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Abstra ct. Let H denote the Hilb ert transform and � � 0. We show that if
the initial data of the following problems u t + uu x + uxxx + � (H ux + H uxxx ) =
0; u(�; 0) = � (�) and vt + 1

2 (vx )2 + vxxx + � (H vx + H vxxx ) = 0; v(�; 0) =  (�) has
an analytic contin uation to a strip containing the real axis, then the solution
has the same prop erty, although the width of the strip might diminish with
time. When � > 0 and the initial data is complex-valued we prove local well-
posednessof the two problems above in spaces of analytic functions, which
implies the constancy over time of the radius of the strip of analyticit y in the
complex plane around the real axis.

1. Intr oduction

We are interested in studying spatial analyticit y of solutions of the following

problems:

ut + uux + uxxx + � (H ux + H uxxx ) = 0; u(�; 0) = � (�); (1)

vt +
1
2

(vx )2 + vxxx + � (H vx + H vxxx ) = 0; v(�; 0) =  (�); (2)

where H denotesthe Hilb ert transform given by H f (x) = 1
� P

R1
�1

f (y )
y � x dy for f 2

S(R) the Schwartz spaceof rapidly decreasingC1 (R) functions, P represents the

principal value of the integral and the parameter � is an arbitrary nonnegative

number. It is known that [(H f )(� ) = i sgn(� )f̂ (� ), for all f 2 H s(R), where

sgn(� ) =
�

� 1; � < 0;
1; � > 0:

Equation (1) was derived by Ostrovsky et.al. (see[9] for more details) to describe

the radiational instabilit y of long non-linear waves in a strati�ed 
uid causedby

internal wave radiation from a shearlayer; the fourth term correspondsto the wave

ampli�c ation and the �fth term represents damping. It models the motion of a

homogeneous�nite-thic kness
uid layer with density � 1, which movesat a constant

speed U, slipping over an immobile in�nitely deep strati�ed 
uid with a density

� 2 > � 1. The upper boundary of the layer is supposed to be rigid and the lower

one is contiguous to the in�nitely deep 
uid. Here u(x; t) is the deviation of the
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interface from its equilibrium position. Let us remark that somenumerical results

for periodic and solitary-wave solutions of equation (1) were obtained by Bao-Feng

Feng and T. Kawahara [4].

The Cauchy problems associated to (1) and (2) were studied in [1], where it

was proved that problems (1) and (2) are globally well-posedin H s(R) for s � 1,

consideringreal-valued solutions.

In this paper we are interested in proving that if the initial condition of the

problem (1) (resp. (2)) is analytic and has an analytic continuation to a strip

containing the real axis, then the solution of (1) (resp. (2)) has the sameproperty.

Section 2 is devoted to studying the casewhen the solutions are real-valued on

the real axis at any time, and � � 0. Hence, the results obtained in [1] about

the initial value problems associated to (1) and (2) will be helpful. We use the

method developedby Kato&Masuda [8] which estimatescertain families of Liapunov

functions for the solutions, to prove global spatial analyticit y of the solutions, but

the width of the strip might decreasewith time.

Section 3 shows that problems (1) and (2) admit a Gevrey-classanalysis. For

� > 0, we prove local well-posednessof problem (1) (resp. (2)) in X � ;s for � > 0

and s > 1=2 (resp. s > 3=2); here, the initial data can be complex-valued. So, if the

initial data of problem (1) (resp. (2)) is analytic and has an analytic continuation

to a strip containing the real axis, then the solution of (1) (resp. (2)) has the same

property, maintaining the width of the strip in time. It should be mentioned that

it was recently proved by Gruji �c&Kalisch [5] a result on local well-posednessof the

generalizedKdV equation (KdV is an abbreviation for Korteweg-deVries) in spaces

of analytic functions on a strip containing the real axis without shrinking the width

of the strip in time; their proof usesspace-timeestimatesand Bourgain-typespaces.

Here we do not make useof Bourgain spaces,we mainly usesomeproperties of the

Semigroupassociated to the linear part of problem (1), namely Lemmas3.1 and 3.2,

to prove local well-posednessof problem (1) in X � ;s . Moreover, proceedingas in

[2], whereBona&Gruji �c studied someKdV-t ype equations,we prove for real-valued

solutions and � � 0 that if the initial state belongs to a Gevrey class, then the

solution of (1) (resp. (2)) remains in this class for all time but the width of the

strip of analyticit y may diminish as a function of time.

Finally, in Section 4 we consider � � 0 in (1) and complex-valued initial data

in X r -spacesfor r > 0. Similar as in [6], where analyticit y of solutions of the KdV

equation was studied, we use Banach's �xed point theorem in a suitable function

spacein order to �nd a local solution of problem (1) that is analytic and has an
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analytic extension to a strip around the real axis although the radius of the strip

of analyticit y in the complex plane around the real axis may decreasewith time.

Notation:

� f̂ = Ff : the Fourier transform of f (F � 1 : the inverseof the Fourier transform),

where f̂ (� ) = 1p
2�

R
e� i� x f (x)dx for f 2 L 1(R).

� k � ks, (�; �)s : the norm and the inner product respectively in H s(R) (Sobolev

spaceof order s of L 2 type), s 2 R. kf k2
s �

R
(1 + j� j2)s j f̂ (� )j2d� .

k � k = k � k0: the L 2(R) norm. (�; �) denotesthe inner product on L 2(R).

H 1 (R) � \ H s(R).

� H : the Hilb ert transform.

� B (X ; Y): set of bounded linear operators on X to Y. If X = Y we write B (X ).

k � kB (X ;Y ) : the operator norm in B (X ; Y).

� S(r ) = f x + iy 2 C; x 2 R; jyj < rg, for r > 0.

A(r ): the set of all analytic functions f on S(r ) such that f 2 L 2(S(r 0)) for each

0 < r 0 < r and that f (x) 2 R for x 2 R.

� A = (I � @2
x )1=2, X � ;s = D(Ase� A ) the domain of the operator Ase� A .

� L p = f f ; f is measurableon R; kf kL p < 1g , where kf kL p =
� R

jf (x)jpdx
� 1=p

if

1 � p < + 1 , and kf kL 1 = esssupx 2 R jf (x)j, f is an equivalenceclass.

� L r = f f 2 L 2; kf k2
L r

= (f ; f )L r = (cosh(2r � )f̂ ; f̂ ) < + 1g .

� X r =
�

f 2 L 2; kf k2
X r

= (f ; f )X r =
P 1

j =0 (� 2j (cosh(2r � )+ � sinh(2r � )) f̂ ; f̂ ) < 1
	

.

� Yr =
�

f 2 L 2; @x f 2 L 2; kf k2
Yr

= (f ; f )Yr =
P 1

j =0 (� 2j +2 cosh(2r � )f̂ ; f̂ ) < + 1
	

.

� kf kp
m;p =

P m
j =0 k@j

x f kp
L p , 1 � p < + 1 . kf km; 1 =

P m
j =0 k@j

x f k1 :

� H p(r ): the analytic Hardy spaceon the strip S(r ).

H p(r ) = f F ; F is analytic on S(r ); kF kH p ( r ) = supj y j<r kF (� + iy )kL p < 1g .

� H m;p (r ) = f F 2 H p(r ); kF kp
H m;p ( r ) =

P m
j =0 k@j

z F kp
H p ( r ) < 1g .

� C(I ; X ) : set of continuous functions on the interval I into the Banach spaceX .

� C ! (I ; X ) : the set of weakly continuous functions from I to X .

� < (z): the real part of the complex number z.

2. Real-v alued initial dat a.

We deducein this Section global analyticit y (in spacevariables) of solutions of

problems(1) and (2) when the initial data and the corresponding solution take real

valueson the real axis and supposingmoreover that the initial data hasan analytic

continuation that is analytic in a strip containing the real axis. We will usethe fact

that problems (1) and (2) are globally well possedin H s(R) for s � 1, when the

solution of the two previously mentioned problems take real valueson the real axis
EJQTDE, 2005No. 20, p. 3



at any time. More precisely we have the following two theorems (for real-valued

solutions) which can be found in [1].

Theorem 2.1. Let s � 1. If � 2 H s(R), then for each � > 0 there exists a

unique u = u� 2 C([0; 1 ); H s(R)) solution to the problem (1) such that @t u 2

C([0; 1 ); H s� 3(R)) .

Proof. SeeTheorem 4.2 in [1]. �

Theorem 2.2. Let s � 1. If  2 H s(R), then for each � > 0 there exists a

unique v = v� 2 C([0; 1 ); H s(R)) solution to the problem (2) such that @t v 2

C([0; 1 ); H s� 3(R)) .

Proof. SeeTheorem 4.1 in [1]. �

Theorem 2.3 (resp. 2.4) states that if the initial state has an analytic continu-

ation that belongsto A(r 0) for somer0 > 0 then the solution u(t) (resp. v(t)) of

problem (1) (resp. (2)), with � � 0, also has an analytic continuation belonging to

A(r1) for all t 2 [0; T ], where r 1 might decreasewith time. Theorem 2.3, below,

is an application of the method developed by Kato&Masuda in [8] to study global

analyticit y (in spacevariables) of somepartial di�eren tial equations. Similar as in

the proof of Theorem 2 in [8] we consider H m +5 (R) � Z � X � H m +2 (R) and

� � ;m (v) � 1
2 kvk2

� ;2;m de�ned on an appropriate open set O � Z , where

kf k2
� ;s;m �

mX

j =0

e2j �

(j !)2 k@j
x f k2

s and kf k2
� ;s �

1X

j =0

e2j �

(j !)2 k@j
x f k2

s ; s 2 R:

Lemma 2.1. Let F (v) be de�ned by F (v) � � vvx � vxxx � � (H vx + H vxxx ). Then

there exist constants c; 
 > 0 such that for every v 2 H m +5 (R),

hF (v); D � � ;m (v)i � c(� + kvk2)� � ;m (v) + 

q

� � ;m (v)@� � � ;m (v): (3)

Proof. It is not di�cult to seethat D � � ;m (v) =
P m

j =0
e2 j �

( j !) 2 (� @x ) j A4@j
x v, where

A = (1 � @2
x )1=2. Then

hF (v); D � � ;m (v)i =
mX

j =0

e2j �

(j !)2

�
�

�
@j

x (v@x v); @j
x v

�
2

� �
�
@j

x (H @x v + H @3
x v); @j

x v
�

2

�

=
mX

j =0

e2j �

(j !)2

�
�

�
v@j +1

x v; @j
x v

�
2 � Qj (v) � �

�
@j

x (H @x v + H @3
x v); @j

x v
�

2

�
;

where Qj (v) =
P j

k=1

� j
k

��
@k

x v@j � k+1
x v; @j

x v
�

2, and Q0(v) � 0. By using Kato's

inequality (K ) in the Appendix we have that

j(v@j +1
x v; @j

x v)2 j � ck@x vk1k@j
x vk2

2 � ckvk2k@j
x vk2

2:
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Moreover

�
�
@j

x (H @x v + H @3
x v); @j

x v
�

2 =
Z

(1 + � 2)2� 2j (j� j � j� j3)jv̂(� )j2d�

�
Z

(1 + � 2)2� 2j jv̂(� )j2d� = k@j
x vk2

2: (4)

Then

hF (v); D � � ;m (v)i � c(kvk2 + � )� � ;m (v) �
mX

j =0

e2j �

(j !)2 Qj (v): (5)

Now, using the Schwarz inequality and the formula kf gk2 � 

�
kf k2kgk1+ kf k1kgk2

�

we get

jQj (v)j � 

jX

k=1

�
j
k

�
k@j

x vk2
�
k@k

x vk1k@j � k+1
x vk2 + k@k

x vk2k@j � k+1
x vk1

�
: (6)

We denote as in [8], bj � ej �

j ! k@j
x vk2, B 2 �

P m
j =0 b2

j = 2� � ;m (v) and ~B 2 �
P m

j =1 j b2
j = @� � � ;m (v). By using (6) it follows, as a particular caseof Lemma

3.1 in [8], that

mX

j =0

e2j �

(j !)2 jQj (v)j � 

mX

j =1

jX

k=1

�
bj

bk � 1

k
(j � k + 1)bj � k+1 + bj bk bj � k

�

= 

mX

k=1

bk � 1

k

� mX

j = k

bj (j � k + 1)bj � k+1
�

+ 

mX

k=1

bk
� mX

j = k

bj bj � k
�

� 
 ~B 2� mX

k=1

1
k2

� 1=2� mX

k=1

b2
k � 1

� 1=2
+ 
 B ~B

mX

k=1

bkp
k

� 2
 B ~B 2 + 
 B ~B
� mX

k=1

1
k2

� 1=2� mX

k=1

kb2
k

� 1=2
� 4
 B ~B 2: (7)

By replacing the inequality (7) into (5), the Lemma follows. �

Next, we enunciate Lemma 2.4 in [8] and we give, for expository completeness,

a proof of this trivial result.

Lemma 2.2. Let � n 2 A(r ), n = 1; 2; ::: be a sequence with k� n k� ;2 bounded, where

e� < r . If � n ! 0 in H 1 as n ! 1 , then k� n k� 0;2 ! 0 for each � 0 < � .

Proof. Let � 0 < � . ChooseM such that k� n k� ;2 � M for all n. Since e2 j � 0

( j !) 2 k@j
x � n k2

2 �
M 2

e2 j ( � � � 0) , it follows, by using the dominated convergencetheorem, that

lim
n !1

k� n k2
� 0;2 =

1X

j =0

e2j � 0

(j !)2 ( lim
n !1

k@j
x � n k2

2) = 0:

�
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Theorem 2.3. Let � � 0 and T > 0. Let u 2 C([0; T ]; H 1 (R)) be a solution

of (1). If u(0) = � 2 A(r 0) for some r 0 > 0, there exists r 1 > 0 such that

u 2 C([0; T ]; A(r 1)) .

Proof. Let us remark that � 2 A(r 0) implies, by Lemma 2.2 in [8], that � 2

H 1 (R). So, it follows from Theorem 2.1 and from Corollary 4.7 in [7] that u 2

C([0; T ]; H 1 (R)). We proceedas in the proof of Theorem 2 in [8], to prove that

� � ;m is a Liapunov family for (1) on O = Z = H m +5 (R), consideringthe functions:

� (r ) = 

p

r , � (r ) = c(� + M )r � K r , for r � 0, where M = maxt 2 [0;T ] ku(t)k2,

and 
 ; c > 0 are constants given by Lemma 2.1, � (t) = 1
2 k� k2

b;2eK t where b < � 0,

e� 0 < r0, and

� (t) = b�

p
2


K
k� kb;2(e

K
2 t � 1); t 2 [0; T ]: (8)

We have that u(t) 2 A(e� ( t ) ), for all t 2 [0; T ]. Then u(t) 2 A(r 1) for all t 2 [0; T ],

where r1 = e� (T ) . The continuit y of u, as in the proof of Theorem 2 in [8], is a

consequenceof Lemma 2.2 above. �

Theorem 2.4. Let � � 0 and T > 0. Let v 2 C([0; T ]; H 1 (R)) be a solution

of (2). If v(0) =  2 A(r 0) for some r 0 > 0, there exists r 1 > 0 such that

v 2 C([0; T ]; A(r 1)) .

Proof. We remark that u � vx 2 C([0; T ]; H 1 (R)) is a solution of (1) with u(0) =

 0. Since  0 2 H 1 (R) and k 0k� ;0 � k k� ;1 for each � such that e� < r0 it

follows, as a consequenceof Lemma 2.2 in [8], that  0 2 A(r0). So, by Theorem

2.3, there exists r 1 > 0 such that vx 2 C([0; T ]; A(r1)). Now, since v(t) 2 H 1 (R)

and kv(t)k2
� ;0 � supt 2 [0;T ] kv(t)k2 + e2� supt 2 [0;T ] ku(t)k2

� ;0 < 1 for each � such that

e� < r1 and for all t 2 [0; T ], it follows that v(t) 2 A(r 1) for all t 2 [0; T ]. The

continuit y of v follows as in the previous Theorem. �

3. Gevrey Class Regularity.

Now, we make a Gevrey-classanalysis of problems (1) and (2). Let us remark

that, since each function f 2 X � ;s = D(Ase� A ) with � > 0 and s � 0, satis�es

kf k2
L �

�
R

e2� j � j j f̂ (� )j2d� � kf k2
X � ;s < 1 , it follows from Theorem 1 in [6] that

f has an analytic extension F 2 H 2(� ), where � > 0 is the radius of the strip of

analyticit y in the complex plane around the real axis. Theorem 3.1 (resp. Theorem

3.2) states that problem (1) (resp. (2)), for � > 0 and complex-valued initial data,

is locally well-posed in X � ;s where � > 0 is a �xed number and s is a suitable

nonnegative number. Theorem 3.1 (resp. 3.2)) implies that if the initial condition

of problem (1) (resp. (2)) is analytic and has an analytic continuation to a strip
EJQTDE, 2005No. 20, p. 6



containing the real axis, then the solution of (1) (resp. (2)) has the sameproperty,

without reducing the width of the strip in time.

For t � 0 and � 2 R, let

F� (t; � ) = e( i� 3 + � ( j � j�j � j 3 )) t

E � (t)f = F � 1(F� (t; �)f̂ ); f 2 L 2(R): (9)

It is not di�cult to seethat jF� (t; � )j � e� t , for all t � 0 and � 2 R.

Lemma 3.1. Let � > 0. Then (E � (t)) t � 0 is a C0-semigroup on X � ;s for � > 0

and s 2 R. Moreover,

kE � (t)kB (X � ;s ) � e� t : (10)

When � = 0, kE � (t)kB (X � ;s ) = 1 for all t � 0.

Proof. Similar to the proof of Lemma 2.1 in [1]. �

Lemma 3.2. Let t > 0, � � 0, � > 0, � > 0 and s 2 R be given. Then E � (t) 2

B (X � ;s ; X � ;s+ � ). Moreover,

kE � (t)� kX � ;s + � � c�
�
e� t +

1
(� t) �= 3

�
k� kX � ;s ; (11)

where � 2 X � ;s and c� is a constant depending only on � .

Proof.

kE � (t)� k2
X � ;s + � � c�

� Z
(1 + � 2)se2� (1+ � 2 )1= 2

jF� (t; � )j2 j �̂ (� )j2d�

+
Z

� 2� (1 + � 2)se2� (1+ � 2 )1= 2
e2� t ( j � j�j � j 3 ) j �̂ (� )j2d�

�

� c�
�
e2� t + sup

� 2 R
� 2� e� 2� t ( j � j 3 �j � j ) � k� k2

X � ;s : (12)

On the other hand,

sup
� 2 R

j� j � e� � t ( j � j 3 �j � j ) = sup
� � 0

� � e� � t ( � 3 � � ) �
p

2
�
e� t + c�

1
(� t) �= 3

: (13)

The lemma follows immediately from (12) and (13). �

Next theorem proves,without using Bourgain-type spaces,local well-posednessto

problem (1) with � > 0 in X � ;s for � > 0, s > 1=2, and complex-valued initial data.

Theorem 3.1. Let � > 0, � > 0 and s > 1=2 be given. If � 2 X � ;s , then there

exist T = T(s;� ;� ;k� kX � ;s ) > 0 and a unique function u 2 C([0; T ]; X � ;s ) satisfying

the integral equation

u(t) = E � (t)� �
1
2

Z t

0
E � (t � t0)@x (u2(t0))dt0: (14)
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Proof. Let M , T > 0 be �xed but arbitrary . Let us consider the map

Af (t) = E � (t)� �
1
2

Z t

0
E � (t � t0)@x (f 2(t0))dt0;

de�ned on the complete metric space

� s;� ;� (T ) = f f 2 C([0; T ]; X � ;s ); sup
t 2 [0;T ]

kf (t) � E � (t)� kX � ;s � M g;

whereT > 0 will be suitably chosenlater. First, we prove that if f 2 � s;� ;� (T ) then

Af 2 C([0; T ]; X � ;s ). Without loss of generality, we may assumethat � > t > 0.

Then

kAf (t) � Af (� )kX � ;s � k(E � (t) � E � (� )) � kX � ;s + F (t; � ) + G(t; � );

where F (t; � ) and G(t; � ) will be estimated below.

G(t; � ) �
Z �

t
kE � (� � t0)@x (f 2(t0))kX � ;s dt0

�
cs

�
(M + e� T k� kX � ;s )2(e� ( � � t ) � 1 +

3
2

(� (� � t))
2
3 ) ! 0 as � # t;

where in the last inequality we have usedLemmas3.1 and 3.2 (with � = 1) and the

fact that X � ;s is a Banach algebra for s > 1=2 and � � 0 (Lemma 6 in [2]). Since

� � t0 � t � t0, for all t0 2 [0; t], it follows from Lemma 3.2 and from the triangle

inequality that

k(E � (t� t0)� E � (� � t0))@x (f 2(t0))kX � ;s � cs(M + e� T k� kX � ;s )2�
e� (T � t 0) +( � (t� t0)) � 1

3
�
;

and the expressionon the right hand sideof the last inequality belongsto L 1([0; t]; dt0).

The fact that k(E � (t � t0) � E � (� � t0))@x (f 2(t0))kX � ;s ! 0 as� # t is a consequenceof

the dominated convergencetheorem. So,by using again the dominated convergence

theorem, we have that

F (t; � ) �
Z t

0
k(E � (t � t0) � E � (� � t0))@x (f 2(t0))kX � ;s dt0 ! 0 as � # t:

Now, we prove that A(� s;� ;� (T )) � � s;� ;� (T ), for T = ~T > 0 su�cien tly small. Let

u 2 � s;� ;� (T ). Then

kAu(t) � E � (t)� kX � ;s �
Z t

0
kE � (t � t0)@x (u2(t0))kX � ;s dt0

�
cs

�
(M + e� T k� kX � ;s )2h(T); (15)

where h(T) � e� T � 1 + 3
2 (� T )2=3. By choosing T = ~T > 0 su�cien tly small, the

right hand sideof (15) is lessthan M . Finally , we claim that there exists T̂ 2 (0; ~T]
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such that A is a contraction on � s;� ;� (T̂ ). Let t 2 [0; ~T], u; v 2 � s;� ;� ( ~T). Then

kAu(t) � Av(t)kX � ;s � c1

Z t

0

�
e� ( t � t 0) +

1
(� (t � t0))1=3

�
k@x (u2(t0) � v2(t0))kX � ;s � 1 dt0

� cs(M + e� t k� kX � ;s ) sup
t 02 [0; ~T ]

ku(t0) � v(t0)kX � ;s

�
Z t

0

�
e� ( t � t 0) +

1
(� (t � t0))1=3

�
dt0

�
cs

�
(M + e� ~T k� kX � ;s )h( ~T) sup

t 02 [0; ~T ]
ku(t0) � v(t0)kX � ;s :

So,by choosingT̂ 2 (0; ~T] such that cs
� (M + e� T̂ k� kX � ;s )h(T̂ ) < 1, the claim follows.

HenceA has a unique �xed point u 2 � s;� ;� (T̂ ), which satis�es (14). Uniqueness

of the solution u 2 C([0; T̂ ]; X � ;s ) follows from Proposition 3.2 in [1], which implies

uniquenessof the solution in the classC([0; T̂ ]; H s(R)) for s > 1=2. �

Prop osition 3.1. Problem (1) is equivalent to the integral equation (14). More

precisely, if u 2 C([0; T ]; X � ;s ), s > 1=2 is a solution of (1) then u satis�es

(14). Reciprocally, if u 2 C([0; T ]; X � ;s ), s > 1=2 is a solution of (14) then

u 2 C1([0; T ]; X � ;s � 3) and satis�es (1).

Proof. Similar to the proof of Proposition 3.1 in [1]. However, here we useLemmas

3.1 and 3.2. �

Theorem 3.2. Let � > 0, � > 0 and s > 3=2 be given. Let  2 X � ;s . Then there

exist T = T(s;� ;� ;k kX � ;s ) > 0 and a unique v 2 C([0; T ]; X � ;s ) solution of (2).

Proof. Since 2 X � ;s , it follows that � �  0 2 X � ;s � 1. By Theorem3.1and Propo-

sition 3.1, there exist T = T(s;� ;� ;k kX � ;s ) > 0 and a unique u 2 C([0; T ]; X � ;s � 1)

satisfying (14) and (1). Let us de�ne

v(t) � E � (t) �
1
2

Z t

0
E � (t � t0)u2(t0)dt0; t 2 [0; T ]: (16)

It follows easily from (16) and from the uniquenessof the solution of (14) that

@x v(t) = u(t). Sinceu 2 C([0; T ]; X � ;s � 1), it follows from Lemmas3.1 and 3.2 that

v 2 C([0; T ]; X � ;s). Now, by similar calculations as in the proof of Proposition 3.1

in [1], we have that v 2 C1([0; T ]; X � ;s � 3) and satis�es (2). �

Theorems3.3 and 3.4, below, consider the caseof real-valued solutions (on the

real axis) to problems (1) and (2) respectively, for � � 0. So,Theorems2.1 and 2.2

will be required again. The following theorem is proved similarly to Theorem 11

in [2], where the rate of decreaseof the uniform radius of analyticit y for KdV-t ype

equations of the form ut + G(u)ux � Lu x = 0 was also studied, where u = u(x; t),
EJQTDE, 2005No. 20, p. 9



for x; t 2 R, G is a function that is analytic at least in a neighborhood of zero in C,

but real-valued on the real axis, and L is a homogeneusFourier multiplier operator

de�ned by cLu (� ) = j� j � û(� ), for some� > 0. In the caseof problem (1) we have

that cLu (� ) = [� 2 � � i (sgn(� ) � � j� j)]û(� ).

Theorem 3.3. Let � � 0 and T > 0. Suppose that � 2 X � 0 ;s , for some � 0 > 0

and s > 5=2. Suppose moreover that � (x) 2 R for x 2 R. Then the solution u

of problem (1) satis�es u 2 C([0; T ]; X � (T ) ;s ), where � (t) is a positive monotone

decreasing function given by (24).

Proof. Let � ; T; � 0, and s beasin the hypothesisof the theorem. Let r � s� 1 > 3=2.

By the Remark at the end of this Section we have that � 2 A(� 0). So, by using

Lemma 2.2 in [8], we have that � 2 H 1 (R). Then u 2 C([0; T ]; H s(R)), which

follows from Theorem 2.1 and from Corollary 4.7 in [7]. Let v � ux , then

vt + v2 + vxxx + � (H vx + H vxxx ) + uvx = 0; v(0) = � 0: (17)

Let � 2 C1([0; T ]; R) be a positive function such that � 0 < 0 and � (0) = � 0. Then

1
2

d
dt

kv(t)k2
X � ( t ) ;r � � 0(t)kv(t)k2

X � ( t ) ;r +1 = 2 = <
Z

(1+ � 2)r e2� ( t )(1+ � 2 )1= 2
@t v̂(t; � )v̂(t; � )d� :

It follows from the last expressionand from (17) that

1
2

d
dt

kv(t)k2
X � ( t ) ;r � � 0(t)kv(t)k2

X � ( t ) ;r +1 = 2 � I 1 + I 2 + � kv(t)k2
X � ( t ) ;r ; (18)

where �
I 1 � j(A r e� ( t )A v2(t); A r e� ( t )A v(t)) j;
I 2 � j(A r e� ( t )A (uvx )( t); A r e� ( t )A v(t)) j:

I 1 and I 2 are particular casesof the corresponding onesin [2], taking G(u) = u. For

the sake of completenesswe estimate them here. Since r > 1=2, by using Lemmas

6 and 9 in [2], we have that

I 1 � cr kA r e� ( t )A v(t)k3 � cr kA r v(t)k3 + ~cr � (t)kA r +1 =3e� ( t )A v(t)k3

� cr kA r v(t)k3 + ~cr � (t)kA r e� ( t )A v(t)kkA r +1 =2e� ( t )A v(t)k2: (19)

Sincer > 3=2, by using Lemma 10 in [2], we obtain

I 2 � cr kA r +1 u(t)kkA r v(t)k2 + ~cr � (t)kA r +1 e� ( t )A u(t)kkA r +1 =2e� ( t )A v(t)k2: (20)

Sinceu 2 C([0; T ]; H s(R)), it follows that kA r +1 u(t)k � c( r ;T ) . Moreover

kA r +1 e� ( t )A u(t)k2 =
Z

(1 + � 2)r e2� ( t )(1+ � 2 )1= 2
jû(� ; t)j2d� + kA r e� ( t )A v(t)k2

� e2
p

2� 0 ku(t)k2
r + 2kA r e� ( t )A v(t)k2 � c( r ;T ;� 0 ) + 2kA r e� ( t )A v(t)k2; (21)

EJQTDE, 2005No. 20, p. 10



where c( r ;T ;� 0 ) is a positive constant depending only on r; T and � 0. Replacing the

last inequalities into (20) and sincev 2 C([0; T ]; H r (R)), we get

I 2 � c( r ;T ) + ~cr � (t)
�
c( r ;T ;� 0 ) +

p
2kA r e� ( t )A v(t)k

�
kA r +1 =2e� ( t )A v(t)k2: (22)

Let us remark that c( r ;T ) and c( r ;T ;� 0 ) are positive, continuous,non-decreasingfunc-

tions of the variable T 2 [0; + 1 ). Now, by using (19) and (22) into (18), we obtain

1
2

d
dt

kv(t)k2
X � ( t ) ;r � � 0(t)kv(t)k2

X � ( t ) ;r +1 = 2

� c( r ;T ) + c( r ;T ;� 0 ) � (t)
�
1 + kv(t)kX � ( t ) ;r

�
kv(t)k2

X � ( t ) ;r +1 = 2 + � kv(t)k2
X � ( t ) ;r :

Then
d
dt

kv(t)k2
X � ( t ) ;r + 2

�
� � 0(t) � c( r ;T ;� 0 ) � (t)(1 + kv(t)kX � ( t ) ;r )

�
kv(t)k2

X � ( t ) ;r +1 = 2

� c( r ;T ) + 2� kv(t)k2
X � ( t ) ;r : (23)

Inequality (23) implies that v(t) 2 X � ( t ) ;r for all t 2 [0; T ], where

� (t) = � 0e� K t ; (24)

K = c( r ;T ;� 0 ) (1 + c( r ;T ;� 0 ;� )e� T ), and c( r ;T ;� 0 ;� ) =
�
kA r e� 0 A � 0k2 + c( r ;T ) T

� 1=2
. More

preciselywe have that

kv(t)kX � ( t ) ;r � c( r ;T ;� 0 ;� ) e
� T ; t 2 [0; T ]: (25)

Now, we will prove assertion(25). In fact let

T � � supf T > 0;9! u 2 C([0; T ]; X � (T ) ;s ) solution of (1); sup
t 2 [0;T ]

ku(t)kX � ( t ) ;s < 1g :

We claim that T � = + 1 . Supposeby contradiction that T � < 1 . It follows from

Theorem 3.1, Proposition 3.1 and Theorem 1 in [5] (for � = 0) that T � > 0. Let
~T < T � . We have that

sup
t 2 [0; ~T ]

kv(t)kX � ( t ) ;r � sup
t 2 [0; ~T ]

ku(t)kX � ( t ) ;s � M ( ~T ) � M :

By choosing � (t) = � 0e� ~K t for t 2 [0; ~T], where ~K � c( r ; ~T ;� 0 ) (1 + M ), we have that

� � 0(t) � c( r ; ~T ;� 0 ) � (t)(1 + kv(t)kX � ( t ) ;r ) = � (t)c( r ; ~T ;� 0 ) (M � kv(t)kX � ( t ) ;r ) � 0;

for all t 2 [0; ~T]. So, it follows from (23) that

d
dt

kv(t)k2
X � ( t ) ;r � c( r ; ~T ) + 2� kv(t)k2

X � ( t ) ;r ;

for all t 2 [0; ~T]. Now, Gronwall�s inequality implies that kv(t)kX � ( t ) ;r � c( r ; ~T ;� 0 ;� )e
� t ,

for all t 2 [0; ~T], wherec( r ; ~T ;� 0 ;� ) � (k� 0k2
X � 0 ;r + c( r ; ~T )

~T)1=2 is a continuous,positive,

non-decreasingfunction of ~T 2 [0; 1 ). So, we can replaceabove the upper bound

M by c( r ; ~T ;� 0 ;� )e
� ~T and take � (t) = � 0e� K t , K � c( r ; ~T ;� 0 ) (1 + c( r ; ~T ;� 0 ;� )e

� ~T ), for

t 2 [0; ~T] . Sincec( r ; ~T ;� 0 ) and c( r ; ~T ;� 0 ;� ) are continuous, non-decreasingfunctions of
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~T 2 [0; 1 ), we can choose� (t) = � 0e� K̂ t , where K̂ � c( r ;T � ;� 0 ) (1 + c( r ;T � ;� 0 ;� )e� T �
)

for all t 2 [0; T � ], and applying again the local theory we obtain a contradiction. Fi-

nally, it followsfrom (21) and (25) that u(t) 2 X � ( t ) ;s � X � (T ) ;s for all t 2 [0; T ]. �

Theorem 3.4. Let � � 0 and T > 0. Suppose that  2 X � 0 ;s , for some � 0 > 0

and s > 7=2. Suppose moreover that  (x) 2 R for x 2 R. Then the solution v

of problem (2) satis�es v 2 C([0; T ]; X � (T ) ;s ), where � (t) is a positive monotone

decreasing function given by (24).

Proof. Since  0 2 X � 0 ;s � 1, and s � 1 > 5=2, it follows from Theorem 3.3 that

u � vx 2 C([0; T ]; X � (T ) ;s� 1), where� is given by (24). Making similar calculations

to (21), we seethat v(t) 2 X � ( t ) ;s for all t 2 [0; T ]. Finally, since

kv(t) � v(� )k2
X � ( T ) ;s � e2

p
2� (T ) kv(t) � v(� )k2

s� 1 + ku(t) � u(� )k2
X � ( T ) ;s � 1 ;

it follows that v 2 C([0; T ]; X � (T ) ;s ). �

Remark: For r > 0, we have
8
>><

>>:

X r ;s � L r ; if s � 0:
X r ;s � X r ; if s � 3=2:
X r � L r :
If f 2 L r ; and f (x) 2 R for x 2 R; then f 2 A(r ):

(26)

The �rst statement above wasalready proved at the beginning of this Section. The

secondpart in (26) follows from the inequality kf k2
X r

� 4kf k2
X r ;s for s � 3=2. The

fact that X r � L r is obvious. Finally, supposethat f 2 L r and f (x) 2 R for x 2 R;

then we already know (seethe �rst paragraph of this Section) that f hasan analytic

extensionF 2 H 2(r ); moreover, for every 0 < r 0 < r we have
Z r 0

� r 0

Z + 1

�1
jF (x + iy )j2dxdy �

Z r 0

� r 0

�
sup

j y j<r 0

Z + 1

�1
jF (x + iy )j2dx

�
dy � 2r kF k2

H 2 ( r ) :

4. Anal yticity of Local Solutions of (1) in X r -Spaces.

In this section we show that if the initial data � of (1), with � � 0, is analytic

and hasan analytic continuation to a strip containing the real axis, then there exists

a T > 0 such that the solution u(t) of (1) has the sameproperty for all t 2 [0; T ],

but the width of the strip may decreaseas a function of time. Similar to the proof

of Theorem 2 in [6], we establish in Theorem 4.1 existenceand analyticit y of the

solution of problem (1) simultaneously including the casewhen the initial condition

is complex-valued on the real axis, more precisely when � 2 X � 0 for some� 0 > 0.

The following lemma, which states a closerelation betweenspacesX r and Yr , will

be mainly usedto prove that u 2 C ! ([0; T ]; X � (T ) ) in Theorem 4.1.
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Lemma 4.1. Yr is a densesubsetof X r , for r > 0.

Proof. Let f 2 Yr . We have that
Z

cosh(2r � )jf̂ (� )j2d� � cosh(2r )kf k2 +
Z

j � j > 1
cosh(2r � )jf̂ (� )j2d�

� cosh(2r )(kf k2 + kf k2
Yr

);
Z

� sinh(2r � )jf̂ (� )j2d� � sinh(2r )kf k2 +
Z

j � j > 1
� 2 cosh(2r � )jf̂ (� )j2d�

� cosh(2r )(kf k2 + kf k2
Yr

);

and similarly
R

� 3 sinh(2r � )jf̂ (� )j2d� � cosh(2r )(kf k2 + kf k2
Yr

). So, using the last

three inequalities, it is not di�cult to prove that

kf k2
X r

� 4cosh(2r )(kf k2 + kf k2
Yr

): (27)

It follows from the last inequality that Yr � X r . Now, let us consider the set

L 2;0(R)=
�

g2 L 2(R); 9K > 0; jĝ(� )j � K a.e. in R; ĝ(� ) = 0 a.e. in f � ; j� j > K g
	

:

Let g 2 L 2;0(R), then
P 1

j =0

R
� 2j +2 cosh(2r � )jĝ(� )j2d� � (K 2 + K 4) cosh(2rK )kgk2,

sog 2 Yr . Now we will prove that L 2;0(R) is a denseset in X r . Let f be an element

of X r . For each n 2 N, take f n 2 L 2;0(R) given by

cf n (� ) =
�

f̂ (� ); if j� j � n and jf̂ (� )j � n
0; otherwise:

It follows easily from the de�nition of f n that jcf n (� )j � j f̂ (� )j, for all n 2 N and

� 2 R. Moreover, cf n (� ) ! f̂ (� ) as n ! 1 , for all � 2 R. So, by the dominated

convergencetheorem, we have that kf n � f kX r ! 0 as n ! 1 . This concludesthe

proof. �

Lemma 4.2. (i.) Suppose that F 2 H 2;2(r ). Let f be the trace of F on the real

line. Then f 2 Yr and

kf kYr �
p

2kF kH 2; 2 ( r ) : (28)

(ii.) Conversely, suppose that f 2 Yr . Then f has an analytic extension F 2

H 2;2(r ) and

kF kH 2; 2 ( r ) �
p

10cosh(2r )(kf k + kf kYr ): (29)

Proof. (i.) Since F 2 H 2;2(r ), we seethat @zF; @2
z F 2 H 2(r ). Then, by using

Theorem 1 in [6], we have that f 0; f 002 L r and moreover

kf k2
Yr

= kf 0k2
L r

+ kf 00k2
L r

� 2(k@zF k2
H 2 ( r ) + k@2

z F k2
H 2 ( r ) ) � 2kF k2

H 2; 2 ( r ) :
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(ii.) By Lemma 4.1, Yr � X r . So, it follows from Lemma 2.1 in [6] that

f has an analytic extension F on S(r ) such that k@zF kH 1; 2 ( r ) �
p

2kf kYr and

kF kH 1; 2 ( r ) �
p

2kf kX r . Now, using the last inequalities, we have that

kF k2
H 2; 2 ( r ) = kF k2

H 1; 2 ( r ) + k@2
z F k2

H 2 ( r ) � kF k2
H 1; 2 ( r ) + k@zF k2

H 1; 2 ( r )

� 2(kf k2
X r

+ kf k2
Yr

) � 10cosh(2r )(kf k2 + kf k2
Yr

);

where in the last inequality we have used(27). �

Lemma 4.3. Let r > 0. Supposethat F; G 2 H 2;2(r ). Then F G 2 H 2;2(r ) and

kF GkH 2; 2 ( r ) � ckF kH 2; 2 ( r )kGkH 2; 2 ( r ) : (30)

Proof. Using Leibniz's rule and Sobolev's inequality (kGkH 1 ( r ) � ckGkH 1; 2 ( r ) ) we

have that

k@2
z (F G)kH 2 ( r ) � k@2

z F kH 2 ( r )kGkH 1 ( r ) + 2k@zF kH 1 ( r )k@zGkH 2 ( r )

+ kF kH 1 ( r )k@2
z GkH 2 ( r ) :

� ckF kH 2; 2 ( r ) kGkH 2; 2 ( r ) :

Moreover, by Lemma 2.3 in [6], we have that kF GkH 1; 2 ( r ) � ckF kH 1; 2 ( r ) kGkH 1; 2 ( r ) .

SincekF Gk2
H 2; 2 ( r ) = kF Gk2

H 1; 2 ( r ) + k@2
z (F G)k2

H 2 ( r ) , the proof of the Lemma follows

from the last two inequalities. �

Lemma 4.4 and Corollary 4.1, below, are particular casesof Lemma 2.4 and its

Corollary in Hayashi [6] respectively.

Lemma 4.4. There exists a polynomial ~a of which coe�cients are all nonnegative

with the following property: If r > 0 and f ; g; v 2 X r \ Yr , then

j(f @x f � g@x g; v)X r j � ~a(kf kX r ; kgkX r )
�
kf kYr kf � gkX r + kf � gkYr

��
kvkX r + kvkYr

�
:

Corollary 4.1. There existsa polynomial ~a1 with nonnegativecoe�cients suchthat

if f ; v 2 X r \ Yr , then

j(f @x f ; v)X r j � ~a1(kf kX r )kf kYr

�
kvkX r + kvkYr

�
: (31)

Now, we state the main theorem of this Section.

Theorem 4.1. Let � � 0. If � 2 X � 0 for some � 0 > 0, then there exist a T =

T(k� kX � 0
; � ; � 0) > 0 and a positive monotone decreasing function � (t) satisfying

� (0) = � 0 and such that (1) has a unique solution u 2 C ! ([0; T ]; X � (T ) ). When

� = 0, u 2 C([0; T ]; X � (T ) ).
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Proof. Let � � 0, � 0 > 0, and � 2 X � 0 . Let � (t) = � 0e� At=� 0 , where the positive

constant A will be conveniently chosenlater. For T > 0, consider the space

B (T) =
�

f : [0; T ]� R 7! C; kf k2
B (T ) = sup

0� t � T
kf (t)k2

X � ( t )
+ A

Z T

0
kf (t)k2

Y� ( t )
dt < + 1

	

and

B � (T ) = f f 2 B (T); kf kB (T ) � � g:

Let � = 4k� kX � 0
. For v 2 B � (T ), we de�ne the mapping M by u = M v, where u

is the solution of the linearized problem
�

@t u + @3
x u + � (H @x u + H @3

x u) = � v@x v
u(0) = �:

(32)

More precisely u can be obtained as follows. Take the Fourier transform to (32),

then

@t û(t; � ) � i� 3û(t; � ) + � (�j � j + j� j3)û(t; � ) = � dvvx (t; � ):

Now, integrating the last expressionbetween0 and t, it follows that

û(t; � ) = e( i� 3 + � ( j � j�j � j 3 )) t �̂ (� ) �
Z t

0
e( i� 3 + � ( j � j�j � j 3 ))( t � � ) dvvx (� ; � )d� ; (33)

where the last integral is well de�ned, since
Z t

0
jdvvx (� ; � )jd� =

Z t

0

�
� � dv(� ) � [vx (� )

�
(� )

�
�d� =

Z t

0

�
�
Z

v̂(� ; � � ! )! v̂(� ; ! )d!
�
�d�

�
Z t

0
kv(� )kkv(� )k1d� � � 2t;

and in the last inequality we have usedthe fact that

kv(� )k1 � kv(� )kX � ( � ) � kvkB (T ) � �:

Let us chooseA; T > 0 such that

e� AT =� 0 >
1
2

: (34)

Let v 2 B � (T ). It will be proved that u = M v 2 B � (T ), for suitably chosen

T; A > 0. Now, it is not di�cult to seethat

d
dt

ku(t)k2
X � ( t )

= 2� 0(t)
1X

j =0

Z
� 2j �

� sinh(2� (t)� ) + � 2cosh(2� (t)� )
�
jû(t; � )j2d�

+2 <
1X

j =0

Z
� 2j �

cosh(2� (t)� ) + � sinh(2� (t)� )
�
@t û(t; � )û(t; � )d� :
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Taking the Fourier transform to (32), multiplying both sidesof the obtained equa-

tion by � 2j
�
cosh(2� (t)� ) + � sinh(2� (t)� )

�
û(t; � ), integrating with respect to � , sum-

ming the terms for j = 0; 1 and �nally taking the real part we get

1
2

d
dt

ku(t)k2
X � ( t )

� � 0(t)
1X

j =0

Z
� 2j �

� sinh(2� (t)� ) + � 2cosh(2� (t)� )
�
jû(t; � )j2d�

+ �
1X

j =0

Z
� 2j �

cosh(2� (t)� ) + � sinh(2� (t)� )
�
(�j � j + j� j3)jû(t; � )j2d�

= �< (vvx ; u)X � ( t ) :

Since� 0(t) = � Ae� At
� 0 and j� j � j� j3 � 1, for all � 2 R, it follows that

1
2

d
dt

ku(t)k2
X � ( t )

+ Ae� At
� 0 ku(t)k2

Y� ( t )
� �< (vvx ; u)X � ( t ) + � ku(t)k2

X � ( t )
:

Using (34) and Corollary 4.1, it follows from the last inequality that

1
2

d
dt

ku(t)k2
X � ( t )

+
A
2

ku(t)k2
Y� ( t )

� a(� )kv(t)kY� ( t ) (ku(t)kX � ( t ) + ku(t)kY� ( t ) )+ � ku(t)k2
X � ( t )

;

where a(�) is a polynomial with nonnegative coe�cien ts. Now integrating the last

inequality from 0 to t we get

sup
0� t � T

ku(t)k2
X � ( t )

+ A
Z T

0
ku(t)k2

Y� ( t )
dt � 2

�
k� k2

X � 0
+ 2a(� )

� Z T

0
kv(t)k2

Y� ( t )
dt

� 1=2

�
� � Z T

0
ku(t)k2

X � ( t )
dt

� 1=2
+

� Z T

0
ku(t)k2

Y� ( t )
dt

� 1=2�
+ 2�

Z T

0
ku(t)k2

X � ( t )
dt

�
:

Then,

kuk2
B (T ) �

� 2

8
+

4�a (� )
p

A

� p
T +

1
p

A

�
kukB (T ) + 4� Tkuk2

B (T )

�
� 2

8
+

1
2

� 4�a (� )
p

A

� p
T +

1
p

A

�� 2
+ (

1
2

+ 4� T)kuk2
B (T ) :

By choosing T > 0 small enoughsuch that

� T <
1
12

; (35)

we have that

kuk2
B (T ) �

� 3
4

+
48a2(� )

A

� p
T +

1
p

A

� 2�
� 2:

Now we take A; T > 0 such that

a(� )
p

A

� p
T +

1
p

A

�
<

1

8
p

3
: (36)

So, choosing A; T > 0 such that (34)-(36) are satis�ed, it follows that u = M v 2

B � (T ).

Now let us prove that the mapping M is a contraction, de�ned from B � (T ) into
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itself. Let v1; v2 2 B � (T ), w = M v1 � M v2 = u1 � u2, where u1(0) = u2(0) = � .

Then,

@t ŵ(t; � ) � i� 3ŵ(t; � ) + � (�j � j + j� j3)ŵ(t; � ) = F(� v1@x v1 + v2@x v2)( t; � ):

Multiplying both sidesof the last equationby � 2j
�
cosh(2� (t)� )+ � sinh(2� (t)� )

�
ŵ(t; � ),

integrating in � , summing the terms for j = 0; 1 and taking the real part we obtain

d
dt

kw(t)k2
X � ( t )

+ Akw(t)k2
Y� ( t )

� � 2< (v1@x v1 � v2@x v2; w)X � ( t ) + 2� kw(t)k2
X � ( t )

� 2~a(�; � )
�
kv1(t)kY� ( t ) kv1 � v2kB (T ) + kv1(t) � v2(t)kY� ( t )

�

�
�
kw(t)kX � ( t ) + kw(t)kY� ( t )

�
+ 2� kw(t)k2

X � ( t )
;

where the last inequality is a consequenceof Lemma 4.4 and ~a(�; �) is a polynomial

with nonnegative coe�cien ts. Integrating the last expressionon [0; t] and applying

the Cauchy Schwarz inequality, we get

kwk2
B (T ) � 4~a(�; � )

�
kv1 � v2kB (T )

� Z T

0
kv1(t)k2

Y� ( t )
dt

� 1
2 +

� Z T

0
kv1(t) � v2(t)k2

Y� ( t )
dt

� 1
2
�

�
� � Z T

0
kw(t)k2

X � ( t )
dt

� 1
2 +

� Z T

0
kw(t)k2

Y� ( t )
dt

� 1
2
�

+ 4� Tkwk2
B (T )

�
4~a(�; � )

p
A

(kv1kB (T ) + 1)kv1 � v2kB (T )
� p

T +
1

p
A

�
kwkB (T ) + 4� Tkwk2

B (T ) :

By using (35) in the last inequality we obtain

kwkB (T ) �
6~a(�; � )

p
A

(1 + � )
� p

T +
1

p
A

�
kv1 � v2kB (T ) :

If we take A; T > 0 such that

6~a(�; � )
p

A
(1 + � )

� p
T +

1
p

A

�
< 1; (37)

then M is a contraction. So,by choosingA; T > 0 such that (34)-(37) are satis�ed,

the mapping M has a unique �xed point u 2 B � (T ) that is the solution of problem

(1). Since ku(t)kX � ( T ) � ku(t)kX � ( t ) , for all t 2 [0; T ], then u(t) 2 X � (T ) , for all

t 2 [0; T ].

Now we will prove that u 2 C ! ([0; T ]; X � (T ) ). Let t 2 [0; T ], without loss of

generality we may assume00 � t0 < t � T . Since by Lemma 4.1, Y� (T ) is a dense

subset of X � (T ) , it is enough to prove that (u(t) � u(t0); f )X � ( T ) ! 0 as t0 " t,

for all f 2 Y� (T ) . So, let f be an arbitrary but �xed element of Y� (T ) . Let us

denoteby hj (� ; T ) � � 2j
�

cosh(2� (T )� ) + � sinh(2� (T )� )
�
. First, let us remark that

jû(t; � ) � û(t0; � )j ! 0 as t0 " t, for all � 2 R. In fact, by using (33), we have that

û(t; � ) � û(t0; � ) =
P 3

j =1 I j (t; t0; � ), where

I 1(t; t0; � ) �
�
F� (t; � ) � F� (t0; � )

�
�̂ (� ) � ! 0 as t0 " t;
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jI 2(t; t0; � )j �
�
�
Z t

t 0
F� (t � � ; � ) duux (� ; � )d�

�
� �

e� T j� j
2

Z t

t 0
j\u(� )2(� )jd�

�
e� T j� j

2
p

2�

Z t

t 0
ku(� )k2d� � ce� T j� jkuk2

B (T ) (t � t0) � ! 0 ast0 " t;

jI 3(t; t0; � )j �
�
�
Z t 0

0

�
F� (t � � ; � ) � F� (t0 � � ; � )

�
duux (� ; � )d�

�
� � ! 0 ast0 " t;

wherethe last convergenceis a consequenceof
�
�F� (t � � ; � )� F� (t0� � ; � )

�
� j duux (� ; � )j �

2e� T j duux (� ; � )j 2 L 1([0; t]; d� ), and the dominated convergencetheorem.

On the other hand we have that

j(u(t) � u(t0); f )X � ( T ) j �
1X

j =0

I j
1 (t; t0) + I 2(t; t0) + I 3(t; t0);

where

I j
1 (t; t0) �

�
�
Z

hj (� ; T )(F� (t; � ) � F� (t0; � )) �̂ (� )f̂ (� )d�
�
� ;

which, by the dominated convergencetheorem, tends to zero as t0 " t.

Now we estimate I 2(t; t0) de�ned below. First we seethat
Z

j� jhj (� ; T )jf̂ (� )j2d� � cosh(2� (T ))kf k2 +
Z

j � j > 1
j� j2j +1 cosh(2� (T )� )jf̂ (� )j2d�

+ sinh(2� (T ))kf k2 +
Z

j � j > 1
j� j2j +2 cosh(2� (T )� )jf̂ (� )j2d�

� e2� (T ) kf k2 + 2kf k2
Y� ( T )

: (38)

Moreover, for every � 2 [0; T ], we have that

ku(� )2k � sup
x 2 R

ju(� ; x)jku(� )k � cku(� )k1ku(� )k � cku(� )k2
X � ( T )

(39)

and

ku(� )2kY� ( T ) �
p

2kU(� )2kH 2; 2 ( � (T )) � ckU(� )k2
H 2; 2 ( � (T ))

� c(T )
�
ku(� )k2 + ku(� )k2

Y� ( T )

�
; (40)

where in the last inequalities we have used Lemmas 4.2 and 4.3, and U(� ) is the

analytic extensionof u(� ) on S(� (T )). I 2(t; t0) is given by

I 2(t; t0) �
�
�

1X

j =0

Z
hj (� ; T )

Z t

t 0
F� (t � � ; � ) duux (� ; � )d� f̂ (� )d�

�
�

=
�
�

1X

j =0

Z t

t 0

Z
hj (� ; T )F� (t � � ; � ) duux (� ; � )f̂ (� )d� d�

�
� : (41)
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The interchangeof the integrals in (41) is a consequenceof Fubini's Theorem since
Z t

t 0

Z
hj (� ; T )jF� (t � � ; � )jj duux (� ; � )jj f̂ (� )jd� d�

�
e� T

2

Z t

t 0

� Z
j� jhj (� ; T )jf̂ (� )j2d�

� 1=2� Z
j� jhj (� ; T )j\u(� )2(� )j2d�

� 1=2
d�

� c(T)(kf k + kf kY� ( T ) )
Z T

0

�
ku(� )2k + ku(� )2kY� ( T )

�
d�

� c(T )(kf k + kf kY� ( T ) )
Z T

0

�
ku(� )k2

X � ( T )
+ ku(� )k2 + ku(� )k2

Y� ( T )

�
d�

� c(T )(kf k + kf kY� ( T ) )
�
kuk2

B (T )T +
kuk2

B (T )

A

�
< + 1 ; (42)

where the secondand third last inequalities were consequenceof (38)-(40). So, it

follows from (41) that

I 2(t; t0) =
�
�
Z t

t 0

�
u(� )@x u(� ); g(t; � )

�
X � ( T )

d�
�
� ;

where \g(t; � )(� ) � F� (t � � ; � )f̂ (� ). Then kg(t; � )kX � ( T ) � e� T kf kX � ( T ) and the

samething for the Y� (T ) -norm. By Corollary 4.1 we have that

I 2(t; t0) �
Z t

t 0
~a1(ku(� )kX � ( T ) )ku(� )kY� ( T )

�
kg(t; � )kX � ( T ) + kg(t; � )kY� ( T )

�
d�

� ~a1(kukB (T ) )e
� T �

kf kX � ( T ) + kf kY� ( T )

�� Z t

t 0
ku(� )k2

Y� ( T )
d�

� 1=2p
t � t0;

where ~a1 is a polynomial with nonnegative coe�cien ts. Last inequality implies that

I 2(t; t0) tends to zero as t0 " t.

Now we estimate I 3(t; t0), given by

I 3(t; t0) �
�
�

1X

j =0

Z
hj (� ; T )

Z t 0

0

�
F� (t � � ; � ) � F� (t0 � � :� )

�
duux (� ; � )d� ^f (� )d�

�
�

=
�
�

1X

j =0

Z t 0

0

Z
hj (� ; T )

�
F� (t � � ; � ) � F� (t0 � � :� )

�
duux (� ; � )f̂ (� )d� d�

�
� :

The interchangeof the integrals in the last expressionwasa consequenceof Fubini's

Theorem(similar to (41)). So,by the dominated convergencetheorem, wehavethat

I 3(t; t0) tends to zero as t0 " t since
�
�hj (� ; T )

�
F� (t � � ; � ) � F� (t0 � � ; � )

�
duux (� ; � )f̂ (� )

�
�

� e� T hj (� ; T )j� j
�
� \u(� )2(� )

�
� jf̂ (� )j 2 L 1(R � [0; t]; d� d� );

the last expressionis obtained with similar calculations to (42).

Hence j(u(t) � u(t0); f )X � ( T ) j ! 0 as t0 " t (similarly as t0 # t). Then u 2

C ! ([0; T ]; X � (T ) ).
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Finally, when � = 0 we have that u 2 C([0; T ]; X � (T ) ), as it was already

mentioned by Hayashi in Theorem 2 of [6]. In fact in this case, we have that
1
2

d
dt ku(t)k2

X � ( T )
= �< (u(t)@x u(t); u(t))X � ( T ) . Integrating the last expressionbe-

tweent0 ant t and using again Corollary 4.1, we obtain
�
�ku(t)k2

X � ( T )
� ku(t0)k2

X � ( T )

�
� = 2

�
�
Z t

t 0
< (u(� )@x u(� ); u(� ))X � ( T ) d�

�
�

� 2 ~a1(kukB (T ) )
�
kukB (T )

� Z t

t 0
ku(� )k2

Y� ( T )
d�

� 1=2p
t � t0

+
Z t

t 0
ku(� )k2

Y� ( T )
d�

�
� ! 0 ast0 " t;

and similarly ast0 # t. SinceX � (T ) is a Hilb ert space,it followsthat u 2 C([0; T ]; X � (T ) )

when � = 0. �

Finally, it should be mentioned that Bona, Gruji �c and Kalisch (see [3]) have

recently obtained algebraic lower bounds on the rate of decreasein time of the

uniform radius of spatial analyticit y for the generalizedKdV equation. This raises

a potentially interesting question for future research related to the initial value

problems consideredin this paper.

Appendix

Kato's Inequalit y: (See[7]).

Let s > 3=2, t � 1. If f and u are real-valued, then

j(f @x u; u)t j � C
�
k@x f ks� 1kuk2

t + k@x f kt � 1kukskukt
�
: (K )
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