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LOCALIZED SOLUTIONS OF ELLIPTIC
EQUATIONS: LOITERING AT THE HILLTOP

Joseph A. laia

Abstract.  We nd an in nite number of smooth, localized, radial soluti onsof pu+f(u)=0in RN - one with
each prescribed number of zeros - where pu is the p-Laplacian of the function u.

1. Introduction

In this paper we will prove the existence of smooth, radial stutions with any prescribed number of zeros to:
pu+ f(u)=0in RN; (1:1)

ux)! Oasjxj!l ; (2:2)

where pu=r (jr uj’ ?r u) (p > 1) is the p-Laplacian of the function u (note that p = 2 is the usual
Laplacian operator), f is the nonlinearity described below, andN  2,.
Solutions of (1.1)-(1.2) arise as critical points of the furctional J : S! R de ned by:
z 1
J(u) = =jr uj®  F(u)dx
rRv P

R
whereF(u)= ' f(t)dtandS=fu2 WEP(RV) j F(u) 2 L}(R)g:
Setting r = jxj and assuming thatu is a radial function so that u(x) = u(jxj) = u(r) then:

. N 1 1 .
u= ¥ 2 s N Fugs Lo suge 20

where © denotes di erentiation with respect to the variable r.

We consider therefore looking for solutions of:

P 2 e L f )= T P W% F () =0 1:3)
i) =0; (1:4)
rI!ilm u(r)y=0: (1:5)

Remark: The casep = 2 was examined in [2]. There the authors proved the existene of an in nite number
of solutions of (1.3)-(1.5) - one with each precribed nhumbeof zeros - for nonlinearitiesf similar to the ones
examined in this paper. In this paper we have weaker assumptins than those in [2] and we also have only
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that p > 1. Existence of ground states of (1.3)-(1.5) for quite genel nonlinearities f was established in [1].
Our extra assumptions onf allow us to prove the existence of an in nite number of solutions of (1.3)-(1.5).

For p 6 2, equation (1.3) is degenerate at points whereu®= 0 and we will see later that in some instances
this prevents u from being twice di erentiable at some points. We see howevethat by multiplying (1.3) by
rN 1 integrating on (0;r), and using (1.4) we obtain:
Z r
rNCOLiudn)iP 2udr)y = N I (u(t)) dt (1:6)
0

Therefore, instead of seeking solutions of (1.3)-(1.5) inC?[0;1 ) we will attempt to nd u 2 C[0;1)
satisfying (1.4)-(1.6).

R
The type of nonlinearity we are interested in is one for whichF (u) 0“ f (t) dt has the shape of a \hilltop."
We requirethat f :[ ; ]! R and:

f is odd, there existsK > 0 such that jf (x) f(y)] Kijx yjforalx;y2[ ; ]and ()]
there exists ; suchthatO< < with f< Oon (0 );f> Oon¢(; ); andf()=0: (2:8)
We also require:

there exists with < < suchthat F< Oon (0, )andF > 0on(; ): (2:9)
Finally we assume: Z
1
p——=—dt=1 ifp>2 (1:10)
o " JF(1)]
and: 7
PRC) R

Main Theorem. Letf be a function satisfying (1.7)-(1.11). Then there exist an h nite number of solutions
of (1.4)-(1.6), at least one with each prescribed number of eros.

Remark: Assumption (1.8) can be weakened to allowf to have a nite number of zeros, 0< ;< ;<

< n< wheref< 0on (G 41),f> 0on(n 1; n)and we still require assumption (1.9). A key fact
that we would then need to prove is that the solution of a certdn initial value problem is unique. Su cient
conditions to assure this are (1.10)-(1.11) and the followng:

Z
I+1 1
p———— dt=1 ifp>2andiff> 0on (; 1+1)
PF(1a) F(D
and Z 1
p—————dt=1 ifp>2andiff< Oon (; +1):
P RC) R

Remark: Let0 < < and supposeqg 1 fori =1;2;3. If p> 2 then also supposey p 1 and
& p 1. Letf be an odd function such thatf (u) = u%ju j% (u ) w% for0<u< and
supposeF ( ) > 0: Then (1.7)-(1.11) are satis ed and the Main Theorem appliesto all such functions f .

Remark: If 1 <p 2 then it follows from the fact that f is locally Lipschitz that (1.10) and (1.11) are
satis ed. Sincef is locally Lipschitz at u = 0, it follows that jF(u)j Cu? in some neighborhood ofu = 0

for someC > 0. Then since 1<p  2:

4
1 1
dt

P—= 1
o " jF(b)j Cr o

t
A similar argument shows that (1.11) also holds for 1<p 2.

| =

1
=

oIN
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2. Existence, Uniqueness, and Continuity

We denoteC(S) = ff : S! Rjf is continuous onS:g

Let f be locally Lipschitz and letd 2 R with jdj : Denoteu(r;d) as a solution of the initial value problem:
Z r
rNCOLiun)iP 2u%r)y = N I (u(t)) dt: (2:1)
0
u(0) = d: (2:2)
We will show using the contraction mapping principle that a solution of (2.1)-(2.2) exists.
For p > 1 we denote ,(x) = jxjP 2x. Note that , is continuous forp > 1 and b 1= Where%+ # =1:
For future reference we note that 3(x) =(p 1)jxj° ?andj ,(x)j = jxjP *:
We rewrite (2.1) as: b
r
ul= Nl - ool N (u(t)) dt: (2:3)
re © 0
Integrating on (0;r) and using (2.2) gives:
Z. Z,
u=d — po[ sV f(u(s)) ds]dt: (2:4)
0 tr T 0
Thus we see that solutions of (2.1)-(2.2) are xed points of e mapping:
Z, 1 Z,
Tu=d — pof sV 1 (u(9)) dgldt: (2:5)
0 tr I 0
Lemma 2.1. Let f be locally Lipschitz and letd be a real number such thaidj : Then there exists a

solution u 2 C1[0; ) of (2.1)-(2.2) for some > 0. In addition, u%0)=0:
Proof.
First, if f(d)=0then u dis a solution of (2.1)-(2.2) andu90) = 0.

So we now assume thaf (d) 6 0. Denote B (d) = fu 2 C[0; ) such that ku dk < Rgwherek k is the
supremum norm. We will now show that if > 0 andR > 0 are small enough thenT : B, (d) ! Bg(d) and

that T is a contraction mapping. Sincef is bounded on [% jd'; ], say by M, it follows from (2.5) that:
Z r
. . 1  MtN p 1. M p p 1. M p
Tu d ——(———)r T =(—=)(—)r tre 1 —)(—)r T b T:
Tud e )T = ) G

Therefore we see thatkTu dk <R if is chosen small enough and hencé : Bg(d) ! Bg(d) for small
enough.

Next by the mean value theorem we see that for somé with 0 <h < 1 we have:
z t z t
jopl SN M(u(s)ds] ol sV M (v(s) dsj =
0 0
1 Z, , Z,
mj sV Yhf (u)+ (@ h)f (V)] dsjp*'ij sV Of(u)  f(v)]dsi: (2:6)
0 0

Case 1. 1<p 2
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Using again that f is bounded on il 1;d+ 1] by M and that the local Lipschitz constant is K (i.e. for
u;v 2 B;(d) we havejf (u) f(v)] Kju vj)we obtain by (2.5)-(2.6):

Z
K 12 tN 2 st
kTu Tvk 1ku vk . t';‘)—llMp (W)p W
Z r
=Cku vk tridt Cpmiku vk
0
where Cy; C, are constants depending only orp; N; K; and M.
Case 2. p>2
Sincef (d) 6 0 and f is continuous we may choosé& small enough so that:
L min _jfj> O
[d R;d+R]
Therefore,
z t LtN
j SN Ynf(u+@ h)f(v)ds N (2:7)
0
Thus, by (2.5)-(2.7) we have
z
K L.2o "1 wnentN
kTU Tvk —(— p71'([,1 vk ﬁt p 1 —dt
P 1(N) 0 tr T N
Z r
= K 1k ovk ttdt Gy ettku vk
(P DNFILr: 0

where Cz depends only onp; N;K; and M .

Therefore in both cases we see thal is a contraction for R and small enough. Thus by the contraction
mapping principle, there is auniqueu 2 CJ[0; 1) such that Tu = u. That is, there is a continuous function
u such that u satis es (2.4) on [0; ;) for some 1 > 0. In addition, since f (d) 6 0 we see that the right hand
side of (2.4) is continuously di erentiable on (0; ) for some with 0 < 1 and thereforeu 2 C*(0; ):
Also, subtracting d from (2.4), dividing by r, and taking the limitas r ! 0" givesu%0) = 0: Finally, dividing
(2.1) by rN 1 and taking the limitas r ! 0* we see that .“5” uYr) = 0: Therefore,u 2 C[0; ):

rt o*

Note we see from (2.3) thatu 2 C? at all points where u°6 0.
If uYro) = 0 then using (2.1) we obtain:
Z r
j udn)jP 2u¥r) = rl\lil tN 1 (u(t)) dt:
lo

It then follows that: ] .
- juAn)iP 2udn) Hufred if ro = 0
lim ———————~ = N
o r ro f (u(ro)) if ro> O:

Remark: If 1 <p 2 then we see from (2.8) thatu®{r,) exists and rewriting (1.3) as:

(2:8)

(0 e Lok juF? f ) =0;

we see thatu 2 C?[0; ).

Remark: If p> 2 then u might not be twice di erentiable at points where u®= 0. In fact if uYrq) =0 and
0
f (u(ro)) 6 0 then by (2.8) we see thatrlinrw j%j =1 and sou is not twice di erentiable at ry.
! ro
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Lemma 2.2. Letf satisfy (1.7)-(1.9). If u is a solution of the initial value problem (2.1)-(2.2) with jdj
on some interval (O;R) with R 1 , then:

F(u) F(d) on (O;R) (2:9)

and b 1
5 juP F(d)+JF()i F()+jF()jon (O;R): (2:10)

Proof.
We de ne the \energy" of a solution as:

E = pleu%P + F(u): (2:11)
Di erentiating E and using (2.1) gives:

go- N 1jufip o: (2:12)

r

Integrating this on (0;r) and using (1.8) gives:

p—plju(ip+ F(uy=E E@©=F(@d) F()forr>o0: (2:13)

Inequalities (2.9)-(2.10) follow from (1.8)-(1.9) and (2.13).

Now by (1.9) we know that F is negative on (Q ) and by (1.8) we know that F is increasing on (; ).
Therefore if jdj < then F(d) < F ( ): On the other hand if ju(ro)j = for somerg > O then by (2.9)
F() F(d) - acontradiction. Hence if jdj < then juj < :

Lemma 2.3. Letf satisfy (1.7)-(1.9). Let d be a real number such thajdj : Then a solution of (2.1)-
(2.2) exists on [0; 1 ).

Proof.

If jdj = thenu dis a solution on [G1 ) and so we now suppose thajdj < :

Let [0; R) be the maximal interval of existence for a solution of (2.1}(2.2). From lemma 2.1 we know that
R > 0. Now suppose thatR < 1 : By lemma 2.2, it follows that u and u® are uniformly bounded by
M = + F()+ jF()j on [0 R): Therefore by the mean value theoremju(x) u(y)j] Mjx yj for all
X;y 2 [0; R).
Thus, there existsb; 2 R such that:
li = by
Jimou(r) = by
By (2.3) there exists b, 2 R such that:
lim uqr) = by:
r' R
If b, 6 0 we can apply the standard existence theorem for ordinary derential equations and extend our
solution of (2.1)-(2.2) to [0; R + ) for some > 0 contradicting the maximality of [0 ; R).

If b, =0 and f (b;) 6 O we can again apply the contraction mapping principle as wedid in lemma 2.1 to
extend our solution of (2.1)-(2.2) to [O;R + ) for some > 0 contradicting the maximality of [0 ; R).

Finally, if b, =0 and f (b;) = 0, we can extend our solution by de ning u(r) b for r > R contradicting
the maximality of [0; R).

Thus in each of these cases we see th& cannot be nite and so a solution of (2.1)-(2.2) exists on [Q1 ):
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Lemma 2.4. Let f satisfy (1.7)-(1.10). Let d be a real number such thajdj < . Then there is a unique
solution of (2.1)-(2.2) on [0;1 ).

Proof.

Case 1: d=

In this case we haveE(0) = F( ) (recall that F is even) and sinceE® 0 (by (2.12)) we have E(r)
E@Q) = F( )forr 0: On the other hand, F has a minimum at u = and so we see thatE(r) =

Pp—lju‘ip+ F(uy F():Thus F( ):Thus, Y-2jufP=E® 0 and henceu(r)
Case 2: d=0.

Here we haveE (0) = 0 and since E® 0 we haveE(r) Oforr 0.

Letr; =supfr OjE(r)=0g:Ifrpy =1 thenu(r) O.

So supposa; < 1 . If ry =0 then we have u(r;) =0 and u%r;) =0.

If r1 > 0 then sinceE® 0 we haveE(r) 0on [0ry] hence N-1jujP = E® 0andsou 0on[Qry].
Therefore we also haveu(r;) =0 and uqr1)=0:

Now using (2.1) we obtain: 7
r
rN o LjugP 2u%= N Y (u)dt (2:15)

r

Since:

PSP+ (W)= E() <E©=0for r>ry; (2:16)

it follows that ju(r)j > O for r > r ;: Combining this with the fact that u(ri) = 0; we see that there exists an
> Osuchthat0< ju(r)j< forry<r<r i1+ . By (1.8)itfollows that jf (u)j> Oforr; <r<r 1+
Therefore, by (2.15) we see thajuY > O forry <r<r 1+ : Using this fact and rewriting (2.16) we see that:

L ug < (P

rpljF(—u)j o 1)5 forrp<r<r ;+ : (2:17)

Integrating (2.17) on (rq1;r1 + ), using (1.10), and that F is even gives:

Z . : Z
ju(re+ )j 1 ri+ ju‘ﬁ P 1
1 = -p:dtz P — P
0 B0 L YEe G Y

a contradiction. Thus we see thatr; = 1 and henceu 0.
Case 3: f(d) 6 0.

We saw that the mapping T de ned in lemma 2.1 is a contraction mapping. Therefore,T has aunique xed
point so that if u; and u, are solutions of (2.1)-(2.2) then there exists an > 0 such that u;(r)  ux(r)
on [0; ): Let [0;R) be the maximal half-open interval such that ui(r)  ux(r) on [0;R). By continuity,
ur(r) uz(r) on[0;R]and uf(r) ud(r) on [O;R].

As in the proof of lemma 2.3, ifu(R) 6 0 then it follows from the standard existence-uniqueness heorem of
ordinary di erential equations that uy(r) ux(r) on [0;R + ) for some > 0 contradicting the maximality
of [0} R).

If u(R) =0 and f (ui(R)) 6 0 then we can again apply the contraction mapping principle as in lemma 2.1
and show that u;(r) ux(r) on [0;R + ) for some > 0 contradicting the maximality of [0 ; R).

If uY(R)=0and u;(R) = then as in Case 1 above we can show thaty(r) forr >R and uy(r)
for r > R: This contradicts the de nition of R. A similar argument applies if u(R) =0 and u;(R) =
EJQTDE, 2006 No. 12, p. 6



Finally, if u2(R) =0 and ui(R) = 0, then as in Case 2 above we can show thati;(r) 0 forr >R and
ux(r) O forr>R . This contradicts the de nition of R.

Thus we see that in all cases we hav® = 1 . This completes the proof.
Remark: Without assumptions (1.10) and (1.11), solutions of the intial value problem (2.1)-(2.2) are not
necessarily unique!For example, letf (u)= j uj9 ‘uwhere1 q<p 1.Inadditionto u O,

u= C(p;g;N)rv s

whereC(p;q;N) = [ 5 l[f)’;j\l (‘;)pl o 1° T3 is also a solution of (2.1)-(2.2) withu(0) = 0 and u%0) = 0 : Note
R R i
_ ( +]_) P . . . . _ . .
however that Oﬁﬁdt— 0 ‘:% dt< 1 sincel q<p 1. Similarly, if f(u)= j ujid 1 u)

andl q<p 1thenu and

u=  C(p;g;N)rv T
(with the same C(p; g; N) as earlier ) are both solutions of (2.1)-(2.2) but (1.11) isnot satis ed.

Lemma 2.5. Let u be a solution of (2.1)-(2.2) with <d<  and suppose there exists an; > 0 such that
u(ry) =0. If (1.10) holds then u%r;) 6 0.

Proof.
This proof is from [1].

Suppose by way of contradiction that u(r;) = 0 and u%r;) = 0. It follows that E(r;) = 0: (In fact, it
follows from lemma 2.4 thatu O onr1;1 )): Now letrg =inffr ri;jE(r) =0g: SinceE is continuous,
decreasing, ande (0) = F(d) > 0 we see thatro > O and that E(r) > Ofor0 r<r .

If ro<rithenE(r) O0on (ro;r1) and thus %juﬁp = EYr) O0on(ro;r1). Thereforeu 0on (ro;rs)
and thus u(rg) = uqro) = 0.

Integrating (2.12) on (r;r ) and using that E(rp) = 0 gives:

ZroN 1

r r

p 1

Tjufﬁp + F(u)= juldP dt: (2:18)

R
Letting w= ' Y1judP dt; we see thatw®= N—2ju3P. Thus (2.18) becomes:

04 _w= — - p(N_1). .
wo+ rW— rF(u) where = b 1 (2:19)
By (1.9) it follows that there is an with 0 < < %ro such that F(u(r)) Oon (o ;ro): and so solving

the rst order linear equation (2.19) gives:
zZ .,

w = t YjF(ujdtforry <r<r o

o
Rewriting (2.18) we obtain:
p Z 1o
judP = p—l[iF(u)j *— t YF(u(t)jdtlforrg <r<r g: (2:20)

r
In addition, since E(r) > O forr <r o, we see that:

P

1)%8 jF(Wj Oforro <r<r g
EJQTDE, 2006 No. 12, p. 7
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Thus u is monotone on o ;ro):
SinceF%= f < 0on (0; ) (by (1.8)) we see that:

JFQu)j < jF(u(r)jforro <r<t<r o (2:21)

Substituting (2.21) into (2.20) gives:

wap (P
jud (IO

1):_01-;(“),- (pil)( ) jF (W) 2(p—p1)jF(u)j forrg <r<r g

lo
Finally, dividing by jF (u)j, taking roots, integrating on (r;ro); and using (1.10) we obtain:
Ziumi 4 ,

N p 1
1 = —dt 2r1 o (r r
. ﬁ’m (p 1) (ro 1)

a contradiction. Thus u%r;) 6 0 and this completes the proof.

Lemma 2.6. Let u be a solution of (2.1)-(2.2) where <d< : Then u®< 0 on a maximal nonempty open
interval (0;Mg.1), where either:

(@ Mg1=1, rIlilm uqry=o0, rIlilm u(r) = L wherejLj<d andf (L) =0,
or
(b) Mg:1 is nite, uYMg.1)=0; andf (u(Mg1)) O.

In either case, it follows that there exists a unigue ( nite) number ¢ 2 (0;Myg.1) such thatu( 4) = and
u’< 0on (0; 4

Proof.

From (2.8) we have:

juAnjiP 2uqr) _ f(d).
r TN

For <d< the right hand side of the above equation is negative by (1.8) Hence for small values of > 0
we see thatu(r; d) is decreasing.

lim
r! 0*

If uis not everywhere decreasing, then there is a rst critical pint, r = Mg.1 > 0, with uYMg.;) = 0 and
u®< 0 on (0;Mg1). From (2.1) we have:
Z Md;l
rN o Ljudn)iP 2u¥r) = tN 1 (u(t)) dt:

r

If f (u(Mg;1)) > O then the above equation impliesu®> 0 forr <M 4.1 andr su ciently close to Mg.; which
contradicts that u®< 0 on (0;Mg.1). Therefore f (u(Mg:1)) 0 and sou(Mg:1) < : Thus, there exists
d 2 (0; Mg:1) with the stated properties.

On the other hand, suppose thatu(r) is decreasing for allr > 0: We showed in lemma 2.2 thatju(r)j <d <
for r> 0. Thus ||I1m u(r)= L with jLj d<:
r!

Dividing (2.1) by rN and taking limitsas r ! 1 we see that:

P 2.
ril r N °

(2:22)
EJQTDE, 2006 No. 12, p. 8



We know from (2.10) that u®is bounded for allr 0 and so the limit of the left hand side of (2.22) is 0.
Thus f (L) =0 and sincejLj d< we seethatL = ; 0;or . Thus there exists a (nite) ¢ with the
stated properties.

Finally, the fact that Irler uYr) = 0 can be seen as follows. In lemma 2.2 we saw that the energg (r) =
Pp—ljuo(r)jp+ F (u(r)) is decreasing and bounded below by ( ), thereforer!ilm E(r) exists. Sincer!llim u(r) =
L, we see thatrlgm F(u(r)) = F(L): Also, since p—pljuo(r)jp = E(r) F(u(r)) and both E(r) and F (u(r))
have a limitasr !'1 , it follows that ju§ has alimitasr ! 1 . This limit must be zero sinceu is bounded.
This completes the proof.
Lemma 2.7. Suppose <d < : Then dI!irr(] u(r;d) = u(r;d ) uniformly on compact subsets ofR and
dI!irrcl| uqr;d) = uqr;d ) uniformly on compact subsets ofR. Further, if (1.11) holds then d!im u(r;d) =
uniformly on compact subsets ofR.
Proof.
If not, then there exists an o > 0, a compact setK, and sequences; 2 K; d; with <d; < and
jI!ilm d; = d such that

ju(rj;di)  u(ry;d)j o> 0 for everyj: (2:23)
However, by lemma 2.2 we know thatju(r; d;)j < and juYr; d;)j (p_p_l)%[F( )+ jF( )j]% for all j so that
by the Arzela-Ascoli theorem there is a subsequence of thd, (still denote d;) such that u(r; dj) converges

uniformly on K to a function u(r) and jg(r)j . From (2.3) we see thatuYr;d;) converges uniformly on

K a function v(r) where v= —t+ pof o tN *f (u(t)) dt]:
re 1 R
Taking limits in the equation u(r;d@ = d + Oruo(s;d,-)ds; we see thatu(r) = d+ Orv(s) ds. Hence

udr) = v(r), thatis  u= —tr pof 4 tN f (u(t)) dt]; and thus u is a solution of (2.1)-(2.2) with d = d .
p 1
So by lemma 2.4,u(r) = u(rr;d ). Therefore, given = (> 0 and the compact setK we see that for all
r 2 K we have:
ju(rd;) u(rd)j< o
which contradicts (2.23). This completes the proof of the rst part of the theorem.

An identical argument shows that d!im u(r;d) = u(r) uniformly on compact sets whereju(r)j and u
solves (2.1)-(2.2) withd = . To complete the proof we need to showu(r) . Letry =supfr OjE(r)=

E(0) = F( )o: SinceE is decreasing we see that if; = 1 then E is constant and henceu and we are
done.

Therefore we suppose; < 1 .

By the de nition of r; we have:

1.
pTJu%P +F(u)= E()<E ()= F()forr>r q: (2:24)
Thus, it follows that u(r) < forr>r 1: Also by (1.8) it follows that f (u) > O forr; <r<r ;+ for some
> 0. Therefore, by (2.15) we see thaw®< 0 forr; <r<r 1+ : Using this fact and rewriting (2.24) we
see that:
u® p
P < (
PF() F(u P 1
Integrating (2.25) on (rl;zrl + ) and using (1.11) gives:

ri+

)% forrp<r<r ;+ : (2:25)

wie) PFQ) FO o RO F@ P 1

a contradiction. Hencer; = 1 andu

1 =

EJQTDE, 2006 No. 12, p. 9



3. Energy Estimates

From lemma 2.6 we saw for < d < that u(r;d) is decreasing on [0 4]. Therefore u (y;d) exists for
y d
Lemma 3.1. For y<d< we have:

dlim u Yy;dy=1-:

Note: In particular this impliesthat 4!1 asd! sinceu (;d)= g.
Proof.
We x Yo with Yo < d and suppose by way of contradiction that there existsdy with dy < anddi!

u (yo;dk) = be; and that the b are bounded.
Then there is a subsequence of thdy (still denote by) such that by ! ky for some real numberb. By
lemma 2.2 we have thatju(r; dy)j and jur; dy)j are uniformly bounded on say [Qb+1]: Thus by lemma 2.7,

kIlilm u(r;dg) = uniformly on [0;b+ 1]. On the other hand, yo = i!ilrln u(bg;di) = - a contradiction since
yo<d< '
Lemma 3.2.
Zy
P 14 dy Py dt u L(y:d)for <y<d:

P " [F(d Fy)I° Py [F(d F@I*
Proof.

Rewriting (2.13) gives:

P 1) ju(r; d)j

g ; (3:1)
P [F(d) F(u(rd)»
Sinceuqr;d) < 0 on (C; 4), integrating (3.1) on (0;r) where 0<r 4 we obtain:
(p 1)% Z 4 dt -
P urd) [F(d)  FOlF
Denoting y = u(r;d) and using the fact that F°= f > 0 on (; ) we obtain:
Z
1.1 d 1,.° ¢ dt
ek e ek - u Y(y;d): (3:2)
P [F(d) FWI? P y [F(d) F(@®)]°

This completes the proof.

Lemma 3.3.
d{im [E(0) E(q)]=0:

Integrating (2.12) on (0; 4) gives:
z

EQ E(g= N1

t

jud(t; d)jP dt:

Using (2.13) we obtain:
Z
p \pt ¢“1 p 1. g .
EQ©) E(q) (p—l) (N 1) . ([F(@)  Fud] @ ju(tdjdt
EJQTDE, 2006 No. 12, p. 10



Now changing variables withy = u(t; d) we obtain:

ZafE@ Fust

P ez .
EQ) E(o) (" (N 1 TR s (3:3)
Since F (d) F(y)]pp_1 F( )pp_1 for y dwe see by lemma 3.1 that:
lim [F(d) FOI > =0 for y<d: (3:4)

d! u (y;d)

Also, by (3.2) and the mean value theorem we see that:

9E@) F(y)

Z g ot 1
F@ FOIT o P ) *

P L )
u (y;d) p 1 dy ( )P ( ) max f:

p 1 [; 1

Therefore by (3.4) and the dominated convergence theorem ifollows that:

Z 4 b1
- [F(d) FI™
d!lm u 1(y;d) d

y=0:
Therefore by (3.3):
Jm [E©) E(a)]=0:

This completes the proof.

Lemma 3.4. Supposeu is monotonic on ( 4;t): Then
C
E(aq) E() o

whereC =2 (N 1)(32)"7 [F( )+ jF( )] . (Note that C is independent ofd).
Proof.

Integrating (2.12) on ( 4;t), estimating, and using (2.13) gives:
Z, z

E(o EM= N tupes N1 ujas
d d d
Z z
N 1P e s = N 1Pyt ia
SEEDT FO R TGP FO PO a
2(N 1)

p .p 1 . p1C
- (p 1)p [FO)+JjF()Il™ =
whereC =2 (N 1)(5')—1)%71[F( )+ iFON .

This completes the proof.

Lemma 3.5. Suppose <d < : Let u(r;d ) be a solution of (2.1)-(2.2) with k zeros and suppose
Ililm u(r;d )=0: Then for d su ciently close to d , u(r;d) has at mostk + 1 zeros.
r!
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Proof.
From (2.12) we know that EY(r;d ) 0 and sinceE is bounded from below byF ( ), we see thatr ||1im E(r;d)
exists. Also by assumptionrlllim u(r;d ) =0 and since F is continuous we haverllim F(u(r;d ))' = 0. Since
pleuo(r;d )Jj° = E(r;d ) F(u(r;d )) and the limits of both terms on the right hand side of this equation
existasr !l we see thatrlgm judr;d )j exists and since by assumptionrlllimu(r; d ) =0 (so that u(r;d )
is bounded) we therefore must have: '

lim udr;d )=0: (3:5)
Combining (3.5) with the assumption that r“{n u(r;d ) =0, we see by (2.11) that:

rIlilm E(r;d )=0: (3:6)

Combining (3.6) with the fact that EYr;d ) 0, we seethatE(r;d ) Oforallr O

Claim.
E(;d )>O0forallr O (3:7)

Proof of claim.  First note that E(0;d ) = F(d ) > 0: Now supposeE (rp;d ) =0 for some ro > 0. Then
from (3.6) and the fact that E is decreasing it then follows thatE 0 onfro;1 ): Thus, “-2jugr = EO°
Oon ;1 ): Thereforeu(r;d ) u(ro;d )forr rpand sincerlllim u(r;d )=0 we see thatu(r;d ) O for

r ro: This implies uqro;d ) = 0. However, by lemma 2.5u%rq;d ) 6 0 - a contradiction. This completes
the proof of the claim.

By assumption u(r;d ) has k zeros. Let us denote thekth zero of u(r;d ) asy . Henceforth we assume
without loss of generality that u(r;d ) > Oforr>y . By (3.7) we see thatpp—ljuo(y ;d)jP=E(y ;d)>0.
Also sincer!llim u(r;d ) =0 it follows that there exists an M >y such that UM ;d )= 0. Again by (3.7)
we see thatF (u(M ;d ))= E(M ;d ) > 0 which impliesu(M ;d ) > . Now by (2.1) we obtain:
Z r
rN L d )P tuqrd )= sV f (u(s;d)) ds:
M

By (1.8) we havef (u(M ;d)) > 0; so from the above equation we see thati(r;d ) is decreasing forr > M
as long asu(r;d ) remains greater than : In particular, since rIlilm u(r;d ) =0, we see that there existss ,

t with M <s <t suchthatu(s)= %andu(th

Now let d, be any sequence such thart“llimdn = d : Then by lemmas 2.4 and 2.7, for some subsequence of

d, (still denoted d,) we see thatu(r;d,) converges uniformly on compact sets tou(r;d ) and that u%r;d,)
converges uniformly on compact sets ta¥r;d ):

In particular we see that u(r; d,) converges uniformly tou(r;d ) on [0;t +1]: Since <d< , we see by
lemma 2.5 that if u(ro;d ) =0 and ro > 0 then u9ro;d ) 6 0 and so by lemma 2.7 for su ciently large n we
see thatu(r; d,) has exactly k zeros on [Qt +1]: Further for su ciently large n there exists at, 2 [s ;t +1]

such that u(t,;d,) = and n||i1m th=1t:

We now assume by way of contradiction thatu(r;d,) has at least (k + 2) interior zeros. We denote z, as
the (k + 1)st zero of u(r;d,) and w, as the (k +2)nd zero of u(r;d,). Sinceu(r;d,) converges uniformly to
u(r;d ) on [0;t +1], we see that for largen we havez, >t +1 and in fact:

dllilm zZn=1; (3:8)
' EJQTDE, 2006 No. 12, p. 12



for if some subsequence of, (still denoted z,) were uniformly bounded by someB < 1 then a further
subsequence (still denoted,,) would converge to some withy <t +1 =z B. Sinceu(r;d,) converges
uniformly to u(r;d ) on [0;z + 1]; we would then have that u(z ;d ) = 0 and since z t +1>y ;z
would then be a (k + 1)st zero of u(r;d ): However by assumptionu(r;d ) has only k zeros - a contradiction.
Thus (3.8) holds.

By assumption <d < so that for suciently large n we have that <d , < so by lemma 2.5 we
have that u%w,;d,) 6 0: Thus 2-L1ju%z,)j? = E(z,) E(wy) = Pp—ljuo(wn )i > 0 so we see that there
exists m, with z, <m, <w,, uqr;d,) < 0 on [z,;m,), and um,;d,) = 0. Also ju(m,;d,)j > since
F(u(mgp)) = E(m,) E(w,) > 0. Hence there existsa,;b,;c, with z, <a, <bp <c, <m, such that
u@)= u(b)= -3 , and u(c,) =

Now as in the proof of lemma 2.7 with = p(l';'—ll) we have ¢ E)°= r  'F(u): Integrating this on [t,; ],
using the fact that F(u) O on [ty;cy]; and that F(u(r;dn)) F( ) < 0on [a,; ] we obtain:
zZ, Zy,
p 1 . 0 P — — 1 1
0 —p chju(cn)j? = ¢, E(cn) = t,E(th) + r F(uydr t,E(th)+ r F(u) dr
th an
tE(ta)+ FO,  a] tE(ta)+ F()b, ‘[ anl: (3:9)

From lemma 2.2 we know that ju9 (p_p_l)%[F( )+ jF( )j]%: Integrating this on [a,; b,] gives:
bh a, ¢>0 (3:10)

wherec = (——)(52) 7 [F( )+ JF( )j]7 . Substituting (3.10) into (3.9) and using the fact that F( ) < 0
we see that we obtain:
0 t,E(th)+ cF( )b, L (3:11)

In addition, since b, z, we see from (3.8) that:
lim b, =1: (3:12)
n!l
Finally, by lemma 2.7 we know that u(r;d,) converges uniformly to u(r;d ) on [0;t + 1] and uYr;d,)
converges uniformly tou%r;d ) on [0;t +1]and t, ! t . Therefore, we see that:
nIlilm t,E(th;dn)=(t) E(t ;d) (3:13)

1
see that the right hand side of (3.11) goestol asn!1 which contradicts the inequality in (3.11).

This completes the proof.

Substituting (3.12)-(3.13) into (3.11) and recalling that F( ) < 0, and = p(l’;‘—l) > 1 (sinceN  2), we

4. Proof of the Main Theorem
Proof.
For k 2 N[f Og, de ne

Ax = fd2 (; )ju(r;d) has exactly k zeros on [Q1 )g:

Observe rstthat ( ; ) Ag because for anyd 2 (; ) we haveE(0;d) = F(d) < 0 so that by (2.12)
E(r;d) < O for all r > 0. Thus u(r;d) > 0 for if u(ro;d) = 0 then E(ro;d) = pleuo(ro;d)jp 0-a
contradiction. Thus we see that A is nonempty.
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We now assume thatd > and we apply lemma 3.4 att = My.1 whereMg.1 is de ned in lemma 2.6 and we
combine this with lemma 3.3 to obtain:

d!im F(uMg1))= F()>0:

Thus

ju(Mg:1)j > for d su ciently close to : (4:2)
This implies that Mg.1 < 1 for if Mg1 = 1, then from lemma 2.6 we see thatu(Mg.1) = rIilrln u(r);
juMg1)j <d < ; andf (u(Mg:1)) = 0 which implies ju(Mg:1)j - contradicting (4.1). Thus Md;l <1
and by lemma 2.6 we see thaf (u(Mq4.1)) 0 so by (1.8) we haveu(Mg:1) : Combining this with (4.1)

we see that we must haveu(Mg.1) < < 0: Therefore ford < and d su ciently close to , we see that
u(r;d) must have a rst zero, zq4.1:

Thus we see thatAg is bounded above by a quantity that is strictly less than . We now de ne:
do =sup Ag

and we note that dg <

Lemma 4.1.
u(r;do) > Oforr O

Proof.

Suppose there exists a smallest value af, ro; such that u(ro;dog) = 0. By Lemma 2.5, u%ro;do) 6 O thus
u(r;do) becomes negative for slightly larger than ro. By lemma 2.7 it follows that if d < dg is su ciently
close todp then u(r;d) must also have a zero close tog. However by the de nition of dp if d < dg then
u(r;d) > 0 - a contradiction. This completes the proof.

Lemma 4.2
u9r;do) < 0 forr> O

Proof

We will show that Mg,.1 = 1 where Mq,.1 is dened in lemma 2.6. If Mg,.:1 < 1 then by lemma 2.7
for d slightly larger than do we also haveMg.1 < 1 . Also, sinceu(r;dg) > 0 then u(My,:1;do) > 0 and
again by lemma 2.7 we also havei(My.1;d) > 0 for d suciently close to dp. By lemma 2.6 it follows
that f (U(Mg.1;d)) Osothat0 u(Myg.1;d) thus E(Mg:1;d) < O: SinceE is decreasing we see that
E(,d)<Oforr Mg1.

For d slightly larger than do; u(r;d) must have a rst zero, z4.1, (by de nition of do) and zg.1 > M 4.1 since
u(r;d) > 0 on [0 Mg.1]. Thus, we have 0 E(z;;d) E(Mg:.1;d) < O - a contradiction. This completes the
proof.

From lemmas 2.6, 4.1, and 4.2 we see thartlllirm(r;do) = L wheref(L)=0where L<dgy< and since

u(r;do) > 0 we have thatL =0 or L = . We also see thatrliim E(r;dg) = F(L):
Lemma 4.3.

lim zg1=1

dr dj
Proof.

If z.4» C for d > dg then as in the proof of (3.8) there would be a subsequencd, with d, ! dp and
Z4,-1 ! z: By lemma 2.7 it then would follow that u(z;dy) = O which contradicts that u(r;do) > 0. This
completes the proof.
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Lemma 4.4. L=0
Proof.

We know that L =0 or L = so supposd. = . Then rIlilm E(r;do) = F(L) = F( ) < 0 so there exists an

ro such that E(rg; dg) < 0: Thus for d > dg and d su ciently close to dy we have by lemma 2.7E(ro;d) < 0.
Since E(z4.1;d) 0 we see thatzy.; < ro which contradicts lemma 4.3. Thusrlllim u(r;do) = 0 and this

completes the proof.

By de nition of dy, if d >dg then u(r;d) has at leastone zero. By lemma 3.4, ifd is close tody then u(r; d)
has at most one zero. Therefore ford > d and d su ciently close to dp, u(r;d) has exactly one zero. Thus
the set A; is nonempty anddp < SupAz:

As we saw in the rst part of the proof of the main theorem, M4.1 < 1 and u(Mg:1) < for d su ciently
close to . By a similar argument as in lemma 2.6, it can be shown that thee exists anMg.2 with Mg.1 <
Mg2 1 such that uqr;d) > 0 on (Mg.1;Mg:2): Also, by lemma 3.4 we see that

0 E@O) EMa2)=[EQ) E(aI*+*[E(d) EMa)]+[E(Ma1) E(Mqg:]

[E(0) E(g)]+ < + ML where C is independent of d
d d;1
By lemmas 3.1, 3.3 and the fact that 4 <M 4.1 we see:

Jm F(u(Mg2)) = E(0) = F() > O

As at the beginning of the proof of the main theorem we may alsashow that M4., < 1 and u(Mg:2) >
for d suciently close to . Therefore, there existszy., such that My.; < zg.2 < M 4.2 and u(zg.2;d) = 0.
Therefore A; is bounded above by a quantity strictly less than .

Let:
di =sup A;
and note that dg <d; < :
In a similar way in which we proved that u(r;dy) > 0 and r!Iilm u(r;do) = 0 we can show that u(r;d;) has
exactly one zero and thatr!llim u(r;d,)=0:
In a similar way we may show by induction that Ay is nonempty and bounded above by a quantity strictly

less than . Let
dk = sup Ag:

It can be shown that u(r;dg) has exactly k zeros and that“l{m u(r;dg)=0:

This completes the proof of the main theorem.
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