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EXISTENCE OF SOLUTIONS TO NONLOCAL AND SINGULAR
VARIA TIONAL ELLIPTIC INEQUALITY VIA GALERKIN

METHOD

FRANCISCO JULIO S. A. CORR ÊA & SILVANO B. DE MENEZES

Abstra ct. In this article, we study the existence of solutions for nonlocal
variational elliptic inequalit y

� M (kuk2 )� u � f (x; u)

Making use of the penalized method and Galerkin approximations, we estab-
lish existence theorems for both caseswhen M is contin uous and when M is
discontin uous.

1. Intr oduction

Let 
 � RN be a bounded smooth domain with boundary @
. Let us consider
the Sobolev spacesL 2(
) ; H 1

0 (
) whoseinner products and norms will be denoted
by (; ); j; j; (( ; )) ; k; k, respectively. We have H 1

0 (
) � L 2(
) denseand continuous.
Then the duals (L 2(
)) 0 � (H 1

0 (
)) 0 also denseand continuous. If we identify
L 2(
) = (L 2(
)) 0 we have

H 1
0 (
) � L 2(
) � H � 1(
) ;

where H � 1(
) is the dual of H 1
0 (
). Throughout this paper, let us represent by K

a closedconvex set of L 2(
), with 0 2 K , which has the following property:

(H1) There exists a contraction � : R � ! R (e.g., j � (� 1) � � (� 2) j� j � 1 � � 2 j)
with � (0) = 0 such that (PK v)(x) = � (v(x)),8 v 2 L 2(
) ; where PK is the projec-
tion operator from L 2(
) into K .

For example, let us considerK = f v 2 L 2(
); a � v(x) � b a:e: in 
 g
where �1 � a � 0 � b � 1 . We de�ne � (� ) as follows

� (� ) =

8
<

:

� f or a < � < b
b f or � � b (if b is f inite )
a f or � � a (if a is f inite )

In this paper we study somequestions related to the existenceof solutions for
the nonlocal elliptic variational inequality:

u 2 K : (� M (kuk2)� u; v) � (f ; v) ; f or all v 2 K \ (H 1
0 (
) \ H 2(
)) (1.1)

where f 2 H 1
0 (
) and M : R ! R is a function whose behavior will be stated

later. The main purposeof this work is establishing properties on M under which
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problem (1.1), and its nonlinear counterpart, possessesa solution. This inequality
has called our attention becausethe operator

Lu := M (kuk2)� u

contains the nonlocal term M (kuk2) which posessome interesting mathematical
questions. Also the operator L appears in the Kirc hho� equation, which arisesin
nonlinear vibrations, namely

utt � M
� Z



jr uj2dx

�
� u = f (x; u) in 
 � (0; T );

u = 0 on @
 � (0; T );

u(x; 0) = u0(x); ut (x; 0) = u1(x):

The mathematical aspectsof this model werelargely investigated. See,for example,
Arosio-Spagnolo[2], Hazoya-Yamada [11], Lions [16], Pohozhaev[18]. A survey of
the results about the mathematical aspects of Kirc hho� model can be found in
Medeiros-Limaco-Menezes[14]. Unilateral problems for nonlinear operators of the
Kirc hho� type were initially studied by Kludnev [12], Larkin [13], Medeiros-Milla
Miranda [17] among others.
Recently , Alves-Corr̂ea [1] focused their attention on problem related with (1.1)
in caseM (t) � m0 > 0, for all t � 0, where m0 is a constant. Among other
things they studied the above M -linear problem (1.1) where M , besidesthe strict
positivit y mentioned before, satis�es the following assumption:

The function H : R ! R with

H (t) = M (t2)t

is monotone and H (R) = R.

In a previouspaper, Menezes-Corr̂ea[8] proveda similar resultsby allowing M to
attain negative valuesand M (t) � m0 > 0 only for t large enough. This is possible
thanks to a deviceexploredby Alves-deFigueiredo [3], who useGalerkin method to
attack a non-variational elliptic system. The technique can beconveniently adapted
to problemssuch as(1.1). In this way we improve substantially the existenceresult
on the aboveproblem mainly becauseour assumptionson M are weakened. Indeed,
we may alsoconsiderthe casein which M possessesa singularity. The methodology
used in our proof consists in transforming, by penalty, the inequality (1.1) into a
family of equations depending of a parameter � > 0 and apply Galerkin's method.
In the application of Galerkin's methods we use the sharp angle lemma(seeLions
[15, p.53]). This paper is organized as follows: Section 2 is devoted to the study
of (1.1) in the continuous case. In Section 3 the inequality (1.1) is studied in case
M possessesa discontinuit y. In Section 4 we analyze another type of variational
inequality.

2. The M -linear Pr oblem: Continuous Case

In this section we are concernedwith the M -linear problem (1.1) where f 2
H 1

0 (
) and M : R ! R is a continuous function satisfying
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(M1) There exists a positive number m0 such that M (t) � m0, for all t � 0.

We have

Theorem 2.1. Assume that and (M1) and (H1) hold. Then for any choice of
0 6= f 2 H 1

0 (
) the problem (1.1) admits at least one solution.

The proof of Theorem2.1 is givenby the penalty method. In fact, let us represent
by � the operator from L 2(
) into L 2(
) de�ned by � = I � PK , e.g., (� v)(x) =
v(x) � � (v(x)) for all v 2 L 2(
) : The operator � is monotoneand Lipschitzian. The
next result can be found in Haraux [10] p. 58.

Lemma 2.2. Let g : R ! R be a Lipschitzian and increasing function with g(0) =
0. Then (g(u); � � u) � 0 for all u 2 H 1

0 (
) \ H 2(
) .

We have that g(s) = s � � (s) is under the condition of the Lemma 2.2, then

(� (v); � � v) � 0 f or all v 2 H 1
0 (
) \ H 2(
) : (2.1)

The penalizedproblem associated to the problem (1.1), consistsin given � > 0, �nd
u� solution in 
 of the problem

� M (ku� k2)� u� +
1
�

� (u� ) = f in 
 ;

u� = 0 on @
 ;
(2.2)

where f is given in H 1
0 (
).

The existenceof one solution of the penalizedproblem (2.2) is give by the

Theorem 2.3. Assumethat (M 1) hold. Then, for any 0 6= f 2 H 1
0 (
) there exists

at least one u� 2 H 1
0 (
) \ H 2(
) , solution of the problem (2.2) .

Proof. We employ the Galerkin Method by using the sharp angle lemma. Let us
considerthe Hilb ertian basisof spectral objects (ej ) j 2 N and (� j ) j 2 N for the operator
� � in H 1

0 (
), cf. Brezis [5]. Weknow that the eigenvectors(ej ) j 2 N areorthonormal
complete in L 2(
) and complete in H 1

0 (
) \ H 2(
). For each m 2 N consider

Vm = spanf e1; : : : ; em g;

the subspaceof H 1
0 (
) \ H 2(
) generatedby m eigenvectorse1; e2; :::; em . If u� m 2

Vm , then

u� m =
mX

j =1

� j ej with real � j ; 1 � j � m:

We will considerum instead of u� m . The approximate problem consistsin �nding
a solution um 2 Vm of the system of algebraic equations

M (kum k2)(( um ; ei )) +
1
�

(� (u� ); ei ) = (f ; ei ); i = 1; : : : ; m: (2.3)

We needto prove that (2.3) has a solution um 2 Vm . To this end, we will consider
the vector � = (� i )1� i � m of Rm de�ned by

� i = M (kum k2)(( um ; ei )) +
1
�

(� (um ); ei ) � (f ; ei ); i = 1; : : : ; m:
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Let � = (� i )1� i � m be the components of the vector um of Vm . The mapping
P : Rm ! Rm de�ned by P� = � is continuous. If we prove that hP� ; � i � 0 for
k� kRn = r , with an appropriate r , it will follow by the sharp anglelemma that there
exists a � in the ball B r (0) � Rm such that P� = 0. This implies the existenceof
a solution to (2.3). In fact, we have

hP� ; � i =
mX

1

� i � i = M (kum k)(( um ; um )) +
1
�

(� (um ); um ) � (f ; um ):

Using (M1), H•older and Poincar�e inequalities and observing that (� (um ); um ) � 0,
we get

hP� ; � i � m0kum k2 � Ckf kkum k

We can consider r large enough that (P � ; � ) � 0 for k� kRm = r . Then P� = 0
for some � 2 B r (0), which implies that system (2.3) has a solution um 2 Vm

corresponding to this � . Thus, there is um 2 Vm ,

kum k � r; (2.4)

r doesnot depend on m and � , such that

M (kum k2)(( um ; ei )) +
1
�

(� (um ); ei ) = (f ; ei ); i = 1; : : : ; m;

which implies that

M (kum k2)(( um ; ! )) +
1
�

(� (um ); ! ) = (f ; ! ); for all ! 2 Vm : (2.5)

Because(kum k2) is a bounded real sequenceand M is continuous one has

kum k2 ! ~t0; (2.6)

for some~t0 � 0, and

um * u in H 1
0 (
) ; um ! u in L 2(
) ; M (kum k2) ! M (~t0); (2.7)

perhaps for a subsequence.
Take k � m, Vk � Vm . Fix k and let m ! 1 in equation (2.5) to obtain

M (~t0)(( u; ! )) +
1
�

(� (u); ! ) = (f ; ! ); for all ! 2 (H 1
0 \ H 2)(
) : (2.8)

Since� � ej = � j ej we take ! = � � um in (2.8). We obtain

M ( et0)(� um ; � um ) +
1
�

(� (um ); � � um ) = (r f ; r um ) (2.9)

By (2.1), we obtain
j� um j2 � C(jr f j2 + jr um j2): (2.10)

Sincef 2 H 1
0 (
) and by (2.6), we have that

j� um j2 � C (2.11)

where C doesnot depend on m and � . By (2.7) and (2.11) and by compact imbed-
ding of (H 1

0 (
) \ H 2(
)) � H 1
0 (
) we deducethat

um ! u in H 1
0 (
) (2.12)
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The continuit y of M and convergence(2.7) and (2.12) permit to passto the limit
in (2.5). We obtain

M (kuk2)(( u; v)) +
1
�

(� (u); v) = (f ; v); for all v 2 H 1
0 (
) \ H 2(
) : (2.13)

Thus u� is a weak solution of problem (2.2) and the proof of Theorem 2.3 is com-
plete. �

Proof. of Theorem 2.1
Let (� n )n 2 N be a sequenceof real numbers such that

0 < � n < 1 f or all n 2 N and lim
n !1

� n = 0:

For each n 2 N, weget function u� n which satis�es Theorem2.3. Sincethe estimates
were uniform on � and n, we can seethat there exists a subsequenceof u� n , again
called u� n , and a function u 2 H 1

0 (
) \ H 2(
) such that

u� m ! u in H 1
0 (
) : (2.14)

Consider v in H 1
0 (
) \ H 2(
) with v belongsto K . By (2.5), we have

(� M (ku� n k2)� u� n � f ; v) = (�
1
� n

� (u� n ); v) (2.15)

and

(� M (ku� n k2)� u� n � f ; � u� n ) = (�
1
� n

� (u� n ); � u� n ): (2.16)

Follows of (2.15) and (2.16) that

(� M (ku� n k2)� u� n � f ; v � u� n ) =
1
�

(� � (u� n ); v � u� n )

=
1
�

(� (v) � � (u� n ); v � u� n ) � 0;
(2.17)

becausev 2 K and monotonicity of � . Hence

(� M (ku� n k2)� u� n � f ; v) + (f ; u� n ) � (� M (ku� n k2)� u� n ; u� n ); (2.18)

But

(� M (ku� n k2)� u� n ; u� n ) = M (ku� n k2)( r u� n ; r u� n ) =

M (ku� n k2)( r (u� n � u); r (u� n � u)) + M (ku� n k2)( r u� n ; r u)+

M (ku� n k2)( r u; r (u� n � u)) � M (ku� n k2)( r u� n ; r u)+

M (ku� n k2)( r u; r (u� n � u)) ;

(2.19)

becauseM (ku� n k2)( r (u� n � u); r (u� n � u)) � 0: Then,

lim inf [� M (ku� n k2)(� u� n ; u� n )] � � M (kuk2)( r u; u): (2.20)

By (2.18) and (2.20), we obtain (1.1).
In order to prove u 2 K we observe that from (2.5), with ! = u� m , that

0 � (� (u� n ); u� n ) � �C (2.21)

therefore
(� (u� n ); u� n ) converges to zero: (2.22)
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Let v 2 H 1
0 (
) be arbitrarily �xed; then the inequality

(� (u� n ) � � (v); u� n � v) � 0

yields (� (v); u � v) � 0, hence(� (u � �! )) ; ! ) � 0 with the choice of v = u � �!
with � > 0 and ! 2 H 1

0 (
). By hemicontinuit y of � we can let � ! 0+ and obtain
(� (u); ! ) � 0, hence� (u) = 0 by the arbitrariness of ! . Therefore u 2 K .

�

3. The M -linear Pr oblem: A Discontinuous Case

In this section we concentrate our atention on problem (1.1) when M possesses
a discontinuit y. More precisely, we study problem (1.1) with M : R=f � g ! R
continuous such that

(M2) lim t ! � + M (t) = lim t ! � � M (t) = + 1
(M3) lim supt ! + 1 M (t2)t = + 1 .

Theorem 3.1. Assume that (M1){(M3) and (H1) hold. Then for any choice of
f 2 H 1

0 (
) the problem (1.1) admits at least one solution solution.

The proof of Theorem 3.1 is given as in the proof of Theorem 2.1. We will
formulate the penalized problem, associated with the variational inequality (1.1),
as follows. Given � > 0, �nd a function u� 2 H 1

0 (
) solution of the problem

� M (ku� k2)� u� +
1
�

� (u� ) = f in 
 ;

u� = 0 on @
 ;
(3.1)

where f is given in H 1
0 (
).

The existenceof one solution of the penalizedproblem (3.1) is given by the

Theorem 3.2. Assume that (M 1) � (M 3) hold. Then, for any 0 6= f 2 H 1
0 (
)

there exists at least one u� 2 L 2(
) , solution of the problem (3.1) .

Proof. We �rst consider the sequenceof functions M n : R ! R given by

M n (t) =

(
n; � � � 0

n � t � � + � 00
n ;

M (t); t � � � � 0
n or t � � + � 00

n ;

for n > m0, where � � � 0
n and � + � 00

n , � 0
n , � 00

n > 0, are, respectively, the points closest
to � , at left and at right, so that

M (� � � 0
n ) = M (� + � 00

n ) = n:

We point out that, in this case,� 0
n ; � 00

n ! 0 as n ! 1 .
Take n > m0 and observe that the horizontal lines y = n crossthe graph of M .

HenceM n is continuous and satis�es (M1), for each n > m0. In view of this, for
each n like above, there is un 2 H 1

0 (
)
T

H 2(
) satisfying

M n (kun k2)(( un ; ! )) +
1
�

(� (un ); ! ) = (f ; ! );

for all ! 2 H 1
0 (
) \ H 2(
) :

(3.2)
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Taking ! = un in the above equation one has

M n (kun k2)kun k2 +
1
�

(� (un ); un ) = (f ; un );

and so
M n (kun k2)kun k � kf k;

since 0 � (� (un ); un ). Becauseof (M3) the sequence(kun k) must be bounded.
Hence

un * u in H 1
0 (
) ;

un ! u in L 2(
) ;

kun k2 ! � 0; for some� 0;

(3.3)

perhapsfor subsequences.Wenote that if (M n (kun k2) convergesits limit is di�eren t
of zero. Supposethat kun k2 ! � . If kun k2 > � + � 00

n or kun k2 < � � � 0
n , for in�nitely

many n, we would get M n (kun k2) = M (kun k2), for such n, and so

M (kun k2)kun k2 � (f ; un ) ) + 1 � (f ; u)

which is a contradiction. On the other hand, if there are in�nitely many n so that
� � � 0

n � kun k2 � � + � 00
n ) M n (kun k2) = n and so nkun k2 � (f ; un ) ) + 1 �

(f ; u) and we arrive again in a contradiction.
Consequently kun k2 ! � 0 6= � which implies that for n large enough

kun k2 < � � � 0
n or kun k2 > � + � 00

n

and so M n (kun k2) = M (kun k2) which yields

M (kun k2)(( un ; ! )) +
1
�

(� (un ); ! ) = (f ; ! ); 8! 2 H 1
0 (
) \ H 2(
) : (3.4)

Taking ! = � � un in (3.4), using(2.1) and arguments of compactnessas in the
proof of theorem 2.1, we obtain that

un ! u 2 H 1
0 (
) (3.5)

The estimates(3.3) and (3.5) are su�cien t to passto the limit in the approximate
equation and to obtain

M (kuk2)(( u; ! )) +
1
�

(� (u); ! ) = (f ; ! ); 8! 2 H 1
0 (
) \ H 2(
) : (3.6)

�

Proof. of Theorem 3.1
As in the proof of Theorem 2.1, let (� n )n 2 N be a sequenceof real numbers such,
that

0 < � n < 1 f or all n 2 N and lim
n !1

� n = 0:

Applying Theorem 3.1, for each n 2 N, we get a function u� n 2 H 1
0 (
) \ H 2(
)

which satis�es

M (ku� n k2)(( u� n ; ! )) +
1
� n

(� (u� n ); ! ) = (f ; ! ); 8! 2 H 1
0 (
) \ H 2(
) : (3.7)
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Since the estimates were uniform on � and n, we can seethat there exists a sub-
sequenceof (u� n ), again called (u� n ), and a function u 2 H 1

0 (
) \ H 2(
) such
that

u� n ! u in H 1
0 (
) : (3.8)

We note that ku� n k does not convergesto � . In fact, we assumeby contradiction
that ku� n k ! � . By (3.7) and (3.8), with ! = u� n , we get

M (ku� n k2)ku� n k � C

By hyphotese(M2), letting n ! 1 , we have a contradiction. Thus

M (ku� n k2) ! M (kuk2);

sinceku� n k ! kuk and M is continuous in an neighboard of kuk 6= � :
Consider v in H 1

0 (
) with v belonging to K . By (3.7), we have

(� M (ku� n k2)� u� n � f ; v) = (�
1
�

� (u� n ); v) (3.9)

and

(� M (ku� n k2)� u� n � f ; � u� n ) = (�
1
�

� (u� n ); � u� n ): (3.10)

Follows of (3.9) and (3.10) that

(� M (ku� n k2)� u� n � f ; v � u� n ) =
1
�

(� � (u� n ); v � u� n )

=
1
�

(� (v) � � (u� n ); v � u� n ) � 0;
(3.11)

becausev 2 K and monotonicity of � . Hence

(� M (ku� n k2)� u� n � f ; v) + (f ; u� n ) � (� M (ku� n k2)� u� n ; u� n ): (3.12)

As in the proof of Theorem 2.1, letting n ! 1 , we obtain that u satis�es the
conditions of Theorem 3.2.

�

4. Another Nonlocal Pr oblem

Next, we make someremarks on a nonlocal problem which is a slight generaliza-
tion of one studied by Chipot-Lovat [6] and Chipot-Rodrigues [7]. More precisely,
the above authors studied the problem

� a
� Z



u

�
� u = f in 
 ;

u = 0 on @
 ;
(4.1)

where 
 � RN is a bounded domain, N � 1, and a : R ! (0; + 1 ) is a given
function. Equation (4.1) is the stationary version of the parabolic problem

ut � a
� Z



u(x; t)dx

�
� u = f in 
 � (0; T );

u = 0 on @
 � (0; T );

u(x; 0) = u0(x); ut (x; 0) = u1(x):
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Here T is some arbitrary time and u represents, for instance, the density of a
population subject to spreading. See [6, 7] for more details. In particular, [6]
studies problem (4.1), with f 2 H � 1(
), and provesthe following result.

Prop osition 4.1. Let a : R ! (0; + 1 ) be a positive function, f 2 H � 1(
) . Then
problem(4.1) has as many solutions � as the equation

a(� )� = hhf ; ' ii ;

where ' is the function(unique) satisfying

� � ' = 1 in 
 ;

' = 0 on @
 :

In the present work, we consider the variational inequality

u 2 K : (� a
� Z



jujq

�
� u; ! ) � (f ; ! ) f or all v 2 K \ (H 1

0 (
) \ H 2(
)) (4.2)

where K and f are as before and 1 < q < 2N=(N � 2); N � 3. When q = 2 we
have the well known Carrier model.

Theorem 4.2. If t 7! a(t) is a decreasing and continuous function, for t � 0,
lim t ! + 1 a(tq)t = + 1 and t 7! a(tq)t is injective, for t � 0, then, for each 0 6= f 2
H � 1(
) , problem (4.2) possessesa weak solution.

The proof of Theorem 4.2 is given as in the proof of Theorem 2.1. We will
formulate the penalized problem, associated with the variational inequality (4.2),
as follows: Given � > 0, �nd a function u� 2 H 1

0 (
) solution of the problem

� a
� Z



ju� jq

�
� u� +

1
�

� (u� ) = f in 
 ;

u� = 0 on @
 ;
(4.3)

where f is given in H 1
0 (
).

The existenceof one solution of the penalizedproblem (4.3) is given by the

Theorem 4.3. Under the hypothesesof Theorem 4.2, then for each 0 6= f 2
H � 1(
) there exists at least one u� 2 H 1

0 (
) solution of the problem (4.3) .

Proof. As in the proof of Theorem 2.1, let
P

= f e1; : : : ; em ; : : :g be an orthonormal
basis of the Hilb ert spaceH 1

0 (
). For each m 2 N consider the �nite dimensional
Hilb ert space

Vm = spanf e1; : : : ; em g;
P : Rm ! Rm be the function P(� ) = (P1(� ); : : : ; Pm (� )), where

Pi (� ) = a(kukq
q)(( u; ei )) +

1
�

(� (u); ei ) � hhf ; ei ii ; i = 1; : : : ; m

with u =
P m

j =1 � j ej and the identi�cations of Rm and Vm mentioned before. So

Pi (� ) = a(kukq
q)� i +

1
�

(� (u); ei ) � hhf ; ei ii ; i = 1; : : : ; m

and then
< P(� ); � > = a(kukq

q)kuk2 +
1
�

(( � (u); u)) � hhf ; uii
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We have to show that there is r > 0 so that hP(� ); � i � 0, for all k� kRm = r in Vm .
Suppose,on the contrary , that for each r > 0 there is ur 2 Vm such that kur k = r
and

hP(� r ); � r i < 0; � r $ ur :

Taking r = n 2 N we obtain a sequence(un ), kun k = n, un 2 Vm and

hP(un ); un i = a(kun kq
q)kun k2 +

1
�

(� (un ); un ) � hhf ; un ii < 0

and so
a(kun kq

q)kun k < Ckf k; 8n = 1; 2; : : : ;

since(� (un ); un ) > 0. Becauseof the continuous immersion H 1
0 (
) � L q(
) one

gets kukq � Ckuk and the monotonicity of a yields a(kukq
q) � a(Ckukq) and so

a(Ckun kq)kun k < Ckf k:

In view of lim t ! + 1 a(tq)t = + 1 onehasthat kun k � C; 8n 2 N, which contradicts
kun k = n. So, there is r m > 0 such that hF (� ); � i � 0; for all j� j = r m . In view of
the sharp angle lemma there is um 2 Vm , kum k � rm such that Pi (um ) = 0; i =
1; : : : ; m, that is,

a
�
kum kq

q

�
((um ; ! )) +

1
�

(� (um ); ! ) = hhf ; ! ii ; 8! 2 Vm : (4.4)

Reasoningas before, by using the facts that t ! a(t) is decreasingfor t � 0 ,
lim t ! + 1 a(tq)t = + 1 and

R

 � (u)u > 0 we concludethat kum k � C; 8m = 1; 2 : : :

for someconstant C that doesnot depend on m. Hence,um * u in H 1
0 (
), um ! u

in L q(
) ; 1 < q < 2N
N � 2 , and so kum kq ! kukq. Taking limits on both sides of

equation (4.4) we concludethat the function u is a solution of problem (4.3). �

Remark 4.4. The function

a(t) =
1

t2� + 1
;

where � and q are related by 2� q < 1, satis�es the assumptionsof Theorem 4.2

Proof. of Theorem 4.2
Let (� n )n 2 N be a sequenceof real numbers such, that

0 < � n < 1 f or all n 2 N and lim
n !1

� n = 0:

For each n 2 N, weget function u� n which satis�es Theorem4.3. Sincethe estimates
were uniform on � and n, we can seethat there exists a subsequenceof u� n , again
called u� n , and a function u 2 H 1

0 (
) \ L q(
) ; 1 � q � 2N
N � 2 such that

u� n * u in H 1
0 (
) \ H 2(
) (4.5)

u� n ! u in L q(
) ; 1 � q �
2N

N � 2
(4.6)

ku� n kq ! kukq (4.7)

Consider v in H 1
0 (
) with v belongsto K . By (4.3), we have
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(� a(ku� n kp
q)� u� n � f ; v � u� n ) = (�

1
�

� (u� n ); v � u� n ) =

1
�

(� (v) � � (u� n ); v � u� n ) � 0
(4.8)

becausev 2 K and monotonicity of � .
As in the proof of Theorem 2.1, when � n ! 0 we obtain that u satis�es the condi-
tions of Theorem 4.2.

�
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