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ON THE EXISTENCE OF MILD SOLUTIONS FOR NEUTRAL
FUNCTIONAL DIFFERENTIAL INCLUSIONS IN BANACH SPACE

L.GUEDDA

Abstract. A theorem on existence of mild solutions for partial neutral functional
di erential inclusions with unbounded linear part generat ing a noncompact semigroup
in Banach space is established.

1. Introduction

Semilinear neutral functional di erential inclusion has keen the object of many stud-
ies by many researchers in the recent years. The method whicbnsists in de ning
an integral multioperator for wich xed points set coincides whith the solutions set of
di erential inclusion has been often applied to existencerpblems. In the case of inclu-
sions on in nite dimensional spaces its direct applicatiois complicated by the fact that
the integral multioperator is nhoncompact except if one impge a severe compactness
assumption.

In this paper using the method of condensing integral multerators and fractional
power of closed operators theory, we study the existence oflansolutions for initial
value problems for rst order semilinear neutral functionadi erential inclusions in a
separable Banach spacg for the form:

(1.2) %[x(t) h(t;x¢)] 2 Ax(t)+ F(t;x¢);ae:t2 [0;T]
(1.2) x(t) = "(); t2[ ;0]
where A : D(A) E ! E is the in nitesimal generator of an uniformly bounded
analytic semigroup of linear operatorsf eMg, o on a separable Banach spadg; the
multimap F : [0;T] C( r,0;E)! P(E)and h:[0;T] C( r,0];E)! E; are
given functions, O<r< 1 ;' 2 C([ r;0];E); whereP(E) denotes the class of all
nonempty subsets ofe, and C([ r; 0]; E) denotes the space of continuous functions
from [ r; 0] to E:

For any continuous functionx dened on[ r; T]and anyt 2 [0; T]; we denote byx;
the element of C([ r; 0]; E) de ned by

x¢( )=x(t+ ); 2[ r,0]:
Foranyu2 C([ r; 0];E) the norm of u is de ned by
kuk = supfku( )k: 2 [ r; Olg:
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The function x.(:) represents the history of the state from time r, up the present
time t:

Our work was motivated by the paper of E. Hernandez [3]. Usinthe theory of
condensing operators, one can clarify certain conditionsvgn in [3] in the form of es-
timates. Let us mention that existence results for semiliree di erential inclusion with

-regularity condition for the multivalued nonlinearity, where is the Hausdorf mea-
sure of noncompactness, were obtained in the works of N.S.p@georgiou [9, 10], and
existence results for impulsive neutral functional di eratial inclusion by S.K. Ntouyas
[7]. See also [2, 5, 6]. A general existence theorem was gibgrV/.V. Obukhovskii [8]
for a semilinear functional di erential inclusions with ananalytic semigroup and upper
Caratleodory type nonlinearity. In case where the linear prt generates a strongly
continuous semigroup, and the multivalued nonlinearity d& es simple and general
conditions of boundedness and-regularity, existence results were obtained in the pa-
per of J.F. Couchouron and M.l. Kamenskii [1]. In this paper & use the results given
in [1] and in the book of M. Kamenskiiet al. [4] to study the multivalued part of our
integral multioperators.

2. Preliminaries

Along this work, E will be a separable Banach space provided with norrkik;
A : D(A) E ! E is the innitesimal generator of an uniformly bounded ana-
lytic semigroup of linear operatorsf e g, o, on a separable Banach spade: We will
assume that 02 (A) and that e M for all t 2 [0; T]. Under these conditions
it is possible to de ne the fractional power ( A) ;0 < 1, as closed linear oper-
ator on its domain D( A) . Furthermore, D( A) is dense inE and the function
kxk = k( A) xk denes anorminD( A) . If X isthe spaceD( A) endowed
with the norm k:k , then X is a Banach space and there exists > 0 such that

( A et &, for t > 0. Also the inclusionX | X for 0 < lis
continuous.

For additional details respect of semigroup theory, we raf¢he reader to Pazy [11].

Let Y* be the positive cone of an ordered Banach spac¥’(; ): A function
de ned on the set of all bounded subsets of the Banach spakewith values in Y™ is

called a measure of noncompactness enif () = ( co) for all bounded subsets

X, whereco denote the closed convex hull of . The measure is called nonsin-
gular if forevery a2 X; 2 P(X); ( fag[ )= (), monotone, if o 12 P(X)
and o Jdmplly (o) ( 1). One of most important example of measure of
noncompactness, is the Hausdorf measure of noncompactngssed on each bounded
set of X by:

()=inf "> 0; has a nite "-net in Xg

Let K (X) denotes the class of compact subsets ¥f Kv (X ) denotes the class of

compact convex subsets of; and (Q;d) a metric space.
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Amultimap G:Z! K(X)iscalled condensing if for every bounded set E;
that is not relatively compact we have (G()) () ;wherez X:

A multivalued G : X I K(Q) is u.s.c.at a pointx 2 X; if for every " > 0 there
exists neighborhoodV (x) such that G(x%  W.(G(x)), for every x°2 V(x): Here by
W-(A) we denote the"-neighborhood of a sefA; i.e. W-(A) = fy2 Y :d(y;A) <"g;
whered(y; A) = inf yoa d(X;Y):

A multimap G : X ! Q is quasicompact if its restriction to every compact subset
A X is compact.

The sequencdf,gl_, L([0;T]; X) is semicompact if it is integrably bounded and
the setff,(t)gl., is relatively compact for almost everyt 2 [0; T]:

Any semicompact sequence ih1([0; T]; X ) is weakly compact inL([0; T]; X):

Afunction f : [0;T]! X is said to be strongly measurable if there exists a sequence
ff,g of step functions such thatkf (t) f,(t)k! Oasn!1l forawe:t2 [0;T]:

For all this de nitions see for example [4].

In the following C([ r; T]; E) is the space of continuous functions from [r; T] to E
endowed with the supremum norm. Forank 2 C([ r, T];E);

kxk, =supfkx(t)k:t2 [ rnT]g:
In section 3 we establish some existence results to the preil (1.1)-(1.2) using the
following well known results. (See [4]).

Lemma 2.1. Let E be a separable Banach space afd: [0; T]! P(E) an integrable,
integrably bounded multifunction such that

(G() a®)
for a.e. t 2 [0; T] whereq 2 LZ,{ ([0; T]): Then for allt 2 [0; T]

(G(s)) ds g(s)ds:
0

0
Lemma 2.2. Let E be a separable Banach space afdan operator
S:LY0;TLE)! C([0;TLE)
which satis es the following conditions:

S1) There existsD > 0 such that .
t

Sf(t) S D kf(s) g(s)kds; 0 t T
0
for everyf;g 2 LY([0; T];E):
S2) For any compact K E and sequencef,gl_; L1([0; T];E) such that

ffa(t)gio, K for aie:it 2 [0;T] the weak convergencé, ! f, implies
w
Then:
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(i) If the sequence of function$f,gl., L([0;T];E) is such thatkf,(t)k ()
foralln=1;2:::a.e.t2[0;T]and (ff,gi.;) (t) a.e. t 2 [0; T]; where
2 L1([0; T], then
yA t
(Sfia()ghy) 2D (9)ds:

0
(i) For every semicomapct sequenéé,gt_, L([0;T];E) the sequencéSf,gi_,
is relatively compact inC([0; T]; E), and; moreover, if f,! fo then Sf,! S

W
fo:

An example of this operator is the operatoS: L}([0; T];E)! C([0;T];E) de ned

for everyf 2 LY([0; T];E) by .

t
Sf(t)= o+ et 9f(s)ds;
0

wherexo 2 E; and A is an unbounded linear operator generating & semigroup in
E (see [1)).

Lemma 2.3. If G is a convex closed subset of a Banach sp&ceand : G! Kv(G)
is closed condensing, where is nonsingular measure of noncompactness de ned on
subsets ofG, then Fix 6 ;:

Lemma 2.4. Let Z be a closed subset of a Banach spd€eand F : Z ! K(E) a
closed multimap, which is -condensing on every bounded subset £f where is a
monotone measure of noncompactness. If the xed points g$eixF is bounded, then it
is compact.

3. Existence Results
Let us de ne what we mean by a mild solution of the problem (1)1(1.2).

De nition 3.1. A function x 2 C([ r; T];E]) is said to be a mild solution of the
problem (1.1)-(1.2) if the functions! Ae”(t S)h(s;X,) is integrable on[0;t) for each
0 t<T, and there existsf 2 L1([0; T];E); f (t) 2 F(t;th) a.e. t 2 [0; T]; such that

() = (0 hO')+ hitx)+ et I (9)ds
Z, °
+  Aert In(s;xo)ds; t2 [0;T];
0

and
x()="1(); t2[ 0

To establish our results we consider the following conditis:

Suppose that the multimapF : [0;T] C([ r;0FE)! Kv(E) satis es the following
properties:
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F 1) The multifunction F( ;u) has a strongly measurable selection for every
u2 C( r,0LE):
F2) The multimap F : (t; ) ! Kv(E) is upper semicontinuous for e.at 2 [0; T]:
F3) There exists a function 2 L([0;T];R*) such that, forallu2 C([ r; O],E);
KF (t;u)k (t)(1 + ku(O)k); a:e: t2 [0; T]:

F4) There exists a function 2 L1([0; T];R") such that for all C( r,OLE);
we have
(F( ) k() ((0) ;ae:t2[0;T];
where, fort 2 [0;T]; (0)= fu(0);u2 g:
Assume also that

H) There exist constants < < 1,0 d;<1;,d, O;!> 0, and > 0; such
that h is X -valued, and
(i) Forallu2 C([ r;0];E] and anyt 2 [0; T]

k(' A) h(t;u)k dyku(O)k + dy:
(i) Forall u;v2 C( r;0E]andt 2 [0;T]
k( A) h(t;u) ( A) h(s;v)k ku(0) v(O)k:
(iii ) for all bounded set C( r,0LE)
C A)ht) ! () ; ae t2[GT]

We note that from assumptions F1) (F 3) it follows that the superposition mul-

tioperator
sel :C([ KhTLE]! P(LY(0;T];E))
denedforx2 C([ r;T];E] by:
sele(x) = ff 2 LY([0; T];E);f (t) 2 F(t;x);ae: t2 [0;T]g
is correctly de ned (see [4]) and is weakly closed in the folving sense: if the sequences
fx"gl., C( rTLELffadi, LYO;TLE);fa(t) 2 F(tx);ae.t2[0;T;n 1
are such thatx" ! x% f, 1 fo, then fo(t) 2 F(t;x?) a.e. t 2 [0; T] (see [4]).
w

Also from the assumption H) (i), the function ( A) his continuous. Since the
family e . o IS an analytic semigroup [11], the operator functiors ! Aert 9 s
continuous in the uniform operator topology on [t) which from the estimate

( A In(sixs) = (AP LI A) )h(s;xs)

C

W(dl kxs(0)k + dy)
C

W(dl kxk, + dp)

and the Bochner's theorem implies thatAe®t Sh(s; xs) is integrable on [Qt):
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Now we shall prove our main result.

Theorem 3.1. Let the assumptiongdF1) (F4) and (H) be satis ed. If
max ( A dy (A) <1

then the solution set of the problem (1.1)-(1.2) is a nonemptompact subset of the
spaceC([ r,T];E):

Proof. In the spaceC([ r; T];E]; we de ne the operator : C([ rnT];E]!
P(C([ r;T];E) in the following way:

(x)(t) = fy2C( rTLE] :%(t)= "(t); t2[ ;0] and
y(t) = S(f)(t)+ h(t;x,) + tAeA(t Sh(s;xs)ds; fort 2 [0;T]
0
wheref 2 selr(x); and the operatorSZ: L1([0; T];E)! C([0;T];E) is de ned by

S(E)() = &xo+ et 9y (s)ds; t2 [0;T]
0

wherexg="(0) h(0;"):

Remark 3.1. It is clear that the operator is well de ned, and the xed points of
are mild solutions to (1.1)-(1.2)

The proof will be given in four steps.

Step 1. The multivalued operator is closed.

P
The operator can be written in the form = i where the operators ;i =1;2;3
1
are de ned as follows: the multivalued operator ; : C([ rnT;E)! P(C( rT]E))
by

_ooym="(@) ht') t2[ 0]
XO= Yt = sf); t2[0;T]

wheref 2 Sek(x); the operator ,:C([ rT];E)! C( r,T];E) by
_ ht'), t2[ r0]
XO= " hipx); 1207

and the operator 3:C([ rnT];E)! C( r,T];E) by
Pé t2[ r,0]

" AeAt (s xg)ds; t2 [0;T]:

0 1 /AS ] 1 .

Let fx"gl_,;fz"gl ;x"! x%z"2 (( x");n L,andz"! Z%
Let ff,gt., LY[O;T];E) an arbitrary sequence such that, fon 1

fn(t) 2 F(t;x{);ae: t2 [0;T];
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and
n " (0); R t2[ r0f
Z = t
S(fa)(t) + h(t;x) + ,Aert 9h(s;xd)ds; t2 [0;T]:

The operator S satis es the properties S1 and S2 of the Lemma 2.2, sinceg™
is a strongly continuous operator (see [1]). Hypothesis=@) implies that ff,gt_, is
integrably bounded, hypothesisF 4) implies that  (ff,(t)gt_;, k(t) (fx"(t)gi,, =0
for a.e. t 2 [0; T]; thus (F3) and (F 4) implies thatff,gl_, is semicompact sequence.
Consequentlyff,gi_, is weakly compact inL%([0; T];E): So we can assume without
loss of generality, thatf,, ! fq:

Lemma 2.2 implies thatSf, ! Sfqin C([0; T]; E) and by using the fact that the
operator sel is closed, we gef, 2 sel (x°): Consequently

Q) = y®="(t ht") t2[ ro0]
! y(t) = Sfa(t); t2[0;T];
(3.1) L Pm= YOO hET) t2] 0]

ni1 y(t) = Sfo(t); t2 [0 T];

in the spaceC([ r;T];E); with o 2 sel (x°):
On the other hand, we have the inequalities:

X)) X"(t) = h(tx!)  h(tx?)
( A ( A) h(tx]) ( A) h(t;x))
( A) x2(0)  x{(0)

1

foranyt 2 [0; T]:
Fort 2 [ r;, O] we have:

XO(t)  ox"(t) =kh(t;') h(t')k=0:

Then
(3.2) X0 ox" ( A) x° X"
Using hypothesis H)Z (i) and the estimate in the family Ae™ - oWe have:
t
Ael Fn(s;x?)  Ael Fn(s;x0) ds
0
Zt
Aet 9n(s;x?)  Ael Fn(s;xd) ds
0
YA t
( A) x° x" ( A £t ds
ZO
‘ C
( A) x° x" T s
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C, T 0
( A) x> x"

foranyt 2 [0; T]: Then

(3.3) x® x| (A

From the inequalities (3.1)-(3.3) follows immediately thaz" ! z° with
(1) R t2[ 1,0
S(fo)(t) + h(t;x%) + 5 Aert 9h(s;x0ds; t2 [0;T]
where; fo 2 sel (x% and z° 2 ( x°) and hence is closed.

Now in the spaceC([ r;T]; E) we consider the measure of noncompactness de ned
in the following way: for every bounded subset C([ r;T];E])

O=C ([ non; () ;mod) ;

2°(t) =

where
()=sup e" ((1);

and mod, is the module of equicontinuity of the set C( nrT];E) given by:

mod. =Ilim sup max kx(t;) x(tp)k
! Ox2 jt1 tg]
and L > 0 is chosen so that

t
supM e L 9k(s)ds q<l

t2[0;T] 0
YA t
supM e "t 9 (s)ds p<l1
t2[0;T] 0
Z t gLty
sup d; ———¢C; ds <1
2oT] o (B 9t
YA t e L(t s)
sup d, ———— ¢ ds p<l
woT] o (I 9!
z
sup ! tCl7e Lt S)gs <1
2ioT] o (I st
whereM is the constant from the estimation in the family of e the constants

t 0’
dq; d; from (H) (i), the function from the hypothesis ¢ 3), and the function from
the hypothesis E4).
From the Arzeh-Ascoli theorem, the measure give a nonsigular and regular

measure of noncompactness @( r; T];E]):
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Remark 3.2. If 2 L([0;T]; E%, it is clear that
t

sup et (s)ds ! O
t2[0;T] 0 P+l

Step 2. The miltioperator is condensing on every bounded subsetdC([ r; T];E):
Let C([ r,T];E) be a bounded subset such that
(3.4) () 0

where the inequality is taking in the sense of the order iR® induced by the positive
coneR? : We will show that (3.3) implies that is relatively compactin C([ r;T];E):
From the inequality (3.4) follows immediately that

(3.5) (C raQp)=0:
Indeed, we have
() rnoj= f (t);t2[ n09=0 ([ Q) O

We give now an upper estimate for ( ( t)), forany t 2 [0; T]:
Using (F4), fort 2 [O; T]; we have

(ff(s);f 2sek() g (F(si )
e“k(s)e * ( 5(0))
e“k(s)e * (( 9))

e=k(s) supe " (( 9)):
s2[0;T]

Then, from Remark 3.2 and Lemma 2.1 wittD = M, we get
t

supe " (fSf(t)f 2 selk() g M el 9%is)dssupe  ((t)
12[0;T] 0 t2[0;T]

. supe ' (( 1):

t2[0;T]
(3.6) % ()
Since the measure is monotone, fromH; (iii ); for t 2 [0; T] we get:

el (h(t ) e (A) (AN o)
(A e (h(( A) h(t )
(A et ((0)
(A et ()
I (A)  supe' ((1)

t2[0;T]

oA 0
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Then
(3.7) supe ™ (h(t; ) ! (A ()

t2[0:T]

Let nowt 2 [0; T] and s 2 [0;t]: The function G:s! Aertt 9n(s; ) is integrable
and integrably bounded. Indeed for ank 2 we have:

( A In(sixs) = (A I A) h(six)
o (O s
(tclis)l(dl kxk, + dy):
Since
( A Ih(six) = (A I A) h(six)
( AP 9 ((A) h(sixs)
C
T g (O
C
g ()
IC, Ls Ls
€ 9 © apn (Y
IC
(t ;)1 e 0
using Lemma 2.1, we get for every 2 [0; T]
Z Z
e" Ot (At In(sx) ds () Ot—(t“’;l et Jds
t IC e L(t S)
ds:
() S%EOT] o (t 9t >
Therefore
Zt
(3.8) Supe " ) ( A)EM n(s;xs) ds ()

From the inequalities (3.6)-(3.8), remark 3.2 and the facthat k( A) 'k < 1; it

follows that:
Z t

(() = sup e SE)O+NhE )+ At Ih(s; ()ds
t2[0;T] 0
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h Z,
(  supM et Yk(s)ds+ k( A) k!

t2[0;T 0
2. o]
+! su — e -t S)ds
t2[O;EI')] o (t 9)?
Ol at+a+! k( A) K
< (0
But the inequality (3.3) implies that () () and consequently
(3.9) ()=0

We shall give now an upper estimate fomod, : We have shown that

fS(f)(t);f 2 sel-(x);x2 g=0;

for any t 2 [0;T]: From the conditions (F3) and (F4) follows that the sequence

ff 2 sele(x);x 2 gis semicompact inL([0; T]; E), and hence the set

fy,y(t)= Sf(t);t2 [0, T];f 2 selr(x);x2 ¢
is relatively compact inC([0; T]; E) (see [1]). Therefore, the set

1 = fy(®)="() h")t2[ 0
y(t)= Sf(1);t2 [0;T];f 2 sel-(x);x2 ¢
is relatively compact inC([ r; T]; E): Consequently:
(3.10) mod. ; =0 :
Now we will show that the set

Rt
y(t) =, Aerlt 9n(s;xs)ds; t2 [0;T]
y(t)=0; t2[ r0f

wherex 2 ; is equicontinuous onC([ r; T];E]):
Let0 t t° T;andx 2 . We have
Z o z

t
AA In(s: xo) Aert Sh(s:xs) ds

0 0
Z t Z tO

S0 1 At In(s;xs)ds + Ae* 9h(s; x;)ds
0 t
Z t

AN At 9In(s; xs)ds

0

(t° 1)

+Cy  (dysupkxk, + dy)
X2

EJQTDE, 2007 No. 2, p. 11



R
Since A€t Ih(s; ¢)ds =0;forallt2 [0;T]the rstterm on the right hand
side converge to zero whet?! t uniformly on x 2 : As consequence we have

(3.11) mod. 3 =0 :
From the condition (H1) (ii) follows immediately that
(3.12) mod. » ( A mod. :

Indeedfor r t s 0O;andx2 ;we have
K ox(t) 2X(S)k=kh(t;" ) h(s;" )k=0:
ForO t s T;andx 2 ,we have
k ox(t) X(s)k = Kkh(t;x¢) h(s;xs)k
(A (A NEx) (A ( A) h(s;xs)
( A kxt(0) xs(0)k
( A kx(t) x(s)k:
Sincemod, _lemodc i from inequalities (3.9)-(3.12), we get
i=
(3.13) mod. ( A mod. :
Sincek( A) k < 1; from the last inequality and the inequality (3.4) follows
(3.14) mod. =0 :
Finally from the inequalities (3.5), (3.9) and (3.14) we get
()= ;0;0):
Hence the subset is relatively compact, concluding the prof of Step 2.
Now in the spaceC([ r; T]; E) we introduce the equivalent norm, given by

kxk = sup kx(t)k+ sup e " kx(t)k
t2[ 0] t2[0;T]

wherelL is a positive constant.
Consider the ball

B/(0)=1fx2C( nT;E);kxk g r
wherer is a constant chosen so that
M kxok+ k' k+ k( A) kdo+ op+ o4
1 [k( A) kdi+ o+
wherexo =" (0) h(0;' ): Note that the last inequality implies

d ( A +t+t g r+ Mkxek+ k' k+ ( A) d+ep+qu
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Step 3. The multioperator maps the ball B,(0) into itself.
Let x 2 B,(0) andy 2 ( x) with
Z t

y(t) = eMxo+ ht;x)+ et 9 (s)ds+
0
Z t

+ At In(s;xg)ds; t2[0;T];
0

y®)="(@®);t2[ r,0];
wheref 2 selg (x):
Using the conditions ¢3) and (H) (i); we have, for anyt 2 [0; T]
e " ky(t)k et elxg
+e M Z( A)  k( A) h(t;xy)k
t

+e U Mt 9 kf (s)kds+
0
Z t

+e U Aert Sh(s:x) ds
0

e ''M kxzok+ ( A) e "[dikx(0)k+ dy]
t
+Me Y (s)(1 + kxs(0)k)ds
0
Z t
+e U ( A 9 [d; kxs(0)k + dy] ds
0
e UM kxzok+ ( A e "[dkx(t)k+ dy]
t

+e "M Se ™ (s)(1+ kx(s)k)ds

z.°
+e U ( A 9 ese S Td; kx(s)k + do]ds
0
e "M kxgk+e™ (A dy+ ( A) d;supe " kx(tk
7. 7. t2[0;T]
+M et 9 (g)ds+ M et 9 (s)dssupe " kx(t)k
ZO 0 t2[0;T]
te Lt 9C,
+d;, —————dssupe " kx(t)k
1ZO (t st t2[0;$] ®)
te L(t S)Cl
+d ———ds:
2o 9t
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Hence

sup e " ky(t)k (A di+p+g supe " kx(k+
t2[0;T] t2[0;T]

+Mkxok+ ((A)  dat Gt
(A di+a+q kxk,
+Mkxok+ ((A)  dat Gt
( A di+ g+ g r+ M kxgk
+ (A da+ G+ O
It results that:

kyk = sup ky(t)k+ sup e “ ky(t)k
t2[ 0] t2[0;T]

k' k+ sup e " ky(Hk

t2[0;T]
( A di+ g+ g r+ M kxgk+ K' k
+ (A G+t q
r
According to Lemma 2.3, the problem (1.1)-(1.2) has at lastre solution.

Step 4. The solutions set is compact.

The solution set is a priori bounded. In fact, ifx is a solution of the problem
(1.1)-(1.2), then as above fot 2 [ r; T] we have

h
1 ,
kx(t)k 1Tk ( A) kd k' k+ M kxok
T
+ (A +C — o
Z i
d]_C]_
MKk K, M kx(s)kds :
+ L + 0 (S)+ (t S)l X(S) ds
Using Gronwall's type inequality, we get
kxk, e
where
1 h
S TRK(A kollk k+ M kxok

T i
+ (A +C — dh+ MKk Kk
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and 1 dC
- L+ 141
TR A kdleBkL T —

To complete the proof it remains to apply Lemma 2.4.
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