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SPATIAL ANAL YTICITY OF SOLUTIONS OF A NONLOCAL
PER TURBA TION OF THE KDV EQUA TION
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Abstra ct. Let H denote the Hilb ert transform and 0. We show that if
the initial data of the following problems u¢ + uuy + Uxxx + (Hux + Huxxx ) =
O;u(;0)= ()andvt+ %(vx)2+vxxx + (Hvx+Hvxxx ) = 0;v(;0)= () has
an analytic contin uation to a strip containing the real axis, then the solution
has the same property, although the width of the strip might diminish with
time. When > 0 and the initial data is complex-valued we prove local well-
posednessof the two problems above in spaces of analytic functions, which
implies the constancy over time of the radius of the strip of analyticit y in the
complex plane around the real axis.

1. Intr oduction

We are interested in studying spatial analyticity of solutions of the following
problems:

U + UUx + Uy + (Hux + Huew ) = O, u(;0)= (); (1)
Vi + %(Vx)2 + Vixx t+ (HVx + HVxxx) = 0 V( ;0) = (), (2)

R
i ;(—y)zdy forf 2

S(R) the Schwartz spaceof rapidly decreasingC! (R) functions, P represeits the
principal value of the integral and the parameter is an arbitrary nonnegative
number. It is known that ([Hf )( ) = isgn )f’\( ), for all f 2 H3(R), where

1, <0
sgn( ) = 1. >0

where H denotesthe Hilbert transform givenby Hf (x) = 1P

Equation (1) was derived by Ostrovsky et.al. (see[9] for more details) to describe
the radiational instability of long non-linear wavesin a stratied uid causedby
internal wave radiation from a shearlayer; the fourth term correspondsto the wave
ampli c ation and the fth term represens damping It models the motion of a
homogeneousnite-thic kness uid layer with density ;, which movesat a constart
speed U, slipping over an immobile in nitely deepstratied uid with a density
2 > 1. The upper boundary of the layer is supposedto be rigid and the lower
one is contiguous to the in nitely deep uid. Here u(x;t) is the deviation of the
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interface from its equilibrium position. Let us remark that somenumerical results
for periodic and solitary-wave solutions of equation (1) were obtained by Bao-Feng
Fengand T. Kawahara [4].

The Cauchy problems assaiated to (1) and (2) were studied in [1], where it
was proved that problems (1) and (2) are globally well-posedin H3(R) for s 1,
consideringreal-valued solutions.

In this paper we are interested in proving that if the initial condition of the
problem (1) (resp. (2)) is analytic and has an analytic cortinuation to a strip
containing the real axis, then the solution of (1) (resp. (2)) hasthe sameproperty.

Section 2 is dewted to studying the casewhen the solutions are real-valued on
the real axis at any time, and 0. Hence, the results obtained in [1] about
the initial value problems assaiated to (1) and (2) will be helpful. We use the
method developed by Kato&Masuda [8] which estimatescertain families of Liapunov
functions for the solutions, to prove global spatial analyticity of the solutions, but
the width of the strip might decreasewith time.

Section 3 shows that problems (1) and (2) admit a Gevrey-classanalysis. For

> 0, we prove local well-posednesof problem (1) (resp. (2)) in X = for > 0
and s > 1=2 (resp. s > 3=2); here, the initial data can be complex-valued. So, if the
initial data of problem (1) (resp. (2)) is analytic and has an analytic continuation
to a strip corntaining the real axis, then the solution of (1) (resp. (2)) hasthe same
property, maintaining the width of the strip in time. It should be mertioned that
it wasrecertly proved by Gruji c&Kalisch [5] a result on local well-posednes®f the
generalizedKdV equation (KdV is an abbreviation for Korteweg-deVries) in spaces
of analytic functions on a strip containing the real axis without shrinking the width
of the strip in time; their proof usesspace-timeestimatesand Bourgain-type spaces.
Here we do not make use of Bourgain spaceswe mainly use someproperties of the
Semigroupassaiated to the linear part of problem (1), namely Lemmas3.1and 3.2,
to prove local well-posednessf problem (1) in X 5. Moreover, proceedingas in
[2], where Bona&Gruiji ¢ studied someKdV-t ype equations, we prove for real-valued
solutions and 0 that if the initial state belongsto a Gevrey class, then the
solution of (1) (resp. (2)) remains in this classfor all time but the width of the
strip of analyticity may diminish asa function of time.

Finally, in Section 4 we consider 0 in (1) and complex-valued initial data
in X;-spacesfor r > 0. Similar asin [6], where analyticity of solutions of the KdV
equation was studied, we use Banach's xed point theorem in a suitable function
spacein order to nd a local solution of problem (1) that is analytic and has an
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analytic extensionto a strip around the real axis although the radius of the strip
of analyticity in the complex plane around the real axis may decreasewith time.

Notation:

f'= Ff : the Fourier transform of f (F ! : the inverseof the Fourier transform),
where f( )= pT e ' Xf (x)dx forf 2 L1(R).
k ks, (;)s: the norm and the inner product respectively in HS(R) (Sobolev
spaceof order s of L2 type), s 2 R. kf k2 1+ j2sif()j3d .
k k= k ko: the L?(R) norm. (; ) denotesthe inner product on L?(R).
H! (R) \HS(R).
H: the Hilbert transform.
B(X;Y): setof bounded linear operatorson X to Y. If X =Y we write B(X).
K Kg(x.v): the operator normin B(X;Y).
S(r)=fx+iy2C; x2R; jyj<rg, forr>0.
A(r): the setof all analytic functions f on S(r) such that f 2 L?(S(r9) for eah
0<r%< randthat f(x) 2 R for x 2 R.
A=( @)%¥? X = D(ASe *) the domain of the operatorRAse A

= ff;f is measurableon R; kf k_» < 1g , wherekf k. » = if (X)jPdx =P if
1 p<+1,andkfk.: = esssup,,gjf (X)j, f is an equivalenceclass.
Le=ff 2L%kfk2 = (f;f), = Igcosh(Zr Wif) < +1g .
Xr= f2L%kFKE = (fif)x, = L, (2 %:osI*(Zr Y+ sinh(2r D) <1
Y, = f2L2@f 2 L2 kikE = (F;f)y, = [o(3*2 cosh(@ ') < +1
kf kB.p = jm:() K@QfkP,, 1 p<+1.kfkmi = jm:() k@f ky :
HP(r): the analytic Hardy spaceon the strip S(r).
HP(r) = fF;F is analytic on S(r); kKFKye(ry = SUByj« KF( +iy)kie < 1g .
HM™P(r) = fF 2 HP(r); KF K, .y (= jm:O k@Fkﬂp(r) <1lg.
C(l; X) : setof cortinuous functions on the interval | into the Banach spaceX .
C' (I;X) : the set of weakly continuous functions from | to X .
<(2): the real part of the complex number z.

2. Real-v alued initial data.

We deducein this Section global analyticity (in spacevariables) of solutions of
problems (1) and (2) whenthe initial data and the corresponding solution take real
valueson the real axis and supposing moreover that the initial data hasan analytic
cortinuation that is analytic in a strip containing the real axis. We will usethe fact
that problems (1) and (2) are globally well possedin H®(R) for s 1, when the

solution of the two previously mertioned problems take real valueson the real axis
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at any time. More precisely we have the following two theorems (for real-valued
solutions) which can be found in [1].

Theorem 2.1. Lets 1. If 2 H3(R), then for each > O there exists a
uniqgue u = u 2 C([0;1 ); H3(R)) solution to the problem (1) suchthat @u 2
C([0;1 );H® 3(R)).

Proof. SeeTheorem 4.21in [1].

Theorem 2.2. Lets 1. If 2 HS(R), then for each > 0 there exists a
unique v = v 2 C([0;1 ); H3(R)) solution to the problem (2) such that @v 2
C([0;1 );H® 3(R)).

Proof. SeeTheorem4.1in [1].

Theorem 2.3 (resp. 2.4) states that if the initial state hasan analytic cortinu-
ation that belongsto A(ro) for somerg > 0 then the solution u(t) (resp. v(t)) of
problem (1) (resp. (2)), with 0, also has an analytic cortinuation belonging to
A(ry) for all t 2 [0; T], wherer; might decreasewith time. Theorem 2.3, below,
is an application of the method deweloped by Kato&Masuda in [8] to study global
analyticity (in spacevariables) of somepartial di erential equations. Similar asin
the proof of Theorem 2 in [8] we considerH™*>(R) Z X H™%2(R) and

m (V) %kvkz;z;m de ned on an appropriate opensetO Z, where

kf k.. Xn %k@f k2 and  kfk®g _X %k@f k3 s2R:
j=0 j=0
Lemma 2.1. Let F(v) be de ned by F(v) Wy Vyxx (Hvx + Hvyix ). Then
there exist constantsc; > 0 suchthat for everyv 2 (|:|—| m+5 (R),

E(V);D  m(V)i o + kvkz) m (V) + m(V)@ im(V): ®)

m er

P . )
Proof. It is not dicult to seethat D (V) = [, Gye( @) A‘@v, where
A= (1 @)*¥? Then

HFE(V);D . (V)i = Q(vav); Qv , QHa@v+H@G@v):;Qv ,

N
X i "y . 4
= Gy v@"tv;@v , Qj(v) QH@v+H@v):Qv, ;
II_DO_ ' - - -
where Qj(v) = |, | @v@ “*'v;@v ,, and Qo(v) 0. By using Kato's

inequality (K) in the Appendix we have that

i(v@™ v; @Qv),j ck@vkik@vks  ckvkok@vka:
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Moreover
Y4

@QH@v+H@v):;@Qv, = @+ 3G ji®ie)id
z
1+ 22 jo()i*d = kQvk3:  (4)
Then
: X e
hHF(V);D .m(V)i ckvke+ ) -m(V) WQ,— (V): (5)
j=0 V"
Now, usingthe Schwarz inequality and the formula kf gk, kf kokgky+ kf kikgka
we get

X . .
Qi (v)j L k@vk, k@vkik@ *** vk, + k@vkk@ vk 1 (6)
k=1

D P

\F/>Ve denote as in [8], b éj—!k@vkz, B2 Lo =2 m(v) and B2
jm:l j tf = @ .m(v). By using (6) it follows, as a particular caseof Lemma

3.1in [8], that

00z |)ZJQ1‘ (V)i qu(J k+ )b 1+ bbdy «
i=0 I: j=1 k=1
b 1 X X xXn
= T B0 k+Db e * b  Bb «
k=1 j=k k=1 j=k
xXn X _ xXn
B2 k_12 1=2 ® , 2+ BB &_E
k=1 k=1 k=1
xn _
2 BB2+ BB k—12 27 kg P 4 BB? ©)
k=1 k=1

By replacing the inequality (7) into (5), the Lemma follows.

Next, we enunciate Lemma 2.4 in [8] and we give, for expository completeness,
a proof of this trivial result.

Lemma 2.2. Let , 2 A(r), n= 1;2;:: be asgguene with kK ,k ., bounded, where
e <r.If ! 0inH! asn! 1,thenk ,koy! Oforeach °<

.0 .
Proof. Let °< . ChooseM suchthatk ok » M foralln. Since$ k@ nk3
M2

T it follows, by using the dominated convergencetheorem, that
e ° _
H 2 — H 2y — N
nI!llm K nkfo, = _ W(nl!llm k@ nks) = 0:
j=0
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Theorem 2.3. Let Oand T > 0. Letu 2 C([0;T];H?! (R)) be a solution
of (1). If u(0) = 2 A(ro) for somerg > O, there existsr; > 0 such that
u2 C([0;T; A(ra)).

Proof. Let us remark that 2 A(rp) implies, by Lemma 2.2 in [8], that 2
H! (R). So, it follows from Theorem 2.1 and from Corollary 4.7 in [7] that u 2
C([0;T];H?! (R)). We proceedas in the proof of Theorem 2 in [8], to prove that
:m is a Liapunov family for (1) on O = Z = H™*°(R), consideringthe functions:
(r) = pF, (r)=1c +M)r Kr,forr 0, whereM = max,p.rjku(t)kz,
and ;c> O are constarts given by Lemma 2.1, (t) = %k kﬁ;ze'<t whereb< o,
e’ < rg, and p .
() =b —kka(e™" 1);t2[0;T] ®)
We have that u(t) 2 A(e ), for all t 2 [0; T]. Then u(t) 2 A(ry) for all t 2 [0; T],
wherer; = e (T). The continuity of u, asin the proof of Theorem 2 in [8], is a
consequencef Lemma 2.2 above.

Theorem 2.4. Let Oand T > 0. Letv 2 C([0;T];H? (R)) be a solution
of (2). If v(0) = 2 A(rp) for somerg > 0, there exists r; > 0 such that
v2 C([0; T];A(ra)).

Proof. We remark that u vy 2 C([0; T];H* (R)) is a solution of (1) with u(0) =

O Since °2 HY(R)yandk % ., k k. for eahh suc that e < rq it
follows, as a consequenceof Lemma 2.2 in [8], that ©2 A(rg). So, by Theorem
2.3, there existsr; > 0 such that v, 2 C([0; T];A(r1)). Now, sincev(t) 2 H! (R)
and kv(t)k?.o  sup, o7 KV(K*+ € sup, o ku(t)k?,g < 1 for ead  such that
e <rpandforallt?2][0;T], it follows that v(t) 2 A(r,) for all t 2 [0;T]. The
continuity of v follows asin the previous Theorem.

3. Gevrey Class Regularity.

Now, we make a Gevrey-classanalysis of problems (1) and (2). Let us remark
that, sincsea(h function f 2 X S = D(ASe ) with > Oands O, satises
kf k2 e 11jf\()j2dd  kfk% . < 1, it follows from Theorem 1 in [6] that
f has an analytic extensionF 2 H?( ), where > 0 is the radius of the strip of
analyticity in the complex plane around the real axis. Theorem 3.1 (resp. Theorem
3.2) statesthat problem (1) (resp. (2)), for > 0 and complex-\valued initial data,
is locally well-posedin X = where > 0is a xed number and s is a suitable
nonnegative number. Theorem 3.1 (resp. 3.2)) implies that if the initial condition

of problem (1) (resp. (2)) is analytic and has an analytic cortinuation to a strip
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cortaining the real axis, then the solution of (1) (resp. (2)) hasthe sameproperty,

without reducing the width of the strip in time.
Fort Oand 2R, let
F(t ) gli S+ (i ot

E (t)f

FAF ()Y f2LAR): ©
It is not dicult to seethat jF (t; )j et forallt Oand 2R.

Lemma 3.1. Let > 0. Then (E (t)); o is a C%-semigoupon X S for > 0
and s 2 R. Moreover,

KE (Dkgx =) el (10)
When =0, kE (t)kg(x =)= 1forallt O.

Proof. Similar to the proof of Lemma 2.1in [1].

Lemma 3.2. Lett > 0O, 0, >0, >0ands2 R begiven. Then E (t) 2
B(X ;X s* ). Moreover,
1
KE (t) ky s+ € e'+ ——— K kx =; 11
(1) kx =7 K (12)

where 2 X S andc is a constant degending only on

Proof. -
KE (1) K% ¢ @+ 2 @ TR (6 )FORd
+ ‘ 2 (1+ 2y (O A2t i 1'3)j"( )j2d
c e“+szu§2e2‘(“sj Dk K s (12)
On the other hand,
s;lgjje tG ] j)=su(;)) e ) pEet+c(t)1:3: (13)

The lemma follows immediately from (12) and (13).

Next theorem proves, without using Bourgain-type spaces,local well-posednesgo
problem (1) with > 0in X * for > 0,s> 1=2, and complex-valued initial data.

Theorem 3.1. Let >0, > Oands> 1=2 begiven. If 2 X 5, then there
exist T = T(s. . .k ky ) > 0 and a unique function u 2 C([0; T]; X *°) satisfying

the integral equation
z t

E (t tY@u?(tY)dt® (14)
0
EJQTDE, 2005No. 20,p. 7
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Proof. Let M, T > 0 be xed but arbitrary. Let us considerthe map
z t
AM=E® 3 E @A)
0

de ned on the complete metric space

s ; (T)=ff 2C(0; T, X °); sup kf(t) E (t) kx = Mg;
t2[0;T]

whereT > O will be suitably chosenlater. First, we provethat if f 2 . . (T) then

Af 2 C([0; T]; X ). Without loss of generality, we may assumethat >t > 0.
Then

KAf (1) Af( )kx = K(E () E () kx s + F(t; )+ G(t; );
whereF (t; ) and G(t; ) will be estimated below.
z

G(t; ) KE ( t)@(f?(t))kx sdt®

t

SM+eTk ke o)2(eC D 1+ g(( t)5)! 0as #t

wherein the last inequality we have usedLemmas3.1and 3.2 (with = 1) and the
fact that X *° is a Banadch algebrafor s > 1=2 and 0 (Lemma 6 in [2]). Since

t t t9 for all t°2 [0;t], it follows from Lemma 3.2 and from the triangle
inequality that

KE (t 19 E ( t)D@F2(tYkx = cs(M+e Tk kg =)2e T D (¢t t9) 5 ;

and the expressionon the right hand side of the last inequality belongsto L *([0; t]; dt©).
Thefactthat k(E (t t9 E ( t9)@(f2(tY)kx s ! Oas #tisaconsequencef
the dominated convergencetheorem. So, by using again the dominated corvergence

theorem, we have that
z t
F(t, ) KE (t t9 E( t9@(F? (tYkx sdt®! 0as #t
0

Now, we provethat A( s . (T)) s - (T), for T = T > Osucien tly small. Let
u2 5 . (T). Then
z t
KAu(t) E (t) kx s KE (t tY@(u?(tY)ky sdt°
0

SM +eTk ke «)2h(T):; (15)

whereh(T) eT 1+ 3( T)*3. By choosingT = T > 0 sucien tly small, the

right hand side of (15) is lessthan M . Finally , we claim that there exists T 2 (0; T]
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such that A is a contraction on ¢ . (T). Lett 2 [0;T], u;v2 & . (T). Then
t

kAU(t) AV(t)kx s C1 . e (t 19 + W k@(uz(to) Vz(to))kx s 1dt0

cs(M + etk ky s) sup ku(t®) v(tOkx s

192 [0;T]
Z,

e (t 194 1 _
0 ((t 9

S(M +eTk ke <)h(T) sup ku(t) v(tOky s:
192[0:T]

So,by choosing T 2 (0; T] such that (M +e Tk kyx =)h(T) < 1, the claim follows.
Hence A has a unique xed point u2 . . (1), which satis es (14). Uniqueness
of the solution u 2 C([0; T]; X %) follows from Proposition 3.2 in [1], which implies
uniquenessof the solution in the classC([0; T]; HS(R)) for s > 1=2.

dt®

Prop osition 3.1. Problem (1) is eguivalent to the integral equation (14). More
precisely, if u 2 C([0;T];X ), s > 1=2 is a solution of (1) then u satis es
(14). Reciprocally, if u 2 C(0;T];X ), s > 1=2 is a solution of (14) then
u2 CY[0;T]; X s 3) and satis es (1).

Proof. Similar to the proof of Proposition 3.1in [1]. However, here we useLemmas
3.1and 3.2.

Theorem 3.2. Let >0, > 0ands> 3=2hegiven. Let 2 X 3. Then there
existT = T(s. ;. .k Kk ) > 0andauniquev 2 C([0;T]; X *°) solution of (2).

Proof. Since 2 X S, it followsthat 02 X s 1 By Theorem3.1and Propo-
sition 3.1, there exist T = T(s. .k k, ) > 0 and auniqueu 2 C([0;T];X = 1)
satisfying (14) and (1). Let us de ne
1 t
v E@® 5 E(t t9u?(t9dt® t2[0;T]: (16)
0
It follows easily from (16) and from the uniquenessof the solution of (14) that
@v(t) = u(t). Sinceu 2 C([0; T]; X ¢ 1), it follows from Lemmas3.1 and 3.2 that
v2 C([0;T]; X 5). Now, by similar calculations asin the proof of Proposition 3.1
in [1], we havethat v 2 C1([0; T]; X ** 2) and satis es (2).

Theorems 3.3 and 3.4, below, considerthe caseof real-valued solutions (on the
real axis) to problems (1) and (2) respectively, for 0. So, Theorems2.1and 2.2
will be required again. The following theorem is proved similarly to Theorem 11
in [2], where the rate of decreaseof the uniform radius of analyticity for KdV-t ype

equations of the form u; + G(u)uy Luy = 0 was also studied, whereu = u(x; t),
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for x;t 2 R, G is a function that is analytic at leastin a neighborhood of zeroin C,
but real-valued on the real axis, and L is a homogeneud-ourier multiplier operator
dened by Eu( ) =jj a(), for some > 0. In the caseof problem (1) we have

that Cu( )=1[2 i(sgn( ) jplaC).

Theorem 3.3. Let Oand T > 0. Supmsethat 2 X °S, for some ¢ > 0
and s > 5=2. Suppse moreover that (x) 2 R for x 2 R. Then the solution u
of problem (1) satises u 2 C([0;T];X (7)), wher (t) is a positive monotone
decreasing function given by (24).

Proof. Let ;T; o, andsbeasin the hypothesisof the theorem. Letr s 1> 3=2.
By the Remark at the end of this Sectionwe havethat 2 A( o). So, by using
Lemma 2.2 in [8], we have that 2 H! (R). Then u 2 C([0;T];H3(R)), which
follows from Theorem 2.1 and from Corollary 4.7 in [7]. Let v uy, then

Vit V24 Vg + (HVy + Hvgy )+ Uvye = 0; v(0) = @ (17)

Let 2 C!([0;T];R) be a positive function such that °< Oand (0) = o. Then

Z
%%kv(t)ki i AOKVOKE e =< (1 2)re? O 2)1=2@<7('[; )o(t; )d :
It follows from the last expressionand from (17) that
1d
Eakv(t)ki ()i O(t)kV(t)ki ez l1¥lz2+ kV(t)ki (i s (18)
where

1 j(A"e OAV2(t); ATe WAV(L))j;
2 j(ATe WA (uv)(t); ATe DAy(t)j:

I; and I, are particular casesof the corresponding onesin [2], taking G(u) = u. For
the sake of completenesswe estimate them here. Sincer > 1=2, by using Lemmas
6 and 9 in [2], we have that

I ckATe OAVKE G KATV(HK + & (KA ™1 73e DAy (1)K3
G KATV(D)KE + & (H)kATe WAY(t)KkAT 1 2e DAy (t)k?: (19)

Sincer > 3=2, by using Lemma 10 in [2], we obtain
I, G kAT U(KKA V(H)K? + & (H)KA" e WAY(1)KKAT 1 =2 DAY (1)K (20)
Sinceu 2 C([0; T]; H3(R)), it follows that KA"*1 u(t)k Cr:T). Moreover
kAT e WAY(1)K? = ‘ L+ 2) e 00 a0 )j2d + kATe DAy(H)k?

p-
e 2 oku(t)k? + 2kA"e WAV()K® ¢, 4 + 2kATe DAY(HK? (21)
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wherec.t. ) is a positive constart dependingonly onr; T and (. Replacing the
last inequalities into (20) and sincev 2 C([0; T]; H"(R)), we get

2 Cemy*+ & () Crirs o) * pékAre OAv(t)k kAT "2 DA y(t)k?: (22)

Let usremark that ¢ty and ¢, 1. ,) arepositive, continuous, non-decreasingunc-
tions of the variable T 2 [0;+1 ). Now, by using (19) and (22) into (18), we obtain

1d
220K o AOKVOKE (e
Crmy * G o) (1) 1+ Kv(tky wr KV(DKG (=2 + KV(KE (o
Then
d

kv(t)KE (o + 2 ) o) (OA+ KV(DKg 01 ) KV(OKE (1 -2
Crmy + 2 KV(KE oy (23)

dt

Inequality (23) implies that v(t) 2 X O for all t 2 [0; T], where
()= oe Y (24)
K = Gror: o)1+ Gror: o y€ T), and Grr: o ) = KATe oA %2+ ¢,.r)T 2. More
precisely we have that
kv(tky s Curs o9 5 12 [0 Tl (25)
Now, we will prove assertion(25). In fact let

T  supfT> 0;9'u2 C([0;T]; X (7)) solution of (1); sup ku(t)ky s < 19 :
t2[0;T]
We claimthat T = +1 . Supposeby corntradiction that T < 1 . It follows from
Theorem 3.1, Proposition 3.1 and Theorem 1 in [5] (for = 0)that T > 0. Let
T < T . We have that
sup kv(t)ky sup ku(t)kx s M M
t2[0;T] t2[0;T]

By choosing (t) = oe K'fort 2 [0;T], whereK Cuim: o)1+ M), we have that
A1) Crm: ) D@+ kV(ky @)= (OC, 1. (M kv(kx w«) O

for all t 2 [0; T]. So,it follows from (23) that
d
dt
forallt 2 [0; T]. Now, Gronwall s inequality implies that kv(t)kx w«  C .1 . y€ t

KV(KY o Crmy * 2 KV(DKE (o1 ;

forallt 2 [0; T, wherec, .. .., (k % o« + ¢, . T)' ™ isacontinuous, positive,
non-decreasingfunction of T 2 [0;1 ). So, we can replace above the upper bound
M by ¢ .. ,.,e " andtake (t) = oe “', K ¢, @+ Cpp . €T), for
t2[0;T]. Sincec,.r. ,, and ¢,.1. . , are continuous, non-decreasingfunctions of
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T 2[0;1), wecanchoose (t)= oe X!, whereK crt gt CeT e ’)
forallt 2 [0; T ], and applying againthe local theory we obtain a contradiction. Fi-
nally, it followsfrom (21) and (25) that u(t) 2 X M= X (Misforallt 2 [0; T].

Theorem 3.4. Let Oand T > 0. Supmsethat 2 X ©°3, for some ¢ > 0
and s > 7=2. Suppse moreover that (x) 2 R for x 2 R. Then the solution v
of problem (2) satises v 2 C([0;T];X (T)3), wher (t) is a positive monotone
decreasing function given by (24).

Proof. Since 92 X o 1 ands 1> 5=2, it follows from Theorem 3.3 that
U vy 2 C([0;T; X (M:s 1) where is givenby (24). Making similar calculations
to (21), we seethat v(t) 2 X (3 for all t 2 [0; T]. Finally, since

p_
kv(t) VK s € 2 Mkv(t) vk 1+ kut) u( K (rys 1

it followsthat v2 C([0; T]; X (T)s),

Remark: Forr > 0, we have
3 XS Ly if s O
XS Xy if s 3=2:
2 Xr L
If f2L,; and f(xX)2 R for x 2 R; then f 2 A(r):

The rst statemert above wasalready proved at the beginning of this Section. The

(26)

secondpart in (26) follows from the inequality kf kg~ 4kf k.. fors 3=2. The
fact that X, L, is obvious. Finally, supposethat f 2 L, andf (x) 2 R for x 2 R;
then we already know (seethe rst paragraph of this Section)that f hasan analytic
extensionF 2 H2(r); moreover, for every 0< r°< r we have
Z,oZ 4 Z o Z 4
jF (x + iy)j?dxdy sup JF(x +iy)j?dx dy  2rkFkE. )
ro 1 ro jyj<r 0 1

4. Anal yticity of Local Solutions of (1) in X,-Spaces.

In this section we shaow that if the initial data of (1), with 0, is analytic
and hasan analytic continuation to a strip containing the real axis, then there exists
a T > 0 sudc that the solution u(t) of (1) hasthe sameproperty for all t 2 [0; T],
but the width of the strip may decreaseas a function of time. Similar to the proof
of Theorem 2 in [6], we establish in Theorem 4.1 existenceand analyticity of the
solution of problem (1) simultaneously including the casewhen the initial condition
is complex-valued on the real axis, more preciselywhen 2 X , for some o > 0.
The following lemma, which states a closerelation betweenspacesX, and Y;, will

be mainly usedto provethat u2 C' ([0;T];X (1)) in Theorem 4.1.
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Lemma 4.1. Y, is a densesubsetof X,, for r > 0.

Proof. Let f 2 Y,. We have that

z z
cosh(2 )jf'( )j?d cosh2r)kf k? + cosh(2 )jf"( )j?d
ji>1
2r)(kf k? +_kf k3 );
2 cosh(2r)( kY, );
sinh(2r )jf'( )j?d sinh(2r)kf k? + 2 cosh(2 )jf'( )j3d
jj>1

cosh(2r)(kf k? + kf k3, );

_ R, A :
and similarly ~ 3sinh(2r )jf'( )j?d  cosh(2r)(kf k? + kf k% ). So, using the last
three inequalities, it is not di cult to prove that

kf k&, — 4cosh2r)(kf k? + kf k& ): (27)
It follows from the last inequality that Y,  X,. Now, let us considerthe set
L2o(R)= g2L?*(R); 9K >0; jo( )] K ae.inR;9()=Oae.inf ;j j>Kg:

P, R ) i
Letg2 Lao(R), then ;_,  3*2 cosh2r )jo( )j*d  (K?+K*) cosh2rK )kgk?,
sog 2 Y,. Now we will provethat L,.o(R) isadensesetin X,. Let f be an elemen
of X,. Foreath n 2 N, takef, 2 L,.0(R) given by

f();ifjj nandjf()j n

Fa() = 0; otherwise

It follows easily from the de nition of f,, that j€,( )j jf'( )j, for all n 2 N and

2 R. Moreover, £,( ) ! f'\( )asn! 1, forall 2 R. So,by the dominated
corvergencetheorem, we havethat kf, fkx, ! Oasn! 1 . This concludesthe
proof.

Lemma 4.2. (i) Supmwsethat F 2 H%2(r). Letf be the trace of F on the real
line. Thenf 2 Y, and

kf Ky, pikF Ky 2i2(r): (28)
(ii.) Conversely,supmsethat f 2 Y,. Then f hasan analytic extensionF 2
H?22(r) and
p—
KF Ky 2:2(r) 10cosh2r)(kf k + kf ky, ): (29)

Proof. (i.) SinceF 2 H?%2(r), we seethat @F; @F 2 H?(r). Then, by using
Theorem 1 in [6], we have that f %f %2 L, and moreover

kfk§, = kE %G+ kf %%} 2(k@F KRz + k@FKi2())  2KF Kz,
EJQTDE, 2005No. 20, p. 13



(i) By Lemma 4.1, Y, X¢. So, it follows from Lemma 2.1 in [6] that
f has an analytic extension F on S(r) sud that K@Fky 1:2¢r) 2kf ky, and
KF Ky 1:2(r) 2kf kx, . Now, using the last inequalities, we have that

kF kaz;z(r) = kF I(al:Z(r) + I(@Fklz-!z(r) kaa“(f) + k@FkaM(r)
2(kf k%, + kfkZ ) 10cosH2r)(kf k? + kf k2 );

wherein the last inequality we have used (27).

Lemma 4.3. Letr > 0. Supmsethat F;G 2 H2?(r). Then FG 2 H?%2(r) and

kF GkH 2;2(r) ckF kH 2?2(r)kaH 2;2(,—): (30)
Proof. Using Leibniz's rule and Sohbolev's inequality (KGkp1 (ry  ckGKy1i2(ry) we
have that
k@ (F G)kn 2(r) K@F ky 2 KGKu1 (1) + 2ZK@F Kyt (1) K@GKy 2 (1)

+ kF kHl (r)k@GkH 2(,—):
CkaH 2?2(r)kaH2?2(r):
Moreover, by Lemma 2.3 in [6], we have that KF GKy12(;)  CKF Ky 12, ) KGKyy 112y -

SincekF Gkf 2.2y = KF Gk 1.2, + K@(F G)kf 2, the proof of the Lemma follows
from the last two inequalities.

Lemma 4.4 and Corollary 4.1, below, are particular casesof Lemma 2.4 and its
Corollary in Hayashi [6] respectively.

Lemma 4.4. There exists a polynomial & of which coe cients are all nonnegative
with the following property: If r > 0and f;g;v2 X, \ Y, then

jf@f g@g;Vv)x,j a(kfkx,;kgkx,) kfky, kf gkx, +kf gky, kvkx, +kvky, :
Corollary 4.1. There existsa polynomial & with nonnegative coe cients suchthat
if f;v2 X, \Y:, then

jf@f;v)x,j au(kfkx, )kf ky, kvkx, + kvky, : (31)
Now, we state the main theorem of this Section.

Theorem 4.1. Let 0. If 2 X, for some o> 0, thenthereexista T =
T(k kx ,; ; o) > 0 and a positive monotone decreasing function (t) satisfying
(0) = o and suchthat (1) has a unique solution u 2 C' ([0;T]; X (™)) When

=0, u2C(0; T, X (1y)-
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Proof. Let 0, 0>0,and 2 X ,. Let (t)= oe A= o wherethe positive

constart A will be conveniertly chosenlater. For T > 0, considerthe space
Zq
B(T)= f :[0;T] R7! C;kf kém = sup kf (t)k% oTA kf (t)k2 Ldt<+1
0ot T 0

and
B (T)=ff 2 B(T);kfkg(m o

Let =4k kx ,. Forv2 B (T), wede ne the mapping M by u= Mv, whereu
is the solution of the linearized problem
@u+ @u+ (HQu+H@u)= v@v
— . (32)
u@©) = :
More precisely u can be obtained as follows. Take the Fourier transform to (32),
then
@t ) 0G0 )+ (Joj+iido )= dw( )
Now, integrating the last expressionbetween0 and t, it follows that
z t
3

ot )= gl 2+ G j3))t’\( ) eli 3+ (i Pt )WX( 2 )d (33)
0

where the last integral is well de ned, since
Z, Z, zZ,Z
jav( 5 )id = W) b)) ()d = (5 1)Ie(;t)dt d
0 0 0
z t
kv( Ykkv( )kid 2t;
0
and in the last inequality we have usedthe fact that
kv( )ki  kv( )kx ., kvkg(T)
Let us chooseA; T > 0 suc that
- 1
AT = o - 4
e > > (34)

Let v 2 B (T). It will be provedthat u = Mv 2 B (T), for suitably chosen
T;A > 0. Now, it is not dicult to seethat
d xt Z 4
aku(t)ki o = 2 O(t)' 4 sinh(2 (t) )+ 2cosh2 (t) ) ja(t; )j*d
o
+2< 4 cosh2 (t) )+ sinh(2 (t) ) @o(t; )a(t, )d :
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Taking the Fourier transform to (32), multiplying both sidesof the obtained equa-
tion by 2 cosh2 (t) )+ sinh(2 (t) ) a(t; ), integrating with respectto , sum-
ming the terms for j = 0;1 and nally taking the real part we get

1d x

5 kU Ok, A 4 sinh(2 (t) )+ 2cosh2 (t) ) ja(t; )j*d
x Z -

+ 2 cosh2 (t) )+ sinh(2 (t) ) (j j+jj®jact )i*d
j=0

= < (Wi U)x (-

Since t)= Ae wandjj jj® 1 foral 2R, it follows that

1d
Zdtku(t)kx o T Ae oku(t)kY o < (Wi Ux (y + ku(t)k% o
Using (34) and CoroIIary 4.1, it follows from the last inequality that
1d
22Uk SKUOKE | a( k(DK (KuDkx , +ku(Oky )+ KUOKE

wherea() is a polynomlal with nonnegative coe cien ts. Now integrating the last
inequality from O to t we get

Zt Z+
sup. ku(kg , +A  ku(kd  dt 2k k& +2a()  kv()k§  dt T
0 0
‘7 T Z; Z;
ku()kd dt 7+ ku)kd dt 2 +2  ku(t)kd dt:
0 (1) 0 (t) 0 (1)
Then,
2 4a()pP= 1
Kuk3 (1) 5t P T+ P= kukg (t) + 4 Tkukj )
2 1 4a P 1
5 é—p% T++9f +( +4T)kukB(T)
By choosing T > 0 small enoughsud that
1
T< 1 (35)
we have that )
3 483 )P= 1 >
Kuk3 (1) 2t & T+ P 2
Now we take A; T > 0 such that
a() P= 1 1
= T+ < $p=: 36
A P2 T &3 (36)
So, choosing A; T > 0 such that (34)-(36) are satis ed, it follows that u = Mv 2

B (T).
Now let us prove that the mapping M is a contraction, de ned from B (T) into
EJQTDE, 2005No. 20, p. 16



itself. Let vi;vo 2 B (T), w= Mvy Mvy = u; Uz, whereui(0) = uy(0) =
Then,

@n(t ) WG )+ (] TP ) = F( vi@vi + va@V2)(E )

Multiplying both sidesof the last equationby 2 cosh(2 (t) )+ sinh(2 (t) ) W(t; ),
integrating in , summing the terms for j = 0; 1 and taking the real part we obtain

d
akw(t)ki o F Akw(t)k? o 2<(vi@v1  V2@V2;W)x , + 2 kw(t)kE o
2a(; ) kva(t)ky kv vokg () + kvi(t) va(t)ky
kw(t)kx , + kw(t)ky ,, +2 kw(t)kZ W
where the last inequality is a consequencef Lemma 4.4 and &( ; ) is a polynomial
with nonnegative coe cien ts. Integrating the last expressionon [0; t] and applying

the Cauchy Schwarz inequality, we get

kwkg 1) 4a(; ) kvi vokg(r)  kvi(t)k§ o dt 7+ kvi(t)  Va(t)kZ o dt?
7. oz, 0 1 0
0 kw(t)kg | dt * + 0 kw(tkg | dt © + 4 Tkwkd

4a( ; p_— 1
ﬁéT)(kvlkB(T) t kv Vaks(ry T+ P kwkgr) + 4 TKwKE (1)

By using (35) in the last inequality we obtain

6a( ; P— 1
kwkg (T) Aéx—)(1+) T+Pka1 VoKg (1y:

If wetake A; T > 0 sud that
6&! ;) pP—- 1 ]

x a+ ) T+pf < 1; (37)
then M is a contraction. So, by choosingA; T > 0 suc that (34)-(37) are satis ed,
the mapping M hasa unigque xed point u2 B (T) that is the solution of problem
(1). Sinceku(t)kx .,  ku(t)kx ,, forall t 2 [0;T], then u(t) 2 X (1), for all
t2[0;T]

Now we will prove that u 2 C' ([0;T]; X (m))- Let t 2 [0;T], without loss of
generality we may assume0® t°<t T. Sinceby Lemma4.1,Y (1) is a dense
subsetof X (1), it is enoughto prove that (u(t) u(t%;f)x ,, ! Oast®"t,
foral f 2 Y (ry. So,let f be an arbitrary but xed elemen of Y (1. Let us
denoteby h; ( ;T) 4 cosh(2 (T) )+ sinh(2 (T) ) . First, let us remark that
jat; ) a@t% )j! 0ast’"t, forall 2 R. In fact, by using (33), we have that
at ) 0(t% )= L (1S ), where

(@Gt% ) F (@) F@%) () ! oast®y
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Z, . Z

. 0 \: e TJ j t ] .
ila(t 5 )] F(t ; )dug(;)d — i )2()jd
to b to
e Ti i t o )
P ; . ku( )k’d  ce Tj jkukgy(t t) ! Oast’"t;
Z o
ira(t £ ) F(t ;) F@ ;)udu(;)d ! Oast™
0
wherethe last corvergencds aconsequencef F (t ;) F (t° ;) jdux( ; )j

2e Tjdu( ; )j 2 LY([0;t];d ), and the dominated corvergencetheorem.
On the other hand we have that

Xt
ju®  utd;f)x o) 13(6 ) + 1206 19 + 15(t t9;

j=0

where
z

1 (19 h(CGTYE () F (% ) OO ;

which, by the dominated corvergencetheorem, tends to zeroast®" t.
Now we estimate | »(t; t9 de ned below. First we seethat

‘ jih CTIfO)Pd cost2 (T))kf k> + Z_ _ lJ j7** cost2 (1) )if\( )j*d
ig>
+ sinh(2 (T))kf k? + Z_ _ lJ j3%2 cosh2 (T) )if'( )j?d
>
e (Dkf k? + 2kf k3 m]:] (38)
Moreover, for every 2 [0; T], we have that
ku( )%k fggju( x)jku( )k cku( Ykiku( )k cku( )kZ . (39)
and
ku( )?ky pikU( )knzz( () KU KGz2( (1)
o(T) ku( K2+ ku( )k§ . ; (40)

where in the last inequalities we have used Lemmas 4.2 and 4.3, and U( ) is the
analytic extensionof u( ) on S( (T)). 12(t; t9 is given by

v Z Z, L
Io(t; t9) hi(;T)  F(t ; )duc(; )d Y )d
i = tO
wZ.2 -
= hi(;T)F (t ; )dux(; )f()dd : (41)
j=o t°
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The interchangeof the integrals in (41) is a consequencef Fubini's Theorem since

Z.Z o
SO GTIF )l )iF()id d

etTZtZ.. A N2 1:22.. . o 122
&, imGDIfO iy (iU )?()iPd Td

Zq
o(T)(kfk+ kfky ) ku( )%k + ku( )%ky ;, d

pa
c(T)(KF k+ Kfky ) ) ku( )kg ,, + ku( )k + ku( )k§ . d

2 kuks () :

(T)(kfk+ kfky ;) kukd )T + <+1; (42)

where the secondand third last inequalities were consequenceof (38)-(40). So, it

follows from (41) that
Z t

a(tt) = uO)@ul)igt ), d

where é(t; )() F(t ; )f’\( ). Then kg(t; )kx ., e Tkf ky ) and the
samething for the Y (1y-norm. By Corollary 4.1 we have that
t

IZ(t; to) . a~1(ku( )kX (T))ku( )kY (™) kg(t; )kx (™) + kg(t; )kY () d
t Z . ] p
aj_(kukB(T))e T kf kx ) + kf kY ) o ku( )k% (T)d 1=2 —t to;

where ay is a polynomial with nonnegative coe cien ts. Last inequality implies that
Io(t; t9 tends to zeroast®" t.
Now we estimate | 3(t; t9, given by

st Z Z o L
I3(t; t9) h(:T) F( ;) F@ :)du(;)df()d

- 0

Jxloztoz

= h(GTYF( 5) F@® :)du(;)f()dd
j=0 O
The interchangeof the integrals in the last expressionwas a consequenc®f Fubini's
Theorem (similar to (41)). So,by the dominated convergencetheorem, we have that

I3(t; t9 tends to zeroast®" t since
NOGT)F @ ) F@E ;) b))
eTh (T ju()2O)fO2LY R [Oithd d);
the last expressionis obtained with similar calculations to (42).
Hence ju(t) u(t);f)x ,,j ! 0ast’" t (similarly ast®#t). Then u 2

C ([0 TLEX (1))
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Finally, when = 0 we have that u 2 C([0;T];X (1)), as it was already
mentioned by Hayashi in Theorem 2 of [6]. In fact in this case, we have that
%é‘—tku(t)ki o = < (ut)@u(t);u(t))x ,- Integrating the last expressionbe-
tweent®ant t and using again Corollzary 4.1, we obtain

t
KUK, ) k(9K = 2 <u()@u( )iu( Dx ,d
t Zt
5 1220 ——
28 (kuks 1)) kukg(r)  ku( kG d t ot
Z, !

+  ku()k§ ,,d ! Oast®t
to

and similarly ast®#t. SinceX (t) isaHilbert spaceiit followsthat u 2 C([0; T]; X (1))
when = 0.

Finally, it should be merntioned that Bona, Grujic and Kalisch (see[3]) have
recertly obtained algebraic lower bounds on the rate of decreasein time of the
uniform radius of spatial analyticity for the generalizedKdV equation. This raises
a potentially interesting question for future researd related to the initial value
problems consideredin this paper.

Appendix

Kato's Inequalit y: (Seel[7]).
Let s> 3=2,t 1. If f and u are real-valued, then

i(f@u;u)j C Kk@fks 1kuk? + k@f k; 1kukskuk; : (K)
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