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Abstract

In this paper, some random xed point theorems for monotone ncreasing, con-
densing and closed multi-valued random operators are prowk They are then
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1 Introduction

Let ( ;A) be a measurable space and let be a separable Banach space with norm
k k. Let x denote the Borel -algebra of open subsets of. A function x: ! X
is called measurable if

x {(B)=f12 jx(!)2Bg2A (1.1)

forall B 2 x. The set of all measurable functions form the set intoX is denoted
by M ( ;X). Let P(X) denote the class of all subsets of, called the power set o .
Denote

Po(X)=fA X jAis non-empty and has the propertypg: (1.2)
Here, p may be p =closed (in short cl) or p =convex (in short cv) or p =bounded
(in short bd) or p =compact (in short cp). Thus P (X), Pcy(X), Ppa(X) and P¢y(X)
denote, respectively, the classes of all closed, convexubded and compact subsets of
X. Similarly, P¢.pqa(X) and Pey.cp(X ) denote, respectively, the classes of closed-bounded
and compact-convex subsets of .

EJQTDE, 2006 No. 15, p. 1



A correspondencd : X P (X)) is called a multi-valued mapping or multi-valued
operator onX into X. A point u 2 X is called a xed point of T if u 2 Tu; and the
set of all xed points of T in X is denoted byF+. S

Let T: X !'P ,(X) be a multi-valued mapping. T is called bounded if T(S) is
bounded subset o for all bounded subsetsS of X. T is called compact ifT(X) is
a compact subset oX . Again, T is called totally bounded if T(S) is totally bounded
subset of X for all bounded setsS in X. It is clear that every compact mapping is
totally bounded, but the converse may not be true. However,hese two notions are
equivalent on bounded subsets of. T is called an upper semi-continuous at 2 X
if for each.open setv in X containing f (x), there exists a neighborhoodN (x) in X
suchthat T(N(x)) V. T is called upper semi-continuous o if it is upper semi-
continuous at each point ofX . An upper semi-continuous multi-valued mappingl' on
X is also called a closed multi-valued mapping oX. Finally, T is called completely
continuous onX if it is upper semi-continuous and totally bounded orX . It is known
that if T is a closed multi-valued mapping with compact values oX, then if we have
sequence$x,g andfy,gin X such thatx,! x,y,! y andy, 2 Tx,, n 2 N, then
y 2 Tx . The converse of this statement holds i is a compact multi-valued mapping
on X . The details of all these de nitions appear in Hu and Papagegiou [11].

A multi-valued mapping T : P (X) is called measurable (respectively weakly
measurable) if
TB)=fl2 jT(!)\B6;g2A (1.3)

for all closed (respectively open) subse®& in X . A multi-valued mapping T : X!
Po(X) is called a multi-valued random operator ifT ( ; X) is measurable for eacl 2 X,
and we write T(!;x ) = T(! )x. A measurable function : ! X is called a random
xed point of the multi-valued random operator T(! )if (!)2 T(') (! )forall! 2 .
The set of all random xed points of the multi-valued random @erator T (! ) is denoted
by Fr¢y. A multi-valued random operatorT : ! P ,(X) is called bounded, totally
bounded, compact, closed, completely continuous if the miualued mapping T(!; )
is bounded, totally bounded, compact, closed, completelywtinuous for each! 2 ;
respectively.

A non-empty closed subseK of the Banach spaceX is called a cone inX if (i)
K+ K K,(i) K Ki 2R; 0 and (ii) f Kg\ K = f0g, where 0 is the
zero element ofX . A coneK is called normal inX if the norm k k is semi-monotone
on K. It is known that if the cone is normal, then every order bouned set inX is
bounded in norm. Again, a coneK in X is called regular if every monotone order
bounded sequence iX converges in norm. The details of cones and their properties
may be found in Heikkila and Lakshmikatham [10].

We de ne an order relation in X with the help of the coneK in X as follows.
Let x;y 2 X. Then we de ne

X vy y x2K: (1.4)
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The Banach spaceX together with the order relation becomes an ordered Banach
space. Leta;b2 X be such thata b. Then by an order interval fa; j we mean a set
in X de ned by

[a;0=fx2Xja x bo (1.5)
Let a;b: ! X be two measurable functions. Bya bon ,we meana(!) K(!)
forall ! 2 . Then the sector [a;d de ned by

[a; 0 f\x2Xja(!) X b(!) forall ' 2 g

[a(! ); (! )] (1.6)

12

is called the random order interval inX.

The Kuratowskii measure (S) and the Hausdor measure (S) of noncompactness
of a bounded setS in a Banach spaceX are the nonnegative real numbers de ned by

n n 0
(S)=inf r>0:S Si; and diam(S;)) r; 8i (1.7)
i=1
and
n n o]
(S)=inf r>0:S Bi(xi;r); for somex; 2 X ; (1.8)
i=1
whereBi(x;;r) = fx 2 X jd(x;x;) <rg.

The details of Hausdor measure of noncompactness and itsqperties appear in
Deimling [2], Hu and Papageorgiou [11], and the referencdsetein.

De nition 1.1 A multi-valued mappingQ : X ' P p4(X) is called -condensing if
for any S 2 Pp4(X), we have that (Q(S)) < (S) for (S) > 0.

It is known that compact and contraction multi-valued maps a condensing, but the
converse may not be true. The following results are well-knm in the literature..

Lemma 1.1 (Akhmerov et al. [1]) Let and be respectively the Kuratowskii and
Hausdor measure of noncompactness in a Banach spa¥e then for any bounded set
Sin X, we have (S) 2 (S):

Lemma 1.2 (Akhmerov et al. [1]) If A:X ! X is a single-valued Lipschitz map-
ping with the Lipschitz constantk, then we have (A(S)) k (S) for any bounded
subsetS of X.

The study of random xed point theorems for the monotone ingasing, completely con-

tinuous multi-valued random mappings on the random order tervals is initiated in
Dhage [6] using the properties of cones in ordered Banach spa In the present work,
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we establish some random xed point theorems for monotonedreasing, condensing
and closed multi-valued random operators on random interi& under suitable condi-
tions. In the case of multi-valued mappings, there are di eant types of monotonicity
conditions, namely, right or left monotone increasing andtisct monotonicity etc. In
the following section, we formulate the random xed point tlreorems for multi-valued
random operators for each of these monotonicity criteria.

2 Multi-valued Random Fixed Point Theory
Let the Banach spaceX be equipped with the order relation and de ne the order
relation in P,(X) as follows:
Let A;B 2 P,(X). Then by A | B we mean \for everya 2 A there exists ab2 B
d
such thata b" Again A B means \for eachb 2 B there existsa 2 A such that

d d
a b'. Further, we have A | B ( A | Band A B. Finally, A B implies
that a bforalla2 Aandb2 B. Note thatif A A, then it follows that A is a
singleton set. The details appear in Dhage [4] and referescierein.

Let T: X 1P o(X) be a multi-valued random operator and let
Srey(x)=fu2M ( ;X)ju')2T( )xforall! 2 g: (2.1)

The set Sr(1)(x) is called the set of measurable selectors of the multi-vad random
operator T(! ) at x. The key result in formulating random xed point theorems co-
cerning the existence of measurable selector for a multitvad mapping is the following:

Theorem 2.1 (Kuratowskii and Ryll-Nardzewski [14]) If the multi-valued oper-
ator T : X I'P ,(X) is measurable with closed values, théh has a measurable
selector.

Remark 2.1 Note that if T : X 1P 4(X) is a multi-valued random operator,

then the setSr()(x) is non-empty for eachx 2 X.

Now we are ready to formulate random xed point theorems for icerent types of
monotone increasing multi-valued random operators on sajpdle Banach spaces.

2.1 Right monotone increasing multi-valued random opera-
tors

De nition 2.1 A multi-valued random operatorT : X 1P o(X) is called right

monotone increasing if for each 2 we have thaSr( )(x) | Stoy(y) forall x;y 2 X
for whichx .
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Our rst random xed point theorem for the right monotone increasing condensing
multi-valued random operators is as follows:

Theorem 2.2 Let ( ;A) be a measurable space and lgt; j be a random interval in

a separable Banach spac¥. If T : [a;d ! P «([a;H) is a condensing, upper
semi-continuous right monotone increasing multi-valuecandom operator and the cone
K in X is normal, thenT(! ) has a random xed point in[a; .

Proof : De ne a monotone increasing sequende, (! )g of measurable functions in
[a;d de ned by

Xo( )= a(' ); Xp+21 (1) 2 T )Xn; Nn=0;21;2;:::; (2.2)

which does exist in view of the right monotonicity of the mult-valued random operator
T). If X,(!')= X412 (V) for somer 2 N, then u(! ) = x,(!) is the required random
xed point of the multi-valued random operator T(! ). Assume thatx,(!' ) 6 Xn+1 (')

for eachn 2 N. Then we have

Xo( )= a(l) <x1(!) <x(!)<:ii<x(t)<::: Bb() (2.3)

forall! 2 . Since the cone K is normal in X, the random order interval p; is
norm-bounded subset oK . Denote

Then,

If (A) 60, then we have

(A)  maxt (fxo9); (Q(')(A)g< (A)

which is a contradiction, and so (A) = 0. Hence A is compact. As a result,
limny, Xa(t) = x (V) exists for all! 2 . By the upper semi-continuity of T(!),
one hasx (!) 2 T(! )x (! ). The measurability of x (! ) follows from the fact that
the strong limit of the sequence of measurable functions isemsurable. Hence, the
multi-valued random operatorT(! ) has a random xed point in [a; . This completes
the proof.

Corollary 2.1 (Dhage [8]) Let ( ;A) be a measurable space and lgt;j be a ran-
dom interval in a separable Banach space. If T : [a;0!P ¢([a;) is a compact,
upper semi-continuous right monotone increasing multi-Waed random operator and the
coneK in X is normal, thenT(! ) has a random xed point in[a; .

To prove the next result, we need the following lemma in the geel.
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Lemma 2.1 (Dhage [9]) Let ( ;A; ) be a complete - nite measure space and let
X be a separable Banach space. G : ! P 4(X) are two multi-valued random
operators, then the sumF + G dened by (F + G)(!) = F(')+ G(!) is again a
multi-valued random operator on .

De nition 2.2 A multi-valued mappingT : X ! P ,(X) is said to be a multi-valued
Lipschitz if there exists a real number> 0 such that

du (TX; Ty) kx yk (2.4)

for all x;y 2 X and the constant is called the Lipschitz constant ol on X . Further-
more, if < 1, then T is called a contraction onX with the contraction constant .
Similarly, a multi-valued random operatorT : X I'P p(X) is called multi-valued
Lipschitz if T(! ) is a multi-valued Lipschitz onX for each! 2 : Moreover, if T is a
multi-valued random contraction onX if T(! ) is a multi-valued contraction onX for
each! 2

Corollary 2.2 Let ( ;A; ) be a complete - nite measure space and lefa; j be a
random interval in a separable Banach spacé. Let A;B : [a;0!P (X) be two
right monotone increasing multi-valued random operatorsaisfying for each! 2

(@ A(!) is a multi-valued contraction,
(b) B(!) is completely continuous, and
(c) A(' )x+ B(!)x 2 [a; for all x 2 [a;b.

Furthermore, if the coneK in X is normal, then the random operator inclusiorx 2
A(! )x + B(! )x has a random solution in[a; .

Proof : De ne a multi-valued mapping T : X IP (X) by
T )x=A()x+B(!)x: (2.5)

By Lemma 2.1, the sum of two measurable multi-valued operatoA(! ) and B(! ) is
again measurable (see Dhage [9]). Hendd! ) de nes a multi-valued random operator
T : [a;0 ! P 4([a;H) in view of hypothesis (c). We will show thatT(!) is
upper semi-continuous and a condensing multi-valued rangooperator on p; . Let
S [a;d. Since the con in X is normal, the random order interval &; j is bounded
in norm. Hence,S and T(! )(S) is bounded for eachl 2 . Therefore, we have

(TXS)  (AC)XS)H+ (BE)S) (A1 )(S)

forall! 2 . Again, since A(!) is a multi-valued contraction, it is continuous in the
Hausdor metric dy on X. Hence,A(! ) is upper semi-continuous ond; b for each! 2

. Furthermore, the sum of two upper semi-continuous multivalued operators is upper
semi-continuous, and sd (! ) is upper semi-continuous ond; K for all! 2 . Now we
apply Theorem 2.2 to yield that the random operator inclusio x 2 A(! )x + B(! )x
has a random solution in §; §. This completes the proof.
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Corollary 2.3 Let ( ;A; ) be a complete - nite measure space and lefa;ld be a
random interval in a separable Banach spacé. Assume thatA : [a;g! X is

nondecreasing and : [a;d ! P «(X) is a right monotone increasing multi-valued
random operator satisfying for each 2

(@) A(!) is a single-valued contraction with the contraction consta < 1=2,
(b) B(!) is completely continuous, and
(c) A(' )x+ B(!)x 2 [a; for all x 2 [a;b.

Furthermore, if the coneK in X is normal, then the random operator inclusiorx 2
A(' )x + B(! )x has a random solution in[a; b.

Remark 2.2 Hypothesis (c) of Corollary 2.3 holds if the random operaterA(! ) and
B (! ) are right monotone increasing and the elementsandbsatisfya A(! )atB(! )a
and A(! )b+ B(' )b bforall! 2 .

2.2 Strict monotone increasing multi-valued random opera-
tors

We need the following de nition in the sequel.

De nition 2.3 A multi-valued random operatorT : X P p(X) is called strict
monotone increasing if for each 2 |, T(!)x T(!)y for all x;y 2 X for which
X <y . Similarly, the multi-valued random operatorT (! ) is called monotone decreasing
if foreach 2!, T()x T(!)yforall x;y 2 X for whichx <vy. Finally, T(!)
is called monotone if it is a either monotone increasing or nm@tone decreasing multi-
valued random operator orX .

Remark 2.3 We note that every strict monotone increasing multi-valuechndom op-
erator is right monotone increasing, but the converse may nbe true.

Below we prove some random xed point theorems for strict martone increasing
multi-valued random operators on separable ordered Banaspaces.

Theorem 2.3 Let( ;A) be a measurable space and [et j be a random order interval
in a separable Banach spac¥. If T : [a;d ! P «([a; ) is a strict monotone
increasing, upper semi-continuous and condensing multued random operator and
the coneK in X is normal, then T(! ) has the least random xed pointx (! ) and
the greatest random xed pointy (! ) in [a; and the sequencebx,(! )g and fy,(! )g
de ned by

Xo( )= a(! ); Xp+21 (1) 2 T )Xn; Nn=0;21;2;:::; (2.6)

and
Yo(!) = B(t); Yner (! ) 2 T(! )Yn; n =012, (2.7)
converge tox (! ) andy (! ) respectively.
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Proof : De ne a monotone increasing sequende, (! )g of measurable functions in

[a; b by
Xo(' )= a(! ); Xnea (1) 2 T(! )Xn; n=0;12;:1 1

which does exist by virtue of the strict monotone increasingulti-valued random opera-
tor T(!). f X, (! ) = Xr+2 (! ) for somer 2 N, thenu(! ) = x,(! ) is the required random
xed point of the multi-valued random operator T(! ). Assume thatx,(! ) 6 Xp+1(!)
for eachn 2 N. Then, we have

Xo(' )= a(l) <x1(!)<x(!)<:i:i<x,(')<::: Q!)

for all I 2 . Proceeding with the arguments as in the proof of Theorem 2, it is
proved that the sequencd x,(! )g converges increasingly to the random xed point
x (') of T(!). Similarly, the sequencefy,(! )g of monotone decreasing measurable
functions converges decreasingly to the random xed point (! ) of T(! ). Next we
show that x (! ) and y (! ) are respectively the least and the greatest random xed
point of the multi-valued random operatorT(! ) on X . Let x(! ) be any random xed
point of T(! ) in [a; . By the strict monotonicity of T(! ), we have

a()=xo(') xa(t) xxoxa(t) x(t) wya(t) irova(l)  yo(t)=B(')

forall! 2 . Hence, x (!) x(!) y()forall! 2 . Thus x (!)andy (!) are
respectively the least and the greatest random xed point afhe multi-valued random
operator T(! ) in [a; . This completes the proof.

Corollary 2.4 (Dhage [8]) Let ( ;A) be a measurable space and lt; j be a ran-

dom order interval in a separable Banach spaceé. If T : [a;0 ! P «([a;b) is

a strict monotone increasing completely continuous multialued random operator and
the coneK in X is normal, then T(! ) has the least random xed pointx (! ) and

the greatest random xed pointy (! ) in [a;d. Moreover, the sequencebx,(! )g and

fyn(! )g de ned by (2.6) and (2.7) converge tox (! ) andy (!) respectively.

Corollary 2.5 Let ( ;A; ) be a complete - nite measure space and lefa;ld be a
random order interval in a separable Banach spac¢é. Let A;B : [a;l!'P (X)
be two strict monotone increasing multi-valued random ogeors satisfying for each
12

(@ A(!) is multi-valued contraction,
(b) B(!) is completely continuous, and
(c) A(' )x+ B(!)x 2 [a; for all x 2 [a;b.

If the coneK in X is normal, then the random operator inclusiorx 2 A(! )x+ B(! )x
has the least random solutiom and the greatest random solutiog in [a;d. Moreover,
the sequenceéx, (! )g and fy,(! )g de ned by

Xo(' )= a(! ); Xp+1 (1) 2 A(' )Xn+ B(! )Xn; n=0;1,2;:::; (2.8)
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and
Yo(! )= b(! )i Ynea (') 2 A(N)Yn + B(H)Yn; n =012, (2.9)
converge tox (! ) andy (! ) respectively.

Proof : The proof is similar to that of Corollary 2.2 and the conclugsin now follows
by an application of Theorem 2.3.

Corollary 2.6 Let ( ;A; ) be a complete - nite measure space and lefa;j be a
random interval in a separable Banach spacé. Let A : [a;0! X be nondecreasing
and B : [0 ! P 4(X) be an right monotone increasing multi-valued random
operator satisfying for each 2

(@) A(!) is a single-valued contraction with the contraction consta < 1=2,
(b) B(!) is completely continuous, and
(c) A(' )x+ B(!)x 2 [a; for all x 2 [a;H.

Furthermore, if the coneK in X is normal, then the random operator inclusiorx 2
A(' )x + B(! )x has a least random solutiorx (! ) and a greatest random solution
y (!) in [a;d. Moreover, the sequencetx,(! )g and fy,(! )g de ned by (2.8) and
(2.9) converge tox (! ) andy (! ) respectively.

Remark 2.4 Hypothesis (c) of Corollary 2.5 holds if the random operaterA(! ) and
B (! ) are strict monotone increasing and the elementsand bsatisfya A(! )a+B(! )a
and A(' )b+ B(' )b bforall! 2 .

Remark 2.5 We remark that in most of random xed point theorems of topolgical
nature for single as well as multi-valued random operatorshe separability hypothesis
of the underlined Banach space is indispensable, but the easith random xed point
theorems of algebraic nature for such operators is quite @irent. Here, we do not
require the separability hypothesis for the validity of thealgebraic random xed point
theorems of this paper. Note that our Theorems 2.2 and 2.3 hawide range of
applications to random di erential and integral inclusiors for proving the existence as
well as the existence of extremal solutions under suitabl®mditions. In the following
section we establish the existence theorems for certain pgbed random di erential
inclusions under mixed Lipschitz, Caratfreodory and monainic conditions of the multi-
functions involved in them.

3 Random Di erential Inclusions

In this section, we discuss initial value problems of ordimg rst order random dif-
ferential inclusions for existence as well as existence bktextremal random solutions
between the given strict lower and strict upper random solubns.
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Let ( ;A; )beacomplete - nite measure space and leR be the real and and let
J =[0;T] be a closed and bounded interval ifR. Consider the initial value problem
of rst order ordinary random di erential inclusion (in short RDI),
XAt ) 2 F(tx (! ) )+ Gt x(t!);!)aet2]
x(0;1)=q(!)

forall! 2 ,where q: ! Rismeasurable and~;G:J R P o(R).

(3.1)

By a random solution for the RDI (3.1) we mean a measurable functiox : !
AC (J; R) satisfying for each! 2 , xYt;! )= va(t;! )+ vo(t;! ) 8t 2 J and x(0;! ) =
q(! ) for some measurable functiong,; v, : ! L(J; R) with vi(t;! ) 2 F(t;x(t;! );!)
and vo(t;!) 2 G(t;x(t;! );!) a.e. t 2 J, where AC(J; R) is the space of absolutely
continuous real-valued functions o .

To the best of our knowledge, the RDI (3.1) has not been disaed earlier in the
literature. But the special case, when the random parametas absent from the RDI
(3.1), we obtain a classical perturbed di erential inclusan

xqt) 2 F(t;x (1)) + G(t;x(t)) a.e.t 2 J;
x(0) = a;

is studied for the existence of solutions under certain mige_ipschitz and compactness
type conditions (see Dhage [7] and the references thereiljost of these results involve
the hypothesis that the multi-function F has convex values on the domain of de nition.
In the present approach, we do not require any convexity assytion on the values of
the multi-functions F and G involved in the random di erential inclusion, instead, we
assume certain monotonicity condition for proving the exience results. In the special
case wherd=(t;x;! )= ff(t;x;! )gand G(t; x;! ) = fo(t; x;! )g, we obtain the random
di erential equation,

xqt; 1) = f(x (! ) )+ gt x(t;!);! ) aet2
x(0:1) = o );

which has been studied for the existence results in Itoh [18hd for existence of the
extremal random solutions in Dhage [6] via xed point techrques. Therefore, our
results include the results of Itoh [12] and Dhage [6] as sjadccases. We claim that
our results as well as our approach is new to the theory of raoih di erential inclusions.

(3.2)

(3.3)

We will obtain the solutions of RDI (3.1) in the function spae C(J; R) of continuous
real-valued functions onJ. De ne anormk Kk in C(J;R) by

kxk = sup jx(t)j (3.4)
t2J

and the order relation in C(J;R) by
X vy y x2K, (3.5)
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where the coneK in C(J; R) is de ned by
K=fx2C(JR)jx(t) O forall t2Jg: (3.6)

Clearly, C(J; R) becomes an ordered separable Banach space with the cé#hevhich
is normal in it. For any measurable functionx : ! C(J;R), let

Sty(X)= fv2M (LY ER) jvt! )2 F(tx(t!);!)aet2Jg: (3.7)

This is our set ofselection functions The integral of the random multi-valued function
F is de ned as
YA t Z t

F(s;x(s;!);!)ds= v(s;!)ds:v2 St (%)
0 0

We need the following de nitions in the sequel.

De nition 3.1 A multi-valued mappingF :J I'P ¢(R) is said to be measurable
if for any y 2 X; the function (t;! ) 7! d(y;F(t;!)) =inffjy xj:x 2 F(t;!)gis
measurable.

De nition 3.2 A multi-valued mappingF :J R I'P p(R) is said to be integrably
bounded if there exists a functiom 2 M ( ;L(J; R)) such that

KF(t;x;! )kp =supfjuj:u2 F(t;x;' )g h(t;!) ae. t2J
forall! 2 andx 2 R.

Remark 3.1 Itis knownthatif F:J R I'P ¢ (R) is integerably bounded, then
Si((x) & ; for eachx 2 R.

De nition 3.3 A multi-valued functionF :J R I'P ¢p(R) is called Carathreodory
if foreach! 2 |

(i) t7! F(t;x;! ) is measurable for eaclx 2 R; and
(i) x 7! F(t;x;! ) is an upper semi-continuous almost everywhere foR2 J:
Again, a Caratteodory multi-valued functionF is called L !-Caratreodory if

(ii) for each real numberr > 0 there exists a measurable functioh, : ! L(J;R)
such that for each! 2

KF(t;x;! )kp =supfjuj:u2 F(t;x;' )g h(t;!') ae t2J
for all x 2 R with jxj .

Furthermore, a Caratteodory multi-valued functionF is calledL -Caratteodory if
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(iv) there exists a measurable functiom: ! L(J;R) such that
kKF(t;x;! )kp  h(t;!) ae t2J
for all x 2 R, and the functionh is called a growth function o onJ R

De nition 3.4 A multi-valued functionF :J R I'P p(R) is called s-Caratreo-
dory if for each! 2

(i) t7! F(t;x;! ) is measurable for eaclx 2 R; and
(i) x 7' F(t;x;! ) is an Hausdor continuous almost everywhere for 2 J:
Furthermore, a s-Caratteodory multi-valued functionF is called st !-Caratheodory if

(ii) for each real numberr > 0 there exists a measurable functioh, : ! L(J;R)
such that for each! 2

KF(t;x;! )kp =supfjuj:u2 F(t;x;' )g h(t;!') ae t2J
for all x 2 R with jxj .

Then we have the following lemmas which are well-known in tHéerature.

Lemma 3.1 (Lasota and Opial [13]) Let E be a Banach space. If difE) < 1
andF:J E I P p(E) is L*-Caratteodory, then St ,(x) 6 ; for eachx 2 E:

Lemma 3.2 (Lasota and Opial [13]) Let E be a Banach spacd; a Caratleodory
multi-valued operator withSZ,, 6 ;; andL : L*(J;E) ! C(J;E) be a continuous
linear mapping. Then the composite operator

L Sé(!) C(BE)!IP paa(C(JE))
is a closed graph operator ol€(J;E) C(J;E):

Lemma 3.3 (Hu and Papageorgiou [11]) Let E be a Banach space. IF :J
E !'P ,(E) is s-Caratheodory, then the multi-valued mappin@; x) 7! F(t; x) is jointly
measurable.

We need the following de nition in the sequel.

De nition 3.5 A measurable functiona : I C(J;R) is a strict lower random
solution for the RDI (3.1) if for all v; 2 S¢,,(a); v2 2 S, ,(a); we have

alt!) wi(tl)+ vo(t1); and a©;!) o)

forallt2 J and! 2 . Similarly, a strict upper random solution for the RDI (3.1)
onJ is de ned.
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We consider the following set of hypotheses in the sequel.

(A1) The multi-valued mapping (t;x;! ) 7! F(t;x;! ) is jointly measurable.
(Ay) F(t;x;! ) is closed and bounded for eacht;( ) 2 J and x2 R.
(A3) F is integrably bounded onJ R.

(A4) There is a function™ 2 M ( ;L*(J; R)) such that for each! 2 ,
dy (F(Ex: ) F(Gy; ) (EBH)ix yj ae t2]
for all x;y 2 R.

(As) The multi-valued mapping x 7! Sé(!)(x) is right monotone increasing inx 2
C(J; R) almost everywhere fort 2 J.

(B1) The multi-valued mapping (t;x;! ) 7! G(t;x;! ) is jointly measurable.
(B2) G(t;x;! ) is closed and bounded for each;( ) 2 J and x 2 R.
(B3) G is L-Caratreodory.

(B4) The multi-valued mapping x 7! S,%(!)(x) is right monotone increasing inx 2
C(J; R) almost everywhere fort 2 J.

(Bs) RDI (3.1) has a strict lower random solutiona and a strict upper random solution
bwith a bonJ

Hypotheses A;) (As) and (B;) (B3) are common in the literature. Some nice
su cient conditions for guarantying S,%(!) 6 ; appear in Deimling [2], and Lasota and
Opial [13]. Hypothesis Bs) holds, in particular, if the multi-valued random function F
isbounded on] R . Hypotheses (As) and (B,) are relatively new to the literature,
but special forms have appeared in the works of several autbo Some details on theses
hypotheses appear in Dhage [3, 4] and the references therein

Theorem 3.1 Assume that the hypothese§A;) (As) and (By) (Bs) hold. If
k™(! k.1 < 1; then the RDI (3.1) has a random solution ina; d de ned on J

Proof : Let X = C(J;R). De ne a random order interval [a;d in X which is well
de ned in view of hypothesis Bs). Now the RDI (3.1) is equivalent to the random
integral inclusion
Z, Z,
x(t')y2q(t)+ F(s;x(s;!);!)ds+ G(s;x(s;!);!)ds; t2 J: (3.8)
0 0
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for all ! 2 (see Dhage [5] and the references therein). De ne two mukvalued
operatorsA; B [a;d ! P o(X) by
YA t
A)x= u2M (;X) utt)= wvis;!)ds; vi 2 Sf)(X)
0 (3.9
= (K1 SfayX)
and
YA t
B(1)x= u2M (;X) ut!)=q()+ vo(s;!)ds; w2 Stpy(%)
0

=(Kz Sguy)(X)
whereK1; K, : M ( ;LY(J;R))) ! C(J;R) are continuous operators de ned by

Z,

Kva(t;!) = vi(s;!) ds: (3.11)
0

(3.10)

and Z,
Kovo(t;! )= gt ) + Vo(s;!)ds: (3.12)
0
Clearly, the operatorsA(! ) and B(! ) are well de ned in view of hypothesesA3) and
(B3). We will show that A(! ) and B(! ) satisfy all the conditions of Corollary 2.2.

Step | :  First, we show thatA is a closed valued multi-valued random operator on
[a; . Observe that the operatorA(! ) is equivalent to the compositionK ; Sé(!) of

two operators onL(J; R), whereK; : M ( ;L(J;R)) ! X isthe continuous operator
de ned by (3.3). To showA(! ) has closed values, it then su ces to prove that the
composition operatorK Sé(! y has closed values ora[H. Let x 2 [a; 1] be arbitrary
and let fv,g be a sequence irSé(! y(X) converging tov in measure. Then, by the
de nition of Sé(!), V(') 2 F(tx(t;!);!) a. e fort 2 J. SinceF(t;x(t;!);!)
is closed,v(t;! ) 2 F(t;x(t;! );!) a.e. fort 2 J. Hence,v 2 Sé(!)(x). As a result,
S&(1)(X) is a closed set irL*(J; R) for each! 2 . From the continuity of K, it follows
that (K, Sé(! ,)(x) is a closed set irX . Therefore,A(!) is a closed-valued multi-valued
operator on p; 4 for each! 2 . Next, we show that A(!) is a multi-valued random
operator on p; . First, we show that the multi-valued mapping ¢;x ) 7! Sé(! )(x) is

measurable. Letf 2M ( ;L%(J;R)) be arbitrary. Then we have

d(f; S )00) =int fkf (1) h( ks +h 2 Seq)(X)g
Nt f6) it 2 Se (0
z; °

inffif (t;!) zj:z2 F(t;x(t;!);!)gdt
0
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z T
= d(f (t;! ); F(tx(t;!);!)dt
0
But by hypothesis (Ag), the mapping (t;x;! ) 7! F(t;x;! ) is measurable and it is
known that the multi-valued mapping z 7! d(z;F(t;x;! ) is continuous. Hence the
mapping multi-valued mapping ¢;x;!;z ) 7! d(z;F(t;x;! )) measurable. It is also
known that the evaluation mapping ¢;x()) = e(x()) = x(t) is continuous fromJ X
into X. Hence we deduce that the mappingt;(x;!;f ) 7! d(f (t;! ); F(t;x(t;! );! ) is
measurable fromJ X L1(J;R) into R*. Now the integral is the limit of the
nite sum of measurable functions, and sod(f; SF(, (x)) is measurable. As a result,
the multi-valued mapping (; ) ! Sé()() is jointly measurable.
De ne a function onJ X by
YA t
(tx;!1)= KiSEyy (X)) = F(six(s;!;! ) ds:
0

We shall show that (t;x;! ) is continuous int in the Hausdor metric on R. Let ft,g
be a sequence id converging tot 2 J. Then we have

dy ( (thsx!); (t;x;!Z)) 5
dy tnF(s;x(s;!);!)ds; tF(s;x(s;!);!)ds

Z° ° z
= dy o1 (S)F (S;X(s; 1)) ds;  o(S)F(s;x(s;!); 1) ds
z pad
= dy ot1(SF (S X(s;!);1)ds;  u(S)F(s;x(s;!);!)ds
Z J J
= ] ot(8)  o(S)IKF(six(s;!); ! ke ds

ZJ
= J [O;tn](s) [O;t](S)j hr(S; ! ) ds
J

1 0O as n!1l

Thus the multi-valued mappingt 7! (t;x;! ) is continuous, and hence, and by Lemma
3.3, the mapping 7

t

(t;x; 1) 7! F(s;x(s;!);!)ds

0
is measurable. ConsequenthA(! ) is a random multi-valued operator on &; 4. Sim-
ilarly, it can be shown that B ) is a closed-valued multi-valued operator onaf b
and the mapping ¢;x;! ) 7! tG(S'X(S'| );!)ds is measurable. Again, since the
sum ongNo measurable multi-valued functions is measurablthe mapping ¢; x;! ) 7!
(! )+ G(s X(s;!);!)dsis measurable.
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Step Il :  Next we show thatA(! ) is a multi-valued contraction onX . Let x;y 2 X
be any two element and letu; 2 A(! )(x). Then u; 2 X and

Z t
u(t;!) = vi(s;!)ds
0

for somev; 2 S, (x). Since

da (F(EX(@G ) D) Ryt ) ) (Eh)ix!t)  yt! )i

we obtain that there exists aw 2 F(t;y(t;! );! ) such that

jva(t ) owj T h)xt) oyt ! )i

Thus, the multi-valued operatorU de ned by

Ut!) = Sz, K

where
KO = fwjjva(t!) wj (&) jx(E!)  y(t!)jg
has nonempty values and is measurable. Let be a measurable selection function fdy
(which exists by the Kuratowski-Ryll-Nardzewski's sele@n theorem (see [14]). Then
there existsv, 2 F(t;y(t;! );!) with jvo(t;! )  wvo(t;1)j (6 ) x5! ) y(t!)j;
a.e. onJ. R,
Dene ux(t;! )= ,va(s;!)ds. It follows that u; 2 A(! )(y) and
VA t YA t
jud(t ! ) ua(t!)j vi(s;!)ds Vo(s;!)ds
7 0 0
t
jva(si!)  vo(s;!)jds
Z°,
(G1)ix(s;t)  y(sit)ids
0
k “(")kokx(Y)  y(! )k

Taking the supremum overt, we obtain
kui(') u(!)k k “T(M)koikx(M)  y(P)k:

From this and the analogous inequality obtained by interchaging the roles ofx and y
we obtain

du (AC)X)AC(Y)) Kk (1 )keekx () y(t)k;
for all x;y 2 X. This shows that A(! ) is a multi-valued random contraction onX,
sincek (! )k, 1 < 1.
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Step Il :  Next, we show thatB(! ) is completely continuous for eacH 2 .
First, we show thatB (! )([a; ) is compact for each 2 . Let fy,(! )g be a sequence
in B(! )([a; Q) for some! 2 . We will show that fy,(! )g has a cluster point. This is
achieved by showing thaftf y,(! )g is uniformly bounded and equi-continuous sequence
in X.

Case | : First, we show that fy,(! )g is uniformly bounded sequence. By the
de nition of fy,(! )g, we have av,(!) 2 Sé(! )(x) for somex 2 [a; 4 such that
YA t

ya(G!)=q(t)+  wa(sil)ds; t2 3
0

Therefore,

Zt

(1)) at)i+  jva(s;!)jds
Zo
t

jal)j+  kF(s;ixa(si!):!)kp ds

ZO
;

jat)j+ h(s;!)ds

0

joa(t)j+ khe(!)kes

forallt 2 J, wherer = ka(! )k + kb(! )k. Taking the supremum overt in the above
inequality yields,

kyn(t )k j a(! )i+ khe(! )kt
which shows thatfy,(! )g is a uniformly bounded sequence iQ(! )([a; b).

Next we show thatfy,(! )g is an equi-continuous sequence iQ(! )([a;H). Let
t; 2 J. Then we have

Z . z
jya(t! ) ya(5 )i Vn(s;!)ds Vn(s;!)ds
ZO 0
t
Vh(s;!)ds
VA t
h:(s;!)ds
jptt) pCit)i;
YA t
wherep(t;! ) = h,(s;! ) ds. From the above inequality, it follows that

0
iat') ya(;!)j! O ast!

This shows thatfy,(! )g is an equi-continuous sequence B(! )([a; ). Now fy,(! )g
is uniformly bounded and equi-continuous for each 2 , so it has a cluster point in
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view of Arzeh-Ascoli theorem. As a result,B(! ) is a compact multi-valued random
operator on R; .

Next we show thatB(! ) is a upper semi-continuous multi-valued random operator
on [a;: Let fx,(! )g be a sequence iX such that x,(!) ! x (!): Let fy,(' )g
be a sequence such thay (') 2 B(! )x, and y,(*) ! vy ('): We will show that
y (')2B(!)x : Sincey,(!) 2 B(! )xn; there exists av,(! ) 2 Sé(! y(Xn) such that
Z t
Ya(G1)=q(' )+  wa(si!)ds; t2 3
0
We must prove that there is av (! ) 2 Sé(! y(x ) such that
YA t
y@t!)=q(!)+ v (s;!)ds; t2 J
0
Consider the continuous linear operatot. : M ( ;L*(J;R)) ! C(J;R) de ned by
YA t
Lv(t;!)= v(s;!)ds; t2 J
0

Now

k(yn(*) a(*)) (y(*) at)k! Oasn!l
From lemma 3.2, it follows thatL Sé(!) is a closed graph operator. Also, from the
de nition of L; we have

yn(t;! ) q(l ) 2 L Sé(!) (Xn):
Sincey,(!)! y (!); there is a pointv (! ) 2 St,,(x ) such that
V4 t

y(@!')y=q()+ v(s;!)ds; t2 J:
0

This shows that B(! ) is a upper semi-continuous multi-valued random operatorro
[a;0. Thus, B(!) is upper semi-continuous and compact and hence a complgtel
continuous multi-valued random operator ond; .

Step VI :  Next, we show thatA(! ) is a right monotone increasing and multi-
valued random operator on4; b into itself for each! 2 . Let x;y 2 [a;l be such that

X Y. Since (s) holds, we have thatS} ,(x) " St ,(y). HenceA(1)(x)  A(! )(y).

Similarly, B (! )(x) | B(!)(y). From (Bs), it follows that a  A(! )a+ B(! )a and
A(' )b+ B(')b bforall! 2 . Now A(!)andB(!) are right monotone increasing,
so we have for each 2 |,

a A()a+B(l)a A()X+B()Xx A()b+B()b b
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for all x 2 [a; . Hence, A(! )x+ B(! )x 2 [a; for all x 2 [a; H).

Thus, the multi-valued random operatorsA(! ) and B (! ) satisfy all the conditions
of Corollary 2.2 and hence the random operator inclusion 2 A(! )x + B(! )x has a
random solution.This implies that the RDI (3.1) has a randonsolution onJ . This
complete the proof.

Next, we prove a result concerning the extremal random solons of the RDI (3.1)
onJ . We need the following hypothesis in the sequel.

(Ae) For each! 2 | the multi-valued mapping x 7! F(t;x;! ) is strict monotone
increasing almost everywhere far2 J.

(Bg) For each! 2 |, the multi-valued mapping x 7! F(t;x;! ) is strict monotone
increasing almost everywhere far2 J.

Theorem 3.2 Assume that(A1)-(A4), (As) and (B1)-(B4), (Bg) hold. Then the RDI
(3.1) has a minimal random solution and a maximal random sdion in [a;d de ned
onJ

Proof :  The proof is quite similar to that of Theorem 3.1. HereS},,(x) 6 ;
and S,%(! y(x) 6 ; for eachx 2 [a;{ in view of hypothesis As3) and (Bs). Also, the
multi-valued mapping x 7! Sé(! )(x) and x 7! Sé(! )(x) are strict monotone increasing

on [a;g. Consequently, the multi-valued random operatordA(! ) and B(! ) de ned
respectively by (3.2) and (3.2) are strict monotone increasgy on [a;d. Hence, the
desired result follows by an application of Corollary 2.5.
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