounded,t 7! J t
� x is continuouson [0; T]. �

By [11, Lemma 1.5.3], for r > ku0k + 1, M 1 > jf 0(u0)j + � r + � + 1 and T1 2]0; T[
such that �

1 + M 1 exp
Z T

0
jk0

r j
� Z T1

0
jh0

r j 6 1;

there exists an absolutely continuous function v on [0; T1] satisfying:

* v(0) = u0 and lim supt ! 0+
f t (v(t)) 6 f 0(u0)

* kv(t)k 6 r for any t 2 [0; T1]
* for any t 2 [0; T1], jf t (v(t)) j 6 M 1 + M 1 exp

RT
0 jk0

r j
Rt

0 jh0
r j

* for almost any t 2 [0; T1], kv0(t)k 6
h
1 + M 1 exp

RT
0 jk0

r j
i

jh0
r (t)j.

For r > ku0k + � , let us chooseT2 > 0 such that

�
jf 0(u0)j +

M 2

2
T2 +

Z T2

0
cr (� ) d�

� �
1 + T2 exp

Z T2

0
cr (� ) d�

�
6 jf 0(u0)j + �:

Let r > (ku0k _ jf 0(u0)j) + � + 1 be �xed. Let us chooseT0 > 0 small enoughin order to
have

(1 + r 1=2)2T0

Z T0

0
jh0

r j 6
� 2

32
; T0 6 T1 ^ T2 and

MT

p
T0 + [M + � ]T0 +

�
1 + M 1 exp(

Z T

0
jk0

r j)
� Z T0

0
jh0

r (s)j ds 6
�
4

where MT = 2
h
M1 + M 1

�
exp

RT
0 jk0

r j
� RT

0 jh0
r (s)j ds+ � r + �

i 1=2
.

Lemma 3.3 Let � : [0; T] ! X be a measurable function with k� (t)k 6 M for a.e.
t 2 [0; T]. Then,

8t 2 [0; T0] kp(� )( t) � u0k 6
�
2

;

the map p being de�ned in Section 2.
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Pro of. The curve u = p(� ) exists on [0; T] following Theorem 2.1. We have for a.e.
t 2 [0; T0]:

d
dt

1
2

ku(t) � v(t)k2 6 f t (v(t)) � f t (u(t)) + [M + kv0(t)k] ku(t) � v(t)k

6
1
2

M 2
T + [M + kv0(t)k + � ] ku(t) � v(t)k:

We thus obtain for any t 2 [0; T0]

1
2

ku(t) � v(t)k2 6
1
2

M 2
T T0 +

Z t

0
[M + kv0(s)k + � ] ku(s) � v(s)k ds:

Gronwall's lemma yields for any t 2 [0; T0]

ku(t) � v(t)k 6 M T

p
T0 +

Z t

0
[M + kv0(s)k + � ] ds

6 MT

p
T0 + [M + � ]T0 +

�
1 + M 1 exp

Z T

0
jk0

r j
� Z T0

0
jh0

r (s)j ds 6
�
4

:

Furthermore,

kv(t) � u0k 6
Z t

0
kv0(s)k ds 6

�
1 + M 1 exp

Z T

0
jk0

r j
� Z T0

0
jh0

r (s)j ds 6
�
4

:

By choiceof T0 > 0, we obtain ku(t) � u0k 6 �= 2 for any t 2 [0; T0]. �

For simplicity of notation, we now write T instead of T0. We also assumethat f t (x) > 0
for any x 2 X with kx � u0k 6 � , since we havef t (x) > � � (ku0k + � + 1).

Let n 2 N? such that :

� 22� 6n + 2� 3n+1

�
r + (1 + r )(

Z T

0
jk0

r j + � )
�

6
� 2

32
:

Let us set f t
n = f t

2� 3n and J t
n = J t

2� 3n . Let P be a partition of [0; T]:

P = f 0 = tn
0 < tn

1 < � � � < tn
2n = Tg

wheretn
k = k2� nT for k = 0; : : : ; 2n .

Let us set un
0 = J tn

0
n u0. By assumption(Bo)(i), B (tn

0 ; un
0) is non empty and contains

an element � n
0 . Let t 2 [0; T]. Under the assumption (H0), there exists un;t 2 domf t

satisfying �
kun;t � u0k 6 jhr (t) � hr (0)j(1 + r 1=2)
f t (un;t ) 6 r + jkr (t) � kr (0)j(1 + r ):
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Using the de�nition of the Moreau-Yosidaapproximate, we obtain

23n

2
kJ t

nu0 � u0k2 = f t
n (u0) � f t (J t

nu0)

6 f t (un;t ) +
23n

2
kun;t � u0k2 + � kJ t

nu0 � u0k + � (1 + ku0k)

6 r + (1 + r )
Z t

0
jk0

r j +
23n

2
(1 + r 1=2)2t

Z t

0
jh0

r j
2 + � kJ t

nu0 � u0k + � (1 + r ):

Thus, by choiceof r , T and n we obtain

kJ t
nu0 � u0k

6 � 2� 3n +

s

� 22� 6n + 2r2� 3n + 2(1+ r )2� 3n (
Z T

0
jk0

r j + � ) + (1 +
p

r )2T
Z T

0
jh0

r j2

6
�
2

:

In particular, kun
0 � u0k 6 �= 2. Under (Bo)(ii) it followsk� n

0 k 6 M . Let ussetxn
0 = p(� n

0 ).
By Lemma 3.3,

8t 2 [0; T] kxn
0 (t) � u0k 6

�
2

:

Let ussetun
1 = J tn

1
n xn

0 (tn
1 ) and take � n

1 2 B(tn
1 ; un

1). SinceJ tn
1

n is 1-Lipschitz continuous,
we have

kun
1 � u0k 6 kxn

0 (tn
1 ) � u0k + kJ tn

1
n u0 � u0k 6 �:

Next, (Bo)(ii) implies k� n
1 k 6 M . We then set

� n
1 (t) =

�
� n

0 if t 2 [tn
0 ; tn

1 [
� n

1 if t 2 [tn
1 ; T]

Let us set xn
1 = p(� n

1 ). By unicity and continuity of the curve it follows xn
1 (t) = xn

0 (t) if
t 2 [tn

0 ; tn
1 ]. Furthermore, k� n

1 (t)k 6 M for any t 2 [0; T]. By Lemma 3.3,

8t 2 [0; T] kxn
1 (t) � u0k 6

�
2

:

Let k 2 N?. Assumethat there exists a map � n
k� 1 : [0; T] ! X which is constant on

each [tn
k� 1; tn

k [ with k� n
k� 1(t)k 6 M for any t 2 [0; T]. Set xn

k� 1 = p(� n
k� 1). Then,

8t 2 [0; T] kxn
k� 1(t) � u0k 6

�
2

:

Let us set un
k = J tn

k
n xn

k� 1(tn
k ) and take � n

k 2 B(tn
k ; un

k ). Since

kun
k � u0k 6 kxn

k� 1(tn
k ) � u0k + kJ tn

k
n u0 � u0k 6 �
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we have k� n
k k 6 M . We then set

� n
k (t) =

�
� n

k� 1(t) if t 2 [tn
0 ; tn

k [
� n

k if t 2 [tn
k ; T]

Let us set xn
k = p(� n

k ). By unicity it follows xn
k (t) = xn

k� 1(t) if t 2 [0; tn
k ]. Furthermore,

k� n
k (t)k 6 M for any t 2 [0; T]. By Lemma 3.3,

8t 2 [0; T] kxn
k (t) � u0k 6

�
2

:

We then set

xn := xn
2n � 1 =

2nX

k=0

xn
k � [tn

k ;tn
k +1 [ and � n := � n

2n � 1 =
2nX

k=0

� n
k � [tn

k ;tn
k +1 [;

where � [tn
k ;tn

k +1 [(t) = 1 if t 2 [tn
k ; tn

k+1 [ , and = 0 otherwise. For all t 2 [0; T[, there exists
0 6 k 6 2n with t 2 [tn

k ; tn
k+1 [ and we set

� n (t) = tn
k and � n (T) = T:

So, xn : [0; T] ! X is an absolutely continuous function and � n : [0; T] ! X is a
measurablemap which satisfy for a.e. t 2 [0; T]

�
x0

n (t) + @f t (xn (t)) + � n (t) 3 0
xn (0) = u0

and � n (t) 2 B(� n (t); un(t))

wherewe set un(t) = J � n (t )
n xn (� n (t)). By construct, there exists N 2 N such that for any

n > N :
8t 2 [0; T] kxn (t) � u0k 6 � and k� n (t)k 6 M :

A subsequenceof (� n )n , againdenotedby (� n )n , convergesweakly to � in L 2(0; T; X ). By
continuity of the map p, the sequencexn = p(� n ) convergesuniformly to a curve x = p(� )
on [0; T] and a subsequenceof (x0

n )n convergesweakly to x0 in L2(0; T; X ).
In other words, the curve x is the solution of x0(t) + @f t (x(t)) + � (t) 3 0, x(0) = u0 on
[0; T].

Let n 2 N? and t 2 [0; T]. We have

kun(t) � x(t)k 6 kxn (� n (t)) � x(� n (t))k + kx(� n (t)) � x(t)k + kJ � n (t )
n x(t) � x(t)k: (4)

Under the assumption(H0), there exists un;t 2 domf � n (t ) satisfying
�

kun;t � x(t)k 6 jhr (� n (t)) � hr (t)j(1 + r 1=2)
f � n (t )(un;t ) 6 r + jkr (� n (t)) � kr (t)j(1 + r ):
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Using the de�nition of the Moreau-Yosidaapproximate, we obtain

23n

2
kJ � n (t )

n x(t) � x(t)k2 = f � n (t )
n (x(t)) � f t (J � n (t )

n x(t))

6 f � n (t )(un;t ) +
23n

2
kun;t � x(t)k2 + � kJ � n (t )

n x(t) � x(t)k + � (1 + r )

6 r + (1 + r )
Z t

� n (t )
jk0

r j +
23n

2
(1 + r 1=2)2(t � � n (t))

Z t

� n (t )
jh0

r j
2

+ � kJ � n (t )
n x(t) � x(t)k + � (1 + r ):

Thus,

kJ � n (t )
n x(t) � x(t)k 6

� 2� 3n +

s

� 22� 6n + 2r2� 3n + 2(1+ r )2� 3n (
Z T

0
jk0

r j + � ) + (1 + r 1=2)22� n

Z T

0
jh0

r j2

and (J � n (:)
n x)n convergesuniformly to x on [0; T]. Since(xn )n convergesuniformly to x

on [0; T] and x is continuous on [0; T], (4) assuresthe uniform convergenceof (un)n to x
on [0; T].
�

3.2 Prop erties of appro ximate solutions

Lemma 3.4 We have kx(t)k _ jf t (x(t)) j 6 r for all t 2 [0; T]. Under the assumption
(B)(ii), the element� (t) belongsto � @' (x(t)) for a.e. t 2 [0; T].

Pro of. By inequality (2), we have for any s 6 t in [0; T]

f t (x(t)) � f s(x(s)) +
1
2

Z t

s
kx0(� )k2 d� 6

1
2

M 2T +
Z t

s
cr (� ) [ 1 + jf � (x(� )) j ] d� :

Sincekx(t) � u0k 6 � , we have assumedfor simplicity that f t (x(t)) > 0 for any t 2 [0; T].
Gronwall's lemma yields for any t 2 [0; T]

f t (x(t)) 6
�

f 0(u0) +
M 2

2
T +

Z T

0
cr (� ) d�

� �
1 + T exp

Z T

0
cr (� ) d�

�
6 jf 0(u0)j+ �: (5)

by assumptionon T.

Next, � n (t) belongsto � @' (un (t)) with the uniform convergenceof (un)n to x on
[0; T].
Let us de�ne ~' : L2(0; T; X ) ! R [ f + 1g by ~' (u) =

RT
0 ' (u(t)) dt. It is known that ~'

is proper lsc convex and

� 2 @~' (u) ( ) � (t) 2 @' (u(t)) for a.e. t 2 [0; T]:

Thus, � � n 2 @~' (un ). Passingto the limit we obtain � � 2 @~' (x). Hence,� (t) belongsto
� @' (x(t)) for a.e. t 2 [0; T]. �
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Lemma 3.5 For almostany t 2 [0; T] wehavef t (x(t)) = lim inf
n! + 1

f t (xn (t)) . Furthermore,

lim
n! + 1

Z T

0
f t (xn (t)) dt =

Z T

0
f t (x(t)) dt and lim

n! + 1

Z T

0
(f t )?(yn(t)) dt =

Z T

0
(f t )?(y(t)) dt;

where we set yn(t) = � x0
n (t) � � n (t) and y(t) = � x0(t) � � (t) for a.e. t in [0; T].

Pro of. By lower semicontinuity of f t , the inequality

f t (x(t)) 6 lim inf
n! + 1

f t (xn (t))

holds for any t 2 [0; T]. The maps v 7!
RT

0 f t (v(t)) dt and w 7!
RT

0 (f t )?(w(t)) dt are
proper lsc convex on L 2(0; T; X ). So,

lim inf
n! + 1

Z T

0
f t (xn (t)) dt >

Z T

0
f t (x(t)) dt and lim inf

n! + 1

Z T

0
(f t )?(yn(t)) dt >

Z T

0
(f t )?(y(t)) dt:

But, f t (xn (t)) + (f t )?(yn (t)) = hyn(t); xn (t)i for any t 2 [0; T], with

lim
n! + 1

Z T

0
hyn(t); xn (t)i dt =

Z T

0
hy(t); x(t)i dt:

�

Lemma 3.6 We havethe inequality
Z T

0
h� (s); x0(s)i ds 6 lim inf

n! + 1

Z T

0
h� n (s); x0

n (s)i ds: (6)

Pro of. Let n 2 N?. The mapsxn , � n and un are constant on [tn
k ; tn

k+1 [, k = 0; : : : ; 2n � 1.
Hence,

Z T

0
h� n (s); x0

n (s)i ds =
2n � 1X

k=0

Z tn
k +1

tn
k

h� n
k ; (xn

k )0(s)i ds =
2n � 1X

k=0

h� n
k ; xn

k (tn
k+1 ) � xn

k (tn
k )i :

Since� n
k 2 � @' (un

k ) for any k = 0; : : : ; 2n � 1, we obtain:

Z T

0
h� n (s); x0

n(s)i ds >
2n � 1X

k=0

' (un
k ) � ' (xn

k (tn
k+1 )) � M kun

k � xn
k (tn

k )k

= ' (un
0) � ' (xn

2n � 1(t
n
2n )) +

2n � 1X

k=1

' (un
k ) � ' (xn

k (tn
k )) � M kun

k � xn
k (tn

k )k

> ' (J 0
nu0) � ' (xn (T)) � 2M

2n � 1X

k=1

kun
k � xn

k (tn
k )k:
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Sincekun
k � u0k 6 kun (tn

k ) � xn (tn
k )k + �= 2 6 � for n large enough,we have f tn

k (un
k ) > 0.

Furthermore, inequality (5) assuresthat f tn
k (xn

k (tn
k )) 6 f 0(u0)+ � 6 r . Usingthe de�nition

of the Moreau-Yosidaapproximate, we obtain

23n

2
kun

k � xn
k (tn

k )k2 = f
tn
k

n (xn
k (tn

k )) � f tn
k (un

k ) 6 r:

Thus, kun
k � xn

k (tn
k )k 6

p
r2� 3n+1 and

2n � 1X

k=1

kun
k � xn

k (tn
k )k 6

p
r2� n+1 :

Consequently,

lim
n! + 1

2n � 1X

k=1

kun
k � xn

k (tn
k )k = 0:

By continuity of ' and convergenceof (xn )n to x, we obtain

lim inf
n! + 1

Z T

0
h� n (s); x0

n (s)i ds > ' (u0) � ' (x(T)):

Since� (s) 2 � @' (x(s)) almost everywhere,h� (s); x0(s)i = � (' � x)0(s) holds for a.e. s
and we obtain the inequality (6) . �

4 Existence of strong solutions

We now prove the existenceof strong solutions.

4.1 General case

Let us set

�( x; y) =
Z T

0
hy(t); x0(t)i dt � f T (x(T)) + f 0(u0)

for any absolutely continuous function x : [0; T] ! X with x0 2 L2(0; T; X ) and any
fonction y 2 L2(0; T; X ).

Theorem 4.1 Let (f t )t2 [0;T ] be a family of proper convexlsc functions on X with each f t

of compact type which sati�es the assumption(H). Assumethat for any sequence (xn )n in
H 1(0; T; X ) which convergesuniformly to the absolutelycontinuous function x with the
weak convergence of (x0

n )n to x0 in L2, and for any (yn)n which convergesweakly to y in
L2 with yn (t) 2 @f t (xn (t)) for almost all t, there existsnk ! + 1 suchthat

lim inf
k! + 1

�( xnk ; ynk ) > �( x; y):

Then, for each u0 2 domf 0, there existsT0 2]0; T] suchthat u0+ @f t (u) + B(t; u) 3 0 has
at least a strong solution u : [0; T0] ! X with u(0) = u0.
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Pro of. Considerx an approximate solution. We prove x0(t) + @f t (x(t)) + B(t; x(t)) 3 0
for a.e. t in [0; T]. So,webeginby prove that (x0

n )n convergesstrongly to x0 in L2(0; T; X ).
Step 1. - Let us set yn(t) = � x0

n (t) � � n (t) and y(t) = � x0(t) � � (t) for a.e. t in [0; T]. It
is easyto seethat for any n 2 N and almost any t 2 [0; T]:

kx0
n (t)k2+ hyn(t); x0

n (t)i + h� n (t); x0
n (t)i = 0 and kx0(t)k2+ hy(t); x0(t)i + h� (t); x0(t)i = 0:

The sequence(x0
n )n convergesweakly to x0 in L2(0; T; X ). The strong convergenceof

(x0
n )n to x0 in L2(0; T; X ) is equivalent to

lim sup
n! + 1

Z T

0
kx0

n (t)k2 dt 6
Z T

0
kx0(t)k2 dt:

>From Lemma 3.6 it follows:

lim sup
n! + 1

Z T

0
kx0

n (t)k2 dt 6 � lim inf
n! + 1

Z T

0
hyn(t); x0

n (t)i dt � lim inf
n! + 1

Z T

0
h� n (t); x0

n (t)i dt

6 � lim inf
n! + 1

Z T

0
hyn(t); x0

n (t)i dt �
Z T

0
h� (t); x0(t)i dt:

Since
RT

0 h� (t); x0(t)i dt = �
RT

0 kx0(t)k2 dt +
RT

0 hy(t); x0(t)i dt, it su�ces to show that

Z T

0
hy(t); x0(t)i dt 6 lim inf

n! + 1

Z T

0
hyn (t); x0

n (t)i dt: (7)

Step 2. - Under the assumptionon �, it follows by lower semicontinuity of f T :

lim inf
k! + 1

Z T

0
hynk (t); x0

nk
(t)i dt > f T (x(T)) � f 0(u0)+ lim inf

k! + 1
�( xnk ; ynk ) >

Z T

0
hy(t); x0(t)i dt:

Step 3. - Let N be the negligeablesubsetof [0; T] such that, for any t 2 [0; T]nN , we
have x0

n (t) + @f t (xn (t)) + � n (t) 3 0, � n (t) 2 B(� n (t); un(t)) and (x0
n (t))n convergesto

x0(t). Since each f t are of compact type, the sets X (t) := clf xn (t) j n 2 N?g and
U(t) := clf un(t) j n 2 N?g are compact in Dom(@f t ). Let r > M _ (� + ku0k). Under
the assumption (B)(iv), for each n > N and t 2 [0; T] with t 6= � n (t), there exists
zt

n 2 DomB(t; :) and � t
n 2 B(t; zt

n ) satisfying

kzt
n � un(t)k _ k� t

n � � n (t)k 6 gr (� n (t); t):

When t = � n (t), we simply take zt
n = un(t) and � t

n = � n (t). Then, (zt
n )n convergesto x(t)

and Z(t) := clf zt
n j n 2 N?g is compact in Dom(@f t ).

The restriction of B(t; :) to Dom(@f t ) being usc, the set f B(t; z)jz 2 Z(t)g is compact
in X . Hence,�( t) := clf � t

n j n 2 N?g, and thus clf � n (t) j n 2 N?g, are compact. So,
Y(t) := clf yn (t) j n 2 N?g is compact in X .
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Let us set F t (x) = @f t (x) \ Y(t) and Gt (x) = B(t; x) \ �( t) for any x 2 Dom(@f t )
and t 2 [0; T]. The multimaps F t and Gt are upper semicontinuous on Dom(@f t ) with
compactvaluesin X . Let us denoteby e the excessbetweentwo sets. We have:

d(� x0
n (t); F t (x(t)) + Gt (x(t))) 6 d(yn(t); F t (x(t))) + d(� n(t); Gt (x(t)))

6 e(F t (xn (t)) ; F t (x(t))) + k� n (t) � � t
nk + d(� t

n ; Gt (x(t)))

6 e(F t (xn (t)) ; F t (x(t))) + gr (� n (t); t) + e(Gt (zt
n ); Gt (x(t))) :

The upper-semicontinuity of F t and Gt assuresthat

lim
n! + 1

d(� x0
n (t); F t (x(t)) + Gt (x(t))) = 0:

Since(x0
n )n convergesto x0 a.e. on [0; T], the equality d(� x0(t); F t (x(t)) + Gt (x(t))) = 0

holds for a.e. t 2 [0; T] and we obtain by closednessof F t (x(t)) + Gt (x(t)):

� x0(t) 2 F t (x(t)) + Gt (x(t)) for a.e. t 2 [0; T]:

Consequently, x is a local solution to x0+ @f t (x) + B(t; x) 3 0 with x(0) = u0. �

4.2 Tw o particular cases

We consider two particular casesfor which we can apply Theorem 4.1. These cases
contains thoseof f t not depending on t.
First,

Corollary 4.1 Let (f t )t2 [0;T ] be a family of proper convexlsc functions on X with each
f t of compact type. Let u0 2 domf 0. Assumethat f t = g� F t where g is a proper convex
lsc function on a Hilbert space Y and (F t )t2 [0;T ] is a family of di�er entiablemapsfrom X
to Y suchthat (DF t )t is equilipschitz continuous on a neighborhood of u0 and suchthat:

1. for each r > 0, there is absolutelycontinuous real-valued function br on [0; T] such
that:

(a) b0
r 2 L2(0; T),

(b) for each s; t 2 [0; T], supkxk
�

r kF t (x) � F s(x)k 6 jbr (t) � br (s)j,

2. the quali�cation condition R+ [domg � F 0(u0)] � DF 0(u0)X = Y holds,

3. for each r > 0, there exists a negligible subsetN of [0; T] such that the mapping
t 7! F t (x) admits a derivative � t (x) on [0; T]nN for any x 2 rBX and � t is
continuous on rBX for any t 2 [0; T]nN ,

4. the mapping (t; x) 7! DF t (x) is bounded on [0; T] � rBX for each r > 0 and it is
continuous at t for each x.
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Assumethat (H) and (B) are satis�ed. Then, there existsT0 2]0; T] suchthat u0+ @f t (u)+
B(t; u) 3 0 hasat least a strong solution u : [0; T0] ! X with u(0) = u0.

Remark under assumption1., the mapping t 7! F t (x) is absolutely continuous and ad-
mits a derivative at a.e. t 2 [0; T] for each x. With the uniformly inequality 1.(b), we
can hope that the almost derivabilit y of t 7! F t (x) at t is uniform in x 2 rBX thanks
to the regularity of F t at x. Illustrate the importance of di�erentiabilit y of F t by the
following example : F (t; x) = h(t � x) where X = Y = R and the real function h is
convex, Lipschitz continuous and non di�erentiable on [0; T].

Pro of of Corollary 4.1. Considerx : [0; T] ! X an approximate solution. Let us set
yn (t) = � x0

n (t) � � n (t) and y(t) = � x0(t) � � (t) for a.e. t in [0; T], zn (t) = F t (xn (t)) and
z(t) = F t (x(t)) for a.e. t 2 [0; T]. Then, zn and z are absolutely continuous on [0; T],
thus are derivable at a.e. t 2 [0; T] and

z0
n (t) = � t (xn (t)) + DF t (xn (t))x0

n (t) ; z0(t) = � t (x(t)) + DF t (x(t))x0(t):

Under the quali�cation condition, we have for any x 2 X

@f t (x) = DF t (x)?@g(F t (x)) :

Let uswrite yn (t) = DF t (xn (t))?wn (t) andy(t) = DF t (x(t))?w(t) wherewn(t) 2 @g(zn (t))
and w(t) 2 @g(z(t)) for almost all t 2 [0; T]. Hence, g � zn and g � z are absolutely
continuouswith hwn(t); z0

n (t)i = (g � zn )0(t) for almost all t 2 [0; T]. So,

hyn(t); x0
n (t)i =

d
dt

(f t � xn )( t) � hwn(t); � t (xn (t)) :

and �( xn ; yn) = �
RT

0 hwn(t); � t (xn (t)) i dt.
Let r > kxn (t)k _ kx(t)k for any n 2 N and t 2 [0; T]. By continuity of � t on rBX ,
(� t (xn (t))) n convergesto � t (x(t)) for a.e t 2 [0; T]. Next, for a.e. t and any x 2 rBX ,
we have k� t (x)k 6 jb0

r (t)j. By Lebesgue'stheorem � :(xn (:)) convergesto � :x(:)) in
L2(0; T; Y). Sincea subsequenceof (wn )n convergesweakly to w, we can apply Theo-
rem 4.1. �

For example,if F t is the a�ne mapping x 7! A(t)x + b(t) whereA(t) : X ! Y is linear
continuousand b(t) 2 Y , the assumptionof Corollary 4.1 becomes:

1. b is absolutely continuous on [0; T] and there is absolutely continuous real-valued
function a on [0; T] such that:

(a) a0 2 L2(0; T),

(b) for each s; t 2 [0; T], kA(t) � A(s)k 6 ja(t) � a(s)j.

2. the quali�cation condition R+ domg � A(0)X = Y holds.
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3. for each r > 0, there exists a negligiblesubsetN of [0; T] such that A0(t) is contin-
uouson rBX for any t 2 [0; T]nN .

Second,we usethe conjugateof f t .

Lemma 4.1 Let (f t )t2 [0;T ] be a family of proper convexlsc functions on X satisfying(H).
Assumethat :

for each r > 0, there exists a negligible subsetN of [0; T] such that for any
t 2 [0; T]nN , the mappings 7! (f s)?(y) admits a derivative _
 (t; y) at t for any
y 2 Dom@(f t )?.

Let x : [0; T] ! X be an absolutelycontinuous function and y : [0; T] ! Y be such that
y(t) 2 @f t (x(t)) for a.e. t 2 [0; T]. For almost all t 2 [0; T], we have

_
 (t; y(t)) +
d
dt

f t (x(t)) = hy(t); x0(t)i : (8)

Pro of. Let s and t be in [0; T]nN where N is a suitable negligible subsetof [0; T]. We
have :

(f s)?(y(s)) � (f t )?(y(s)) 6 (f s)?(y(s)) � (f t )?(y(t)) � hy(s) � y(t); x(t)i

sincex(t) 2 @(f t )?(y(t)). From f t (x(t)) + (f t )?(y(t)) = hy(t); x(t)i , we deduce

(f s)?(y(s)) � (f t )?(y(s)) 6 f t (x(t)) � f s(x(s)) + hy(s); x(s) � x(t)i :

In the sameway, for almost every t; s in [0; T] we have

(f s)?(y(s)) � (f t )?(y(s)) 6 f t (x(t)) � f s(x(s)) + hy(s); x(s) � x(t)i :

Changing the role of s and t, we alsohave:

(f t )?(y(t)) � (f s)?(y(t)) 6 f s(x(s)) � f t (x(t)) + hy(t); x(t) � x(s)i

6 (f t )?(y(s)) � (f s)?(y(s)) + hy(t) � y(s); x(t) � x(s)i :

The function t 7! f t (x(t)) being absolutely continuous on [0; T], see [11, Chapter 1], we
obtain (8). �

The existenceof _
 implies someregularity on the domain of (f t )?. For example,consider
(f t )?(y) = h(t � y) where X = Y = R and the real function h is convex, Lipschitz
continuous and non di�erentiable on [0; T]. Then, we can not apply above lemma. The
domainof (f t )? changeswith t. But, wecanapply Corollary 4.1sincef t (x) = tx + h?(� x).
However, we have the absolutely continuity of s 7! (f s)?(y) in the following sense:

Prop osition 4.1 Let t 2 [0; T], y 2 Y, � > 0 and r > 0 such that if jt � sj 6 � , the set
@(f s)?(y) \ rBX is nonempty. Then, s 7! (f s)?(y) is absolutelycontinuouson ]t � � ; t + � [.
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Pro of. 1) Lemma 3.1 with � = � o assuresthat (f t )?(y) > hy; zt i � f t (zt ) > �k yk� � �
for any t 2 [0; T] and y 2 X . For y 2 @f t (x), it follows

� � (kxk + 1) 6 f t (x) = hy; xi � (f t )?(y) 6 kyk[ kxk + � ] + � :

So, there is a nonnegative constant � such that (f t )?(y) > � � (kyk + 1) for all y 2 X and
t 2 [0; T].
Furthermore, for each r > 0, there is a nonnegative constant c such that jf t (x)j 6
c(kyk + 1) for all x 2 rBX , t 2 [0; T] and y 2 @f t (x).

2) Let t be �xed in [0; T] and y 2 @f t (x). Let r > kxk and s 2 [t; T]. Under the
assumption(H0), there exists xs 2 domf s satisfying

�
kx � xsk 6 jhr (t) � hr (s)j(1 + jf t (x)j1=2)
f s(xs) 6 f t (x) + jkr (t) � kr (s)j(1 + jf t (x)j):

By de�nition of conjugateof a convex function, it follows

(f t )?(y) � (f s)?(y) 6 hy; x � xsi + f s(xs) � f t (x)

6 kykjhr (t) � hr (s)j(1 + jf t (x)j1=2) + jkr (t) � kr (s)j(1 + jf t (x)j):

We concludethanks to 1):

(f t )?(y) � (f s)?(y) 6 kykjhr (t) � hr (s)j(1 + jf t (x)j1=2) + jkr (t) � kr (s)j(1 + jf t (x)j)

6 kykjhr (t) � hr (s)j(1 +
p

c +
p

ckyk) + jkr (t) � kr (s)j(1 + c + ckyk)

3) Let y 2 Y, r > 0 and s; t 2 [0; T]. If the intersectionsof @(f t )?(y) and @(f s)?(y)
with rBX are non empty, let xs 2 @(f s)?(y) and xt 2 @(f t )?(y) with r > kxsk _ kxtk.
Step 2) implies

j(f s)?(y) � (f t )?(y)j 6

kykjhr (t) � hr (s)j(1 + jf s(xs)j1=2 _ jf t (xt )j1=2) + jkr (t) � kr (s)j(1 + jf s(xs)j _ jf t (xt )j):

By 1) we conlude:

j(f s)?(y) � (f t)?(y)j 6 kykjhr (t) � hr (s)j(1+ c1=2 + (ckyk)1=2) + jkr (t) � kr (s)j(1+ c+ ckyk):

�

Corollary 4.2 Let (f t )t2 [0;T ] be a family of proper convexlsc functions on X with each
f t of compact type. Assumethat (H) and (B) are satis�ed and that:

1. for each r > 0, there exists a negligible subsetN of [0; T] such that for any t
in [0; T]nN , the mapping s 7! (f s)?(y) admits a derivative _
 (t; y) at t for any
y 2 Dom@(f t )?.
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2. for any (yn )n which convergesweakly to y in L 2(0; T; X ) with yn (t) 2 @f t (xn (t))
where (xn )n convergesuniformly, there existsnk ! + 1 suchthat

lim inf
k! + 1

Z T

0
_
 (t; ynk (t)) dt >

Z T

0
_
 (t; y(t)) dt:

Then, for each u0 2 domf 0, there existsT0 2]0; T] suchthat u0+ @f t (u) + B(t; u) 3 0 has
at least a strong solution u : [0; T0] ! X with u(0) = u0.

The assumption2. is true when _
 (t; :) is lsc and convex on Dom@(f t )?.

Pro of. Lemma 4.1 implies �( x; y) =
Z T

0
_
 (t; y(t)) dt. By assumption2., we can apply

Theorem4.1. �

5 Examples of families (f t)t

5.1 Ra
e

SeeCastaing,ValadierandMoreau[4, 17,13]. Let (C(t)) t2 [0;T ] a family of nonempty closed
convex subsetsof X whoseintersectionwith boundedclosedsetsis compact. Considerthe
indicator function f t = � C(t) of C(t). Assumethat for each r > 0, there is an absolutely
continuous real-valued function ar on [0; T] such that:

(i) a0
r 2 L2(0; T);

(ii) for each s; t in [0; T], we have e(C(s) \ rBX ; C(t)) 6 jar (s) � ar (t)j.

Under the assumption (B), we can apply Theorem 4.1: Assumethat for any sequence
(xn )n in H 1(0; T; X ) which convergesuniformly to the absolutelycontinuous function x
with the weak convergence of (x0

n )n to x0 in L2, and for any (yn )n which convergesweakly
to y in L2 with yn (t) 2 NC(t) (xn (t)) for almost all t, there existsnk ! + 1 suchthat

lim inf
k! + 1

Z T

0
hx0

nk
(t); ynk (t)i dt >

Z T

0
hx0(t); y(t)i dt:

Then, for each u0 2 C(0), there existsT0 2]0; T] suchthat u0+ NC(t) (u) + B(t; u) 3 0 has
at least a strong solution u : [0; T0] ! X with u(0) = u0.

Corollary 4.1 becomes:

Corollary 5.1 Let u0 2 C(0) and (F t )t2 [0;T ] be a family of di�er entiablemapsfrom X to
an other Hilbert space Y such that (DF t )t is equilipschitz continuous on a neighborhood
of u0. Assumethat C(t) = (F t )� 1(C), C being a nonemptyclosed convexset. Under the
assumptions(B) and:

1. for each r > 0, there is absolutelycontinuous real-valued function br on [0; T] such
that:
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(a) b0
r 2 L2(0; T),

(b) for each s; t 2 [0; T], supkxk
�

r kF t (x) � F s(x)k 6 jbr (t) � br (s)j,

2. the quali�cation condition R+ [C � F 0(u0)] � DF 0(u0)X = Y holds,

3. for each r > 0, there exists a negligible subsetN of [0; T] such that the mapping
t 7! F t (x) admits a derivative � t (x) on [0; T]nN for any x 2 rBX and � t is
continuous on rBX for any t 2 [0; T]nN ,

4. the mapping (t; x) 7! DF t (x) is bounded on [0; T] � rBX for each r > 0 and it is
continuous at t for each x,

there existsT0 2]0; T] such that u0+ NC(t) (u) + B(t; u) 3 0 has at least a strong solution
u : [0; T0] ! X with u(0) = u0.

On the other hand, (f t )? is the support function of C(t), denotedby � C(t) . Moreauhave
proved in [13] that when C is absolutely continuous, the map t 7! � C(t) (y) is absolutely
continuouson [0; T] for any y 2 D, whereD is the domain of � C(t) which is not dependent
of t. Corollary 4.2 becomes:

Corollary 5.2 Assumethat (B) is satis�ed and that:

1. for each r > 0, there exists a negligible subsetN of [0; T] such that for any t
in [0; T]nN , the mapping s 7! � C(s) (y) admits a derivative _
 (t; y) at t for any
y 2 Dom@� C(t) .

2. for any (yn)n which convergesweakly to y in L 2(0; T; X ) with yn(t) 2 NC(t) (xn (t))
where (xn )n convergesuniformly, there existsnk ! + 1 suchthat

lim inf
k! + 1

Z T

0
_
 (t; ynk (t)) dt >

Z T

0
_
 (t; y(t)) dt:

Then, for each u0 2 domf 0, there existsT0 2]0; T] such that u0+ NC(t) (u) + B(t; u) 3 0
hasat least a strong solution u : [0; T0] ! X with u(0) = u0.

By example,considerthe a�ne map F t (x) = a(t)x + b(t) where a(t) 2 R?
+ is derivable

nonincreasingat t 2 [0; T] and b(t) 2 Y is absolutely continuous at t 2 [0; T]. We can
apply both corollary 4.1 and 4.2 since

_
 (t; y) =
� 1

a(t)2
[a(t)hy; b0(t)i + a0(t)( � C (y) � hy; b(t)i )]

for a.e. t 2 [0; T] and any y 2 Y. So, _
 (t; :) is convex l.s.c. on X and

lim
n! + 1

Z T

0
_
 (t; yn (t)) dt =

Z T

0
_
 (t; y(t)) dt:
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5.2 Viscosit y

Let f : X ! R [ f + 1g be a convex lsc proper function of compact type. Consider

f t (x) = f (x) +
"(t)
2

kxk2 where" is an absolutelycontinuousreal-valuedfunction on [0; T]

with nonnegative valuesand " 0 2 L1(0; T).
We can write f t = g � F t with g(x; r ) = f (x) + r for any (x; r ) 2 X � R and F t (x) =
(x; " (t )

2 kxk2) for any x 2 X . By absolutely continuity of " , � t existsand is continuouson
X for a.e. t 2 [0; T] and

� t (x) = (0;
"0(t)

2
kxk2):

Furthermore,
DF t (x)y = (y; " (t)hx; yi )

and DF t sati�es assumption5. We can apply Corollary 4.1.

On the other hand, (f t )? = (f ?)" (t ) is a C1-function on X and, for any y 2 X , the map
t 7! (f t )?(y) is absolutely continuous on [0; T] with for a.e. t 2 [0; T]

_
 (t; y) = �
"0(t)

2
kD(f t )?(y)k2:

By de�nition of yn , xn (t) = D(f t )?(yn (t)) holds for a.e. t 2 [0; T] and any n 2 N, hence

_
 (t; yn (t)) = �
"0(t)

2
kxn (t)k2:

In the sameway,

_
 (t; y(t)) = �
"0(t)

2
kx(t)k2:

By uniform convergenceof (xn )n to x on [0; T] it follows

lim
n! + 1

Z T

0
_
 (t; yn (t)) dt =

Z T

0
_
 (t; y(t)) dt:

We can apply Corollary 4.2.
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