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Attractors for a Class of Doubly
Nonlinear Parabolic Systems

Hamid El Ouardi & Abderrahmane El Hachimi

Abstract

In this paper, we establish the existence and boundedness ofsolutions
of a doubly nonlinear parabolic system. We also obtain the existence of a
global attractor and the regularity property for this attra  ctor in [L* ()] 2

Y _
and B iPi().

i=1

1 Introduction

This paper deals with the doubly nonlinear parabolic systemof the form

S @b up+ f1(Xtug;uz) =0 in  (0;1);
@()t p: U1 1(X;Gug; Uz _ ; ;
E —@‘@@L:Z) p Uz + fo(X;tiuq;uz) =0 in 0;1);
(S) Up=up;=0 in@ (0;1);
E by (ui(:;0)) = (" 1) on ;
' b (u2(:;0)) = br( 1) on :

Where is a bounded and open subset inRN, (N 1) with a smooth
boundary @ ; T > 0. The operator ,u =div(jr uj® 2r u) is the p-Laplacian.

Monotone operators, in particular the ones that are subdi erentials of con-
vex functions, like p-Laplacian, appear frequently in equdions modeling the
behaviour of viscoelastic materials (see [16] for instanggereaction-di usion (see
[17], and references therein) and in mathematical glaciolgy.

Here, we study the existence of solutions for a class of douphonlinear sys-
tems including the p-Laplacian as the principal part of the operator, and we
use the general setting of attractors ( see [19]) to prove thaall the solutions
converge to a setA, which is called the global attractor. In fact, few papers
consider the question in such situations. For instance, Maion [17] considered
the problem of solutions of reaction-di usion systems in wtich b(s) = s and
p1 = p2 = 2: L.Dung [13;14] treated a system involving the p-Laplacian and
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b (s) = s, and proved that weak L9 dissipativity implies strong L! one for solu-
tions of degenerate nonlinear di usion systems and gives ta existence of global
attractors to which all solutions converge in uniform norm. We mention that
to our knowledge, the doubly nonlinear parabolic system forthe p-Laplacian
operator has never been studied, not even in the cage(s) 6 s. In the classical
setting, i.e with p; = p, = 2, the system with b has been previously considered,
for example in [9] and [10]. We follow the approach of [10], geeralizing some
results to the casep; > 1 and we extend the results of [11] to nonlinear system
(S). In the rst section of this paper, we give some assumptims and prelimi-
naries, in section 2 and section 3, we prove the existence ohaabsorbing set
and the existence of the attractor, in section 4, we presentlie regularity of the
attractor and obtain the asymptotic behaviour of the soluti ons in the framework
of dynamical systems associated to the system (S).

2 Preliminaries, Existence and Uniqueness

2.1 Notations and Assumptions

Let b, (iR: 1;2) be a continuous function with i (0) = 0: For t 2 R ,de ne,
i(t) = glq(s)ds: The Legendre transform ; of ; isdened as () =

supf s i(s)g. We shall assume throughout the paper that is a regular
s2R
open bounded subset oRN and for any T > 0, we setQr = (0;T) and

Sr=@ (0;T), with @the boundary of . The normin a space X will be
denoted by : kik, if X =L"()forallr:1 r +1 .kky, if X = wha()
forallg: 1 g +1 ,kky otherwise andh;:iy. o will denote the duality

product between X and its dual X °: We use the staondard notation for Sobolev
spacesW, " () ;1<r< +1 ;and their dualsW °() ; wherer®= r=(r 1):
The following lemma are useful and frequently used :

Lemma 2.1 ( Ghidaghia lemma, cf[19])
Let y be a positive absolutely continuous function on (@, ) which satis es

Yoy
with g > 1; > 0 0: Then for t> 0

1

yity - +[ (g YT

Lemma 2.2 ( Uniform Gronwall's lemma, cf [19]) Let y and h be locally inte-
grable functions such that :
> 0,a>0a>0 > 0 8t
VA t+r z t+r
y(s)ds ay; jh()ids az; y° h:

t t
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Then a
y(t+r) Tl+ ap; 8t

We start by introducing our assumptions and making precise he meaning of
solution of (S).

We shall assume that the following hypotheses are satis ed :
(H1) (1 12 L2() *:

(H2) b 2 CY(R); bh(0) =0; and there exist positive constants ; and M; such
that

jiBj  ijsi+ Mi; 8s2R; i=1;2
H3) f;2CY( R R):

(H4) a) There exists positive constantsc; > 0, ¢, > 0,¢c3 > 0O and | >
sup(2;p1) such that forany 2 Rany N > 0 we have for anyu; :

juzj <N
8 . . . 1
3 sign( )f1(xt su2)  cjbu( ) * lCz;
Jim supjfa(xt; ju2)j e jit T+l
2 if1(ct ;u2)j a(jj) almost everywhere in R*

where a; :R* ! R* is anincreasing function.

b) There exists positive constantscy, > 0, ¢c; > 0, ¢ > 0and , >
sup(2 pz2) such that forany 2 Rany M > 0 we have for anyu; :

juijj <M

8 . . L1

3 sign( )f2(xtuz; ) cajbe( )i fs:
Jim-supjfa(xitius; )i ¢ jj 7 +1

3 ifa(x;tuy: )i a(jj) almosteverywherein  R*

where a; :R* | R* is an increasing function.

(H5) %(x; t;; ) exist and for all L > 0; there exists C, > 0 such that : if
ji+tijj Lthen %(X;t; ;) Cp, for almost every (x;t) 2 R*:

(H6) a) There exist 1 > 0 such that for almost every (x;t) 2 R* and for
any N > 0 and anyu; : juzj <N then

fa(Xt; ;uz)+ 1by( ) is increasing:

b) There exist , > 0 such that for almost every (x;t) 2 R* and for
any M > 0 and anyus : juijj <M then

I fa(x;t;ug; )+ 2bp( ) is increasing:
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(H7) 9"> 0:H(s) "; forall s2R.
De nition 2.1 By a weak solution of(S), we mean an elementw = (uz; uy) :
ui 2 LP(0;T; Wlp'()) VL (Qr)\ LY (;T;Lr () for all > O

G 2 Liomw #O)+ L@
and forall ;2 Lp'(O,T,Wolp'()) \ LY (0;T;L? ()
Z: _ Z.2 z.2
euu). dt + Fi(r upr jdxdt = fi(xw) dxdt
0 @t XiX 2 0 0

and if €2 L2(0;T;L2()) ; i(T)=0 then
zT Z.:Z

@uu;) . _ ‘ oo @i
. @t | xi;xiodt_ ; (B(ui) b(ui(:;0)) @thdt,

whereX; = L1 () \ W () ; XP=LY()+ W ’()and Fi()=jj” ?
forany 2 RN:

2.2 Existence

2.2.1 Existence

We have the following.

Theorem 2.1 Let the general assumptions (H1)-(H7) be satis ed, then forany
> 0; the problem(S) has a weak solution(us; uz) such that

Ui 2 LP(O;T; WP () \ LY (GT W () \ L ()
and b(u) 2L "(Qr)\ LY (0;T;L?()) :

Proof. By the existence of theorem [1itheorem 3:1;p:3]; there exists two
functions §1 u9 solutions of the problem

< @b(“tl) p U+ fi(xtu?;0)=0 in Qr
(Pl;o) . 9@— 0 on ST
' bi(u2(:;0)) = bu(" 1) in
< @b@(@‘;g) pUd + f2(x;t; 0;u3) =0 in Qr
(Pao). ud=o0 on St
' b (u3(:;0)) = ba( 1) in

and u® 2 LP(O;T;WgP () \ LY (;T;Wo® () \ Lt () ;8 > 0: By
(u9; u9) we construct two sequences of functionsy(?}) ; (uj) such that

8 @b(un) n 1 .

< ot p Ul + fi(x;tuf;uy H)=0 in Qr; (2:1)
(Pl;n) . UE =0 in ST: (22)

© o b(ui(50) = b’ 1) on : (2:3)
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And

8 @b(u)) n o1 ) .
P )< ot pUS + fa(x;t,uy S;u3)=0 in ST; gg;
n/. up = in Sr; :
" bz(US(ii(z)))= (1) on : (2:6)

The existence of solutions will be shown via some a-priorL! estimates on
(uf;ul) and lemma 2.3 and lemma 2.4. In all this paper, we denote by
di erent constants independent of n and depending onp;; ;T: Sometimes we
shall refer to a constant depending on speci ¢ parameters ( ), ¢(T), c(;T):

Lemma 2.3 Under the hypothesis (H1)-(H7), there existc; > 0 such that for
anyn 2 N and any > O; the following estimate holds

kuf'k, . (T Lt () c(;T): (2.7)

Proof. The casen = 0 has been observed. Assume that (2.7) is valid forrf 1)

and let us derive the estimate forn: Now multiplying (2.1) by jby ( uE)jk b1 (u;) and
using the growth condition on by;and (H4) a) we deduce for all > 0

Z Z
jor(uD)? dx + s jb(ud)it *dx

Z
G jb(uD)i*™ dx: (2.8)

1d
k +2 dt

Setting Yin (t) = kbi(u?)K -2 0 and using Helder inequality on both sides,
there exists two constants g > 0 and > 0 such that

dyicn (1) +
dt

Vin 1) o (2.9)
which implies from a lemma 2.1 that

w@ 2 I
0 Lol 1 207>

Ask! +1 ,andforany allt > 0; we have by (2.10) and (H2)

= co(t) 8t> 0: (2.10)

kud (k.. cu( ): (2.11)

The same holds foru}
kup(Dke: y  Ca2( ): (2.12)

Lemma 2.4 Under the hypothesis (H1)-(H7), for all > O; there exists con-
stants ¢ ;¢ such that the following estimates hold

kU? kLpi ;T ;Wolipi 0 C13(T); (213)
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ku'ki s (powieigy  Ca(GT) (2.14)
Z.:Z
B(uf)( Q) dxds c5(;T); (2.15)

and BP(ul)( p) dxds cie( ); foranyt > O (2.16)
t

Proof.  Taking the scalar product of equation (2.1) by uf and (2.4) by uj,
integrating on and using hypothesis (H4), we get
‘e Z ez

i(B(uh))dx  + jr ulj™ dx

e Z
+Cp julj tdx ¢ (2.17)
i=1

But k' lk|_2() +k 1k|_2() C:) ( 1(bl( l))+ 2(b2( l))) dx C.Where

i is the Legendre transform of i, i(t) = h(s)ds So, integrating (2.17)
from O to T we obtain
e <2172 ! e Z+1Z2 !
jr uMjP dxds+ ci7 julj ' odxds  ci7(T): (2.18)
i=1t 0 Y

Hence (2.13) follows.

Taking the scalar product of equation (2.1) by <5 @‘1 and (2.4) by mtegratmg
on , it follows by (H2),(H7) and lemma 2.1 that for any all t > 0,

. Pl )( Q)de ax iz jr uPjP dx =
L q dt . Di J i) -
i=1 i=1
‘ e, @,
fo0tul;uy ! @t fatu] Hud)—= @t
Z
1 X
3 B Eyex+ ol (2.19)
i=1
Then, we have
xe 4xX - z
) Qs 2 runP e el ) (2.20)
i=1 i=1 !
Integrating (2.20) on (t;t + ); then yields
X2 Zt+ VA X2 Z
BP(uf )(@{] Zdx + 3 jrut(t+ )P dx =
i=1 ! iz M
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x o ,
— jruf( )P dx +c: (2.21)
i=1 M
Integrating (2.17) on (t;t + ) and using lemma 2.3, we get

e 2+ 1 z

— jruMs)”dxds c;8 >0 (2.22)

S P
By the uniform Gronwall's lemma 2.1, we obtain

v Z

jruP@®i®dx c;8 > 0;8n2N:
i=1

Integrating now (2.20) on (t;t + ); we have

wZu Z
T “)(@" 2Gxds ool );

i=1 t
which gives by (H2)
Z 4
x o @tu

=1t

Ca( ):

Passage to the limit in in the process (P1n) and (P2n)

By lemma 2.3 and lemma 2.4, there exist a subsequence (dendt@again by u}

i =1;2)suchthatasn! +1: u'! u weakinLP(O;T; Wlp'()) and
inL "(Qr), uM ! uM weak star |nL1( T; Wlp'() ;8 > 0,b(uM! in
L2(Q7), @b(” ) is bounded |nL2( T;w () forany > 0,divF;(r u")
I iin weak |_p. O;T;W Lp? i()) : Moreover standard monotonicity argument
gives = divFi(r u) i = bB(u;): To conclude that w = (uq;uy) is a weak
solution of (S) it is enough to observe that f1(x;t;uf; uj 1) converges to
f1(x;t;uq;uz) and fo(x;t;uf 1-ud) converges to fa(x;t;uq;uy) strongly in
L1(Qr)andinLS(;T;LS())forall > 0; andforalls 1, thanks to Vitali's
theorem. Whencew = (uj; uy) is a solution of (S):

2.2.2 Uniqueness

Proposition 2.1  The solution of (S) is unique. Moreover, if (ui;uy) and
(v1,v2) are two solutions, corresponding respectively to initialdata (' 1; 1) and
(" 2; 2) such that' L and’' 5 > then u; Vi

Proof.  Suppose that (s;uz) and (v1,v2) are two solutions, corresponding re-
spectively to initial data (' 1; 1) and (' 2; 2) such that ' 3 pand' » 2l
Following Diaz [5; p.269], we consider the following test function :w; = H, (u;
vi)in 1;(i=1;2) by
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8

E 0 if s 0;
n?s? 1.
O0<s =
Hn(s) = 2 n
SR S,
1 s> 2:

o
It is easy to see that
0 (Ha)Xs) i lim s(Hn)Ys)=0:
jHn(s)j 1; nIIirpl Hn(s) = sign. (s)

0O s O
s s>0

.§ and lim s(Hp)(s) = s: =
n! +1
Considering the systems (S) veri ed byu = (uy;uz) and v=(vy,v2) , we get
v Z+Z
l(ui) BVl Ha(ui i)+

=1 O
e Z+Z h i
rui® Zrouc e ovi® frvi (ruorov)(Ha)Xu v+
i=t 0
w Z.Z
[fiGGuau2)  fi(veva)lHe(ui o v): (2.23)
=1 O

Since H,)%Ys) 0; we deduce that

x £tZ h [
Jim it ui® Zrouogro vii® Yrvi (rur v)(H)Xu ov) o
Pt 0
(2.24)
By (H7) and (2.24), (2.23) becomes
e Z.Z @ Z.Z
. (ui) Bl sign. (Ui vi) ki . b(ui(5s)  bviss)l, ;
i=1 i=1
(2.25)
by Gronwall's lemma, we get
v ZZ ) tXZ Z
. bu) byl e ¢ i) b()l,;8t2[0T]:
i=1 i=1
(2.26)
Since the second term vanishes and recalling that ; pand’' > 5 this

means that b (u;) b (v;), and by monotonicity of Iy; we obtain u; Vi
Unigueness is now an obvious consequence.

Remark. i) Our calculations above are formal. We may assume that the
solutions are smooth enough to have all estimates we need. &uassumptions
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can be justi ed by working with regularized problem
" #

‘ n 0ni_2
% div  jruj?+" " ru +fi(xu)=0

whose solutions are smooth so that the following argument aa be carried out
rigorously. One can see that the estimates obtained are ingeendent of the
parameter ", so that, by taking the limit, they also hold for (' S):

i) Assume that hypothesis (H1) to (H7) are satis ed and f; does not depend
ont: fi(x;t;uq;uz) = fi(x;uy;uy); then theorem 2.1 establishes the existence

of dynamical systemfS(t)g, , which maps L?() %into L2() ? such that

S 1; 2) = (ux(t); uz(t)):

3 Global attractor

Proposition 3.1  Assume that (H1)-(H7) hold and f; does not depend ort,
the semi-group S(t) associated with problem (S) is such that

(i) There exist absorbing sets inL () , for 1 i +1.

(i) There exist absorbing sets inWyP*() Wy P2() .

Proof. Let u; be solution of (S) anduf! solution of (P, ) such that u ! wu;.
Then for xed t > 0, lemma 2.3, lemma 2.4 and Sobolev's injection theorem

imply
ku' (k. .y ¢C;

and  kuf'(t)k,, c, 8t

)
Asn! +1 ;we get

Kui (t)ke 1 () c;
and kUi(t)kwl:Pi()) c, 8t
0
Remark. By proposition 3.1 we deduce that the assumptions (1.1),(4) and

(1.12) in theorem 1.1 [19] p23 are satis ed withU = L2%() °: So, by means
of the uniform compactness lemma in [7, p. 111], we get the fldwing result.

Theorem 3.1 Assume that (H1)-(H7) are satis ed and that f; does not depend
on time. Then the semi-groupS(t) associated with theypoundary value problem

(S) possesses a maximal attractoA which is bounded in Wy ()  WgP?() \

[LY ()] ?; compact and connected in L2() % Its domain of attraction is the
whole space L?()
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4 A regularity property of the attractor

In this section we shall show supplementary regularity estinates on the solu-
tion of problem (S) and by use of them, we shall obtain more regularity on
the attractor obtained in section 3. We shall assume that thee exist positive
constants ; > 0 and a function H from RN*2 to R such that :

8

< filgu)= g hx= 84

(H8).  f; satisfy (H3),(H4),(H5) and (H6),
' and h; 2L ()

(H9) b 2 C2(R)and 9 j; M; > Osuch that ; K(s) M;;8s2 R: We shall
denote : E;( )= j jP 272 forall 2 RN: The following lemmas are used in
the proof of the main results of this section.

Lemma 4.1 Assume that (H1)-(H9) are satis ed, there exist constantsC =
C(' 1; 1), such that forany T > 0

kUikLl OTW EPi () C<1; (4.1)
and @u C<1: (4.2)
@t 2 (q,)
h i

Proof.  Multiplying the equation %) div jr uij™ ?ru + ;@4 =0by
L (uj), and we obtain

4 4

X2
1 qo(ui)(@)zdxdu L jr (TP dx = (4.3)
i=1 | Qr @t j=p M
Z 1 Z 1 Z
[ HGuw(T);ua(T)+ H(G ' 1; 2]dx= —  jr ' P dx+ —  jr 4jPdx
P11 P2 2

H is continuous and (Us; uy) is bounded, we then obtain

x iZ @u x z

4 (o pi iruGTP A CC 1) (44)
i=1 ! T i=1 t!
hence (4.1) and (4.2).

Lemma 4.2 Let p; 2 11; 2[, then we have the following estimate

x £ xe £ X o Z
PP o gruiPax+ . 2P D e u)Pax;
i=1 i=1 i=1 P
(4.5)
with a constant ¢, > O:
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Proof.  Straigthforward calculations see [9] give
z 5 2 z
(Fi(r w)%r wldx  (pi 1) - (Ei(r wi))° % dx:

pi_2
2

AsEi(r wi) = jr wij = r w;,wegetjr wij = jE;(r Wi)j% andr w; = JEi(r w;
Hence 5 ,
2 _Pi
(r wi)°= B W) (B wi)’;
1

which yields
2
pi

So that, the Helder inequality can be applied to give
4 4
irwd™dx e JEI(rw)i® P(Ei(r wi))®® dx

0: Pi =(

ir w) PE(r wi)i? P (Ei(r wi))°® ™

C z 2 1) z 2
S B W o TP ( )
i
then yields (4.5). For stating the next theorem we introduce the hypothesis

(H10) N=1 and 1<pj<2 orN 2 and & p<2

Theorem 4.1 Let fi;lh and p; satis es hypothesis (H1) to (H10).
P 2
Let r(ty= 2,  bXu) u dx: Then

2 _pj

72 E(r wi)

r(t) cs(); 8t > 0 (4.6)

where cp5 is a positive constant depending on:
[
@b(ui)

Proof.  Di erentiating equation =g~ div jr i 2roui +g(xu) = hi(x)

with respect to t, we get

X2
) BRu)(w)? dv (Frw)’ + S%Meso. @y

o @y
Now multiplying (4.7) by u?; and integrating over gives
0
xe x Z Z %
%ro(t)‘”% BPRui)(u)dx+ (Fi(r u)°r uldx+ @ @@g:)

i=1 i=1 i=1 j=1

@.
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the L' estimate and hypothesis (H9) imply successively

Z0 1

X x Z
@ %UIOA uldx M (U9 dx: (4.9)
i=1 j=1 @y i=1
e Z
wdd  r(b): (4.10)

i=1
On the other hand, by Gagliardo-Nirenberg's inequality, Young's inquality and
(4.5), we obtain

1)(2 z 0 3 x 0::3(1+ ai) x i i P
> PRud(ud)dx  cs  iufli; T M+ e dir wifip +
i=1 i=1 i=1
e . . Z
AP D e u)Pdx (4.11)
i=1 P
whereg = 3N;;\l£—36 ',)I)QN

By (4.9),(4.10),(4.11), (4.7) becomes

Z
1 X2 .1 2 2 X2 .
Ero(t)+ (pi - ) £ (Ei(r ui))ozdx Cpr JJu0”2(1 o) 4
i=1 P i=1
X2 v X2 )
Cizs Jir Uijjs: +M kupk - (4.12)
i=1 i=1

Now (4.11) and estimate (2.13) give

@ o0 Z
%ro(tH % (Ei(r u)®“dx  ca(r(t)?+ cxo foranyt > O
=1 i

(4.13)
Using estimate (2.14) now gives
x 17 .
o jruliPdx car( ) ,8t > forany > O;
i=t ™
integrating (2.20) on t;t + 5 , then yields
e Zw,Z
B(ui) (u)? dxdt  caz( ), for any t 5> 0 (4.14)
i=1 U
That is 7 o
r(s)ds cs3( ); for any t 3 > 0: (4.15)

t
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Coming back to (4.13) and using the uniform Gronwall's lemmaZ2.2 gives
t+ = ; f t =>0:
Hence
r(t) c; for any t > 0
By use of theorem 4.1, we shall now arrive to the aim result of his section.

Theorem 4.2 Let fi;b and p; satis es hypothesis (H1) to (H10). Then, for
any > 0; the solution of system (S) satis es the following regulariy estimates

@ H{u;) 2 2
————22L4;+1;L : 4.16
gt 2LPGH1LA0) (4.16)
and u; 2 LY (;+1 ;B Pi()) (4.17)
Moreover, there exists a constantc > 0 such that
. (. = @ Uj
im kP 272 @tl Kizgrenizgy () (4.18)

Proof. By theorem 4.1 and hypothesis (H2), we get :

x Z @Hu;) °
ot

dx Mr(t) c() for any t > 0;then yields (4:16):
i=1

Integrating (4.13) on [t;t + 1], for any t and using theorem 4.1 then yields:

e ZinZ ,
(Ei(r u))°“dxds ¢( ), forany > 0 (4.19)
i=1 !
whence the estimate (4.18). On the other hand by (H10) theres some % 0<
0
O< 1, suchthat:L2() W Pi()where p°isthe conjugate ofp; : that is

, pi + 1 =1 Simon's regularity results [18], concerning the problem

0..,0
4 pui= fi(su) b(u) 2L (;+1;By "Pi()) :
Then give for anyt ;

kui(:;t)kBu(i Oa pi)2p; C35kfi(:;W) lqo(l'li)(l'li)th iO;pio() +C36( ):

0

Hence estimate (4.17) follows.

gor a solution (ui;uz) of (S), we dene the !  limit set by : d (' 1; 1) =
2 w=(ww)2 WER(O) LEO N wit() L) =
z o, 1 +1 Uiita) ! wiinLPx() }

us(i;tn) ! wo in LP2() '
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Corollary 4.1  Under the assumptions (H1) to (H10), we have! (' 1; 1) 6
; and any (wp;wz) 2 ! (" 1; 1) is a bounded weak solution of the stationary

problem
pWi + fi(x;w)=0 in
w; =0 on @

Proof. From (4.19) we obtain! (' 1; 1) 6 ;, letting w; = n!irr+11 ui(:;tn) and
w=(wg;wp) 2! ("1; 1); we get that w is a solution of the Dirichlet problem
for elliptic system. The proof is analogous to DIAZ and DE THELIN [4] and
is omitted.
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