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On Singular Solutions of a Second Order
Di erential Equation
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Abstract

In the paper, su [cieht conditions are given under which all nontrivial
solutions of (g(a(t)yY) = r(t)f(y) = 0 are proper where a > 0,r > 0, f(x)x >
0,9(x)x > 0 for x 8 0 and g is increasing on R. A su [cieht condition for
the existence of a singular solution of the second kind is given.
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1 Introduction
Consider the dilerential equation
9@y~ rf(y) =0, )

where a CA°(R,), r [A°%R.),g CA°R),f CA°R),R: =[0,),R =
(—o0, o), g is increasing on R and

a>0,r>0 on R,, T(X)x>0 and g(x)x>0 for xE0. (2)

Sometimes the following condition will be assumed.
lim g(z) = — lim g(z) = oo, 3)
De nition. A function y defined on J Rl is called a solution of (1) if
y CCr(J),g(a(t)yy CCr(I) and (1) holds on J.
It is clear that (1) is equivalent to the system y; =y, vy, =g(a(t)yy,

yi= 2 = —rfo) @

where g~ is the inverse function to g. Hence, as the right-hand sides of (4)
are continuous, the Cauchy problem for (1) has a solution.

De nition.  Let y be a continuous function defined on [0,T) CRl. Theny
is called oscillatory if there exists a sequence {tc}¢2,,t [0, 1),k=1,2,...
of zeros of y such that limy_ .ty = T and y is nontrivial in any left neigh-
bourhood of T.

De nition. A solution y of (1) is called proper if it is defined on R, and
SUP —ic oo lY()] = O for every T [(D,o0). It is called singular of the first
kind if it is defined on R, , there exists T [(0, o) such that y = 0 on [T, o)
and supr—. |y(t)] > 0 for every T [0, 1). It is called singular of the
second kind if it is defined on [0, T), T < oo, and cannot be defined at t = .
A singular solution y is called oscillatory if it is an oscillatory function on
[0,T).

In the sequel we will investigate only solutions that are defined either on
R+ oron [0,T),T < oo and cannot be defined at = T.
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Remark 1. (i) According to (2) every nontrivial solution of (1) is either
proper, singular of the first kind, or singular of the second kind.
(i) A solution is singular of the second kind if and only if

Jim sup ly(t)| = oo.

(iii) If y is a singular solution of the first kind then y(t) = y(t) = 0.
Consider the equation with p-Laplacian

(A@IY Y)Y+ rf(y) =0, (6)

where p > 0,A [CQ°R,) and A > 0 on R,. This is a special case of (1)
with g(z) = |z|P"'z and a = Ab. Itis widely studied now; see e.g. [3], [4],
[8] and the references therein.

Recall the following su Lcieht conditions for the nonexistence of singular
solutions of (5).
Theorem A. (i) If M >0,M; >0 and |[f(X)] = My|x|P for |x] =M,
then there exists no singular solution of the first kind of (5).
(i) If M >0,M; >0 and |F(X)| < My|x|P for |x] = M, then there exists no
singular solution of the second kind of (5).
(iii) Let the function Abr be local ly absolutely continuous on R, . Then every
solution of (5) is proper.

Proof. Cases (i) and (ii) are simple applications of results in [8, Theorems
1.1 and 1.2] (also see [1]). Case (iii) is proved in [3, Theorem 2] . O

Theorem A (iii) shows that if A and r are smooth enough, singular solu-
tions do not exist. But the following theorem shows that singular solutions
may exist.

Theorem B ([3] Theorem 4). Let 0 <A <p (0 < p < A). Then there exists
a positive continuous function r defined on R, such that the equation

(y"P~yH™+ r@®ly| sgny =0 (6)

has a singular solution of the first (of the second) kind.

Note that the proof of Theorem B uses ideas from [5] and [6] for the case
p=1.

The goal of this paper is to generalize results of Theorems A and B to
Eq. (1).
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2 Main results

We begin our investigations with simple properties of singular solutions.

Lemma 1. Lety be a singular solution of (1) and T be the number in its
definition. Then vy is oscillatory if and only if y"is an oscillatory function
on [0, T).

Proof. It follows directly from system (4) since, due to (2), y"is an oscillatory
function on [0, T) if and only if y, = g(a(t)yY is oscillatory on the same
interval. O

Theorem 1. (i) Every singular solution of the first kind of (1) is oscillatory.
(i) If (3) holds, then every singular solution of the second kind of (1) is
oscillatory.

Proof. (i) Let y be a singular solution of the first kind of (1) and T < co
be the number from its definition. Suppose, contrarily, that y > 0 in a left
neighborhood of T (the case y < 0 can be studied similarly). Then (1) and
(2) yield g(ay" is decreasing and hence, ay"is decreasing on 1. From this
and from Remark 1 (iii), we have yt) = 0 and hence y®> 0 on I; this
contradicts the fact thaty >0 on I and y(t) = 0.

(i) Let y be a singular solution of the second kind of (1) defined on [0,T),T <
oo, Suppose, contrarily, that y > 0 in a left neighbourhood 1 = [ty,T) of
T (the case y < 0 can be studied similarly). Then (1) and (2) yield ay"is
decreasing on | and according to Remark 1 (ii) and Lemma 1 lim, . _yt) =
—oo, Hence y is positive and decreasing in a left neighbourhood of 1 and
rf(y) is bounded on I. From this, we have

—oo = g(a(m)y (1)) —gla(t)y(m)) =—  r(OF(y(t))dt > —oo.

1

This contradiction proves the statement. O

The following example shows that singular solutions of the second kind
may be nonoscillatory if (3) does not hold.

Example 1. The dilerkntial equation
L1 L1
1————— sgny” +r(ty=0
Qi+ " O

with r(t) = (7\%%)4 fort CJ0,1]and r(t) =8fort>1 h&s a nonoscillatory

singular solution of the second kind of the formy =1+ 1—t
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The first result for the nonexistence of singular solutions follows from
more common results of Mirzov [8] that are specified for (1).

Theorem 2. Let di(z) = max(lg~*(z)|, |[97*(—2)|) and

1 1
d>(z) =max max f(s),— min f(—s) for z (R
O=ss=|z| O=ss=|z|

(i) If for every t~Rl. the problem

] 1 Ijt_l
= () TEds), y(tF=0 ™

has the trivial solution on [t5o0) only, then (1) has no singular solution of
the first kind.
(i) If for every ¢, = 0 and ¢, = 0 the Cauchy problem
1 1 ] 1
U= _—_ + =
z a(t)dl c1 +dy(2) ) r(s)ds ,z(0) =c; (8)

has the upper solution defined on R., then (1) has no singular solution of
the second kind.

Proof. This follows from [8, Theorems 1.1 and 1.2 and Remark 1.1] setting
¢1(t, 2) = Tlt)dl(z) and  ¢y(t,z) = r(t)d-(2). O

Corollary 1. Letg(z) = —g(—2),f(z) = —f(—2z), and let T be nondecreas-
ing on R,

(i) If there exists a continuous function R(t) and a right neighbourhood I of
z = 0 such that ]

f(z) r(s)ds=g(R(t)z)
0

for t [CRIL. and for z [I] then (1) has no singular solution of the first kind.
(if) For any ¢ > 0 let there exist a cont'@Jous function Ry(c, t) and a neigh-
bourhood 11(c) of co such that c+f(z) ,r(s)ds =g(Ru(c,t)z), t (R, z [
1.(c). Then there exists no singular solution of the second kind of (1).

Proof. In our case, d,(z) = g~1(z) and d»(z) = f(z),z CRL.. Moreover,

di(z) = di(—2z) and d(z) = d2(—2). 9
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(i) It is clear that (7) can be studied only for |z| [CI1 Then

P i I i O o W
0<d; dy(z) r(s)ds =g~ f(z) r(s)ds =g~ * f(z) r(s)ds
= = 0
< R(t)z,

t [R: and z 1 From this and from (9), Eq. (7) is sublinear in I, the
trivial solution z = 0 ig-gynique, an@jhe statement feHpws fromip. 2 (i)Y

(i) We have 0 = d; ¢; +dx(2) ,r(s)ds = g tc + f(2) oF(®)ds =
Ri(cy,t)z, t [CR,,z [Ih(cy). From this and from (9), Eq. (8) is sub-
linear for large values of z, (8) has the upper solution defined on R, , and

the statement follows from Theorem 2 (ii). O
Corollary 2. Letp>0,M >0 and M; > 0.
(i) Let

l9@)| = Mlz|* and [f(z)] = My|z| (10)

hold in a neighbourhood I of z =0. Then (1) has no singular solution of the
first kind.

(i) Let zo [CR. be such that (10) holds for |z]| = z,. Then (1) has no
singular solution of the second kind.

Proof. Let d; and d, be defined as in Theorem 2.
(1) Since (10) yields d1(z) = 'fwﬂ and dy(z) < My|z|P for z 1] we have
o % g, H
0<d; dy(z2) r(s)ds = i Mq|z[°  r(s)ds
t =
o =
=M1t M; r(s)ds *l|z|, z COt"CRL .

t

The remainder of the proof is similar to that of Cor. 1 (i).
(i) Similarly, d,(z) < % and d,(z) < Mq|z|P for |z| = zp, and so
(. - 1 ]

O]
0sdi+d(z) r(E)ds =:- o +MlzP  r(s)ds "
0 0

t (R, |Z|ZZQ, c,=0.

From this, equation (8) is sublinear for large |z|, the problem (8) has the
upper solution defined on R., and the statement follows from Theorem 2
(ii). O
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Remark 2. Theorem A (i), (ii) is special case of Corollary 2 with g(z) =
lzIP~z, a=Ap, and M = 1.

The following theorem generalizes Theorem A (iii); su Lcieht conditions
for the nonexistence of singular solutions are posed on the functions a and r
only.

Theorem 3. Let the function ar be locally absolute continuous on R, , y be
a nontrivial solution of (1) defined on [0,b),b < oco,ar =r,—r; on R,, and

Ly ) Ly
o(t) = oM o)do +a(tyr(t)y  F(o)do=0, (1)
0 0

where ro and ry; are nonnegative, nondecreasing and continuous functions.

Then, for0 <s<t<hb,
ri(o)do ! ! ri(o)do —
T Ao SPOSPO% oo

Moreover, y is not singular of the first kind, and if (3) holds, theny is proper.

p(s) exp (12)

Proof. Since ar is of locally bounded variation, the continuous nondecreasing
functions ro and ry exist such that ar = ro — ry, and they can be chosen to
be nonnegative on R, . Moreover, ry’ [y.(R:) and r [L,c(R+). Then p
is absolute continuous on [s, t] and

Lk
p(t) = (a(t)r(1))" ) f(o)do, T []3,1] a.e.

Let € > 0 be arbitrary. Then (2) implies p(t) = 0 on [s, t], both terms in
(11) are nonnegative, and

P10 _a@r@ M - .

f(0)

p(t)+e  p(M)+e o a(or(r)
hence, o 3 q
r{(t) p{1) ro(1)
~aOrm = s +E = a2 o
An integration and (11) yield
_ : ri{o)do |:<I p(t) +¢ - L ro(0)ds —
TP L aor© TeereT T a@r(©)
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Since € > 0 is arbitrary, (12) holds.
Let y be singular of the first kind. Then according to its definition and
Remark 1 (iii), there exists T [(0, o) such that y(t) = 0,y%t) = 0, and

sup |y(t)] >0 forevery T L[IQ71). (13)
T=t<
Hence, (11) and (12) yield p(t) = 0 and p(t) = 0 on [0, t]. From this and
from (2), we have y = 0 on [0, T]. This contradiction to (13) proves that y is
not singular of the first kind.

Let (3) be valid and y be a singular solution of the second kind. Then
according to Remark 1 (ii), there exists a sequence {tx}y=, such that t, [
[0,b),lim .oty = b, and lim _ o [yty)] = oo. Hence, (3) yields limy . o
g(a(t)yty)) = oo. From this and from (12) we have for s = 0 and t =
t,k=1,2,..., that

1
o0 = lim p(t) <p@exp 2D
oo o a(o)r(o)
The contradiction proves that y is not singular of the second kind and, ac-
cording to Remark 1 (i), it is proper. O
Theorem 4. Let the assumptions of Theorem 3 be valid and let
1 Deewyty ; ) o
)= ——=< “~(0)do + 0)do. 14
0= Jorm 9o+ f(0) (14)
Then for 0 <s <t <b we have
(S) ex M < (t) < (S) ex M (15)
PREP T Aoy TP EREER aoyr()
Proof. The proof is similar to that of Theorem 3 since
o) = _ OrO)° eyt ~(o)do = ) = (D) OO g0y
! @mr()* o a(t)r(t) a(t)r(t)
a.e. on [s, t]. O

Remark 3. Inequalities (12) and (15) are proved in [7] for Equation (5) with
p=1anda=1,in[3] for g(z) = |z|°"'z with p > 0, and in [8] for Equation
(6).
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Corollary 3. Let ar be locally absolute continuous on R.. Let p and p; be
given by (11) and (14), respectively.

(i) If ar is nondecreasing on R, , then for an arbitrary solution y of (1), p
is nondecreasing and p; is nonicreasing on R, .

(it) If ar is nonincreasing on R, , then for an arbitrary solution y of (1), p
is nonincreasing and p; is nondecreasing on R. .

Proof. It follows from (12) and (15) as ro = r and r; = 0 in case (i), and
ro = r(0),r, = r(0) —r in case (ii). O

In [1] there is an example of Eq. (1) witha=1,9(z) = z,T(z) = |z| sgnz
and 0 < A < 1 for which there exists a proper solution y with infinitely
many accumulation points of zeros. The following corollary gives a su [cieht
condition under which every solution of (1) has no accumulation point of
zeros in its interval of definition.

Corollary 4. If ar is locally absolute continuous on R, then every nontrivial
solution y of (1) has no accumulation point of its zeros and has no double
zero in its interval of definition.

Proof. Let T be an accumulation point of zeros or a double zero of a solution
y of (1) lying in its definition interval. Hence, y(t) = 0 and yt) = 0. Then,
y(t) = y(t) on [0, 1] and y(t) = 0 for t > 1 is a singular solution of the first
kind of (1) that contradits Theorem 3. O

Corollary 5. Let ar be locally absolute continuous and nondecreasing (non-
increasing) on R, . Let y be a solution of (1) defined on [0,h),b < oo, and
{t 3, N < oo, be a (finite or infinite) increasing sequence of zeros of y"ly-
ing in [0,b). Then the sequence of local extrema {|y(tc)|}k; is nonincreasing
(nondecreasing).

Proof. Let ar be nondecreasing on R.. As all assumptions of Corollary 3
ﬁj fulfilled, p; is nonincreasing and the statement follows from p.(tx) =

0 ti) f(o)do and (2). If ar is nonincreasing, the proof is similar. O

The following corollary generalizes Theorem B and it shows that singular
solutions may exist if ar is not locally absolutely continuous on R .
Corollary 6. Let A=1,0<A<p (0<p<A) and lim,_, |Z|f)‘(SZ!;nZ =M [
(0, 00). Then there exists a positive continuous function r such that Equation
(5) has a singular solution of the first (second) kind.
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Proof. Let 0 < A < p. Then Theorem B Yyields the existence of a positive

continuous function r defined on R, such that (6) (with r = r) has a singular

solution y of the first kind. Put

ly(®)| sgny(t)
fly(0)

and r(t) = r,\(/l—t) if y(t) = 0. From this and from (2), the function r is
positive and continuous on R, and

L]
YOIy () L —r@®ly®| sgny(t) = —rOF(y(1);

hence y is also a solution of (5).
If 0 < p < A, then the proof is similar. O

r) =r(

if y()E0

Example 1 shows that the statement of Theorem 3 does not hold if (3)
is not valid; singular solutions of the second kind may exist. The following
theorem gives su Lcieht conditions for the existence of such solutions.

Theorem 5. Let M [(0,00),a=1o0nR,, and g CCHR).
M p F+H1,13,A>2, and
0<g{z)<|z|~ for Bz=M, (16)
then (1) possesses a singular solution of the second kind.
(i) If
92) = |z| ™% for |z| =M, a7
then (1) has no nonoscillatory singular solution of the second kind.

Proof. (i) Let B =1, if B = —1, the proof is similar. Consider the di [erential
equation

y"=—r(f ()G, (18)
where G [CC°(R),G(z)z >0 for z £ 0, and

G(z) = (9(z))™t for z=M. (19)

Put M; = [(A — 1) ming<s<1 r(s) min_3SsS_; |f(s)|]_ﬁ. Let T be such that

1
—271 £ I:ﬂq‘" ds
O<t=sl1T<2M,**,T< maxr(s) max S —
. maxr(s)_max [FE) g
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and 1 [
T<g(M) maxr(s) max |Ff(s)] . (20)
O=ss=<1 —4=<s<-3
Then (16) and (19) yield G(z) =z for z = M and according to Theorem 1
in[2] withn=2,M =M,B =1,¢o=—-1a=-1T =5, N = 3; see the
proof of Theorem 1 and (13) — (17) as well), there exists a solution y of (18)
defined in [3, T) such that

Jim y(t) = —1, lim y(t) = oo,

and
—3<y(t) < —%, M < y{t) < My(T — )%, t E%l,r). (1)

Hence, (16), (19) and (21) yield y is the solution of Eq. (1) on [5, T). We will
prove that y can be defined on [0, T) and, thus, y is singular of the second
kind. Let, to the contrary, y be defined on (T,t) [J0l 1) so that it cannot
be defined at T. Then

limsup |y(t)| = oo. (22)
t- +

First, we prove that
y{t) >0 on (T,1). (23)

Suppose, that 1, (@, 1) exists such that yt;) = 0 and y(t) > 0 on (14, T);
according to (21), 11 < 5. Hence, y is increasing on (t1,T) and negative.
From this, (1), and (2), the functions g(y"Y and y"are increasing on (1, T).
Further, we estimate y on [Ty, 5] using (21) and the definition of t. We have

L] ] 1
—3zy() = y(;)+  y{ds =y L; —yDL;Lu;—t

N|A

(24)
T, T Ty1— 2 T

= —3 — — -1 — = —3 — — -1 = — —

> -3 Ml(z)uz_ 3 |v|1(2) AT = 4,t[ﬁ|1,2].

An integration of (1) on [1y, 5], (2), (21), (24), and T < 1, yield

1, 1 4
g(M) =g ﬂi) —giy ) =—  r(s)f(y(s))ds

1

T
< max r(s) max [f(S)|-.
O0=s<1 ( )—4555—3| ( )|2
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This contradiction to (20) proves that (23) is valid. From this and from (21),
y < 0on (T,1), and (1) yields g(yY and y are incerasing on this interval.
Thus, according to (23), y"is bounded in a right neighbourhood of T which
contradicts (22), and so y is defined on so [0, T).

(i) Suppose, that y is a nonoscillatory singular solution of (1) of the second
kind defined on [0, T). Then Lemma 1 and Remark 1 (ii) yield lim,_. _ |yXt)| =
co and lim;_, _y(t) = C [J3oo, co]. Suppose that

Jim y(t) = oo (25)

(the opposite case can be studied similarly).

Let C [[(#o0, ). Due to (1) and (17), y is a solution of Eq. (18) and
(19) on [T,t) [J0,T) where T is such that yXt) = M on [T, 1). But this
contradicts a result in [2, Theorem 2].

Let C = oco. Then lim;_ _y(t) = oco. But according to (1) and (2),
the functions g(yY and y“are decreasing in a left neighbourhood of T, which
contradicts (25). Clearly, the case C = —oco is impossible due to (25). O

Acknowledgement.

This work was supported by the Grant No A1163401/04 of the Grant Agency
of the Academy of Science of the Czech Republic and by the Ministry of
Education of the Czech Republic under the project MSM 0021622409.

References

[1] Bartusek M., Asymptotic properties of oscillatory solutions of di [ert
ential equations on n-th order, Folia F.S.N. Univ. Brun. Masar. Math.
3 (1992).

[2] Bartusek M., On existence of singular solutions of n-th order dilert
ential equations, Arch. Math. (Brno) 36, 395-404 (2000).

[3] Bartusek M., Singular solutions for the di[erkntial equation with p-
Laplacian, Arch. Math. (Brno) 41, 123-128 (2005).

[4] Cecchi M. & Dosla Z. & Marini M., On nonoscillatory solutions of
di Lerkntial equations with p-Laplacian, Advances in Math. Scien. Appl.
11, 419-436 (2001).

EJQTDE, 2006 No. 8, p. 12



[6] Coffman C. V. & Ullrich D.F., On the continuation of solutions of
a certain non-linear di Lerential equation, Monath. Math. B 71, 385-392
(1967).

[6] Heidel J. W., Uniqueness, continuation and nonoscillation for a second
order dilerkntial equation, Pacif. J. Math. 32, 715-721 (1970).

[7] Kiguradze I. & Chanturia T., Asymptotic Properties of Solutions
of Nonautonomous Ordinary Di [erential Equations. Kluwer, Dordrecht
(1993).

[8] Mirzov D. D., Asymptotic Properties of Solutions of Systems of
Nonlinear Nonautonomous Ordinary Dilerential Equations. Adygea,
Maikop (1993) (in Russian); Folia F.S.N. Univ. Masar. Brunen. Math.
14 (2004).

Author’s address:

Department of Mathematics, Masaryk University,
Janackovo nam 2a, 602 00 Brno, Czech Republic
e-mail: bartusek@math.muni.cz

(Received March 8, 2006)

EJQTDE, 2006 No. 8, p. 13



