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REMARKS ON INHOMOGENEOUS ELLIPTIC
PROBLEMS ARISING IN ASTR OPHYSICS

MAR CO CALAHORRANO & HERMANN MENA

Abstra ct. We deal with the variational study of sometype of
nonlinear inhomogeneouselliptic problems arising in models of so-
lar ares on the halfplane R} .

1. Intr oduction
In this paper we study a boundary value problem of type

u+cxju= m(y)f(u) RY
u(z;0) = h(z) 8z2R" 1

wherex = (z;y) 2 R" ' R, R?! with R, =fy2 R:y> 0gand
n 2,f:] 1;+1[" Risafunction satisfying:
(f-1) There existssg > 0 sud that f (s) > 0 for all s 2]0; So|.
(f-2) f(s)=0fors 0o0s s
(f-3) f(s) as, aisapositiveconstart and1< < 2;22 if n> 2
or >1lifn=2
(f-4) There exists| > 0 sud that jf (s1) f(sp)] ljsi sy, for all
S1,S 2 R.
h is a non-rRegative boundedsmaoth function, h 6 0, minh < so, ¢ 0,
c2L() C()andmesfx2 :¢(x)= 0g= 0.
The problem (1.1) is a generalizationof an astrophysical gravity model
of solar ares in the half plane R2, givenin [1], namely:

u e Yf(u) R?
u(x; 0) h(x) 8x 2 R

besidesthe above mertioned conditionsfor f, h and > 0. See[1], [8]
and [6] for a detailed description and related problems.

By this, we study the problem (1.1) with m : R, ! R, a C? function
sud that Z.,

(1.1)

(1.2)

ym(y)dy < +1
0

more generalthan e VY.
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We shall follow the ideas of F. Dobarro and E. Lami Dozo in [8].
The authors prove the existenceof solutionsof (1.1) in the special case
c(x) = 0. In fact, the result presened here follows from the one ob-
tained by the authors.

First of all we note that problem (1.1) is equivalert to

F+c(xX)! = mWf(Q + ) R?
1(z,00=0 8z2R"1?

where! = u and is solution of the problem

+cx) =0 R}
(z;0) = h(2) 8z2R"1

We will study (1.3) instead of (1.1).

(1.3)

(1.4)

The problem (1.1), or equivalertly (1.3), is interesting not only on
wholeR?, but alsoin an arbitrary big but nite domainin R?, for ex-
amplefor semidisksDr = f(x;y) 2 R" ! R, :jxj2+y?< R2?;y > 0g,
with R big enough.

Motiv ated by this obsenation in section2, we will study the following
appraximate problem

P+ex)! = mf( + ) Dr
'=0 @k

whosesolutions are related to those of (1.3).

(1.5)

Using variational techniqueswe will prove the existenceof an inter-
val R: sud that forall 2 there exists at least three positive
solutions of (1.5), with R large enough.

Finally in section 3 we prove the existenceof solutions of (1.3) as
limit of a special family of solutionsof (1.5) obtainedin theorem5 and
its uniquenesdo small enough.

2. Pr oblem in Dg

Letting beeitherDg or R}, wedenoteby LP () the usualweighed
LP spaceon for a suitableweight mand1 p< 1 ,andby V.12(),
V2E2() the completionof C¢ () in the norm

Z Z

kukZiz = UA(Ziy)m(y)dzdy+  jr uj’dzdy
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and Z Z

kuk\z/cl;z() = ud(x)e(x)dx+  jr ujldx
Letm:R;: ! R; besud that
Z .,
(2.1) 0< M ym(y)dy < +1

0

it is easyto prove for all functionsu 2 C} () the following inequality

holds, see[8].
Z

(2.2) u?(x;y)m(y)dxdy M jr uj?dxdy

then VI2(Dr) HE(Dr) VZE3(Dg)andV2E2(R?) DY?(R}) where
HJ(DRr) is the usual Sotolev spacewith the norm kr (:)k_zp,) and
D%?(R?) is the completion of Cj (RY) for the norm kr (:)ki2( ).

On the other hand if R° R, then

(2.3) V&#(Dr)  Ve#(Dro)  VGA(RY)  Vip®(RY)

There exists many results about immersion of weighted Sololev
spacesinto weighted Lebesguespaces.Here we will take into accourt
one suitable result for our problem.

Let m: R, ! R, beaboundedC? function sud that there exists
k > 0 sud that
(2.4) jlogm)’j  k
then the idertity map is an immersionfrom V,}2() into L" p() for
m

1<p< 2 ifn 3

1<p if n=2
More precisely there existsa constart K = K (k; supm) sud that

(25) kUKL:]g() CSK kUkanl;z()

where C; is the usual Sobolevimmersion constart. The immersion is
compactif = Dg.

Now we will beginto study (1.3) by variational methods. For this

purpose, for all 0 and for all non negative function sud that
k k,_~ <+1 weasseiate the functional , :V*R})! R
Z Z
1 . ,
(2.6) - (u) = > fir uj?+ c(x)u’g mF(u+ )

+
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R 2
whereF(t) = ,f(s)ds, m2 C(R.) andim m + satisfying (2.1)
and (2.4).

. isa C! functional, soif u 2 V}2(R?) is a critical point of
then u is a weak, and by regularity a classicalsolution of (1.3).

Remark 1. i. If we consider . g :VY?(DR)! R,
z z

1 L
Cw(u) =3 fir uj?+ o(x)u’g mE(u+ )
2 DRr Dr
its critical points are weak, and by regularity, strong solutionsof (1.5).
Furthermoreif R R’ +1 , then for all u 2 V}?(Dg)

. ro(U) . r(U) . or (U)

more precisely
Z

cro(U) = r(U) mF () ()
DRO DR
HereDgo with R*= +1 meansR?.
ii. Sincef is bounded, . .z is coercive, bounded from belov and
veri es Palais-Smalecondition for all non negative.

Lemma 2. For eachR > O denote r : R"! R" the map
z
R(ZY) &Y

and g thesaling ! g 0 r. Then

i. 8r >0, r(VFD,) VZF(LD)) andif R 1, V}?( ;'Dy)
Vcl;Z(DRr)'

i. If 2 C}(R"), is nonidentically 0, then

(2.7) kr rkpzgny! +1 as RI! +1

iii. Letf be de ned before and m suchthat veries (2.1). Then there
exists0 < _ < 1 suchthatif > _, 2 C}(R?), 0, non
identically 0 and

R
3 nﬂ)r j2+ kek 1 2g
(2.8) ~ Q()

 MY)F()
then there existsr, > 0: g 2 V}2(Dgo), 8R°, R: R’ Rr, r,and
for all non negative function .
a. . g(r)<08R,RR" Rr, ry.
b. : ;an( R)I 1 asR! +1
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Pro of.- This proof follows almostdirectly from lemmaé in [8]. How-
ewver, by completenessve presen all the proof.
i. It isimmediate from the de nition of g.
ii. We obsene
. P R 1 .,
HRfzy) = or 1t 1 55 1@ Fay

thus, changing variables

Z Z
1 o 1 L
@9 K /iy =R g P 1o QP
R + +
so,since , j@ j*> 0, (2.9) implies (2.7).
iii. Set
(2.10) _ inffQ(): 2Ci(R}); 0O 6 0g
by (f-3) and sinceF is bounded
b F(s)
_ = < +
(2.11) > ijg) < 1
so, by (2.2) anfl sincec(x) O .
MYF() e ks 2
hence
0< 1 <1
bM —

Let > Q( ) be,since 2 Cj (R"), thereexistsr, > 0sud that supp
Dgr,, forall R 1. Then by i. and (2.3) g 2 V}?( ;'D;,)

V12(Dg,) VE2%(Dgo) forall R Rr, rp.

For simplicity from now on we call Rr, R,, whereR 1.

Then, by remark 1

(2.12) : ;RO( R) : Ra( R) coRa( R)
On the other hand, if we de ne the function :R. ! .
1 1 ) 1
(R) ookl rKiyny = o 0 P+ 1 o j@F
R + +
N
= 1 [C

- — +
R2 nJ@ J2 n
iS non increasing. So applyin R 1) to (2.9
sing pplying Ry (@ (Z )
2

jr rji°= jr Rj2 R" ! r jz

Dr, n n
" EJQTDE, 2005No. 19, p. 5



furthermore
Z

Z Z
o(x) & = o(x) & R" kck: 2
Drp :]- :]-
and
Z Z Z
m(y)F( r) = my)F(r)=R" ' m(y)F()
Drp Q Q
SO
1Z Z
ore RVE S gr Prkeke 2 m(y)F()
then
Rn 1Z
(2.13) COR, jr j?+kck: 21 ——

2 . Q()
thus, from (2.12) and (2.13) we obtain immediately a and b.

Remark 3. i. Let m : R, ! R, be a boundedC?! function and let
o mTTL It s easyto prove that m veries (2.4) if and only if i
doesit. Furthermore, given a positive constart k, j(logm)‘j  k if and
only if j(logim)j k.

ii. If there exists a non negative valuem; 0 sud that fm > 1g

0: m,;] and
[0; m,] z .

o< M yim(y)dy < +1
0
Z .,

0O< M ym(y)dy < +1
0

then

Indeed, sincefm > 1 if andonly if m> 1 and0< %1 <1

y4 z
M = ym(y)dy + ym(y)dy SUpm% + M <+1
1

m>1 m

Lemma 4. There existsa positive constant C = C(a; ;k;supm; )
suchthat for all < (k k. «(.,) and for all u: kukysz

Ny T
Kk a(ny, ; (uU>0whee (kk .acn) Ck kimﬂ(

Moreover (k k_ s n))! +1 ask k a(a)! O
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Pro of.- Let u 2 VX2(R") be, using (f-3) and Minkowsky inequality
with respect to measurem(y)dxdy and (2.2), (2.5) we obtain
Z Z Z Z

u+

0 mF(U+ ) = m f(t)dt L m(u+ ) +1
: n 0 +1 o
¥ 1(kUkL +1+1 + k kLm+1) +1
m~2
a 1 .
+ 1(CSK(1+ |9|)2kr UkLZ( Q)+ k kl—m+1) 1
a 1 .
> 1(CsK(1+ @) zkukyzo gy + K k) ™
then
(2.14)
1 a N .
; (U) ékUk\zlcl;z( ny 31 1(CSK (1+M)2kukvcl;2( Q)+k kLm+1) 1

then, if we de ne
C %(CSK(k;supm)(l +R)z+1) 1

then . (u)> Oforall <  Ck ki 40y and since > 1. The
lemmais proved.

Theorem 5. Let us assume(f-1-2-3-4), let m:R, ! R, be a C!?

function suchthat m and im  m 1 verify (2.1) and (2.4), and let
: R? I R, be a C! function, non identically 0. So there exists

positive constantsC = C(a; ;k;supm; &) and _ suchthat if

c 1

(2.15) Kk agny< —

then
8 : < < Ckk.

Lm (1)
there existsa positive Rg = Rg( ) suchthat for all R Ry, (1.5) has
at least three strictly positive solutions.

Pro of.- Let C = C(a; ;k;supm; k) and _ be the positive constart
de ned in lemmas4 and 2 respectively . Since veries (2.15), by
lemma4 andremark 1, forall 2] ; [andforall R 1

(216) , r(U)>0  8U2VS?(Dg):kukyizp ) = K K+ (o)

Onthe otherhand, xed 2]_; [, 2 C (R}), andletting r, > 0, the

radius of any semidiskD, sud that supp D,,, by lemma?2 there
EJQTDE, 2005No. 19,p. 7



existsR; 1 sud that for all R Rir,, we have g, 2 V}?(Dg),
furthermore

(217) k kLm+1( n) < kr leLZ(DR) = kr le|_2( ny < k levcl:z( n)

and
(2.18) . r(R)< <0
where 2 R de ned as
. 1 2 a 1 +1
o i nk1|n §t " 1(CSK(1+ M)zt + k kLm+1)

+
Lm ™t ( AD)

Let R Ry, wedivide the proof in three steps.
1. Local minimum.- Let

R ié’lf . r(U)

whereB = fu2 V;"(Dg) : kukyuz ) < K k. ()0

Since . gr(0) < 0, r < 0. Furthermore r < 0, by (2.14) and
remark 1. Thereforeinfgg . r > &.

Now we will prove that g is adchievedin B . Using a modi cation in
the proof of proposition 5 and corollaries6 and 7 in [3], we can obtain
a sequencdu,), in B sud that

; ;R(un)! R
O; ;R(Un)! 0
since . g veri es Palais-Smalecondition, there existsa subsequence
(Un, )k sud that up, ! upg in VE2(DR) and upr 6 0 becausel it is
not a critical point of . .
2. Absoluteminimum.- Let
u inf -

R Vcl;Z(DR) R
Then ugr < , by (2.17). Now using similar argumerts to local min-
imum, but without any modi cation, we have that ug is achieved in
V2Y2(DR) at a function u,g.
3.Mountain pass- Let

R inf sup ; r(u)
2 R y2

where g is the setof paths
r=f : 2C(0;1;V,*(DRr)); (0)=0; (1)= r,9

Since . r(0) < 0, by (2.15), (2.16) and (2.17),cg > O.
Then by the mourtain passtheorem,se€4], ck is achievedin V.2(Dg)

at a function uzg.
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On the other hand it is clear that u;.r, Uxg and uzg are di erent,
indeed

: R(Uzr) = Ur < R= ; rR(UR)<O0< = . r(U3Rr)

Remark 6. When is small enoughit is easyto prove uniquenessfor
(1.5), souyr = uzg, and the local minimum in B od . g is the
absolutein V}2(DR).

3. Problem in R?

. doesnot veri es Palais-Samalecondition, furthermore by lemma
2 and remark 1 . is not coercive and not bounded from below.
Howewer for  small enough:

Prop osition 7. Letf be asalove,let bbe givenby (2.11) and suppse
m veri es (2.1). Then
i. Forall < -, . is coercive and boundel from below.
ii. Forall < -, (1.3) hasat mostone solutionin V{&2(R?).
< _holdsin both cases.

Pro of.- i. By (2.11), (2.2) and Caudy-Scwartz for the measure
madxdy

Z
1 2 b 2
: (U) ékUkvcl;z( n) ? Em(u+ )
1 b, 1
KUKz ) 5 (MZKE ukizg gy + kokig o)
1 1
S BV KUk, (BM Ek kg pykuka o,
b 2
Sk kiz o

S0, i. is proved.

ii. Uniquenesss proved asin [1] usingthe inequality (2.2) and (f-4).

Izndeed: if uy and u, %re two solutions of (1.3) then .

(Ur u)’m M jr (U w)j*+c(X)(upr uz)> M (Up Uz)®m

n
+ + +

Now we will prove a su cient condition to appraximate solutions of
(2.3) with solutions of (1.5) with R large enough.
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Lemma 8. Letf and be asalbveand 2 R.. Supmse (Rp)n
is a sgguene R, suchthat R, ! +1 and (uy), is a seuene of
positive solutions of (1.5) with R, instead of R, such that for all n,
un 2 VY2(Drp) and (u,), is boundel in VE2(RT), i.e. there exists
° > 0 suchthat for all n, kunkyzzp, ) < °. Then, there exists a
subsguene (called again (u,),)) and a function u 2 V1?(R}) such

that u, ! u weaklyin V}2(R?) and u is a classi@l solution (1.3).

T
Pro of.- By the Calderon-Zygmund* inequality for all n, u, 2 H}(Dg,)
H2P(Dg,) and xed R"> 0, forany ° Do

(3.1)  kunkyzp( o C(kunkLp(DRo) + km (y)f (up + )kLp(DRO))

for all n sud that R, > R’. The constart C dependson Dgo, N, p and

°. Sincem is decreasingand strictly positive, and (u,)» is bounded
in VX2(R?), by (2.2), (2.5), (3.1) and the hypothesisof f and m, we
obtain

Kunkyze( o C(M(R’) 2CsK (1+ M)z "+  supmsupf jDgoj*)

for p sudh that
1<p< 2 ifn 3
1<p if n=2
and for all n suc that R, > R".
For this and the Sololev embedding theorem for °. there exists a

subsequencéu,), sud that if n=2,3 u,! uin C% ( ) andifn 4

in n-2n inLa ° np
and1l< p<min 3,55 is xed, u,! uinL9 "), 1 < 7 %-

Since ' is an arbitrary and relatively compactsuc that Dg,
andR,! +1 ,weobtain that the above convergencesarein Ct (R")

loc
and L} (R}) respectively. In particular

(3.2) un! u en LiJ(R})

On the other hand, since(u,), is boundedin V}?(R"), by (2.3), (2.5)
and re exivit y

0

(3.3) u,! u  weaky in VI2(RT)
(3.4) up! u  weaky in me%(RE)
where

1<p< 2 ifn 3

1<p if n=2

lseetheorems9.9y 9.11in [9]
EJQTDE, 2005No. 19, p. 10



So, if we prove that for all v 2 C3 (R"})
Z Z

mf (u, + )v! mf(u+ )v

+ +

our lemmawill follow. Basedon this and for a xed v 2 C} (R}) we
considerthe function
vif (u+ )szp

u+

W =

0
It is easyto provethat w2 L° p (RY), Where%) + p%j = 1. Now
m

Z
fur ),

mf (u, + v = mf(u,+ ) (un+ ) e

ﬂ Y

(3.5) +  mi(up+ )w
o R

by (3.4), the last term of right hand side of (3.5) tendsto , mf (u+

)v. On the other hand, by (f-4) +
7 Z

f(u+ ) . .
(3.6) m f(u,+ ) (up+ )———=v 2 Mju  UnjjVj
: u+ supp(v)

So, by (3.2) the last term of the right hand side of (3.5) tendsto 0.

Theorem 9. Letf, m, and asin lemma8 and let kK K s
Thenforall ,0< < thelocal minima upg of . g, approximate
the local minima of . on the ball B of center O and radius in
VE(RY).

As aconsguene ; infg . ,is aminimum and by proposition 7
it is the unique critical point of . , if smal enough(i.,e.0< <
1

)

Pro of.- We only needto prove that g ! ., asR ! 1. With
this aim we consider(ug)r in Cj (R}) sud ghat ug 2 V;"*(Dg) and
. r(UR)! 1 asR! 1. Byremarkl n RmF()dx! 0 as
R! 1,6 because < +1.
Since

D

Z

1 R= . r(Uyr) . r(UR) = ; (URr) . mF ()

then ! 4, asR! 1.
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