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In tro duction

For a given family of corvex lower-semicotinuous functions (f *)i20.7}, de ned on a sepa-
rable real Hilbert spaceX with rangein R[ flg , and a family of multivalued operators
(B(t; 1)) t2j0;r; on X, we shall prove an existencetheorem for ewolution equationsof type:

udt) + @'(u(t)) + B(t u(t)) 30; t2[0;T]: 1)

For eath t, @' denotesthe ordinary subdi erential of corvex analysis. The operator
B(t;:) : X1 X is a multivalued perturbation of @*, dependen on the time t.

When the perturbation B (t; :) is singlevalued and monotone,many existence,unique-
nessand regularity results have been established,see Brezis [3] (if f! is independen of
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t), Attouch-Damlamian[2] and Yamada[18]. The study of caseB (t; :) nonmonotoneand
upper-semicotinuouswith corvex closedvalueshasbeendeweloped under someassump-
tions of compactnesson domf! = fx 2 X j f(x) < 1g the e ective domain of ft. For
example,Attouch-Damlamian[1] have studied the casef independen of time. Otani [15]
has extendedthis result with more generalassumptions(the corvex function f ' depends
on time). He has also studied the casewhere B(t;:) is the subdi erential of a lower
semicominuous corvex function, see [14].

In this article, the operator B (t; :) will be assumedupper-semicotinuous with compact
valueswhich are not necessargonvex, andit is not assumede a cortraction map. Never-
theless, B(t;:) will be assumedcyclically monotone. Cellina and Staicu [7] have studied
this type of inclusionwhenf ! and B(t; ;) are not dependern on t.

This paper is organizedasfollows. In Section2 we recall somede nitions and results
on time-dependen subdi erential ewlution inclusionsand upper-semicotinuity of oper-
ators which will be usedin the sequel. We also introduce the assumptionsof our main
result. In Section 3 we obtain existenceof approximate solutions for the problem (1)
and give properties of these solutions. In Section 4 we establish existencetheorem for
the problem (1). We particularly study two caseswhere the family (f!), satis es more
restricted assumptions.Examplesillustrate our resultsin Section5.

2 Perturb ed problem

Assumethat X is a real separableHilbert space.We denoteby k:k the norm assaiated
with the inner product h;:i and the topological dual spaceis identi ed with the Hilbert
space.Let T > 0 and (f ')i2jo.r; be a family of convex lower-semicotinuous (Isc, in short)
proper functions on X. We will denoteby @' the ordinary subdi erential of corvex
analysis.

De nition 2.1 A function u:[0;T]! X is said strong solution of

u’+ @'(u) + B(t;u) 30

if 1: (i) there exists 2 L2(0;T;X) suchthat (t) 2 B(t; u(t)) for a.e. t 2 [0; T],
uqt) + @'(u(t)) + (t)3 0 fora.e. t2][0;T]

(i) u'is a solution of u(t) 2 domf' for anyt 2 [O; T]:

The aim result of this article is, for eah ug 2 domf ©, the existenceof a local strong
solution u of U+ @' (u) + B(t; u) 3 0 with u(0) = uy, when the values of the upper-
semicominuous multiapplication B (t; :) are not corvex.

We shall considerthe following assumptionon (f ')t20.7;, S Kenmochi [10, 11]:

LAs usual, L"(0; T;X) (T 2]0;1 ]) denotesthe spaceof X -valued measurablefunctions on [0; T) which
are r™ power integrable (if r = 1 , then essetially bounded). For r = 2, L2(0;T;X) is a Hilb ert space,
in which kik_2(0:1:x) and h; i 2(o.7.x) are the norm and the scalar product.
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(Ho): for eachr > 0, there are absolutelycontinuous real-valued functions h, and k; on
[0; T] suchthat:

(i) h92 L%(0;T) andk? 2 LY(0; T),
(i) for eachs;t 2 [0; T] with s6 t and each x5 2 domf ® with kxsk 6 r there
existsx; 2 domf ! satisfying

kxe  xsk 6 jhe(t)  he(8)i(L+ jf (xs)j*™?)
Fi(x0) 6 F5(xs) + jke(t) ke (S)i(1+ jf °(Xs)i):

or the slightly strongerassumption,see Yamada[18], denotedby (H) , when (ii) holds for
any s;t in [0; T].

The following existencetheorem have beenproved in [19]:

Theorem 2.1 LetT > O0and 2 L2(0;T;X). Letug 2 domf?. If (Ho) holds,then the
problem 8
< u(t)+ @' (u(t))+ (1)30; aet2][0;T]
u(t) 2 domft; t2[0;T]
u(0) = ug

hasa unique solutionu : [0; T]! X which is absolutelycontinuous.

Furthermore, we have the following type of energy inequality, see [11, Chapter 1]: if
ku(t)k < r fort 2 [0;T], then

Zt Zt Zt
fi(u(t) fS(U(S))+% ku{ )k’d 6 % k ()k*d +  c()[1+jf (u()jld

S S S
(2)
forany s6 tin [0;T], wherec, : 7! 4jh%( )j? + jkO( )j is an elemen of L1(0; T).

Let us add a compactnessassumptionon ead f ' by using the following de nition:

Denition 2.2 A functionf : X ! R[ f+1g is said of compacttype if the setfx 2
X jjf (x)j + kxk? ogis compact at each levelc.

Denoteby L2 (0; T; X) the spacel2(0; T; X ) endaved with the weaktopology. Under this
compactnessassumptionon ead f !, the map

L2(0;T;X) ! {[0;TI; X)
7! u

is cortinuous and mapsboundedsetinto relatively compactsetsfollowing [9, proposition
3.3], andu beingde ned in Theorem2.1.

Recall the de nition of upper-semicotinuity of operators.
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De nition 2.3 Let E; and E, be two Hausdor topological sets. A multivalued operator
B : E1l E, is said upper-semicotinuous (usc in short) at x 2 DomB if for all neigh-
borhood V, of the subsetBx of E,, there exists a neighlmrhood V; of x in E; suchthat
B(Vi1) V..

Furthermore, if E; and E, are two Hausdor topological spaceswith E, compact and
B : E1l E, is a multivalued map with Bx closedfor any x 2 E,, then B is uscif and
only if the graph of B is closedin E; E,. We introduce following conditions on the
multifunction B : [0;T] X 1 X:
(B,) : () Dom(@') DomB(t;:) for anyt 2 [0;T],
(i) there exist nonnggative constants ; M suchthat kx ugk 6  implies
B(t;xX) MBy foranyt2 [0;T] andx 2 Dom@".

B) :
() Dom(@') DomB(t;:) andthe setB(t; x) is compact for any t 2 [0; T] and
X 2 Dom(@"),
(i) there exista nonnegativereal anda convexIscfunction' : X ! R suchthat
kx uok 6 implies B(t; x) @ (x) for anyt 2 [0; T] and x 2 Dom(@ ),
(i) for a.e.t 2 [0; T], the restriction of B(t;:) to Dom(@'") is usc,
(iv) for eachr > 0, there is a nonnegative real-valued function g, on [0; T]? such
that
(@) limy s g(t;s) =0,
(b) for eachs;t 2 [0; T]witht 6 sandeachxs 2 Dom@° and s 2 B(S;Xs)
with kxsk _ k sk 6 r there existsx; 2 DomB(t; :) and 2 B(t; x;) satisfying

kxy  Xsk K ¢ k6 g(t;s):

By convexity, the function ' of (B)(ii) is M -Lipschitz cortinuous on some closedball
Up+ By andthe inclusion@ (x) MByx holdsfor any x 2 ug+ By . In fact, we could
take' with extendedreal valuesand ug in the interior of the e ective domainof' . Thus,
(B)(ii) implies (B,)(ii).

The condition (B)(ii) meansthat B(t;:) is cyclically monotone uniformly in t. An
exampleis the multiapplication B(t;:) : R"1 R" de ned by

8
< flg if x;<0

=(uun a)2Btx) () 12, f L1g ifxg=0 and ,= = ,=0
flg ifX1>O

forany x = (Xx1;:::;%Xp) 2 R". WhenB(t;:)) = @'with ':X ! RJ[ f+1g alsc
proper function, then ' is corvex if this operator is monotoneand (B)(ii) is equivalert
to the existenceof a real constart ; with '="' + . In this casewe dealswith the
problem u®+ @'(u) @ (u) 3 0, see Otani [14] whenf! is not dependen ont. This
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condition (ii) could be extendedto a function ' ' which dependson the time t, and also
with a noncorvex function: for example,a convex composite function, see [8].

The condition (B)(iii) is always satised if B(t;:) or B(t;:) is a maximal monotone
operator of X, and more generallyif they are -monotoneof order 2.

The condition (B)(iv) is always satis ed if B(t;:) = B : X | X is not depending on the
time t. It canalsobe written forany t 6 sin [0; T]:

tIim e(gphB(t; )\ rBxz;gphB(s;:)) = 0;
I's

e standing for the excesdetweentwo sets. When B (t; ;) or B(t;:) is the subdi ferential
of a convex Isc function ! which satis es (Ho), the condition (iv) is satis ed.

3 Existence of appro ximate solutions

Forany real > Oandt 2 [0; T], the function f ! shall denotethe Moreau-Yosidaproximal
function of index of f!, and we set

=0+ @Y ', Dft= a0 JIY:
We rst prove the approximate result of existence:

Theorem 3.1 Let (f')i2p0,r; be @ family of proper convexlsc functions on X with each
f ¢ of compact type. Assumethat (H) and (B,) are satis ed. For each uy 2 domf ©, there
exists T 2]0; T] suchthat u®+ @*(u) + B(t; u) 3 0 hasat least an approximate solution
X [0;To] ' X with x(0) = ug in the following sense: there exist sgquenes (x,), of
absolutelycontinuous functions from [0; To] to X, (un), and ( ,)n of piecewiseconstant
functions from [0; To] to X which satisfy:

1. for a.e. t 2 [0; To]

0 t
L@ L 2080 and w2 BCa®iw)

whee 06t ,(t1)6 2 "T,
2. there existsN 2 N suchthat for anyn > N:

8t 2 [0;T] kxn(t) ugk 6 and k p(H)k6 M;

3. (Xn)n and (up), convemge uniformly to x on [0; Tg], ( n)n cOnvemgesweakly to in
L2(0; To; X), (x8), convegesweakly to x°in L2(0;To; X) and x is the solution of
xqt) + @'(x(t)) + (t) 30, x(0) = ug on [0; Tg].
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3.1 Proof of Theorem 3.1

Lemma 3.1 Wecan nd asetfz :t2[0;T]gand o> Osuchthatz 2 (B, f!(z) 0
for everyt 2 [O; T].

Pro of. Let z; 2 domf® andr > O sud that r > kzok _ jf °(z)j. For all t 2 [0; T], there
existsz; 2 domf ! satisfying

kz. 2ok 6 jhe(t)  hi(0)j(1+ jf °(20)j*7)
f1(z) 6 °z0) + jke(t) ke (0)j(1+ jf °(20))):

The lemmaholdswith o= (r+ kh% (1 + r¥2)) _ (r+ kk% 1(1+r)).

Lemma 3.2 [18, Proposition 3.1]. Letx 2 X and > 0. The mapt 7! J'x is continuous
on [O; T].

Pro of. >From Kenmochi [11, Chapter 1, Section1.5, Theorem 1.5.1],there is a nonneg-
ative constart  sudh that f{(x) >  (kxk+ 1) forall x 2 X andt 2 [0;T]. Thus,

f(x ikx Jixk? = f{(J'x) > 1+ kJ'xK):
(X) > (I°x) ( )

which implies
kx J'xk?6 2 (1+ kdI'x xk+ kxk)+ 2f '(x): (3)

Since2f '(x) 6 2f Y(z)+kz, xk?6 2 o+ ( o+ kxk)? by Lemma3.1, we canconclude:

suplk J'xkjt 2 [0;T]; 2]0;1]; x2rBg< 1
supfjf'(I'x)jjt2[0;T]; x2rBg< 1

forany r > 0.

Lett 2 [0;T]andr > kJ'xk. By assumption(H,), for eat s 2 [0; T] with s > t there
existsxs 2 domf ° satisfying

kI'x x5k 6 jhe(t) he(s)i(L+ jf'(I'x)j*?)
Fo(xs) 6 F1I'X) + jke(t)  ke(8)i(1+ jf1(I'X))):

Since 1(x J®x) 2 @°S(JI5x), we have
fS(JI%x) + Eh>( IS Xs  JSXi 6 f35(xs) 6 FY(JI'X) + jk.(t) Kk (9)j(1+ jf'(I'x))):
Hence,for any s > t, we have
}hx IS J'x  JI%i
6 }h( IS ' Xei + FYATX) F3(I%%) + jk (1) ke (S)j(1+ jf '(I'X)))

6 kDf(x)kjhi(t) he(s)i(1+ jf ‘(A" %)j") + '(3'x) F°(I°)
+ike () k()i + jI'X))):
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By symmetry it is true for any s 2 [0; T]. In the sameway for t; s in [0; T], we have

L35I J'xi 6 KDFIKiN (1) he(S)j(L+ jf SA%X)[2) + 53%%)  £1(3'%)
+ike () ke (S)i(L + jF°(I°X))):

Adding thesetwo inequalities we obtain

Lkasx aixk2 6 [KDFI(0Ok_ KDFS(K]jhe(t)  he(S)i(L+ jf (@502 _jf {(I'x)j*2)
+ike (1) ke(9)i(X + jf 53] _ jf '{(3')j):
Sinceboth kDf t(x)k and jf '(J'x)j are bounded,t 7! J'x is cortinuouson [O; T].

By [11, Lemma1.5.3],for r > kugk + 1, M1 > jf%(up)j+ r+ + 1andT; 2]0;T[
sud that A Z
1+ Myexp  jk] jhtj 6 1;
0 0
there exists an absolutely cortinuous function v on [0; T,] satisfying:

* y(0) = up and limsup, o, f(v(t)) 6 fo(uo)

* kv(t)k 6 r for any t 2 [0; T4]

* for any t 2 [0; T4, jf '(v(t))j 6 M1+H\/I1exp 0 ]ko jpj

* for almostany t 2 [0; T,], kv{t)k 6 1+ Mlexp T k9 jho(t)].

Forr > kugk + , let us chooseT, > 0 sud that
o M2 Z 1, Zy, o ‘
jf (UO)J+7T2+ c()d 1+ Trexp G()d 6 jf (ug)j+
0 0

Letr > (kugk _jf%ug)j)+ + 1be xed. LetuschamseT, > 0 smal enoughin order to
have 7

To
1+ r¥¥2)2T ih% 6 —;

2
To6 TN TH and
Z,  Z.

P — 0
Mt To+ [M+ JTo+ 1+ Mgexp( jkY%) jh°(s)jds 6 7
0 0
h RT. . RT. . i1=2
whee Mt = 2 My + My exp , jk0 , jho(s)jds+ r+

Lemma 3.3 Let : [0;T]! X be a measumble function with k (t)k 6 M for a.e.
t 2 [0; T]. Then,
8t 2 [0; To] kp( )(t) uok 6 >

the map p being de ned in Section 2.
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Pro of. The curve u = p( ) existson [0; T] following Theorem 2.1. We have for a.e.
t 2 [0; Tol:

%%ku(t) VOKZ 6 fiv(t)  FRu(t) + [M + kv(Ok] ku(t) V(K

6 %MT2+ M + kv{t)k + Jku(t) v(t)k:

We thus obtain for any t 2 [0; Tg]
YA t
1 2 1 2 .
Eku(t) v(t)k* 6 EMTT0+ [M + kv{s)k+ ]ku(s) v(s)kds:
0

Gronwall's lemmayields for any t 2 [0; To]
P — Z
kut) v()k 6 My To+ [M+ kvds)k+ ]ds
0
o_ Z: Zq
6 Mr To+[M+ JTo+ 1+ Miexp  jkY jn°(s)jds 6 7
0 0
Furthermore,
Z Z Z

t T
kv(t) uok6  kvis)kds6 1+ Miexp  jKj
0

0
TRSRY .
. jh/(s)jds 6 7

0

By choiceof To > 0, we obtain ku(t) ugk6 =2foranyt 2 [0;To].

For simplicity of notation, we now write T instead of T,. We also assumethat f {(x) > 0
for any x 2 X with kx ugk 6 , since we havef {(x) > (kugk + + 1).

Let n 2 N? suc that :
V4 T 2
220mp 23 ry@+r)( jKY+ ) 6 ==
0 32
Let ussetf! = f! s andJ} = J} 5. Let P bea partition of [0; T]:

P=fOo=tg<ti< <th=Tg

Let us setuy = ks Uo. By assumption(B,)(i), B(t3;ug) is non empty and cortains
an elemen . Lett 2 [0;T]. Under the assumption (Ho), there exists uyy 2 domf!
satisfying

Kupe  Uok 6 jhe(t)  he(0)j(1+ r'?)
fi(Une) 6 1+ jke(t) ke (0)j(1+ 1):
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Using the de nition of the Moreau-Yosidaapproximate, we obtain

23n
Tkth]UQ U0k2

»

fa(uo)  '(JInuo)

3n

F (Ung) + 2Kt

t

U0k2 + kth]U()

3n

6 r+ 1+r) jkj+ 27(1+ r=2)2
0

Thus, by choiceof r, T and n we obtain

kJ;UO gok

Uok + (1 + kU()k)
Z

t
%2+ K3tuo uok+ (1+1):
0

6 23+ 22604 2r2 304 2(1+ r)2 3(
0

65:

L1

<7

KG+ )+ @+ T jhg
0

In particular, kug uck 6 =2. Under (B,)(ii) it followsk (k6 M. Letussetxg = p( g)-

By Lemma 3.3,

8t 2 [0:T]

kxg(t) uogk 6

2

Let ussetu] = tgx{‘,(t?) andtake [ 2 B(t];u}). Since\]rt]T is 1-Lipsahitz cortinuous,

we have
ku?

Uok 6 Kx2(t7)

Uok + kJ1ug

Next, (Bo)(ii) impliesk 'k 6 M. We then set

1(0) =

n
0
n
1

if t 2 [t0; 0]
if t 2 [t0:T]

U0k6 .

Let ussetx] = p( 7). By unicity and cortinuity of the curve it follows x7(t) = xg(t) if
t 2 [tg;t}]. Furthermore, k j(t)k6 M forany t 2 [0; T]. By Lemma3.3,

8t 2 [0;T]

kx7(t) ugk 6 >

Let k 2 N?. Assumethat there existsamap [ ;:[0;T]! X which is constart on
ead [ty ;tp[with k 2 ;(t)k6 M forany t 2 [0;T]. Setxy ;= p( ¢ ;). Then,

8t 2 [0;T] kxp (1)

Uok 6 E:

Let ussetuy = ;EXE 1(t7) and take [ 2 B(ty;uy). Since

n
kuy

Uok 6 kxp (ty)

tn
Uok + kJp Uo

Uok 6
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we have k k6 M. We then set

n(t) = E 1(1) 1f €2 [tg;
poift2 [ty T]

Let ussetxy = p( 7). By unicity it follows xg(t) = xg ,(t) if t 2 [O;t7]. Furthermore,
k 2(t)k6 M forany t 2 [0;T]. By Lemma3.3,

8t 2 [0;T] kxg(t) uok 6 é:

We then set
n )gn n )gn n
Xn = Xon 1 = Xk Itgitp,, [ and n-= 2 17 ko IRt b
k=0 k=0
where o () = 1 0f t2 [tg;te,, [, and = O otherwise. For all t 2 [0; T[, there exists
06 k6 2" with t 2 [ty;tg,, [ and we set

nt)=tg and o (T)=T:
So, X, : [0;T] ! X is an absolutely cortinuous function and , : [0;T]! X is a

measurablemap which satisfy for a.e.t 2 [0; T]

0 t
i:g)))i?o Gl 30 ang (1) 2 BCa()iua(v)

wherewe setu,(t) = Jn”(t)xn( n(t)). By construct, there existsN 2 N sud that for any
n> N:
8t 2 [0;T] kxn(t) Uk 6 and k ,(H)k6 M:

A subsequencef ( ,)n, againdenotedby ( )., corvergesweaklyto in L2(0;T;X). By
comntinuity of the map p, the sequences, = p( ) corvergesuniformly to acurvex = p( )
on [0; T] and a subsequencef (x2), corvergesweakly to x%in L2(0; T; X).

In other words, the curve x is the solution of x{t) + @(x(t)) + (t) 3 0, x(0) = ug on
[0;T].

Letn2 N” andt 2 [0; T]. We have
Kup(t)  X(Dk 6 kxn( n(t))  X( n())k+ kx( n(t)) x(t)k+ kI,"Ox(t) x(t)k: (4)
Under the assumption(H,), there existsu,, 2 domf »® satisfying

Kune — X(t)k 6 jhe(n(t))  he(D)j(L+ r?)
foOCUng) 6 1+ jke(n(t)  ke(Dj(L+r):
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Using the de nition of the Moreau-Yosidaapproximate, we obtain

?kJn”mX(t) XK = frOx) 13" Ox()

3n
6 f "O(Uny)+ %kun;t x(OK2+ kI "Ox(t) x(k+ (1+71)
z t 23n VA t
6 r+(1+r) KA+ =@+ )2t a(1) jhoj?
o (1) 2 0
+ kI "Ox(t)  x(Hk+ (L1+r):

Thus,
kJ,"Wx(t) x(t)k 6
S pA T pA T
2%+ 22604 2r2 34 2(1+71)2 (kG + )+ (1+ri2)22 0 jhoj2
0 0

and (Jﬁ‘”x)n convergesuniformly to x on [0; T]. Since(xn), convergesuniformly to x
on [0; T] and x is cortinuouson [0; T], (4) assureshe uniform corvergenceof (u,), to X
on[0; T].

3.2 Prop erties of appro ximate solutions

Lemma 3.4 We havekx(t)k _jft(x(t))j 6 r for all t 2 [0;T]. Under the assumption
(B)(ii), the element (t) belongsto @ (x(t)) for a.e. t 2 [O; T].

Pro of. By inequality (2), we have for any s6 t in [0; T]
Z
t t
f1(x(t)) fs(x(s))+% kxY )k*d 6 %M2T+ G()[1+jf (x()jld:

S S
Sincekx(t) ugk 6 , we have assumedor simplicity that f t(x(t)) > Oforany t 2 [0; T].
Gronwall's lemmayields for any t 2 [0; T]

2 Z Z

Fi(x(1) 6 f°uo) + M7T+ G()d 1+Texp c()d 6 jf°(ug)j+: (5)
0 0

by assumptionon T.

Next, ,(t) belongsto @ (un(t)) with the uniform corvergenceof (u,), to x on
[0; T]. R
Let usdene ~:L2(0;T;X)! RJ[ f+1g by '<(u) = OT' (u(t)) dt. 1t is known that '~
is proper Isc corvex and

2 @u) () (t) 2 @ (u(t)) fora.e.t2 [O;T]:

Thus, , 2 @+u,). Passingto the limit we obtain 2 @+(x). Hence, (t) belongsto
@ (x(t)) fora.e.t 2 [0; T].
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Lemma 3.5 For almostanyt 2 [0; T] we havef '{(x(t)) = Iir|n+irin‘ft(xn(t)). Furthermore,

Z, Z, Z, Z .
lim f{(xn(t)) dt = f {(x(t)) dt and Iiml (fH?(yn(t)) dt = (fFH?(y(1)) dt;
0 0 nt +1 ¢ 0

n' +1
whee wesety,(t) = x%(t) .(t) andy(t)= xYt) (1) for a.e. tin [O;T].
Pro of. By lower semiconinuity of f t, the inequality

FLX() 6 liminf £ {(xa(1))

holds for any t 2 [0; T]. The mapsv 7! |:\)()Tft(v(t)) dt and w 7! ROT(f H?(w(t)) dt are
proper Isc corvex on L?(0; T; X). So,
Z T VA T Z T Z T
lim inf f (X, (1)) dt > fi{(x(t)) dt and Iri]r|n+irilf (fFH?(yn(t)) dt > (fFH?(y(1)) dt:
’ 0 0

n! +1 0 0

But, f'(Xa(t)) + (F)7(yn(t)) = hyn(t); xn(t)i for any t 2 [0;T], with

Z Z .
lim hyn (t); Xn ()i dt = hy(t); x(t)i dt:
n +1 0 0
Lemma 3.6 We havethe inequality
Z Z
h (s);x4s)i ds6 liminf h n(8);x%(s)i ds: (6)
0 : 0

Pro of. Let n 2 N°. The mapsx,, n» andu, areconstart on[t};t},,[[ k= 0;:::;2" 1.
Hence,
Z1 R 124, X1
h (s); xn(s)i ds = hiGYe)ids= h ExRtig)  XQ(R)i:
0 k=0 tE k=0

Since /2 @ (uy) forany k= 0;:::;2" 1, we obtain:

Z; N 1
. h n(s);xp(s)ids > Cug) (Xe(tker))  Mkug o xg(tok
k=0
%’{ 1
= "(Up) (X% q(tn)) + Cug) (xe(t)  Mkuy o xp(tRk
k=1
%’{ 1
> @) (M) M ki XDk
k=1
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Sincekuf  uok 6 ku,(t]) x,(th)k+ =26 for n large enough,we have f % (u?) > 0.
Furthermore, inequality (5) assureghat f % (x2(t?)) 6 f°(up)+ 6 r. Usingthe de nition
of the Moreau-Yosidaapproximate, we obtain

3N n N
ke = 1R Q) tEuD) 6 1

2
Thus, kuy  xp(tg)k 6 pr2 sn+1 and
X1 p
kup Xp(tg)k6  r2 n+t:
k=1
Consequetly,
X1
H n nesN —_ .
n!Ilrpl . kuy  xp(tok=0:

By cortinuity of ' and cornvergenceof (x,), to X, we obtain
Z 1

liminf  ha(s);xQ(s)i ds> ' (uo) " (X(T)):
n! + 0

Since (s) 2 @ (x(s)) almost everywhere,h (s);xYs)i = (* x)¥s) holdsfor a.e. s
and we obtain the inequality (6) .

4 Existence of strong solutions

We now prove the existenceof strong solutions.

4.1 General case
Let us set 7

(xy)= TW(t):xo(t)idt T (x(T)) + f°(uo)
0

for any absolutely cortinuous function x : [0;T] ! X with x°2 L?(0;T;X) and any
fonctiony 2 L?(0;T;X).

Theorem 4.1 Let (f )20.7) be a family of proper convexlsc functions on X with eachf !
of compact type which sati es the assumption(H). Assumethat for any sequene (X,), in
H(0; T;X) which convergesuniformly to the absolutelycontinuous function x with the
weak convegene of (x2), to x%in L2, and for any (y,), which convergesweakly to y in
L2 with y,(t) 2 @'(x,(t)) for almostall t, there existsn, ! +1 suchthat

lim inf ( Xn;Yn) > (XY):

Then, for eachug 2 domf ©, there exists Ty 2]0; T] suchthat u®+ @*(u) + B(t; u) 3 0 has
at least a strong solution u : [0; To] ! X with u(0) = u,.
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Pro of. Considerx an appraximate solution. We prove x{t) + @ '(x(t)) + B(t; x(t)) 3 0
fora.e.tin [0; T]. So,webeginby provethat (x2), cornvergesstrongly to x%in L2(0; T; X).
Stepl.- Letussety,(t) = x%(t) .(t)andy(t) = xqt) () fora.e.tin[0;T]. It
is easyto seethat for any n 2 N and almostany t 2 [0; T]:

kx? (t)k?+ hy, (1); xS (t)i+h (t);x2(t)i = 0 and  kx{t)k?+hy(t); xYt)i+h (t);x%t)i = O:

The sequence(x?), corvergesweakly to x°in L2(0;T;X). The strong corvergenceof
(x2), to x%in L2(0; T; X) is equivalert to
Z Z ;
limsup  kx%(t)k®dt 6 kxqt)k? dt:
n' +1 0 0
>Fom Lemma 3.6 it follows:
Z Z Z
limsup  kx%(t)k*dt 6 lim inf hyn (1); X2 (t)i dt liminf h (1); X8 (t)i dt
n! 0 n!

n' +1 0 7 . 7 . 0
6 lim inf i hyn (t); X2 (t)i dt i h (t); xYt)i dt:
_R; . Rr Ry L
Since , h (t);xYt)idt=; kxqt)k?dt+ , hy(t);x{t)i dt, it suces to shaw that
Z - Z -
hy(); XYV dt 6 liminf  hya (0 x(1)i dt (7)
0 : 0

Step 2. - Under the assumptionon , it follows by lower semiconinuity of f T :
Z Z
Ili(m in rynk(t);xﬂk(t)i dt> f T (x(T)) f°uo)+ Ili(m ir11f ( Xn i Yn) > hy(t); xYt)i dt:
[ 0 b+ 0

Step 3. - Let N be the negligeablesubsetof [0; T] sud that, for any t 2 [0; T]nN, we
have X3(t) + @'(xn(D)) + n(t) 3 0, n(t) 2 B( n(t);un(t) and (x3(t))n corvergesto
xqt). Sinceead f' are of compact type, the sets X (t) := clfx,(t) j n 2 N?g and
U(t) := clfu,(t) j n 2 N’g are compactin Dom(@"'). Letr > M _ ( + kugk). Under
the assumption (B)(iv), for eath n > N andt 2 [0;T] with t 6 ,(t), there exists
zl 2 DomB(t;:) and [ 2 B(t; Z\) satisfying

kz, un(Dk_k (k6 G ( n(1);1):

Whent = (), wesimply takez! = u,(t) and ! = ,(t). Then, (z\), corvergesto x(t)
and Z(t) := clfz{ j n 2 N°’g is compactin Dom(@").

The restriction of B(t;:) to Dom(@'"') being usc, the set f B (t; z)jz 2 Z(t)g is compact
in X. Hence, (t) :=clf {jn2 N?g, andthusclf ,(t) j n 2 N°g, are compact. So,
Y (t) := clfy,(t) j n 2 N°g is compactin X.
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Let usset Ft{(x) = @'(x)\ Y(t) and G'(x) = B(t;x)\ (t) for any x 2 Dom(@")
andt 2 [0;T]. The multimaps F' and G' are upper semicotinuous on Dom(@") with
compactvaluesin X . Let us denoteby e the excesdetweentwo sets. We have:

d( xp(t); FI(x(D) + G'(x(1))) 6 d(ya(t); F'(x(1)) + d( n(t); G'(X(1)))
6 e(F'(xn());F'(x(1)) + k n(t)  pk+d( ;G (x(1))
6 e(F'(xn(1); F'(x(1)) + & ( n(1);1) + &(G'(z,); G'(x(1))):

The upper-semicotinuity of F' and G! assuregshat

i d( xQ(); FL(x(t) + G(x(1) = 0

Since(x?%), convergesto x°a.e. on [0; T], the equality d( xqt); Fi(x(t)) + G'(x(t))) = O
holdsfor a.e. t 2 [0; T] and we obtain by closednes®f F!(x(t)) + G'(x(t)):

xqt) 2 F'(x(t)) + G'(x(t)) fora.e. t2[0;T]:

Consequetly, x is a local solution to x°+ @!(x) + B(t; x) 3 0 with x(0) = uo.

4.2 Two particular cases

We considertwo particular casesfor which we can apply Theorem 4.1. These cases
cortains thoseof f t not dependingon t.
First,

Corollary 4.1 Let (f t)tz[o;T] ke a family of proper convexlsc functions on X with each
ft of compact type. Let ug 2 domf?. Assumethatf'= g F! whee gis a proper convex
Isc function on a Hilbert space Y and (F')i2(0.7 is a family of di er entiable mapsfrom X
to Y suchthat (DF!), is equilipschitz continuous on a neightorhood of ug and suchthat:

1. for eachr > 0O, there is absolutelycontinuous real-valued function b, on [0; T] such
that:
(@ B2 L3%0;T),
(b) for eachs;t 2 [0;T], supyk [ KF'(X) FS(x)k6 jha(t) h(s)j,

2. the quali cation condition R, [domg F°(ug)] DF°ug)X =Y holds,

3. for eachr > 0, there exists a negligible subsetN of [0; T] such that the mapping
t 7! FY(x) admits a derivative '(x) on [0;T]nN for any x 2 rBx and ‘' is
continuouson rBy for anyt 2 [0; T]nN,

4. the mapping (t; x) 7! DFY(x) is boundal on [0; T] rBx for eachr > 0 andit is
continuous at t for each x.
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Assumethat (H) and (B) are satis ed. Then, there existsT, 2]0; T] suchthat u%+ @ '(u)+
B(t; u) 3 0 hasat least a strong solution u : [0; Tg] ! X with u(0) = uo.

Remark under assumption 1., the mappingt 7! F'(x) is absolutely cortinuous and ad-
mits a derivative at a.e. t 2 [0; T] for ead x. With the uniformly inequality 1.(b), we
can hope that the almost derivability of t 7! F'(x) at t is uniform in x 2 rByx thanks
to the regularity of F! at x. lllustrate the importance of di erentiability of F! by the
following example: F(t;x) = h(t x) whereX = Y = R and the real function h is
corvex, Lipschitz cortinuous and non di erentiable on [0; T].

Pro of of Corollary 4.1. Considerx : [0;T]! X an appraximate solution. Let us set
ya(t) = X0(t)  n(t) andy(t) = xYt) (t) for a.e.t in [0; T], z,(t) = F'(x,(t)) and
z(t) = FY(x(t)) for a.e. t 2 [0;T]. Then, z, and z are absolutely cortinuous on [0; T],
thus are derivable at a.e.t 2 [0; T] and

zp(t) = '(xa(0) + DF'(xa()xp(t) 52X = '(x(1)) + DF'(x(£)xY0):

Under the quali cation condition, we have for any x 2 X
@'(x) = DF'(x)’@(F'(x)):

Let uswrite y,(t) = DF (X, (1)) ?w, (t) andy(t) = DF'(x(t))*w(t) wherew,(t) 2 @(z.(t))
and w(t) 2 @(z(t)) for almostall t 2 [0;T]. Hence,g 2z, and g z are absolutely
cortinuouswith hw,(t); z%(t)i = (g z,)qt) for almostall t 2 [0; T]. So,

h)/n(t);><2(t)i=%(ft Xn)(t)  Pwn(t); "(Xn(1):

and ( Xn:Yn) = RoThNn(t); t(xn (1)) dt.

Let r > kx,(t)k _ kx(t)k for any n 2 N andt 2 [0;T]. By cortinuity of ' on rBy,
( '(xn(t)))n corvergesto '(x(t)) for a.et 2 [0;T]. Next, for a.e. t and any x 2 rBy,
we have k '(x)k 6 jiP(t)j]. By Lebesgue'stheorem ‘(x,(:)) corvergesto ‘x(:)) in
L2(0;T;Y). Sincea subsequencef (w,), corvergesweakly to w, we can apply Theo-
rem4.1.

For example,if F! is the ane mappingx 7! A(t)x + b(t) whereA(t) : X ! Y islinear
cortinuousand b(t) 2 Y, the assumptionof Corollary 4.1 becomes

1. bis absolutely cortinuous on [0; T] and there is absolutely cortinuous real-valued
function a on [0; T] sud that:

(@) a°2 L2(0;T),
(b) foread s;t 2 [O;T], KA(t) A(s)k6 ja(t) a(s)].

2. the quali cation condition R, domg A(0)X =Y holds.
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3. for ead r > 0, there exists a negligible subsetN of [0; T] sud that AYt) is cortin-
uouson rBy forany t 2 [O; T]nN.

Second,we usethe conjugateof f .

Lemma 4.1 Let (f ')i20.1) be a family of proper convexlsc functions on X satisfying (H).
Assumethat :

for eachr > 0, there exists a negligible subsetN of [0; T] suchthat for any
t 2 [0; T]nN, the mappings 7! (f $)?(y) admits a derivative (t;y) at t for any
y 2 Dom@f !)”.

Letx : [0;T]! X be an absolutelycontinuous function andy : [0;T]! Y be suchthat
y(t) 2 @'(x(t)) for a.e. t 2 [0;T]. For almostall t 2 [0; T], we have

L y) + ) = hy(:xT)i ®

Proof. Let sandt bein [0; T]nN whereN is a suitable negligible subsetof [0; T]. We
have :

(F97(y(s)  (FH(¥(s) 6 (F9)°(y(s)  (F)°(y(t) hy(s) y(t);x(D)i
sincex(t) 2 @f V)?(y(t)). From f{(x(t)) + (f)?(y(t)) = hy(t);x(t)i, we deduce
(F7°(y(s)  (FH7(y(s) 6 FH(x(1)  Fo(x(8)) + hy(s);x(s) x(b)i:

In the sameway, for almost ewvery t; s in [0; T] we have

(F°(y(s)  (F)°(y(s) 6 Fi(x(1)  Fo(x(s)) + y(s);x(s) (V)i

Changingthe role of s and t, we also have:

(FOy)  (F°(y(M) 6 F5(x(s)  FH(x(D) + hy(t);x(t)  x(9)i
6 (F)°(y(s)  (F)°(y(s) + (1)  y(s);x(t) ()i

The function t 7! f '(x(t)) being absolutely cortinuous on [0; T], see [11, Chapter 1], we
obtain (8).

The existenceof _implies someregularity on the domain of (f !)?. For example,consider
(fH%(y) = h(t y) whereX = Y = R and the real function h is corvex, Lipschitz

cortinuous and non di erentiable on [0; T]. Then, we can not apply above lemma. The
domainof (f !)? changeswith t. But, we canapply Corollary 4.1sincef {(x) = tx+h?( x).

However, we have the absolutely cortinuity of s 7! (f $)?(y) in the following sense:

Prop osition 4.1 Lett2 [0;T],y2 Y, > Oandr > Osuchthatif jt sj6 |, the set
@f %)’(y)\ rBy is nonempty. Then, s 7! (f $)’(y) is absolutelycontinuousonJt  ;t+ [.
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Proof. 1) Lemma3.1with = , assureshat (f!)°(y) > hy;zi  f%(z) > k yk
foranyt2 [0;T]andy 2 X. Fory 2 @'(x), it follows

(kxk+ 1) 6 f1(x) = hy:xi (FH)°(y) 6 kyk[ kxk+ ]+

So, there is a nonnegative constart ~ sud that (f )?(y) > (kyk+ 1) forally 2 X and
t2[0;T].

Furthermore, for eah r > 0, there is a nonnegative constart ¢ sud that jf {(x)j 6
ckyk+ 1) forall x 2 rBx,t2 [0;T]andy 2 @ *(x).

2) Lett be xed in [0;T]andy 2 @'(x). Letr > kxk and s 2 [t; T]. Under the
assumption(Hy), there exists xs 2 domf s satisfying

kx = xsk 6 jhe(t) he(s)i(L+ jf ((x)j*?)
F5(xs) 6 1) + jke (1) ke(9)j(1+ jf 1 (X))):

By de nition of conjugate of a convex function, it follows

(') () 6 hyix xsi+f3(xs) (%)
6 kykihi(t) he(s)iX+ jf()i"?) + jke(t) ke (8)i(1+ jf {(x)):

We concludethanks to 1):

(FY°(y)  (F9)°(y) 6 kykihe(t) hr(S)J'(1+jft(X)gzz)ﬂ'kr(t) ke (8)i(L + jf "(x)i)
6 kykihi() h(9A+ T+ o)+ k(D)  k(S(L+ c+ ckyk)

3)Lety2 Y, r>0ands;t2 [0;T]. If the intersectionsof @f !)?(y) and @f 5)’(y)
with rBy are non empty, let xs 2 @f 5)°(y) and x, 2 @f ')’(y) with r > kxsk _ kxk.
Step 2) implies

i) (F)(ie
kykihe (1) he(S)j(1+ jf *(xs)i* _jf ‘(x0)i*™) + jke (1) ke(9)i(L + jF °(xs)i _ if '(x)i):
By 1) we conlude:

i(F9)°(y)  (F)°(v)i 6 kykihe(t) he(s)i(1+ ¢+ (ckyk) ™) + jke () ki (S)i(1+ c+ ckyk):

Corollary 4.2 Let (f ')i2077 be a family of proper convexlsc functions on X with each
f ' of compact type. Assumethat (H) and (B) are satis ed and that:

1. for eachr > 0, there exists a negligible subsetN of [0; T] such that for any t
in [0; TInN, the mappings 7! (fS)?(y) admits a derivative (t;y) at t for any
y 2 Dom@f !)”.
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2. for any (yn)n Which convelgesweakly to y in L?(0;T;X) with y,(t) 2 @ '(Xn(t))
wheee (x,)n convemgesuniformly, there existsny ! +1 suchthat
Z ; Z ;
lim inf _(t; yn, (1)) dt > _(t; y(1)) dt:
k! +1 0 0

Then, for eachug 2 domf ©, there exists Ty 2]0; T] suchthat u®+ @(u) + B(t; u) 3 0 has
at least a strong solution u : [0; To] ! X with u(0) = uo.

The assumption2. is true when (t;:) f Isc and corvex on Dom @f !)?.
T

Pro of. Lemma4.1implies ( x;y) = _(t; y(t)) dt. By assumption2., we can apply
Theorem4.1. °

5 Examples of families (f '),

51 Rae

See Castaing,Valadierand Moreau[4,17,13]. Let (C(t))2[0;1; @ family of nonempty closed
convex subsetsof X whoseintersectionwith boundedclosedsetsis compact. Considerthe
indicator function f' = ¢ of C(t). Assumethat for ead r > 0, there is an absolutely
corntinuous real-valued function a, on [0; T] sud that:

(i) a2 L2(0;T);
(i) for ead s;t in [0; T], we have e(C(s)\ rByx;C(t)) 6 ja;(s) a(t)j.

Under the assumption (B), we can apply Theorem 4.1: Assumethat for any sequene
(Xn)n in H(0; T; X) which convemgesuniformly to the absolutelycontinuous function x
with the weak conveigene of (x0), to x%in L2, and for any (y,), which conveigesweakly
to y in L2 with ya(t) 2 Nc(ry(Xn(t)) for almostall t, there existsn, ! +1 suchthat
Z Z .
lim inf i ), (t); Yn, (1)i dt > i xqt); y(t)i dt:

Then, for eachus 2 C(0), there exists Tp 2]0; T] suchthat u®+ N¢)(u) + B(t; u) 3 0 has
at least a strong solution u : [0; To] ! X with u(0) = up.

Corollary 4.1 becomes:
Corollary 5.1 Letug 2 C(0) and (F')i20.:1; be a family of di er entiablemapsfrom X to
an other Hilbert space Y suchthat (DF!), is equilipschitz continuous on a neighlwrhood

of ug. Assumethat C(t) = (F!) 1(C), C keing a nonemptyclose convexset. Under the
assumptions(B) and:

1. for eachr > 0O, there is absolutelycontinuous real-valuad function b, on [0; T] such
that:
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(@) B2 L2(0;T),
(b) for eachs:t 2 [0; T], SUPy  KF'(X) FS(X)k6 ja(t) hk(s)j,

2. the quali cation condition R.[C  F°uy)] DF%ug)X =Y holds,

3. for eachr > 0, there exists a negligible subsetN of [0; T] such that the mapping
t 7! FY(x) admits a derivative '(x) on [0;T]nN for any x 2 rBx and ‘' is
continuous on rBy for anyt 2 [0; T]nN,

4. the mapping (t; x) 7! DF'(x) is boundel on [0; T] rBx for eachr > O and it is
continuous at t for each x,

there exists T 2]0; T] suchthat u’+ N¢()(u) + B(t; u) 3 0 hasat least a strong solution
u:[0;Te]! X with u(0) = upo.

On the other hand, (f ')? is the support function of C(t), denotedby . Moreauhave
proved in [13] that when C is absolutely cortinuous, the mapt 7! ¢ (y) is absolutely
cortinuouson [0; T] for any y 2 D, whereD is the domainof ¢ which is not dependert
of t. Corollary 4.2 becomes:

Corollary 5.2 Assumethat (B) is satis ed and that:

1. for eachr > 0, there exists a negligible subsetN of [0; T] such that for any t
in [0; TInN, the mappings 7! ¢ (y) admits a derivative _(t;y) at t for any
y 2 Dom@-c)-

2. for any (yn)n Which conveigesweakly to y in L2(0; T; X) with ya(t) 2 Nc(Xa(t))
whee (X,)n convegesuniformly, there existsny ! +1 suchthat
Z Z
lim inf _(t; yn, (1)) dt > _(t; y(1)) dt:
k! +1 0 0

Then, for each uy 2 domf °, there exists To 2]0; T] suchthat u®+ N¢(u) + B(t;u) 3 0
hasat least a strong solution u : [0; To] ! X with u(0) = up.

By example,considerthe ane map F!(x) = a(t)x + b(t) wherea(t) 2 R? is derivable
nonincreasingat t 2 [0; T] and b(t) 2 Y is absolutely cortinuousat t 2 [0; T]. We can
apply both corollary 4.1 and 4.2 since

1
a(t)?2

(ty)= [a()hy; BXt)i + aX)( c(y)  hy;BD)i)]

fora.e.t2[0;T]andanyy 2 Y. So, (t;:) iscorvexl.s.c.on X and
Z ; Z
im o (Gya())dt=  _(Gy(1) dt

0 0
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5.2 Viscosit y
Letf : X ! RJ[ f+1g be a cornvex Isc proper function of compact type. Consider

fix)=f(x)+ (t )kxk2 where" is an absolutely cortinuousreal-valued function on [0; T]

with nonnegatie valuesand "02 LY(0;T).

We canwrite f't = g F'with g(x;r) = f(X)+ r forany (x;r) 2 X R andF(x) =
(x; mkxk2) for any x 2 X . By absolutely cortinuity of ", ! existsand is cortinuouson
X fora.e.t2[0;T] and

{0 = 0 Dok

Furthermore,
DF'(x)y = (y;"(t)hx; yi)
and DF! sati es assumption5. We can apply Corollary 4.1.

On the other hand, (f')* = (f *)-(y is a C*-function on X and, for any y 2 X, the map
t 7! (fH)?(y) is absolutely cortinuouson [0; T] with for a.e.t 2 [0; T]

wy= Doy

By de nition of y,, Xn(t) = D(f Y)?(ya(t)) holdsfor a.e.t 2 [0;T] and any n 2 N, hence

t
()= Dok
In the sameway,
(v = iy
By uniform corvergenceof (x,), to x on [0; T] it follows
Z ; Z .
lim (Gya(0))dt= _(ty(t))dt
n' +1 0 0

We can apply Corollary 4.2.
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