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Abstra ct. In this article, we study the existence of solutions for nonlocal
variational elliptic inequality

M (kuk?®) u  f(x;u)
Making use of the penalized method and Galerkin approximations, we estab-

lish existence theorems for both caseswhen M is contin uous and when M is
discontin uous.

1. Intr oduction

Let RN be a bounded smooth domain with boundary @. Let us consider
the Sobolev spaces.?() ; H3() whoseinner products and norms will be denoted
by (;);5:5: ((;)); k; k, respectively. We have H3()  L2?() denseand continuous.
Then the duals (L?()) © (HE()) © also denseand cortinuous. If we identify
L2() = (L%()) °we have

HoO) L0  H 0

whereH () isthe dual of H3(). Throughout this paper, let usrepreser by K
a closedcorvex setof L2(), with 02 K, which hasthe following property:

(H1) There existsa cortraction :R ! R (e.g.,]j ( 1) (2] ] 1 2 1)
with  (0) = 0 sudh that (Px v)(x) = (v(x)),8 v 2 L?() ; wherePx is the projec-
tion operator from L?() into K.

For example, let us considerk = fv2 L?(); a v(x) baein g

where 1 a 0 b 1.Wedene () asfollows
8
< for a< <b
()=. b for b (if b is finite)
a for a (if a is finite)

In this paper we study somequestionsrelated to the existenceof solutions for
the nonlocal elliptic variational inequality:

U2 K :( M(kuk®) u;v) (f;v);forallv2 K\ (H}() \ H?()) (1.1)

wheref 2 H}() and M : R! R is a function whose behavior will be stated
later. The main purposeof this work is establishing properties on M under which
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problem (1.1), and its nonlinear counterpart, possessea solution. This inequality
has called our attention becausethe operator

Lu := M (kuk?®) u

cortains the nonlocal term M (kuk?) which posessome interesting mathematical
guestions. Also the operator L appearsin the Kirchho equation, which arisesin
nonlinear vibrations, namely

z

Ug M jr ujfdx  u=f(x;u) in 0;T);

u=0 on@ (0;T);
u(x; 0) = uop(x); ut(x; 0) = ug(x):

The mathematical aspectsof this model werelargely investigated. See for example,
Arosio-Spagnolo[2], Hazoya-Yamada[11], Lions [16], Pohozhaev[18]. A survey of
the results about the mathematical aspects of Kirchho model can be found in
Medeiros-Limaco-Meneze$14]. Unilateral problems for nonlinear operators of the
Kirchho type were initially studied by Kludnev [12], Larkin [13], Medeiros-Milla
Miranda [17] among others.

Recerly, Alves-Correa [1] focused their attention on problem related with (1.1)
in caseM(t) mg > O, for allt 0, where my is a constart. Among other
things they studied the above M -linear problem (1.1) where M, besidesthe strict
positivit y mertioned before, satis es the following assumption:

The function H : R! R with
H(t) = M (t?)t

is monotone and H (R) = R.

In a previous paper, Menezes-Corea[8] proved a similar results by allowing M to
attain negative valuesand M (t) mg > 0 only for t large enough. This is possible
thanks to a deviceexplored by Alv es-deFigueiredo[3], who useGalerkin method to
attack a non-variational elliptic system. The technique canbe conveniertly adapted
to problemssud as(1.1). In this way we improve substartially the existenceresult
on the above problem mainly becauseour assumptionson M are weakened. Indeed,
we may alsoconsiderthe casein which M possessea singularity. The methodology
usedin our proof consistsin transforming, by penalty, the inequality (1.1) into a
family of equations depending of a parameter > 0 and apply Galerkin's method.
In the application of Galerkin's methods we usethe sharp angle lemma(seeLions
[15, p.53]). This paper is organized as follows: Section 2 is dewted to the study
of (1.1) in the continuous case.In Section 3 the inequality (1.1) is studied in case
M possesses discortinuity. In Section 4 we analyze another type of variational
inequality.

2. The M-linear Problem: Continuous Case

In this section we are concernedwith the M -linear problem (1.1) where f 2
H3() andM :R! R s a continuous function satisfying
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(M1) There exists a positive number mg such that M (t) mg, forallt O.

We have

Theorem 2.1. Assume that and (M1) and (H1) hold. Then for any choice of
06 f 2 H}() the problem (1.1) admits at least one solution.

The proof of Theorem 2.1is given by the penalty method. In fact, let usrepresen
by the operator from L2() into L?() denedby =1 Px,eqg.,( v)(x)=
v(x)  (v(x)) forallv2 L?() : The operator is monotoneand Lipschitzian. The
next result can be found in Haraux [10] p. 58.

Lemma 2.2. Letg:R! R bea Lipschitzian and increasing function with g(0) =
0. Then (g(u); u) Oforallu2H3() \ HZ() .

We havethat g(s) = s  (s) is under the condition of the Lemma 2.2, then
((v); v) Oforall v2H() \ H?() : (2.1)

The penalizedproblem assaiated to the problem (1.1), consistsin given > 0, nd
u solution in  of the problem

M (ku k?) u+ (u)=f in ;
u=0 on@;

(2.2)

wheref is givenin HE().
The existenceof one solution of the penalizedproblem (2.2) is give by the

Theorem 2.3. Assumethat (M 1) hold. Then, for any 06 f 2 H}() there exists
at leastoneu 2 H}() \ H?() , solution of the problem (2.2) .

Proof. We employ the Galerkin Method by using the sharp angle lemma. Let us

considerthe Hilb ertian basisof spectral objects (g )j2n and ( j);2n for the operator
inHZ(), cf. Brezis[5]. Weknow that the eigervectors(g );2n are orthonormal

completein L2() and completein H3() \ H?(). For each m 2 N consider

the subspaceof H}() \ H?() generatedby m eigervectorses;ep; iem. If u 2
Vi, then
xo
u, = i with real ;; 1 j m:
j=1
We will consideruy, instead of u ,, . The approximate problem consistsin nding
a solution upy, 2 Vy, of the system of algebraic equations

M (kumk?)((um; &) + }( (u)e)=(f;e); i=1::;m: (2.3)

We needto prove that (2.3) hasa solution uy, 2 V. To this end, we will consider
the vector = ( i)1 i m of R™ dened by
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Let = ()1 i m be the componerts of the vector u,, of V. The mapping
P:R™! R™dened by P = s continuous. If we provethat P ; i 0O for
k krn = r, with an appropriate r, it will follow by the sharp anglelemmathat there
existsa in the ball B;(0) R™ such that P = 0. This implies the existenceof
a solution to (2.3). In fact, we have

X 1
P i= i i = M(kunk)((Um;um)) + =( (Um);um) (fF;um):
1

Using (M1), Helder and Poincare inequalities and observingthat ( (um);um) O,
we get
WP ;i mokumk® Ckf kkumk

We can considerr large enoughthat (P ; ) Ofork kgm = r. ThenP =0
for some 2 B, (0), which implies that system (2.3) has a solution uy, 2 Vp
corresponding to this . Thus, thereisuy 2 Vi,

kumk r; (2.4)
r doesnot dependon m and , suc that
1 .
M (kumk?)((um;e)) + =( (um);&) = (f;e); i=L:m;
which implies that
1
M (kumk2)((um:!)) + =( (um);!) = (F;1); forall! 2 Vpy: (2.5)
Because(kum k?) is a bounded real sequenceand M is cortinuous one has
kKumk?! to; (2.6)
for somets 0, and
Un * UinHg() 5 um! uinL?() ; M(kunk®)! M(t);, (2.7)

perhapsfor a subsequence.
Takek m,Vy Vq. Fixkandletm! 1 in equation (2.5) to obtain

MU )+ S( (Uil) = (i) foralll 2 (HE\HA() @ (28)
Since g = ;g wetake! = Um in (2.8). We obtain
1
M(®)( Un; Um)+ —( (Um);  Um) = (r f;r um) (2.9)
By (2.1), we obtain

i umj?  C(@r fi%+jr umj?): (2.10)

Sincef 2 H3() and by (2.6), we have that
j umj® C (2.11)

where C doesnot depend on m and . By (2.7) and (2.11) and by compactimbed-
ding of (H3() \ H?()) HZ() we deducethat

Un ! uin H(O) (2.12)
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The continuity of M and corvergence(2.7) and (2.12) permit to passto the limit
in (2.5). We obtain

M (kuk®)((u; v)) + }( (u;v) = (f;v); forallv2 H() \ H?() : (2.13)

Thus u is a weak solution of problem (2.2) and the proof of Theorem 2.3 is com-
plete.

Proof. of Theorem 2.1
Let ( n)n2n be a sequenceof real numbers suc that

0< p<1foralln2 N and nIlilm n=0:

Foreadhn 2 N, wegetfunction u , which satis es Theorem2.3. Sincethe estimates
were uniform on and n, we can seethat there exists a subsequencef u ., again
calledu ,, and a function u2 H}() \ H?() sud that

u, ! uinH() : (2.14)
Considerv in H}() \ H2?() with v belongsto K. By (2.5), we have
( M(ku k) u, f;v)=( 1 (u,);v) (2.15)
n

and
( M(ku, k) u, f; u,)=( L (u,); u,): (2.16)

Follows of (2.15) and (2.16) that

(MKku, k) u, fiv u,)=2( . u,)

1 (2.17)
==(M (@U)v u,) G
becausev 2 K and monotonicity of . Hence
( M(ku k¥ u, f;v)+(f;u,) ( M(ku,k?) u, ;u,); (2.18)
But
( M(ku,k*) u,;u,)=Mcku K)(ru,;ru,)=
M(ku K3(r (u, u);r(u, u)+M(Kku, K)(ru, ;ru+
M(ku K)(rur @, u) Mku k3(ru, ;ru+ (219)
M (ku  K3)(r u;r (u, u);
becauseM (ku ,k?)(r (u, u);r (u, u)) O:Then,
liminf[ M (ku k*)( u, ;u,)l M (kuk?)(r u;u): (2.20)
By (2.18) and (2.20), we obtain (1.1).
In order to proveu 2 K we obsene that from (2.5), with ! = u _, that
0 ((u,)u,) C (2.21)
therefore
( (u,);u ) convergesto zero: (2.22)
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Let v2 H}() be arbitrarily xed; then the inequality

((u,) (u, v 0O

yields ( (v);u v) O,hence( (u ! ));!) O0with the choiceofv=u !
with > Oand! 2 H}(). By hemicortinuity of wecanlet ! 0 and obtain
( (u);!') 0,hence (u)= 0 by the arbitrariness of ! . Thereforeu 2 K.

3. The M-linear Problem: A Discontinuous Case

In this section we concerirate our atention on problem (1.1) when M possesses
a discortinuity. More precisely we study problem (1.1) with M : R=f g! R
cortinuous suc that
(M2) limy + M (t) = limy, M()=+1
(M3) limsup, ., M({)t=+1

Theorem 3.1. Assumethat (M1){(M3) and (H1) hold. Then for any choice of
f 2 HY() the problem (1.1) admits at least one solution solution.

The proof of Theorem 3.1 is given as in the proof of Theorem 2.1. We will
formulate the penalized problem, assaiated with the variational inequality (1.1),
asfollows. Given > 0, nd afunction u 2 H}() solution of the problem

M (ku k?) u+ 3 (u)=f in ;
u=0 on@;

(3.1)

wheref is givenin HE().
The existenceof one solution of the penalized problem (3.1) is given by the

Theorem 3.2. Assumethat (M 1) (M 3) hold. Then, for any 06 f 2 HE()
there exists at leastoneu 2 L?() , solution of the problem (3.1) .
Proof. We rst considerthe sequenceof functions M, : R! R given by

. 0 4+ 00
Mn(t) = n’ : Ot " 00
M(t); t n ort + 0

for n > mg, where Oand + 99 9 005 0 are,respectively, the points closest
to , at left and at right, sothat
M(C D=M(+ =m
We point out that, in this case, ¢; % Oasn! 1.
Take n > mg and obsene that the horizontal linesy = n crossthe graph of M .
Hence M, is continuous and satis es (Iyll), for eadh n > mg. In view of this, for
eat n like above, there is up 2 H3() H?2() satisfying

Mo (kun k) ((un 1)) + 2( (un)it) = (F51);

forall! 2 HY() \ H?() :
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Taking ! = u, in the above equation one has
2 2 1 . — . .
Mn (kupk)kupk=+ =( (un);un) = (f;un);

and so
My (kunk®)kunk  kf k;

since0  ( (un);un). Becauseof (M3) the sequence(ku,k) must be bounded.
Hence

Un * u in H3() ;

un ! u inL2%() ; (3.3)

ku,k?! o; for some o;

perhapsfor subsequencesWe note that if (M, (kun k?) corvergesits limit is di erent

of zero. Supposethat kupk?! . If kupk? > + %r ku,k? < 9 for in nitely
many n, we would get M, (kupk?) = M (kupk?), for such n, and so

M (kupk®)kunk?  (f;un) ) +1  (f;u)
which is a contradiction. On the other hand, if there are in nitely many n sothat
9 kunk? + 90y M,(kuyk?) = nand sonku,k? (f;uy) ) +1
(f;u) and we arrive again in a contradiction.
Consequetly ku,k?! o6 which implies that for n large enough

2 0 2 00
kupk® < n or kupks> +

and so M, (kupk?) = M (kunk?) which yields

M (kunk?®)((un;!)) + }( (Un);t) = (F;1); 8 2HI() \ H?() : (3.4)
Taking ! = un in (3.4), using(2.1) and argumerts of compactnessas in the
proof of theorem 2.1, we obtain that

un ! u 2 HEO (3.5)

The estimates(3.3) and (3.5) are su cien t to passto the limit in the approximate
equation and to obtain

M (kuk?)((u; 1)) + }( (u:t)=(f;1); 8 2Hg() \ H*():  (3.6)

Proof. of Theorem 3.1
As in the proof of Theorem 2.1, let ( n)n2n be a sequenceof real numbers sud,
that

0< p<1foralln2 N and nIlilm n=0:

Applying Theorem 3.1, for eadh n 2 N, we get a function u , 2 H3() \ H?()
which satis es

M (ku , k*)((u ;1)) + i( (u,)t)=(f;!); 8 2HG() \H*(): (37)
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Since the estimates were uniform on and n, we can seethat there exists a sub-
sequenceof (u ), again called (u ,), and a function u 2 H}() \ H2() sud
that

u,! uin H3(Q) : (3.8)
We note that ku , k doesnot corvergesto . In fact, we assumeby cortradiction
that ku k! . By (3.7) and (3.8), with | = u _, we get

M(ku k?)ku k C
By hyphotese(M2), letting n! 1 , we have a contradiction. Thus
M (ku  k?) ! M (kuk?);

sinceku k! kuk and M is cortinuousin an neighboard of kuk 6
Considerv in H}() with v belongingto K . By (3.7), we have

( M(ku k%) u, fiv)=( }(Un):v) (39

and 1
( M(ku k) u, f; u,)=( = (u,); u,): (3.10)

Follows of (3.9) and (3.10) that
(Mku K u, fiv ou)=2( (U,)v u,)

1 (3.11)
==(M (u,)yv u,) 0
becausev 2 K and monotonicity of . Hence
( M(ku k) u, f;v)+(f;u,) ( M(ku k? u ;u,): (3.12)

As in the proof of Theorem 2.1, letting n ! 1 , we obtain that u satis es the
conditions of Theorem 3.2.

4. Another Nonlocal Pr oblem

Next, we make someremarks on a nonlocal problem which is a slight generaliza-
tion of one studied by Chipot-Lovat [6] and Chipot-Rodrigues [7]. More precisely
the above authors studied the prozblem

a u u=f~f in ;
4.1)

u=0 on@;
where RN is a bounded domain, N l,anda:R! (0;+1) is a given
function. Equation (4.1) iszthe stationary version of the parabolic problem
u a uxtdx u=f in ©;T);
u=0 on@ (O;T);
u(x; 0) = up(x); u(x; 0) = ug(x):
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Here T is some arbitrary time and u represernts, for instance, the density of a
population subject to spreading. See[6, 7] for more details. In particular, [6]
studies problem (4.1), with f 2 H (), and provesthe following result.

Prop osition 4.1. Leta:R! (0;+1 ) be a positive function, f 2 H () . Then
problem(4.1) hasas many solutions as the equation
a( ) = hi;"ii;
where ' is the function(unique) satisfying
"=1 in ;
"=0 on@:
In the preserlzwork, we considerthe variational inequality
u2K:( a jujt ou ) (f;!)foraIIVZK\(H&() \ H2()) 4.2)

whereK and f are asbeforeand 1< g< 2N=(N 2);N 3. Whenqg= 2 we
have the well known Carrier model.

Theorem 4.2. If t 7! a(t) is a decreasing and continuous function, for t 0,
limy +1 atNt=+1 andt 7! a(t9t is injective, for t 0, then, for each06 f 2
H () , problem(4.2) possesses weak solution.

The proof of Theorem 4.2 is given as in the proof of Theorem 2.1. We will
formulate the penalized problem, assaiated with the variational inequality (4.2),
asfollows: Given > 0, ndZ a function u 2 H3() solution of the problem

o 1 :
a jujf® u+=(@u)=f in ;
(4.3)
u=0 on@;
wheref is givenin HE().
The existenceof one solution of the penalized problem (4.3) is given by the

Theorem 4.3. Under the hypothesesof Theorem 4.2, then for each 0 6 f 2
H () there existsat leastoneu 2 H() solution of the problem (4.3) .

P
Proof. Asin the proof of Theorem2.1,let = fey;:::;emy;:::0beanorthonormal
basis of the Hilbert spaceH}(). For each m 2 N considerthe nite dimensional
Hilb ert space

P:R™! R™ bethe function P( ) = (P1( );:::;Pm()), where
with u= " ;2; je andthe identi cations of R™ and Vi, mertioned before. So

and then 1
<P(), >= a(kukg)kuk2+ =(( (u);u)) hh;uii
EJQTDE, 2005,No. 18, p. 9



We have to show that thereisr > O sothat lP( ); i 0, forall k kgm =1 in Vp,.
Suppose,on the contrary, that for each r > 0 there is u; 2 Vi, such that ku k= r
and

P(r); (i< r$ U

Takingr = n 2 N we obtain a sequencgup), kupk = n, u, 2 Vy, and
. 1 .
HP (Un); Uni = a(kupkkunk? + =( (Un)iun)  hii;unii <0

and so

a(kunkg)kunk< Ckfk; 8n=1;2:::;
since( (un);un) > 0. Becauseof the continuous immersion H2() L9() one
getskukq  Ckuk and the monotonicity of a yields a(kukd) — a(Ckuk?) and so

a(Ckunk%)kunk < CKf k:

In view of limy; +1 a(tt = +1 onehasthat ku,k C;8n 2 N, which cortradicts
ku,k = n. So,thereisry, > Osuchthat lF( ); i O;foralljj=rgn. In view of
the sharp angle lemmathere is Uy 2 Vi, kumk  ry sud that Pj(um) = 0;i =

a kumkg ((um;!)) + }( (Um);!) = hii;lii; 8 2 Vy: (4.4)

Reasoning as before, by using the facts that t ! a(t) is decreasingfor t 0,
limy +1 a(tt=+1 and (u)u > 0 we concludethat kunk C;8m = 1;2:::
for someconstart C that doesnot dependonm. Hence,u, * uin H3(), um ! u
inL9) ; 1< qg< % and so kumky ! kukg. Taking limits on both sides of
equation (4.4) we concludethat the function u is a solution of problem (4.3).

Remark 4.4. The function L
2 + 1;
where and q arerelated by 2 g< 1, satis es the assumptionsof Theorem 4.2

a(t) =

Proof. of Theorem 4.2
Let ( n)n2n be a sequenceof real numbers sud, that

0< p< 1foralln2 N and Ili{‘n n=0:
nt!

Foreadin 2 N, wegetfunction u , which satis es Theorem4.3. Sincethe estimates
were uniform on and n, we can seethat there exists a subsequencef u _, again
calledu ,, and afunction u2 H() \ L9) ; 1 q &% sud that

u,* uin H3() \ H?() (4.5)
2N
| i q . =
u,! uinL%); 1 q N 3 (4.6)
ku ,Kq! Kukg (4.7)

Considerv in H3() with v belongsto K. By (4.3), we have
EJQTDE, 2005,No. 18, p. 10



(aku,k®) u, fiv u)=( = (@, )v u,)=
) (4.8)
w W,y ou,) o

becausev 2 K and monotonicity of
As in the proof of Theorem 2.1, when , ! 0 we obtain that u satis es the condi-
tions of Theorem 4.2.
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