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Abstract

In this paper, we consider the initial-boundary value problem of a nonlinear parabolic
equation with double degeneracy, and establish the existese and uniqueness theorems of
renormalized solutions which are stronger thanBV solutions.
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1 Introduction

This paper is concerned with the following initial-boundary value problem

1 1
Z—l: + aa—xf(l,l) = aa—x AI?—XB(U) y (X1t) IZQT = (01 l) x (O!T)1 (11)
B(u(0,t)) = B(u(1,t)) =0, t {0, T), 1.2)
u(x, 0) = up(x), x [10,1), 1.3)
where f(s) is an appropriately smooth function and

Ld
A(s)= s’ s, B(s)=  b(o)do, s [R
0

with p = 2 and b(s) = 0 appropriately smooth.
The equation (1.1) presents two kinds of degeneracy, sincd is degenerate not only at

points where b(u) = 0 but also at points where %B(u) = 0if p > 2. Using the method

depending on the properties of convex functions, Kalashniv [10] established the existence
of continuous solutions of the Cauchy problem of the equatia (1.1) with f = 0 under some
convexity assumption on A(s) and B(s). Under such assumption, the equation degenerates
only at the zero value of the solutions or their spacial deriatives. The more interesting case
is that the equation may present strong degeneracy, namelythe setE = {s (R : b(s) =0}

may have interior points. Generally, the equation may have ro classical solutions and even
continuous solutions for this case and it is necessary to fonulate some suitable weak solutions.
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For the semilinear case of the equation (1.1) withp = 2, it is Vol'pert and Hudjaev [12] who

rst introduced BV solutions of the Cauchy problem and proved the existence therem. Later,
Wu and Wang [13] considered the initial-boundary value probdem. For the quasilinear case with
p > 2, the existence and uniqueness oBV solutions of the problem (1.1){(1.3) under some
natural conditions have been studied by Yin [15], where theBV solutions are de ned in the
following sense

De nition 1.1 A function u CIF (Q7) n BV (Q7) is said to be a BV solution of the problem
(1.1)—(1.3), if
(i) u satisfies (1.2) and (1.3) in the sense that

B(u"(0,t) = B(u'(1,t)) =0, ae t [{0,T), (1.4)
t'Iirg u(x, t) = up(x), ae x [(0,1), (1.5)

where u'(-,t) and u'(-, t) denote the right and left approximate limits of u(-,t) respectively and
u denotes the symmetric mean value of u.

(ii) for any k [CR and any nonnegative functions ¢; Q' (Qt)(i = 1,2) with suppp; 1
[0,1] < (0, T) and

$1(0,t) = $2(0,t), ¢1(1,t) = d(L, 1), O<t<T,

the following integral inequality holds

111 |
sgn@U —K) (u—k)—7= ¢1 +(f(u) — f(k))aq)l B( )@ dxdt
Qr (101 1
+ sgnk (u—k)a¢2+(f( u) — f(k))aq)z A —B( )I%&:(z dxdt=0. (1.6)
QT

In this paper we discuss the renormalized solutions of the mblem (1.1){(1.3). Such solu-
tions were rst introduced by Di Perna and Lions [8] in 1980's, where the authors studied the
existence of solutions of Boltzmann equations. From then onthere have been many results on
renormalized solutions of various problems, see [1, 2, 3, &, 6, 7, 11]. It is shown that such so-
lutions play an important role in prescribing nonsmooth solutions and noncontinuous solutions.
The renormalized solutions of the problem (1.1){(1.3) con&lered in this paper are de ned as
follows

De nition 1.2 A function u I (Qt) n BV (Q7) is said to be a renormalized solution of the
problem (1.1)-(1.3), if

(i) u satisfies (1.2) and (1.3) in the sense of (1.4) and (1.5);

(ii) for any k R, any n > 0 and any nonnegative functions ¢; Q' (Q7)(i = 1,2) with
suppdi CJ011]x< (0, T) and

¢1(01 t) = ¢2(01 t)! ¢1(1’ t) = ¢2(1! t)! 0<t< T,

the following integral inequality holds
111 111

Hn(u, k) ¢ldxdt+ Fo(u, k)5
QT QT

991 ~dxat

EJQTDE, 2006 No. 5, p. 2



111 1 111 1

001 0 du
- QTA 35 B(U) Ha(u — k)= dxdt - QTA 5B Hy(u— k)= draxdt
Ld IZJ
- HA(t = K)(F(t) — F(k))dt , (2(1,t) — ¢1(0, t))dt
11 1
+ Hy(K) (u )""’2 +(F(u) — f(k))aq)z B( )I%&)’(2 dxdt =0, (1.7)
Qr
where . n
Hﬂ(s): _%:n’ HH(S)z W’ s R
L L

His )= HyT =kl Fas k= Hq(t — K)f(T)dT, sk [R

Such solutions are a natural extension of classical solutits, which will be shown at the
beginning of the next section. Comparing the two de nitions of weak solutions, there are two
additional terms in (1.7), i.e. the forth and fth ones. More over, (1.6) follows by letting n — 0*
in (1.7) since the forth term of (1.7) is nonnegative and the Imit of the fth term is zero.
Therefore, renormalized solutions imply more information than BV solutions and thus it is
stronger.

Since renormalized solutions are stronger thaBV solutions, the uniqueness of renormalized
solutions of the problem (1.1){(1.3) may be deduced directy from the uniqueness ofBV solutions
(see [15]). Hence

Theorem 1.1 There exists at most one renormalized solution for the initial-boundary value
problem (1.1)—(1.3).

And we will prove the existence of renormalized solutions othe problem (1.1){(1.3) in this
paper, namely

Theorem 1.2 Assume ug CBIV ([0, 1]) with ug(0) = ug(1) = 0. Then the initial-boundary value
problem (1.1)—(1.3) admits one and only one renormalized solution.

The paper is arranged as follows. The preliminaries are don@n 82. We rst prove that
the classical solution is also a renormalized solution, with shows that the latter is a natural
extension of the former. Then we formulate the regularized poblem and do some a priori
estimates and establish some convergence. Two technicalnkenas are introduced at the end of
this section. The main result of this paper (Theorem 1.2) is poved in §3 subsequently.

2 Preliminaries
The renormalized solution is a natural extension of the clasical solution. In fact, we have
Proposition 2.1  Let u [CP(Q1) n C(Q) be a solution of the equation (1.1) with

u0,t) = u(l,)=0, t [{0,T). 2.1)
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Then for any k [CR, any n > 0 and any nonnegative functions ¢; Q! (Qt)(i = 1,2) with

suppdi CJ011]x< (0, T) and
$1(0,t) = ¢2(0,t), ¢1(1,t) = do(L,t), O<t<T,

111 mEn|
Hn(u, k)a¢ldxdt+ Fn(u, k)aq)ldxdt
QT ED:' QT ED:'
- A?B(u) Hn(u—k)aq)ld dt — Aqis(u) H,(u —k) <|)1dxdt
Qr Qr
L IZJ
- HA(T — K)(F(T) — F(K))dT , ($1(1,1) — ¢1(0, t))dt
111 [
+ Hy(K) o (u —k)""’2 +(F(u) — f(k))aq)z A —B( )I%&)’(2 dxdt = 0.

2.2)

Therefore, if u CCP(Qt) n C(Qy) is a solution of the problem (1.1)—(1.3) with (2.1), then u is
also a renormalized solution of the problem (1.1)—(1.3) and the inequality (1.7) can be rewritten

as the equality.

Proof. Let k R, n > 0 and ¢; C Q! (Q7)(i = 1,2) be nonnegative functions with

suppd; CIO11] % (0, T) and
¢1(01 t) = ¢2(01 t)! ¢1(1’ t) = ¢2(1! t)! O<t<T.

On the one hand, multiply (1.1) with H,(u — k)¢, and then integrate over Qt to get

111 3 111 3
$1--Hy(u, k)dxdt + $1-—Fn(u, k)dxdt
) ot or  OX
= iAlq;B(u)lﬁl(u—k)q) dxdt
Qr oX oX n ! '

From the de nition of Fy(s,k), (2.1) and the Newton-Leibniz formula,

-
d1Fq(u, k)%: dt
0
Q 'ﬁa t) Ldoy —
Hy(t — K)FYT)dtoi (L, 1) — Hy(t — k) fY1)dtd1(0,t) dt
0 k k
L4 -
= Hp(t —K)(F(1) = F(k)TT  (P1(1.t) — $2(0, D) dlt
k g 0
=Hn(=Kk)(f(0) — f(k)) . (¢1(1, 1) — ¢1(0, 1)) dt
Ld -

H(t — K)(f (1) — f(K))dt . (91(1,9) — ¢2(0, ) dt.

Then, by using the formula of integrating by parts in (2.4) and from (2.5), we get

LIT] LI

Hy(u, k)ﬂdxdt + Fa(u, k)ﬂdxdt

Qr Qr

(2.3)

(2.4)

(2.5)
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-
+ Hy(K)(F(0) — f(K)) . $1(1,t) — $1(0, 1)) dt
Ld L4
+ ) Ha(t — K)(f(1) — f(k))dt . (d1(1,t) — $1(0, 1)) dt
L4 | 1 1 |
= Hy(k) A = B(U(L,1) ¢1(1,0) —A = B(U(©,1) ¢:1(0,1) dt
RER R 51 ¢ i a0 1
+ A —B(u) Hn(u —k) + Hn(u—k)a—xq)l dxdt. (2.6)
Qr

On the other hand, the equation (1.1) leads to

1]
Ju=k+ S (Fu) — k)= 2 A%Bw) (1) CQr.

Multiplying this equation with ¢, and then integrating over Qr, we get that by the formula of
integrating by parts and (2.1)

1 mEn|
(u k)a¢2dxdt+ (F(u) — f(k))aq)zd dt
QT q QT
— (F(0) — f(k)) , (92(1,1) — $2(0, 1)) dt
- [ 1 ]

== Sﬂ_s(u(l 1) %1 D —A S BUO.Y) $0.1) dt
+ A —B(u) 2

dxdt (2.7)
QT ox

Multiplying (2.7) with Hy(k) and then adding what obtained to (2.6), we get (2.2) owing to
(2.3). The proof is complete. —1

Remark 1 The condition (2.1) is not egregious. In fact, (2.1) and (1.2) are identical if B(S)
is strictly increasing, i.e. the set E = {s [Rl: b(s) = 0} has no interior point. Otherwise, if the
set E has interior points, the equation (1.1) is strong degenerate and the equation may have no
classical solutions in general, as mentioned in the introduction.

Since the equation (1.1) presents double degeneracy, we tdgrize the equation to get the
existence of renormalized solutions by doing a prior estimi@s and passing a limit process. We
rstly approximate the given initial data uo. For any 0 < € < 1, chooseug [CE (0, 1) satisfying

L4 o
@ﬁx <C,
|ﬁ| oXx q
%As a—XBs(UO,s) x=C,

0
Uoe(X) — Up(X), uniformly in (0,1) ase - 0",

where C > 0 is independent ofe, and

Ac(s) = A(s)+ &5, Be(s)= B(s)+ es, s [R.
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Consider the regularized problem

L]
%, O tuy= LA Daw) . (9 [Qr, @9
Ug(0,1) = ug(1,) =0, t (0, T), (2.9)
Ue(X,0) = uo,g(x), x [1(0,1). (2.10)

By virtue of the standard theory for uniformly parabolic equ ations, there exists a unique classical
solution ug [CP(Q7) of the above problem. To pass the limit process to the problen (1.1){(1.3),
we need do a priori estimates orus. On the one hand, the maximum principle gives

sup|ug| = C. (2.11)

Qr

Here and hereafter, we denote byC positive constants independent ofe and may be di erent in
di erent formulae. On the other hand, the following BV estimates andC11/2 estimates have
been proved by Yin [15].

Lemma 2.1 The solutions ug satisfy

sup %Ix+ sup l:1|§7IX<C

0<t<T 0<t<T 0
sup %Ag —Bg(ug(x, 1)) ©@x < C,
0<t<T_ 0 ox

B
sQqu < e(Ue)

Lemma 2.2 For the function

(*)E(X1 t) = BE(UE(X! t)) ’ (X1 t) IZQT )

we have
|we(X1, 1) — we(X2, t)| < ClX1 — Xs|, X1, X2 [(0,1), t [0, T),

lwe(X, t1) — we(X, t)| < Clt1 — |2,  x [(0,1), ti,t, [0, T).

Form the estimate (2.11), Lemma 2.1 and Lemma 2.2, there exisa subsequence of [{Q, 1),
denoted by itself for convenience, and a functioru LI (Q1)nBV (Q1) with B(u) COY2(Q+)
and (1.4) and (1.5), and a function p I} (Q7), such that

Ue(X, 1) —= u(x,t), a.e in Qr, (2.12)
Be(ug(X, 1)) — B(u(x,t)), uniformly in Qr, (2.13)
:—XBE(UE) B(u), weakly in L (Qr), (2.14)
Ac a—XBs(ug) (T weakly in L! (Qr), (2.15)

ase —» 0", see more details in Yin [15].
To complete the limit process, we also need the following carergence.
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Lemma 2.3 For the solution ug of the regularized problem (2.8)-(2.10) and the above limit
function u, we have

Ifal 1 1
As —Bg(ug(x,t) — A ——B(u(x,t)) , ae in Qr aste - 0. (2.16)
ox ox
Proof. We rst prove that -
H=A a—XB(u) , ae in Qr. (2.17)

For convenience, we rewrite

LJ 1
A(s) = a(o)do, s [R a(o) = 5|0|p, o [R
0

Multiplying (2 .8) with ( B¢(us) —B(u)) and then integrating over Qr, we get that by the formula
of integration by parts
111 o, 1 1 111 1 1

—— Bg(ug) — B(u) dxdt+ if(us) Be(ug) — B(u) dxdt
R Jt o; 9X
Q ED%‘ o _
= - ox ——Be(Ug) Bs( e) — _B(U) dxdt,
QT
which yields
~HH '3 '3:'3 d ]
lim —Be(Ug) Be(ug) — —B(u) dxdt = (2.18)
gl 0O QT
from (2.13). On the other hand, by (2.14) and B(u) CC*Y2(Qy),
111 |:|:|5| 1
lim Ija| B(u) Be(ug) — iB(u) dxdt=0 (2.19)
gl 0* QT
Therefore, combining (2.18) with (2.19) gives
LI 1 Eujg 1
gl 0o P ax ax
a la_J
= lim ag (X, t) Bg(ug) B(u) dxdt, (2.20)
gl 0* Qr
where
L 1 3 1
aE(X1t) = 0 a )\a_XBE(UE) - (1 - )\)a_XB(u) T & d)\1 (X1t) IIQT'
Sincea (x 1) is positive and uniformly bounded in Qr,
, q 1 LI s
(as) Be(ug) — —B(u) dxdt=C a; —Be(ug) — =—B(u) dxdt. (2.21)
Qr Qr 0x 0x

Then, from the de nition of a,, (2.21) and (2.20),

LI 1
lim qu B:(ug) A%B(u) dxdt
e 0t o ox
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-4

d L1
ax Be(ug) — XB(u) dxdt=0

= lim (as)2
el 0O+ Qr

This, together with (2.15) yields (2.17), namely

L3 L1 L1

c a—XBg(ug) S A a—XB(u) , in L%(Qr) ase - 0",

which deduces (2.16). The proof is complete. [

In order to reach Theorem 1.2, we need the following two techical lemmas, which may be
found in [9], [14].

Lemma 2.4 Let [RY be abounded domain, {um} be a uniformly bounded sequence in L ()
and u CIF () with

Un C1,1 weakly in LY () as m - oo.

Assume that A(s), B(s) are continuous functions, and A(s) is nondecreasing. If for any a [
A(R), B(A (a)) contains only a single point, and

A(Uun(X)) - w(x), ae x [1as m - oo,

then
A(u(x)) = o(x), nr!llrln B(uk(x)) = B(u(x)), ae x [

Lemma 2.5 Let [RY be a bounded domain and 1< q < co. Assume {f} is a sequence in
L9() and f CIF() with

fn LT weakly in L9() as m - oo,

Then
||'£n Fh [d (@) = [l (q)-
m!

3 Proof of the Main Result

In this section, we will complete the proof of Theorem 1.2 based on the estimates and convergence
established in§2.
Proof of Theorem 1.2. For any k [CR, any n > 0 and any nonnegative functions

¢i CT* (Q7)(i=1,2) with supp¢i CJO1]x (0,T) and
¢1(01t) = ¢2(01t)1 q)l(l!t) = ¢2(1!t)! O<t< T;

according to Proposition 2.1,
111
Hole, ) 22t Foy(ue, k)
QT ED:' I:IQT
¢1

- A ax Be(Ue) Hn(us_k)
Qr

¢1d dt

ddt
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LI L1 ou
O

= =
+ ) Ha(t — K)(F(1) — F(K)dt (<|>1(1, t) — ¢1(0, 1)) dt
(111 ] 1
+ Hy(K) (Ug k)aq’2 +(F(ug) —f(k))a¢2 AEI?—XBE(US)% dxdt=0. (3.1)
Qr

By the de nitions of Hy(s, k) and Fy(s, k), and by using Lemma 24 with (2.12), we get

M Hn(ue(x,8),K) = Hy(u( 1), k), lim Fa(us(x,1),k) = Fa(u(x,t),k), ae in Qr.

Combining this with (2.16) and (2.12), we have

—HI 1]
lim Hn(Ue, K) ;’1dxdt+ Fiy(Ue, )aq)ldxdt
el 0 Qr
- -
- Ag? Be(Us) Hn(ug—k)aq)ld dt
[T Qr
= Hn(u, k)a¢1dxdt+ F(u k)aq)ldxdt
Qr QT
5B Hy(u— k)= dxdt (3.2)
Qr
and (101 [
im =% (r g)—f<k))""’2 9 Be(u g)%z et
T o
= (u—k)a¢2+(f( u) — f(k))a"’2 A —B(u) q{’f dxadt. (3.3)

Qr

Note that u satis es (1.2) and (1.3) in the sense of (1.4) and (1.5). Therefore, owing to (3.2),
(3.3) and (3.1), it is shown that u is just a renormalized solution of the problem (11){(1.3)
provided

~HH L1, due
>S A —éB(u) EHID(u —192Y b, dxat (3.4)
T o 0x f ox '

which will be proved below.

Multiplying (2 .8) by ue and then integrating over Qrt, we derive that by the formula of
integration by parts

= OUE 4t — f(ug)%dxdt= - e o Be(U) S ldxdt  (35)

2 Qr ot Qr Qr 0
From (2.11) and Lemma 2.1,

1
E ausd dt@n ﬁg U2(x, T) —u2 . (x) dxf& C,

Qr
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ou u
f(ug) =— dxdtf4< sup|f(ug)] @f@xdt <C.
ox QT Qr X

Qr

These two estimates and (3.5) yield

(111
Iq; Be(Ug) I%J—dxdt =C.
QT 0x

From the de nitions of A¢ and B¢, the above inequality leads to
111
K
K E <
Qr 0x

where Cd
Ke(s)=  (b(o) + )® V’Pdg, s [R
0

Thus 111
K(u) @dxdt =C
QT ox 1

0K(u)
ox

namely

[LP(Qr) with

K(s)=  b® DP(g)do, s [R
0

Moreover, (2.12) and (2.14) imply

aKg)((”E) )((”), weakly in LP(Q) ase - O*. (3.6)
Therefore, for xed n >0, 2 a(U) Hu—K)é: ™ CLP(Qr), and (3.6) implies
aKaE)((UE) Hiy (e Ky, P )((”) Hiy(u — K61 . weakly in LP(Qr) ase O,
By Lemma 2.5,
(”) Hy (U — k)¢1@p§ < lm R2felu) (us—k)cbl@p% .
LPQ g o+  OX )

This is just (3.4). The proof of Theorem 1.2 is complete. —1
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