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LOCALIZED SOLUTIONS OF ELLIPTIC

EQUATIONS: LOITERING AT THE HILLTOP

Joseph A. Iaia

Abstract. We �nd an in�nite number of smooth, localized, radial soluti ons of � p u + f (u) = 0 in RN - one with
each prescribed number of zeros - where � p u is the p-Laplacian of the function u.

1. Introduction

In this paper we will prove the existence of smooth, radial solutions with any prescribed number of zeros to:

� pu + f (u) = 0 in RN ; (1:1)

u(x) ! 0 as jxj ! 1 ; (1:2)

where � pu = r � (jr ujp� 2r u) (p > 1) is the p-Laplacian of the function u (note that p = 2 is the usual
Laplacian operator), f is the nonlinearity described below, andN � 2,.

Solutions of (1.1)-(1.2) arise as critical points of the functional J : S ! R de�ned by:

J (u) =
Z

RN

1
p

jr ujp � F (u) dx

where F (u) =
Ru

0 f (t) dt and S = f u 2 W 1;p (RN ) j F (u) 2 L 1(RN )g:
Setting r = jxj and assuming that u is a radial function so that u(x) = u(jxj) = u(r ) then:

� pu = ju0jp� 2[(p � 1)u00+
N � 1

r
u0] =

1
r N � 1 (r N � 1 ju0jp� 2u0)0

where 0 denotes di�erentiation with respect to the variable r .

We consider therefore looking for solutions of:

ju0jp� 2[(p � 1)u00+
N � 1

r
u0] + f (u) =

1
r N � 1 (r N � 1 ju0jp� 2u0)0+ f (u) = 0 (1 :3)

lim
r ! 0+

u0(r ) = 0 ; (1:4)

lim
r !1

u(r ) = 0 : (1:5)

Remark: The casep = 2 was examined in [2]. There the authors proved the existence of an in�nite number
of solutions of (1.3)-(1.5) - one with each precribed numberof zeros - for nonlinearitiesf similar to the ones
examined in this paper. In this paper we have weaker assumptions than those in [2] and we also have only
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that p > 1. Existence of ground states of (1.3)-(1.5) for quite general nonlinearities f was established in [1].
Our extra assumptions onf allow us to prove the existence of an in�nite number of solutions of (1.3)-(1.5).

For p 6= 2, equation (1.3) is degenerate at points whereu0 = 0 and we will see later that in some instances
this prevents u from being twice di�erentiable at some points. We see however that by multiplying (1.3) by
r N � 1; integrating on (0; r ), and using (1.4) we obtain:

� r N � 1ju0(r )jp� 2u0(r ) =
Z r

0
tN � 1f (u(t)) dt: (1:6)

Therefore, instead of seeking solutions of (1.3)-(1.5) inC2[0; 1 ) we will attempt to �nd u 2 C1[0; 1 )
satisfying (1.4)-(1.6).

The type of nonlinearity we are interested in is one for whichF (u) �
Ru

0 f (t) dt has the shape of a \hilltop."
We require that f : [� �; � ] ! R and:

f is odd, there existsK > 0 such that jf (x) � f (y)j � K jx � yj for all x; y 2 [� �; � ] and (1:7)

there exists �; � such that 0 < � < � with f < 0 on (0; � ); f > 0 on (�; � ); and f (� ) = 0 : (1:8)

We also require:

there exists 
 with � < 
 < � such that F < 0 on (0; 
 ) and F > 0 on (
; � ): (1:9)

Finally we assume: Z

0

1
p
p

jF (t)j
dt = 1 if p > 2 (1:10)

and: Z � 1
p
p

F (� ) � F (t)
dt = 1 if p > 2: (1:11)

Main Theorem. Let f be a function satisfying (1.7)-(1.11). Then there exist an in�nite number of solutions
of (1.4)-(1.6), at least one with each prescribed number of zeros.

Remark: Assumption (1.8) can be weakened to allowf to have a �nite number of zeros, 0 < � 1 < � 2 <
� � � < � n < � where f < 0 on (0; � 1), f > 0 on (� n � 1; � n ) and we still require assumption (1.9). A key fact
that we would then need to prove is that the solution of a certain initial value problem is unique. Su�cient
conditions to assure this are (1.10)-(1.11) and the following:

Z � l +1 1
p
p

F (� l +1 ) � F (t)
dt = 1 if p > 2 and if f > 0 on (� l ; � l +1 )

and Z

� l

1
p
p

F (� l ) � F (t)
dt = 1 if p > 2 and if f < 0 on (� l ; � l +1 ):

Remark: Let 0 < � < � and supposeqi � 1 for i = 1 ; 2; 3. If p > 2 then also supposeq1 � p � 1 and
q3 � p � 1. Let f be an odd function such that f (u) = uq1 ju � � jq2 � 1(u � � )( � � u)q3 for 0 < u < � and
supposeF (� ) > 0: Then (1.7)-(1.11) are satis�ed and the Main Theorem appliesto all such functions f .

Remark: If 1 < p � 2 then it follows from the fact that f is locally Lipschitz that (1.10) and (1.11) are
satis�ed. Since f is locally Lipschitz at u = 0, it follows that jF (u)j � Cu2 in some neighborhood ofu = 0
for someC > 0. Then since 1< p � 2:

Z

0

1
p
p

jF (t)j
dt �

1

C
1
p

Z

0

1

t
2
p

= 1 :

A similar argument shows that (1.11) also holds for 1< p � 2.
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2. Existence, Uniqueness, and Continuity

We denoteC(S) = f f : S ! R j f is continuous onS:g

Let f be locally Lipschitz and let d 2 R with jdj � �: Denote u(r; d) as a solution of the initial value problem:

� r N � 1ju0(r )jp� 2u0(r ) =
Z r

0
tN � 1f (u(t)) dt: (2:1)

u(0) = d: (2:2)

We will show using the contraction mapping principle that a solution of (2.1)-(2.2) exists.

For p > 1 we denote � p(x) = jxjp� 2x. Note that � p is continuous for p > 1 and � � 1
p = � p0 where 1

p + 1
p0 = 1 :

For future reference we note that � 0
p(x) = ( p � 1)jxjp� 2 and j� p(x)j = jxjp� 1:

We rewrite (2.1) as:

� u0 =
1

r
N � 1
p � 1

� p0[
Z r

0
tN � 1f (u(t)) dt]: (2:3)

Integrating on (0; r ) and using (2.2) gives:

u = d �
Z r

0

1

t
N � 1
p � 1

� p0[
Z t

0
sN � 1f (u(s)) ds] dt: (2:4)

Thus we see that solutions of (2.1)-(2.2) are �xed points of the mapping:

T u = d �
Z r

0

1

t
N � 1
p � 1

� p0[
Z t

0
sN � 1f (u(s)) ds] dt: (2:5)

Lemma 2.1. Let f be locally Lipschitz and letd be a real number such thatjdj � �: Then there exists a
solution u 2 C1[0; � ) of (2.1)-(2.2) for some � > 0. In addition, u0(0) = 0 :

Proof.

First, if f (d) = 0 then u � d is a solution of (2.1)-(2.2) and u0(0) = 0.

So we now assume thatf (d) 6= 0. Denote B �
R (d) = f u 2 C[0; � ) such that ku � dk < R g where k � k is the

supremum norm. We will now show that if � > 0 and R > 0 are small enough thenT : B �
R (d) ! B �

R (d) and
that T is a contraction mapping. Sincef is bounded on [j dj

2 ; j dj+ �
2 ], say by M , it follows from (2.5) that:

jT u � dj �
Z r

0

1

t
N � 1
p � 1

(
Mt N

N
)

1
p � 1 = (

p � 1
p

)(
M
N

)
1

p � 1 r
p

p � 1 � (
p � 1

p
)(

M
N

)
1

p � 1 �
p

p � 1 :

Therefore we see thatkT u � dk < R if � is chosen small enough and henceT : B �
R (d) ! B �

R (d) for � small
enough.

Next by the mean value theorem we see that for someh with 0 < h < 1 we have:

j� p0[
Z t

0
sN � 1f (u(s)) ds] � � p0[

Z t

0
sN � 1f (v(s)) ds]j =

1
p � 1

j
Z t

0
sN � 1[hf (u) + (1 � h)f (v)] dsj

2� p
p � 1 j

Z t

0
sN � 1[f (u) � f (v)] dsj: (2:6)

Case 1: 1 < p � 2
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Using again that f is bounded on [d � 1; d + 1] by M and that the local Lipschitz constant is K (i.e. for
u; v 2 B �

1(d) we have jf (u) � f (v)j � K ju � vj) we obtain by (2.5)-(2.6):

kT u � T vk �
K

p � 1
ku � vk

Z r

0

1

t
N � 1
p � 1

M
2� p
p � 1 (

tN

N
)

2� p
p � 1

tN

N

= C1ku � vk
Z r

0
t

1
p � 1 dt � C2�

p
p � 1 ku � vk

where C1; C2 are constants depending only onp; N; K; and M .

Case 2: p > 2

Sincef (d) 6= 0 and f is continuous we may chooseR small enough so that:

L � min
[d� R;d + R ]

jf j > 0:

Therefore,

j
Z t

0
sN � 1[hf (u) + (1 � h)f (v)] dsj �

Lt N

N
: (2:7)

Thus, by (2.5)-(2.7) we have

kT u � T vk �
K

p � 1
(

L
N

)
2� p
p � 1 ku � vk

Z r

0

1

t
N � 1
p � 1

t
N (2 � p )

p � 1
tN

N
dt

=
K

(p � 1)
1

N
1

p � 1 L
p � 2
p � 1

ku � vk
Z r

0
t

1
p � 1 dt � C3�

p
p � 1 ku � vk

where C3 depends only onp; N; K; and M .

Therefore in both cases we see thatT is a contraction for R and � small enough. Thus by the contraction
mapping principle, there is a unique u 2 C[0; � 1) such that T u = u. That is, there is a continuous function
u such that u satis�es (2.4) on [0; � 1) for some� 1 > 0. In addition, since f (d) 6= 0 we see that the right hand
side of (2.4) is continuously di�erentiable on (0; � ) for some � with 0 < � � � 1 and therefore u 2 C1(0; � ):
Also, subtracting d from (2.4), dividing by r , and taking the limit as r ! 0+ givesu0(0) = 0 : Finally, dividing
(2.1) by r N � 1 and taking the limit as r ! 0+ we see that lim

r ! 0+
u0(r ) = 0 : Therefore, u 2 C1[0; � ): �

Note we see from (2.3) thatu 2 C2 at all points where u0 6= 0.

If u0(r0) = 0 then using (2.1) we obtain:

�j u0(r )jp� 2u0(r ) =
1

r N � 1

Z r

r 0

tN � 1f (u(t)) dt:

It then follows that:

lim
r ! r 0

ju0(r )jp� 2u0(r )
r � r0

=
�

� f (u ( r 0 ))
N if r0 = 0

� f (u(r0)) if r0 > 0:
(2:8)

Remark: If 1 < p � 2 then we see from (2.8) thatu00(r0) exists and rewriting (1.3) as:

(p � 1)u00+
N � 1

r
u0+ ju0j2� pf (u) = 0 ;

we see thatu 2 C2[0; � ).

Remark: If p > 2 then u might not be twice di�erentiable at points where u0 = 0. In fact if u0(r0) = 0 and
f (u(r0)) 6= 0 then by (2.8) we see that lim

r ! r 0
j u0( r )

r � r 0
j = 1 and sou is not twice di�erentiable at r0.
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Lemma 2.2. Let f satisfy (1.7)-(1.9). If u is a solution of the initial value problem (2.1)-(2.2) with jdj � �
on some interval (0; R) with R � 1 , then:

F (u) � F (d) on (0; R) (2:9)

and
p � 1

p
ju0jp � F (d) + jF (� )j � F (� ) + jF (� )j on (0; R): (2:10)

Proof.

We de�ne the \energy" of a solution as:

E =
p � 1

p
ju0jp + F (u): (2:11)

Di�erentiating E and using (2.1) gives:

E 0 = �
N � 1

r
ju0jp � 0: (2:12)

Integrating this on (0 ; r ) and using (1.8) gives:

p � 1
p

ju0jp + F (u) = E � E(0) = F (d) � F (� ) for r > 0: (2:13)

Inequalities (2.9)-(2.10) follow from (1.8)-(1.9) and (2.13).

Now by (1.9) we know that F is negative on (0; 
 ) and by (1.8) we know that F is increasing on (�; � ).
Therefore if jdj < � then F (d) < F (� ): On the other hand if ju(r0)j = � for some r0 > 0 then by (2.9)
F (� ) � F (d) - a contradiction. Hence if jdj < � then juj < �: �

Lemma 2.3. Let f satisfy (1.7)-(1.9). Let d be a real number such thatjdj � �: Then a solution of (2.1)-
(2.2) exists on [0; 1 ).

Proof.

If jdj = � then u � d is a solution on [0; 1 ) and so we now suppose thatjdj < �:

Let [0; R) be the maximal interval of existence for a solution of (2.1)-(2.2). From lemma 2.1 we know that
R > 0. Now suppose that R < 1 : By lemma 2.2, it follows that u and u0 are uniformly bounded by
M = � + F (� ) + jF (� )j on [0; R): Therefore by the mean value theoremju(x) � u(y)j � M jx � yj for all
x; y 2 [0; R).
Thus, there exists b1 2 R such that:

lim
r ! R �

u(r ) = b1:

By (2.3) there exists b2 2 R such that:
lim

r ! R �
u0(r ) = b2:

If b2 6= 0 we can apply the standard existence theorem for ordinary di�erential equations and extend our
solution of (2.1)-(2.2) to [0; R + � ) for some � > 0 contradicting the maximality of [0 ; R).

If b2 = 0 and f (b1) 6= 0 we can again apply the contraction mapping principle as wedid in lemma 2.1 to
extend our solution of (2.1)-(2.2) to [0; R + � ) for some � > 0 contradicting the maximality of [0 ; R).

Finally, if b2 = 0 and f (b1) = 0, we can extend our solution by de�ning u(r ) � b1 for r > R contradicting
the maximality of [0 ; R).

Thus in each of these cases we see thatR cannot be �nite and so a solution of (2.1)-(2.2) exists on [0; 1 ): �
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Lemma 2.4. Let f satisfy (1.7)-(1.10). Let d be a real number such thatjdj < � . Then there is a unique
solution of (2.1)-(2.2) on [0; 1 ).

Proof.

Case 1: d = � �

In this case we haveE(0) = F (� ) (recall that F is even) and sinceE 0 � 0 (by (2.12)) we have E(r ) �
E (0) = F (� ) for r � 0: On the other hand, F has a minimum at u = � � and so we see thatE(r ) =
p� 1

p ju0jp + F (u) � F (� ): Thus E � F (� ): Thus, � N � 1
r ju0jp = E 0 � 0 and henceu(r ) � � �:

Case 2: d = 0.

Here we haveE(0) = 0 and since E 0 � 0 we haveE(r ) � 0 for r � 0.

Let r1 = supf r � 0 j E (r ) = 0 g: If r1 = 1 then u(r ) � 0.

So supposer1 < 1 . If r1 = 0 then we have u(r1) = 0 and u0(r1) = 0.

If r1 > 0 then sinceE 0 � 0 we haveE(r ) � 0 on [0; r1] hence� N � 1
r ju0jp = E 0 � 0 and sou � 0 on [0; r1].

Therefore we also haveu(r1) = 0 and u0(r1) = 0 :

Now using (2.1) we obtain:

� r N � 1 ju0jp� 2u0 =
Z r

r 1

tN � 1f (u) dt: (2:15)

Since:
p � 1

p
ju0jp + F (u) = E(r ) < E (0) = 0 for r > r 1; (2:16)

it follows that ju(r )j > 0 for r > r 1: Combining this with the fact that u(r1) = 0 ; we see that there exists an
� > 0 such that 0 < ju(r )j < � for r1 < r < r 1 + � . By (1.8) it follows that jf (u)j > 0 for r1 < r < r 1 + � .
Therefore, by (2.15) we see thatju0j > 0 for r1 < r < r 1 + �: Using this fact and rewriting (2.16) we see that:

ju0j
p
p

jF (u)j
< (

p
p � 1

)
1
p for r1 < r < r 1 + �: (2:17)

Integrating (2.17) on (r1; r1 + � ), using (1.10), and that F is even gives:

1 =
Z j u ( r 1 + � ) j

0

1
p
p

jF (t)j
dt =

Z r 1 + �

r 1

ju0j
p
p

jF (u)j
� (

p
p � 1

)
1
p �;

a contradiction. Thus we see thatr1 = 1 and henceu � 0.

Case 3: f (d) 6= 0.

We saw that the mapping T de�ned in lemma 2.1 is a contraction mapping. Therefore,T has aunique �xed
point so that if u1 and u2 are solutions of (2.1)-(2.2) then there exists an� > 0 such that u1(r ) � u2(r )
on [0; � ): Let [0; R) be the maximal half-open interval such that u1(r ) � u2(r ) on [0; R). By continuity,
u1(r ) � u2(r ) on [0; R] and u0

1(r ) � u0
2(r ) on [0; R].

As in the proof of lemma 2.3, if u0
1(R) 6= 0 then it follows from the standard existence-uniqueness theorem of

ordinary di�erential equations that u1(r ) � u2(r ) on [0; R + � ) for some � > 0 contradicting the maximality
of [0; R).

If u0
1(R) = 0 and f (u1(R)) 6= 0 then we can again apply the contraction mapping principle as in lemma 2.1

and show that u1(r ) � u2(r ) on [0; R + � ) for some � > 0 contradicting the maximality of [0 ; R).

If u0
1(R) = 0 and u1(R) = � then as in Case 1 above we can show thatu1(r ) � � for r > R and u2(r ) � �

for r > R: This contradicts the de�nition of R. A similar argument applies if u0
1(R) = 0 and u1(R) = � � .
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Finally, if u0
1(R) = 0 and u1(R) = 0, then as in Case 2 above we can show thatu1(r ) � 0 for r > R and

u2(r ) � 0 for r > R . This contradicts the de�nition of R.

Thus we see that in all cases we haveR = 1 . This completes the proof. �

Remark: Without assumptions (1.10) and (1.11), solutions of the initial value problem (2.1)-(2.2) are not
necessarily unique!For example, let f (u) = �j ujq� 1u where 1� q < p � 1. In addition to u � 0,

u = C(p; q; N)r
p

p � 1 � q

whereC(p; q; N) = [ (p� 1� q)p

pp � 1 [pq+ N (p� 1� q)] ]
1

p � 1 � q is also a solution of (2.1)-(2.2) withu(0) = 0 and u0(0) = 0 : Note

however that
R

0
1

p
p

jF ( t ) j
dt =

R
0

(q+1)
1
p

t
q+1

p
dt < 1 since 1� q < p � 1. Similarly, if f (u) = �j � � ujq� 1(� � u)

and 1 � q < p � 1 then u � � and
u = � � C(p; q; N)r

p
p � 1 � q

(with the same C(p; q; N) as earlier ) are both solutions of (2.1)-(2.2) but (1.11) isnot satis�ed.

Lemma 2.5. Let u be a solution of (2.1)-(2.2) with 
 < d < � and suppose there exists anr1 > 0 such that
u(r1) = 0 . If (1.10) holds then u0(r1) 6= 0 .

Proof.

This proof is from [1].

Suppose by way of contradiction that u(r1) = 0 and u0(r1) = 0. It follows that E(r1) = 0 : (In fact, it
follows from lemma 2.4 that u � 0 on [r1; 1 )) : Now let r0 = inf f r � r1 j E (r ) = 0 g: Since E is continuous,
decreasing, andE(0) = F (d) > 0 we see thatr0 > 0 and that E(r ) > 0 for 0 � r < r 0.
If r0 < r 1 then E(r ) � 0 on (r0; r1) and thus � N � 1

r ju0jp = E 0(r ) � 0 on (r0; r1). Therefore u � 0 on (r0; r1)
and thus u(r0) = u0(r0) = 0.

Integrating (2.12) on (r; r 0) and using that E(r0) = 0 gives:

p � 1
p

ju0jp + F (u) =
Z r 0

r

N � 1
r

ju0jp dt: (2:18)

Letting w =
Rr 0

r
N � 1

r ju0jp dt; we see thatw0 = � N � 1
r ju0jp. Thus (2.18) becomes:

w0+
�
r

w =
�
r

F (u) where � =
p(N � 1)

p � 1
: (2:19)

By (1.9) it follows that there is an � with 0 < � < 1
2 r0 such that F (u(r )) � 0 on (r0 � �; r 0): and so solving

the �rst order linear equation (2.19) gives:

w =
�
r �

Z r 0

r
t � � 1jF (u)j dt for r0 � � < r < r 0:

Rewriting (2.18) we obtain:

ju0jp =
p

p � 1
[jF (u)j +

�
r �

Z r 0

r
t � � 1jF (u(t)) j dt] for r0 � � < r < r 0: (2:20)

In addition, since E(r ) > 0 for r < r 0, we see that:

ju0j > (
p

p � 1
)

1
p p

p
jF (u)j � 0 for r0 � � < r < r 0:
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Thus u is monotone on (r0 � �; r 0):
SinceF 0 = f < 0 on (0; � ) (by (1.8)) we see that:

jF (u(t)) j < jF (u(r )) j for r0 � � < r < t < r 0: (2:21)

Substituting (2.21) into (2.20) gives:

ju0jp � (
p

p � 1
)
r �

0

r � jF (u)j � (
p

p � 1
)(

r0

r0 � �
)� jF (u)j � 2� (

p
p � 1

)jF (u)j for r0 � � < r < r 0:

Finally, dividing by jF (u)j, taking roots, integrating on ( r; r 0); and using (1.10) we obtain:

1 =
Z j u ( r ) j

0

1
p
p

jF (t)j
dt � 2

N � 1
p � 1 (

p
p � 1

)
1
p (r0 � r )

a contradiction. Thus u0(r1) 6= 0 and this completes the proof. �

Lemma 2.6. Let u be a solution of (2.1)-(2.2) where
 < d < �: Then u0 < 0 on a maximal nonempty open
interval (0; M d;1), where either:

(a) M d;1 = 1 , lim
r !1

u0(r ) = 0 , lim
r !1

u(r ) = L where jL j < d and f (L ) = 0 ,

or

(b) M d;1 is �nite, u0(M d;1) = 0 ; and f (u(M d;1)) � 0.

In either case, it follows that there exists a unique (�nite) number � d 2 (0; M d;1) such that u(� d) = 
 and
u0 < 0 on (0; � d]:

Proof.

From (2.8) we have:

lim
r ! 0+

ju0(r )jp� 2u0(r )
r

= �
f (d)
N

:

For 
 < d < � the right hand side of the above equation is negative by (1.8). Hence for small values ofr > 0
we see thatu(r; d) is decreasing.

If u is not everywhere decreasing, then there is a �rst critical point, r = M d;1 > 0, with u0(M d;1) = 0 and
u0 < 0 on (0; M d;1). From (2.1) we have:

r N � 1ju0(r )jp� 2u0(r ) =
Z M d; 1

r
tN � 1f (u(t)) dt:

If f (u(M d;1)) > 0 then the above equation impliesu0 > 0 for r < M d;1 and r su�ciently close to M d;1 which
contradicts that u0 < 0 on (0; M d;1). Therefore f (u(M d;1)) � 0 and sou(M d;1) � � < 
: Thus, there exists
� d 2 (0; M d;1) with the stated properties.

On the other hand, suppose thatu(r ) is decreasing for allr > 0: We showed in lemma 2.2 thatju(r )j < d < �
for r > 0. Thus lim

r !1
u(r ) = L with jL j � d < �:

Dividing (2.1) by r N and taking limits as r ! 1 we see that:

lim
r !1

ju0jp� 2u0

r
= �

f (L )
N

: (2:22)
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We know from (2.10) that u0 is bounded for all r � 0 and so the limit of the left hand side of (2.22) is 0.
Thus f (L ) = 0 and since jL j � d < � we see thatL = � �; 0; or � . Thus there exists a (�nite) � d with the
stated properties.

Finally, the fact that lim
r !1

u0(r ) = 0 can be seen as follows. In lemma 2.2 we saw that the energyE(r ) =
p� 1

p ju0(r )jp + F (u(r )) is decreasing and bounded below byF (� ), therefore lim
r !1

E(r ) exists. Since lim
r !1

u(r ) =

L , we see that lim
r !1

F (u(r )) = F (L ): Also, since p� 1
p ju0(r )jp = E(r ) � F (u(r )) and both E(r ) and F (u(r ))

have a limit as r ! 1 , it follows that ju0j has a limit as r ! 1 . This limit must be zero since u is bounded.
This completes the proof. �

Lemma 2.7. Suppose
 < d � < �: Then lim
d! d�

u(r; d) = u(r; d � ) uniformly on compact subsets ofR and

lim
d! d�

u0(r; d) = u0(r; d � ) uniformly on compact subsets ofR. Further, if (1.11) holds then lim
d! � �

u(r; d) = �

uniformly on compact subsets ofR.

Proof.

If not, then there exists an � 0 > 0, a compact setK , and sequencesr j 2 K; d j with 
 < d j < � and
lim

j !1
dj = d� such that

ju(r j ; dj ) � u(r j ; d� )j � � 0 > 0 for every j: (2:23)

However, by lemma 2.2 we know thatju(r; d j )j < � and ju0(r; d j )j � ( p
p� 1 )

1
p [F (� ) + jF (� )j]

1
p for all j so that

by the Arzela-Ascoli theorem there is a subsequence of thedj (still denote dj ) such that u(r; d j ) converges
uniformly on K to a function u(r ) and ju(r )j � � . From (2.3) we see that u0(r; d j ) converges uniformly on
K a function v(r ) where � v = 1

r
N � 1
p � 1

� p0[
Rr

0 tN � 1f (u(t)) dt]:

Taking limits in the equation u(r; d j ) = dj +
Rr

0 u0(s; dj ) ds; we see that u(r ) = d +
Rr

0 v(s) ds. Hence
u0(r ) = v(r ), that is � u0 = 1

r
N � 1
p � 1

� p0[
Rr

0 tN � 1f (u(t)) dt]; and thus u is a solution of (2.1)-(2.2) with d = d� .

So by lemma 2.4,u(r ) = u(r; d � ). Therefore, given � = � 0 > 0 and the compact setK we see that for all
r 2 K we have:

ju(r; d j ) � u(r; d � )j < � 0

which contradicts (2.23). This completes the proof of the �rst part of the theorem.

An identical argument shows that lim
d! � �

u(r; d) = u(r ) uniformly on compact sets whereju(r )j � � and u

solves (2.1)-(2.2) with d = � . To complete the proof we need to showu(r ) � � . Let r1 = supf r � 0 j E (r ) =
E(0) = F (� )g: SinceE is decreasing we see that ifr1 = 1 then E is constant and henceu � � and we are
done.

Therefore we supposer1 < 1 .

By the de�nition of r1 we have:
p � 1

p
ju0jp + F (u) = E(r ) < E (0) = F (� ) for r > r 1: (2:24)

Thus, it follows that u(r ) < � for r > r 1: Also by (1.8) it follows that f (u) > 0 for r1 < r < r 1 + � for some
� > 0. Therefore, by (2.15) we see thatu0 < 0 for r1 < r < r 1 + �: Using this fact and rewriting (2.24) we
see that:

� u0

p
p

F (� ) � F (u)
< (

p
p � 1

)
1
p for r1 < r < r 1 + �: (2:25)

Integrating (2.25) on (r1; r1 + � ) and using (1.11) gives:

1 =
Z �

u ( r 1 + � )

1
p
p

F (� ) � F (t)
dt =

Z r 1 + �

r 1

� u0

p
p

F (� ) � F (u)
� (

p
p � 1

)
1
p �;

a contradiction. Hence r1 = 1 and u � �: �
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3. Energy Estimates

From lemma 2.6 we saw for
 < d < � that u(r; d) is decreasing on [0; � d]. Therefore u� 1(y; d) exists for

 � y � d.

Lemma 3.1. For 
 � y < d < � we have:

lim
d! � �

u� 1(y; d) = 1 :

Note: In particular this implies that � d ! 1 as d ! � � sinceu� 1(
; d ) = � d.

Proof.

We �x y0 with 
 � y0 < d and suppose by way of contradiction that there existsdk with dk < � and dk ! � ,
u� 1(y0; dk ) = bk ; and that the bk are bounded.
Then there is a subsequence of thebk (still denote bk ) such that bk ! b0 for some real numberb. By
lemma 2.2 we have thatju(r; dk )j and ju0(r; dk )j are uniformly bounded on say [0; b+ 1] : Thus by lemma 2.7,
lim

k !1
u(r; dk ) = � uniformly on [0; b+ 1]. On the other hand, y0 = lim

k !1
u(bk ; dk ) = � - a contradiction since

y0 < d < � . �

Lemma 3.2.

(
p � 1

p
)

1
p

d � y

[F (d) � F (y)]
1
p

� (
p � 1

p
)

1
p

Z d

y

dt

[F (d) � F (t)]
1
p

� u� 1(y; d) for 
 < y < d:

Proof.

Rewriting (2.13) gives:

(
p � 1

p
)

1
p

ju0(r; d)j

[F (d) � F (u(r; d)]
1
p

� 1: (3:1)

Sinceu0(r; d) < 0 on (0; � d), integrating (3.1) on (0 ; r ) where 0< r � � d we obtain:

(
p � 1

p
)

1
p

Z d

u(r;d )

dt

[F (d) � F (t)]
1
p

� r:

Denoting y = u(r; d) and using the fact that F 0 = f > 0 on (
; � ) we obtain:

(
p � 1

p
)

1
p

d � y

[F (d) � F (y)]
1
p

� (
p � 1

p
)

1
p

Z d

y

dt

[F (d) � F (t)]
1
p

� u� 1(y; d): (3:2)

This completes the proof. �

Lemma 3.3.
lim

d! � �
[E (0) � E (� d)] = 0 :

Integrating (2.12) on (0; � d) gives:

E(0) � E (� d) =
Z � d

0

N � 1
t

ju0(t; d)jp dt:

Using (2.13) we obtain:

E (0) � E (� d) � (
p

p � 1
)

p � 1
p (N � 1)

Z � d

0

1
t
[F (d) � F (u(t; d)]

p � 1
p ju0(t; d)j dt:
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Now changing variables with y = u(t; d) we obtain:

E (0) � E (� d) � (
p

p � 1
)

p � 1
p (N � 1)

Z d




[F (d) � F (y)]
p � 1

p

u� 1(y; d)
dy: (3:3)

Since [F (d) � F (y)]
p � 1

p � F (� )
p � 1

p for 
 � y � d we see by lemma 3.1 that:

lim
d! � �

[F (d) � F (y)]
p � 1

p

u� 1(y; d)
= 0 for 
 � y < d: (3:4)

Also, by (3.2) and the mean value theorem we see that:

Z d




[F (d) � F (y)]
p � 1

p

u� 1(y; d)
dy � (

p
p � 1

)
1
p

Z d




F (d) � F (y)
d � y

dy � (
p

p � 1
)

1
p (� � 
 ) max

[
;� ]
f:

Therefore by (3.4) and the dominated convergence theorem itfollows that:

lim
d! � �

Z d




[F (d) � F (y)]
p � 1

p

u� 1(y; d)
dy = 0 :

Therefore by (3.3):
lim

d! � �
[E (0) � E (� d)] = 0 :

This completes the proof. �

Lemma 3.4. Supposeu is monotonic on (� d; t): Then

E(� d) � E (t) �
C
� d

where C = 2 � (N � 1)( p
p� 1 )

p � 1
p [F (� ) + jF (� )j]

p � 1
p . (Note that C is independent ofd).

Proof.

Integrating (2.12) on (� d ; t), estimating, and using (2.13) gives:

E(� d) � E (t) =
Z t

� d

N � 1
s

ju0jp ds �
N � 1

� d

Z t

� d

ju0jp� 1ju0j ds

�
N � 1

� d
(

p
p � 1

)
p � 1

p

Z t

� d

[F (� ) � F (u)]
p � 1

p ju0j ds =
N � 1

� d
(

p
p � 1

)
p � 1

p

Z 


u ( t )
[F (� ) � F (t)]

p � 1
p dt

�
2� (N � 1)

� d
(

p
p � 1

)
p � 1

p [F (� ) + jF (� )j]
p � 1

p =
C
� d

where C = 2 � (N � 1)( p
p� 1 )

p � 1
p [F (� ) + jF (� )j]

p � 1
p .

This completes the proof. �

Lemma 3.5. Suppose
 < d � < �: Let u(r; d � ) be a solution of (2.1)-(2.2) with k zeros and suppose
lim

r !1
u(r; d � ) = 0 : Then for d su�ciently close to d� , u(r; d) has at mostk + 1 zeros.
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Proof.

From (2.12) we know that E 0(r; d � ) � 0 and sinceE is bounded from below byF (� ), we see that lim
r !1

E(r; d � )

exists. Also by assumption lim
r !1

u(r; d � ) = 0 and since F is continuous we have lim
r !1

F (u(r; d � )) = 0. Since
p� 1

p ju0(r; d � )jp = E(r; d � ) � F (u(r; d � )) and the limits of both terms on the right hand side of this equation
exist as r ! 1 we see that lim

r !1
ju0(r; d � )j exists and since by assumption lim

r !1
u(r; d � ) = 0 (so that u(r; d � )

is bounded) we therefore must have:
lim

r !1
u0(r; d � ) = 0 : (3:5)

Combining (3.5) with the assumption that lim
r !1

u(r; d � ) = 0, we see by (2.11) that:

lim
r !1

E(r; d � ) = 0 : (3:6)

Combining (3.6) with the fact that E 0(r; d � ) � 0, we see thatE(r; d � ) � 0 for all r � 0:

Claim.
E(r; d � ) > 0 for all r � 0: (3:7)

Proof of claim. First note that E(0; d� ) = F (d� ) > 0: Now supposeE(r0; d� ) = 0 for some r0 > 0. Then
from (3.6) and the fact that E is decreasing it then follows thatE � 0 on [r0; 1 ): Thus, � N � 1

r ju0jp� 1 = E 0 �
0 on [r0; 1 ): Therefore u(r; d � ) � u(r0; d� ) for r � r0 and since lim

r !1
u(r; d � ) = 0 we see that u(r; d � ) � 0 for

r � r0: This implies u0(r0; d� ) = 0. However, by lemma 2.5 u0(r0; d� ) 6= 0 - a contradiction. This completes
the proof of the claim.

By assumption u(r; d � ) has k zeros. Let us denote thekth zero of u(r; d � ) as y� . Henceforth we assume
without loss of generality that u(r; d � ) > 0 for r > y � . By (3.7) we see that p� 1

p ju0(y� ; d� )jp = E(y� ; d� ) > 0.
Also since lim

r !1
u(r; d � ) = 0 it follows that there exists an M � > y � such that u0(M � ; d� ) = 0. Again by (3.7)

we see thatF (u(M � ; d� )) = E(M � ; d� ) > 0 which implies u(M � ; d� ) > 
 . Now by (2.1) we obtain:

� r N � 1ju0(r; d � )jp� 1u0(r; d � ) =
Z r

M �
sN � 1f (u(s; d� )) ds:

By (1.8) we havef (u(M � ; d� )) > 0; so from the above equation we see thatu(r; d � ) is decreasing forr > M �

as long asu(r; d � ) remains greater than �: In particular, since lim
r !1

u(r; d � ) = 0, we see that there existss� ,

t � with M � < s � < t � such that u(s� ) = u(M � )+ 

2 and u(t � ) = 
 .

Now let dn be any sequence such that lim
n !1

dn = d� : Then by lemmas 2.4 and 2.7, for some subsequence of

dn (still denoted dn ) we see thatu(r; dn ) converges uniformly on compact sets tou(r; d � ) and that u0(r; dn )
converges uniformly on compact sets tou0(r; d � ):

In particular we see that u(r; dn ) converges uniformly to u(r; d � ) on [0; t � + 1] : Since 
 < d < � , we see by
lemma 2.5 that if u(r0; d� ) = 0 and r0 > 0 then u0(r0; d� ) 6= 0 and so by lemma 2.7 for su�ciently large n we
see thatu(r; dn ) has exactly k zeros on [0; t � +1] : Further for su�ciently large n there exists atn 2 [s� ; t � +1]
such that u(tn ; dn ) = 
 and lim

n !1
tn = t � :

We now assume by way of contradiction that u(r; dn ) has at least (k + 2) interior zeros. We denote zn as
the (k + 1)st zero of u(r; dn ) and wn as the (k + 2)nd zero of u(r; dn ). Since u(r; dn ) converges uniformly to
u(r; d � ) on [0; t � + 1], we see that for largen we havezn > t � + 1 and in fact:

lim
d!1

zn = 1 ; (3:8)
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for if some subsequence ofzn (still denoted zn ) were uniformly bounded by someB < 1 then a further
subsequence (still denotedzn ) would converge to somez� with y� < t � +1 � z� � B . Sinceu(r; dn ) converges
uniformly to u(r; d � ) on [0; z� + 1] ; we would then have that u(z� ; d� ) = 0 and since z� � t � + 1 > y � ; z�

would then be a (k + 1)st zero of u(r; d � ): However by assumptionu(r; d � ) has only k zeros - a contradiction.
Thus (3.8) holds.

By assumption 
 < d � < � so that for su�ciently large n we have that 
 < d n < � so by lemma 2.5 we
have that u0(wn ; dn ) 6= 0 : Thus p� 1

p ju0(zn )jp = E(zn ) � E (wn ) = p� 1
p ju0(wn )jp > 0 so we see that there

exists mn with zn < m n < w n , u0(r; dn ) < 0 on [zn ; mn ), and u0(mn ; dn ) = 0. Also ju(mn ; dn )j > 
 since
F (u(mn )) = E(mn ) � E (wn ) > 0. Hence there existsan ; bn ; cn with zn < a n < bn < c n < m n such that
u(an ) = � �; u (bn ) = � � + 


2 � � , and u(cn ) = � 
:

Now as in the proof of lemma 2.7 with� = p(N � 1)
p� 1 we have (r � E)0 = �r � � 1F (u): Integrating this on [ tn ; cn ],

using the fact that F (u) � 0 on [tn ; cn ]; and that F (u(r; dn )) � F (� ) < 0 on [an ; bn ] we obtain:

0 �
p � 1

p
cn ju0(cn )jp = c�

n E(cn ) = t �
n E(tn ) +

Z cn

t n

�r � � 1F (u) dr � t �
n E(tn ) +

Z bn

an

�r � � 1F (u) dr

� t �
n E(tn ) + F (� )[b�

n � a�
n ] � t �

n E(tn ) + F (� )b� � 1
n [bn � an ]: (3:9)

From lemma 2.2 we know that ju0j � ( p
p� 1 )

1
p [F (� ) + jF (� )j]

1
p : Integrating this on [ an ; bn ] gives:

bn � an � c > 0 (3:10)

where c = ( 
 � �
2 )( p

p� 1 )
� 1
p [F (� ) + jF (� )j]

� 1
p . Substituting (3.10) into (3.9) and using the fact that F (� ) < 0

we see that we obtain:
0 � t �

n E(tn ) + cF(� )b� � 1
n : (3:11)

In addition, since bn � zn we see from (3.8) that:

lim
n !1

bn = 1 : (3:12)

Finally, by lemma 2.7 we know that u(r; dn ) converges uniformly to u(r; d � ) on [0; t � + 1] and u0(r; dn )
converges uniformly to u0(r; d � ) on [0; t � + 1] and tn ! t � . Therefore, we see that:

lim
n !1

t �
n E(tn ; dn ) = ( t � )� E(t � ; d� ) (3:13)

Substituting (3.12)-(3.13) into (3.11) and recalling that F (� ) < 0, and � = p(N � 1)
p� 1 > 1 (since N � 2), we

see that the right hand side of (3.11) goes to�1 as n ! 1 which contradicts the inequality in (3.11).
This completes the proof. �

4. Proof of the Main Theorem

Proof.

For k 2 N [ f 0g, de�ne

Ak = f d 2 (�; � )ju(r; d) has exactly k zeros on [0; 1 )g:

Observe �rst that ( �; 
 ) � A0 because for anyd 2 (�; 
 ) we have E(0; d) = F (d) < 0 so that by (2.12)
E(r; d) < 0 for all r > 0. Thus u(r; d) > 0 for if u(r0; d) = 0 then E(r0; d) = p� 1

p ju0(r0; d)jp � 0 - a
contradiction. Thus we see that A0 is nonempty.
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We now assume thatd > 
 and we apply lemma 3.4 att = M d;1 whereM d;1 is de�ned in lemma 2.6 and we
combine this with lemma 3.3 to obtain:

lim
d! � �

F (u(M d;1)) = F (� ) > 0:

Thus
ju(M d;1)j > 
 for d su�ciently close to �: (4:1)

This implies that M d;1 < 1 for if M d;1 = 1 , then from lemma 2.6 we see thatu(M d;1) = lim
r !1

u(r );

ju(M d;1)j < d < �; and f (u(M d;1)) = 0 which implies ju(M d;1)j � � - contradicting (4.1). Thus M d;1 < 1
and by lemma 2.6 we see thatf (u(M d;1)) � 0 so by (1.8) we haveu(M d;1) � �: Combining this with (4.1)
we see that we must haveu(M d;1) < � 
 < 0: Therefore for d < � and d su�ciently close to � , we see that
u(r; d) must have a �rst zero, zd;1:

Thus we see thatA0 is bounded above by a quantity that is strictly less than � . We now de�ne:

d0 = sup A0

and we note that d0 < � .

Lemma 4.1.
u(r; d0) > 0 for r � 0:

Proof.

Suppose there exists a smallest value ofr , r0; such that u(r0; d0) = 0. By Lemma 2.5, u0(r0; d0) 6= 0 thus
u(r; d0) becomes negative forr slightly larger than r0. By lemma 2.7 it follows that if d < d 0 is su�ciently
close to d0 then u(r; d) must also have a zero close tor0. However by the de�nition of d0 if d < d 0 then
u(r; d) > 0 - a contradiction. This completes the proof. �

Lemma 4.2
u0(r; d0) < 0 for r > 0:

Proof

We will show that M d0 ;1 = 1 where M d0 ;1 is de�ned in lemma 2.6. If M d0 ;1 < 1 then by lemma 2.7
for d slightly larger than d0 we also haveM d;1 < 1 . Also, since u(r; d0) > 0 then u(M d0 ;1; d0) > 0 and
again by lemma 2.7 we also haveu(M d;1; d) > 0 for d su�ciently close to d0. By lemma 2.6 it follows
that f (u(M d;1; d)) � 0 so that 0 � u(M d;1; d) � � thus E(M d;1; d) < 0: Since E is decreasing we see that
E(r; d) < 0 for r � M d;1.
For d slightly larger than d0; u(r; d) must have a �rst zero, zd;1, (by de�nition of d0) and zd;1 > M d;1 since
u(r; d) > 0 on [0; M d;1]. Thus, we have 0� E(z1; d) � E (M d;1; d) < 0 - a contradiction. This completes the
proof. �

From lemmas 2.6, 4.1, and 4.2 we see that lim
r !1

u(r; d0) = L where f (L ) = 0 where L < d 0 < � and since

u(r; d0) > 0 we have that L = 0 or L = � . We also see that lim
r !1

E(r; d0) = F (L ):

Lemma 4.3.
lim

d! d+
0

zd;1 = 1

Proof.

If zd;1 � C for d > d 0 then as in the proof of (3.8) there would be a subsequencedn with dn ! d0 and
zdn ;1 ! z: By lemma 2.7 it then would follow that u(z; d0) = 0 which contradicts that u(r; d0) > 0. This
completes the proof. �
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Lemma 4.4. L = 0

Proof.

We know that L = 0 or L = � so supposeL = � . Then lim
r !1

E(r; d0) = F (L ) = F (� ) < 0 so there exists an

r0 such that E(r0; d0) < 0: Thus for d > d 0 and d su�ciently close to d0 we have by lemma 2.7E(r0; d) < 0.
Since E(zd;1; d) � 0 we see thatzd;1 < r 0 which contradicts lemma 4.3. Thus lim

r !1
u(r; d0) = 0 and this

completes the proof. �

By de�nition of d0, if d > d 0 then u(r; d) has at least one zero. By lemma 3.4, ifd is close tod0 then u(r; d)
has at most one zero. Therefore ford > d 0 and d su�ciently close to d0, u(r; d) has exactly one zero. Thus
the set A1 is nonempty and d0 < supA1:

As we saw in the �rst part of the proof of the main theorem, M d;1 < 1 and u(M d;1) < � 
 for d su�ciently
close to � . By a similar argument as in lemma 2.6, it can be shown that there exists anM d;2 with M d;1 <
M d;2 � 1 such that u0(r; d) > 0 on (M d;1; M d;2): Also, by lemma 3.4 we see that

0 � E (0) � E (M d;2) = [ E (0) � E (� d)] + [ E (� d) � E (M d;1)] + [ E (M d;1) � E (M d;2]

� [E (0) � E (� d)] +
C
� d

+
C

M d;1
where C is independent of d:

By lemmas 3.1, 3.3 and the fact that � d < M d;1 we see:

lim
d! � �

F (u(M d;2)) = E(0) = F (� ) > 0:

As at the beginning of the proof of the main theorem we may alsoshow that M d;2 < 1 and u(M d;2) > 

for d su�ciently close to � . Therefore, there existszd;2 such that M d;1 < z d;2 < M d;2 and u(zd;2; d) = 0.
Therefore A1 is bounded above by a quantity strictly less than � .

Let:
d1 = sup A1

and note that d0 < d 1 < �:

In a similar way in which we proved that u(r; d0) > 0 and lim
r !1

u(r; d0) = 0 we can show that u(r; d1) has

exactly one zero and that lim
r !1

u(r; d1) = 0 :

In a similar way we may show by induction that Ak is nonempty and bounded above by a quantity strictly
less than � . Let

dk = sup Ak :

It can be shown that u(r; dk ) has exactly k zeros and that lim
r !1

u(r; dk ) = 0 :

This completes the proof of the main theorem. �
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