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EXISTENCE OF PSEUDO ALMOST PERIODIC SOLUTIONS
TO SOME CLASSES OF PARTIAL HYPERBOLIC

EVOLUTION EQUATIONS

TOKA DIAGANA

Abstract. The paper examines the existence of pseudo almost periodic s olu-
tions to some classes of partial hyperbolic evolution equat ions. Namely, some
su�cient conditions for the existence and uniqueness of pse udo almost periodic
solutions to those classes of hyperbolic evolution equatio ns are given. As an
application, we consider the existence of pseudo almost per iodic solutions to
the heat equations with delay.

1. Introduction

Let (X; k � k) be a Banach space and letA : D(A) � X 7! X be a sectorial linear
operator (see De�nition 2.1). For � 2 (0; 1), the spaceX � denotes an abstract
intermediate Banach space betweenD(A) and X. Examples of thoseX � include,
among others, the fractional spacesD(( � A)� ) for � 2 (0; 1), the real interpolation
spacesDA (�; 1 ) due to J. L. Lions and J. Peetre, and the H•older spacesDA (� );
which coincide with the continuous interpolation spaces that both G. Da Prato and
P. Grisvard introduced in the literature.

In [7, 11, 12, 22], some su�cient conditions for the existence and uniqueness of
pseudo almost periodic solutions to the abstract (semilinear) di�erential equations,

u0(t) + Au(t) = f (t; u(t)) ; t 2 R; and(1.1)

u0(t) + Au(t) = f (t; Bu (t)) ; t 2 R;(1.2)

where� A is a Hille-Yosida linear operator (respectively, the in�ni tesimal generator
of an analytic semigroup, and the in�nitesimal generator of a C0-semigroup), B is
a densely de�ned closed linear operator onX, and f : R� X 7! X is a jointly contin-
uous function, were given. Similarly, in [13], some reasonable su�cient conditions
for the existence and uniqueness of pseudo almost periodic solutions to the class of
partial evolution equations

d
dt

[u(t) + f (t; Bu (t))] = Au(t) + g(t; Cu(t)) ; t 2 R(1.3)

where A is the in�nitesimal generator of an exponentially stable semigroup acting
on X, B; C are arbitrary densely de�ned closed linear operators onX, and f; g are
some jointly continuous functions, were given.

The assumptions made in [13] require much more regularity for the operator A,
that is, being the in�nitesimal generator of an analytic semigroup. In this paper
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we address such an issue by studying pseudo almost periodic solutions to (1.3) in
the case whenA is a sectorial operator whose corresponding analytic semigroup
(T(t)) t � 0 is hyperbolic, equivalently,

� (A) \ iR = ; ;

where � (A) denotes the spectrum ofA.
Note that (1.3) in the case whenA is sectorial corresponds to several interesting

situations encountered in the literature. Applications include, among others, the
existence and uniqueness of pseudo almost periodic solutions to the hyperbolic heat
equation with delay.

As in [5, 14] in this paper we consider a general intermediatespaceX � between
D(A) and X. In contrast with the fractional power spaces considered insome
recent papers of the author et al. [11, 12], the interpolation and H•older spaces,
for instance, depend only onD(A) and X and can be explicitly expressed in many
concrete cases. The literature related to those intermediate spaces is very extensive,
in particular, we refer the reader to the excellent book by A. Lunardi [23], which
contains a comprehensive presentation on this topic and related issues.

The concept of pseudo almost periodicity, which is the central question in this pa-
per was introduced in the literature in the early nineties by C. Zhang [29, 30, 31] as
a natural generalization of the well-known Bohr almost periodicity. Thus this new
concept is welcome to implement another existing generalization of almost periodic-
ity, that is, the concept of asymptotically almost periodic ity due to Fr�echet [6, 16].

The existence of almost periodic, asymptotically almost periodic, and pseudo
almost periodic solutions is one of the most attractive topics in qualitative the-
ory of di�erential equations due to their signi�cance and applications in physics,
mathematical biology, control theory, physics and others.

Some contributions on almost periodic, asymptotically almost periodic, and
pseudo almost periodic solutions to abstract di�erential and partial di�erential
equations have recently been made in [1, 2, 3, 7, 9, 11, 12, 13,22]. However, the
existence and uniqueness of pseudo almost periodic solutions to (1.3) in the case
when A is sectorial is an important topic with some interesting applications, which
is still an untreated question, is the main motivation of the present paper. Among
other things, we will make extensive use of the method of analytic semigroups as-
sociated with sectorial operators and the Banach's �xed-point principle to derive
su�cient conditions for the existence and uniqueness of a pseudo almost periodic
(mild) solution to (1.3).

2. Preliminaries

This section is devoted to some preliminary facts needed in the sequel. Through-
out the rest of this paper, (X; k �k) stands for a Banach space,A is a sectorial linear
operator (see De�nition 2.1), which is not necessarily densely de�ned, and B; C are
(possibly unbounded) linear operators such thatA + B + C is not trivial, as each
solution to (1.3) belongs to D(A + B + C) = D(A) \ D (B ) \ D (C). Now if A is a
linear operator on X, then � (A), � (A), D (A), N (A), R(A) stand for the resolvent,
spectrum, domain, kernel, and range ofA. The spaceB (X; Y) denotes the Banach
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space of all bounded linear operators fromX into Y equipped with its natural norm
with B (X; X) = B (X).

2.1. Sectorial Linear Operators and their Associated Semigroup s.

De�nition 2.1. A linear operator A : D(A) � X 7! X (not necessarily densely
de�ned) is said to be sectorial if the following hold: there exist constants ! 2 R,

� 2 (
�
2

; � ), and M > 0 such that

� (A) � S�;! := f � 2 C : � 6= !; j arg(� � ! )j < � g; and(2.1)

kR(�; A )k �
M

j� � ! j
; � 2 S�;! :(2.2)

The class of sectorial operators is very rich and contains most of classical oper-
ators encountered in the literature. Two examples of sectorial operators are given
as follows:

Example 2.2. Let p � 1 and let X = L p(R) be the Lebesgue space equipped with
its norm k � kp de�ned by

k' kp =
� Z

R
j' (x)jpdx

� 1=p

:

De�ne the linear operator A on L p(R) by

D(A) = W 2;p (R); A(' ) = ' 00; 8' 2 D(A):

It can be checked that the operatorA is sectorial onL p(R).

Example 2.3. Let p � 1 and let 
 � Rd be open bounded subset withC2 boundary
@
. Let X := L p(
) be the Lebesgue space equipped with the norm,k � kp de�ned
by,

k' kp =
� Z



j' (x)jpdx

� 1=p

:

De�ne the operator A as follows:

D(A) = W 2;p (
) \ W 1;p
0 (
) ; A(' ) = � '; 8' 2 D(A);

where � =
dX

k=1

@2

@x2k
is the Laplace operator.

It can be checked that the operatorA is sectorial onL p(
).

It is well-known that [23] if A is sectorial, then it generates an analytic semigroup
(T(t)) t � 0, which maps (0; 1 ) into B (X) and such that there exist M 0; M 1 > 0 with

kT(t)k � M 0e!t ; t > 0;(2.3)

kt(A � ! )T (t)k � M 1e!t ; t > 0:(2.4)

Throughout the rest of the paper, we suppose that the semigroup (T(t)) t � 0 is
hyperbolic, that is, there exist a projection P and constantsM; � > 0 such that T(t)
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commutes with P, N (P) is invariant with respect to T(t), T (t) : R(Q) 7! R(Q) is
invertible, and the following hold

(2.5) kT(t)P xk � Me� �t kxk for t � 0;

(2.6) kT(t)Qxk � Me�t kxk for t � 0;

where Q := I � P and, for t � 0, T (t) := ( T(� t)) � 1.
Recall that the analytic semigroup (T(t)) t � 0 associated with A is hyperbolic if

and only if
� (A) \ iR = ; ;

see, e.g., [15, Prop. 1.15, pp.305].

De�nition 2.4. Let � 2 (0; 1). A Banach space (X � ; k � k� ) is said to be an
intermediate space betweenD(A) and X, or a space of classJ � , if D (A) � X � � X
and there is a constantc > 0 such that

(2.7) kxk� � ckxk1� � kxk�
A ; x 2 D(A);

where k � kA is the graph norm of A.

Concrete examples ofX � include D(( � A � )) for � 2 (0; 1), the domains of the
fractional powers of A, the real interpolation spacesDA (�; 1 ), � 2 (0; 1), de�ned
as follows

(
DA (�; 1 ) := f x 2 X : [x]� = sup

0<t � 1
kt1� � AT (t)xk < 1g

kxk� = kxk + [ x]� ;

the abstract H•older spacesDA (� ) := D(A)
k:k �

as well as the complex interpolation
spaces [X; D(A)] � , see A. Lunardi [23] for details.

For a hyperbolic analytic semigroup (T(t)) t � 0, one can easily check that similar
estimations as both (2.5) and (2.6) still hold with norms k � k� . In fact, as the part
of A in R(Q) is bounded, it follows from (2.6) that

kAT (t)Qxk � C0e�t kxk for t � 0:

Hence, from (2.7) there exists a constantc(� ) > 0 such that

(2.8) kT(t)Qxk� � c(� )e�t kxk for t � 0:

In addition to the above, the following holds

kT(t)P xk� � k T(1)kB (X;X � ) kT(t � 1)P xk for t � 1;

and hence from (2.5), one obtains

kT(t)P xk� � M 0e� �t kxk; t � 1;

where M 0 depends on� . For t 2 (0; 1], by (2.4) and (2.7)

kT(t)P xk� � M 00t � � kxk:

Hence, there exist constantsM (� ) > 0 and 
 > 0 such that

(2.9) kT(t)P xk� � M (� )t � � e� 
t kxk for t > 0:
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2.2. Pseudo Almost Periodic Functions. Let (Y; k � kY) be another Banach
space. LetBC (R; X) (respectively, BC (R � Y; X)) denote the collection of all X-
valued bounded continuous functions (respectively, the class of jointly bounded
continuous functions F : R � Y 7! X). The space BC (R; X) equipped with its
natural norm, that is, the sup norm de�ned by

kuk1 = sup
t 2 R

ku(t)k

is a Banach space. Furthermore,C(R; Y) (respectively, C(R � Y; X)) denotes the
class of continuous functions fromR into Y (respectively, the class of jointly con-
tinuous functions F : R � Y 7! X).

De�nition 2.5. A function f 2 C(R; X) is called (Bohr) almost periodic if for each
" > 0 there existsl (" ) > 0 such that every interval of length l (" ) contains a number
� with the property that

kf (t + � ) � f (t)k < " for each t 2 R:

The number � above is called an"-translation number of f , and the collection
of all such functions will be denotedAP (X).

De�nition 2.6. A function F 2 C(R � Y; X) is called (Bohr) almost periodic in
t 2 R uniformly in y 2 Y if for each " > 0 and any compactK � Y there exists l (" )
such that every interval of length l (" ) contains a number � with the property that

kF (t + �; y ) � F (t; y )k < " for each t 2 R; y 2 K:

The collection of those functions is denoted byAP (R � Y).

Set

AP0(X) := f f 2 BC (R; X) : lim
r !1

1
2r

Z r

� r
kf (s)kds = 0 g;

and de�ne AP0(R � X) as the collection of functionsF 2 BC (R � Y; X) such that

lim
r !1

1
2r

Z r

� r
kF (t; u)kdt = 0

uniformly in u 2 Y:

De�nition 2.7. A function f 2 BC (R; X) is called pseudo almost periodic if it
can be expressed asf = g + �; where g 2 AP (X) and � 2 AP0(X). The collection
of such functions will be denoted byP AP (X).

Remark 2.8. The functions g and � in De�nition 2.7 are respectively called the
almost periodic and the ergodic perturbation components off . Moreover, the de-
composition given in De�nition 2.7 is unique.

Similarly,

De�nition 2.9. A function F 2 C(R � Y; X) is said to pseudo almost periodic
in t 2 R uniformly in y 2 Y if it can be expressed asF = G + � ; where G 2
AP (R � Y) and � 2 AP0(R � Y). The collection of such functions will be denoted
by P AP (R � Y).
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3. Main results

To study the existence and uniqueness of pseudo almost periodic solutions to
(1.3) we need to introduce the notion of mild solution to it.

De�nition 3.1. Let � 2 (0; 1). A bounded continuous function u : R 7! X � is said
to be a mild solution to (1.3) provided that the function s ! AT (t � s)P f (s; Bu(s))
is integrable on (�1 ; t), s ! AT (t � s)Qf (s; Bu(s)) is integrable on (t; 1 ) for each
t 2 R; and

u(t) = � f (t; Bu (t)) �
Z t

�1
AT (t � s)P f (s; Bu(s))ds

+
Z 1

t
AT (t � s)Qf (s; Bu(s))ds +

Z t

�1
T(t � s)P g(s; Cu(s))ds

�
Z 1

t
T(t � s)Qg(s; Cu(s))ds

for each8t 2 R.

Throughout the rest of the paper we denote by �1; � 2; � 3; and � 4, the nonlinear
integral operators de�ned by

(� 1u)( t) :=
Z t

�1
AT (t� s)P f (s; Bu(s))ds; (� 2u)( t) :=

Z 1

t
AT (t� s)Qf (s; Bu(s))ds;

(� 3u)( t) :=
Z t

�1
T(t � s)P g(s; Cu(s))ds; and

(� 4u)( t) :=
Z 1

t
T(t � s)Qg(s; Cu(s))ds:

To study (1.3) we require the following assumptions:

(H1 ) The operator A is sectorial and generates a hyperbolic (analytic) semigroup
(T(t)) t � 0.

(H2 ) Let 0 < � < 1. Then X � = D(( � A � )), or X � = DA (�; p ); 1 � p � + 1 , or
X � = DA (� ), or X � = [ X; D(A)] � . We also assume thatB; C : X � �! X
are bounded linear operators.

(H3 ) Let 0 < � < � < 1, and f : R � X �! X � be a pseudo almost periodic
function in t 2 R uniformly in u 2 X, g : R � X 7! X be pseudo almost
periodic in t 2 R uniformly in u 2 X.

(H4 ) The functions f; g are uniformly Lipschitz with respect to the second argu-
ment in the following sense: there existsK > 0 such that

kf (t; u) � f (t; v)k� � K ku � vk;

and
kg(t; u) � g(t; v)k � K ku � vk

for all u; v 2 X and t 2 R.

In order to show that � 1 and � 2 are well de�ned, we need the following estimates.
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Lemma 3.2. Let 0 < �; � < 1. Then

kAT (t)Qxk� � ce�t kxk� for t � 0;(3.1)

kAT (t)P xk� � ct� � � � 1e� 
t kxk� ; for t > 0:(3.2)

Proof. As for (2.8), the fact that the part of A in R(Q) is bounded yields

kAT (t)Qxk � ce�t kxk� ; kA2T(t)Qxk � ce�t kxk� ; for t � 0;

sinceX � ,! X: Hence, from (2.7) there is a constantc(� ) > 0 such that

kAT (t)Qxk� � c(� )e�t kxk� for t � 0:

Furthermore,

kAT (t)P xk� � k AT (1)kB (X;X � ) kT(t � 1)P xk

� ce� �t kxk� ; for t � 1:

Now for t 2 (0; 1], by (2.4) and (2.7), one has

kAT (t)P xk� � ct� � � 1kxk;

and
kAT (t)P xk� � ct� � kAx k;

for eachx 2 D(A). Thus, by reiteration Theorem (see [23]), it follows that

kAT (t)P xk� � ct� � � � 1kxk�

for every x 2 X � and 0 < � < 1, and hence, there exist constantsM (� ) > 0 and

 > 0 such that

kT(t)P xk� � M (� )t � � � � 1e� 
t kxk� for t > 0:

�

Lemma 3.3. Under assumptions(H1 )-(H2 )-(H3 )-(H4 ), the integral operators � 3

and � 4 de�ned above mapP AP (X � ) into itself.

Proof. Let u 2 P AP (X � ). Since C 2 B (X � ; X) it follows that Cu 2 P AP (X).
Setting h(t) = g(t; Cu(t)) and using the theorem of composition of pseudo almost
periodic functions [3, Theorem 5] it follows that h 2 P AP (X). Now, write h = � + �
where � 2 AP (X) and � 2 AP0(X). Thus � 3u can be rewritten as

(� 3u)( t) =
Z t

�1
T(t � s)P � (s)ds +

Z t

�1
T(t � s)P � (s)ds:

Set

�( t) =
Z t

�1
T(t � s)P � (s)ds;

and

	( t) =
Z t

�1
T(t � s)P � (s)ds

for each t 2 R. The next step consists of showing that � 2 AP (X � ) and 	 2
AP0(X � ).
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Clearly, � 2 AP (X � ). Indeed, since� 2 AP (X), for every " > 0 there exists
l (" ) > 0 such that for all � there is � 2 [�; � + l (" )] with

k�( t + � ) � �( t)k < � : " for each t 2 R;

where � =

 1� �

M (� )�(1 � � )
with � being the classical gamma function.

Now using the expression

�( t + � ) � �( t) =
Z t

�1
T(t � s)P (� (s + � ) � � (s)) ds

and (2.9) it easily follows that

k�( t + � ) � �( t)k� < " for each t 2 R;

and hence, � 2 AP (X � ). To complete the proof for � 3, we have to show that
t 7! 	( t) is in AP0(X � ). First, note that s 7! 	( s) is a bounded continuous
function. It remains to show that

lim
r !1

1
2r

Z r

� r
k	( t)k� dt = 0 :

Again using (2.9) one obtains that

lim
r !1

1
2r

Z r

� r
k	( t)k� dt � lim

r !1

M (� )
2r

Z r

� r

Z + 1

0
s� � e� 
s k� (t � s)kds dt

� lim
r !1

M (� )
Z + 1

0
s� � e� 
s 1

2r

Z r

� r
k� (t � s)kdt ds = 0 ;

by using Lebesgue dominated Convergence theorem, and the fact that AP0(X) is
invariant under translations. Thus 	 belongs to AP0(X � ).

The proof for � 4u(�) is similar to that of � 3u(�). However one makes use of (2.8)
rather than (2.9). �

Lemma 3.4. Under assumptions(H1 )-(H2 )-(H3 )-(H4 ), the integral operators � 1

and � 2 de�ned above mapP AP (X � ) into itself.

Proof. Let u 2 P AP (X � ). Since B 2 B (X � ; X) it follows that the function t 7!
Bu(t) belongs toP AP (X). Again, using the composition theorem of pseudo almost
periodic functions [3, Theorem 5] it follows that  (�) = f (�; Bu(�)) is in P AP (X � )
wheneveru 2 P AP (X � ). In particular, k k1 ;� = sup

t 2 R
kf (t; Bu (t))k� < 1 :

Now write  = w + z; where w 2 AP (X � ) and z 2 AP0(X � ), that is, � 1� =
�( w) + �( z) where

� w(t) :=
Z t

�1
AT (t � s)P w(s)ds; and � z(t) :=

Z t

�1
AT (t � s)P z(s)ds:

Clearly, �( w) 2 AP (X � ). Indeed, sincew 2 AP (X � ), for every " > 0 there exists
l (" ) > 0 such that for all � there is � 2 [�; � + l (" )] with the property:

kw(t + � ) � w(t)k� < �" for each t 2 R;
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where � =
1

c
 � � � �( � � � )
and c being the constant appearing in Lemma 3.2.

Now, the estimate (3.2) yields

k�( w)( t + � ) � �( w)( t)k� =










Z + 1

0
AT (s)P (w(t � s + � ) � w(t � s)) ds










�

�
Z + 1

0
s� � � � 1e� 
s kw(t � s + � ) � w(t � s)k� ds

� "

for eacht 2 R, and hence �(w) 2 AP (X � ).
Now, let r > 0. Then, by (3.2), we have

1
2r

Z r

� r
k(� z)( t)kX � dt �

1
2r

Z r

� r

Z + 1

0
kAT (s)P z(t � s)k� ds dt

�
1
2r

Z r

� r

Z + 1

0
s� � � � 1e� 
s kz(t � s)k� ds dt

�
Z + 1

0
s� � � � 1e� 
s 1

2r

Z r

� r
kz(t � s)k� dt ds:

Obviously, lim
r !1

1
2r

Z r

� r
k(� z)( t)k� dt = 0 ; sincet 7! z(t � s) 2 AP0(X � ) for every

s 2 R. Thus � z 2 AP0(X � ).
The proof for � 2u(�) is similar to that of � 1u(�). However, one uses (3.1) instead

of (3.2). �

Throughout the rest of the paper, the constant k(� ) denotes the bound of the
embeddingX � ,! X � , that is,

kuk� � k(� )kuk� for eachu 2 X � :

Theorem 3.5. Under the assumptions(H1)-(H2)-(H3)-(H4) , the evolution equa-
tion (1.3) has a unique pseudo almost periodic mild solution whenever� < 1, where

� = K$
�
k(� ) +

c
�

+ c
�( � � � )


 � � � +
M (� )�(1 � � )


 1� � +
c(� )

�

�
;

and $ = max( kB kB (X � ;X) ; kCkB (X � ;X) ).

Proof. Consider the nonlinear operatorM on P AP (X � ) given by

Mu(t) = � f (t; Bu (t)) �
Z t

�1
AT (t � s)P f (s; Bu(s))ds

+
Z 1

t
AT (t � s)Qf (s; Bu(s))ds +

Z t

�1
T(t � s)P g(s; Cu(s))ds

�
Z 1

t
T(t � s)Qg(s; Cu(s))ds

for eacht 2 R.
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As we have previously seen, for everyu 2 P AP (X � ), f (�; Bu(�)) 2 P AP (X � ) �
P AP (X � ). In view of Lemma 3.3 and Lemma 3.4, it follows thatM mapsP AP (X � )
into itself. To complete the proof one has to show thatM has a unique �xed-point.

Let v; w 2 P AP (X � )

k� 1(v)( t) � � 1(w)( t)k� �
Z t

�1
kAT (t � s)P [f (s; Bv(s)) � f (s; Bw(s))] k� ds

� cK kB kB (X � ;X) kv � wk1 ;�

Z t

�1
(t � s)� � � � 1e� 
 ( t � s) ds

= c
�( � � � )


 � � � K kB kB (X � ;X)kv � wk1 ;� :

Similarly,

k� 2(v)( t) � � 2(w)( t)k� �
Z 1

t
kAT (t � s)Q [f (s; Bv(s)) � f (s; Bw(s))] k� ds

� cK kB kB (X � ;X) kv � wk1 ;�

Z + 1

t
e� ( t � s) ds

=
cK kB kB (X � ;X)

�
kv � wk1 ;� :

Now for � 3 and � 4, we have the following approximations

k� 3(v)( t) � � 3(w)( t)k� �
Z t

�1
kT(t � s)P [g(s; Cv(s)) � g(s; Cw(s))] k� ds

�
K kCkB (X � ;X)M (� )�(1 � � )


 1� � kv � wk1 ;� ;

and

k� 4(v)( t) � � 4(w)( t)k� �
Z + 1

t
kT(t � s)Q [g(s; Cv(s)) � g(s; Cw(s))] k� ds

� Kc(� )kCkB (X � ;X) kv � wk1 ;�

Z + 1

t
e� ( t � s) ds

=
K kCkB (X � ;X) c(� )

�
kv � wk1 ;� :

Consequently,

kMv � Mwk1 ;� � � : kv � wk1 ;� :

Clearly, if � < 1; then (1.3) has a unique �xed-point by the Banach �xed point
theorem, which obviously is the only pseudo almost periodicsolution to (1.3). �

Example 3.6. For � 2 R, consider the (semilinear) heat equation with delay
endowed with Dirichlet conditions:
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@
@t

[' (t; x ) + f (t; ' (t � p; x))] =
@2

@x2
' (t; x ) + �' (t; x ) + g(t; ' (t � p; x))(3.3)

' (t; 0) = ' (t; 1) = 0(3.4)

for t 2 R and x 2 [0; 1], where p > 0, and f; g : R � C[0; 1] 7! C[0; 1] are some
jointly continuous functions.

Take X := C[0; 1], equipped with the sup norm. De�ne the operator A by

A(' ) := ' 00+ �'; 8' 2 D(A);

where D(A) := f ' 2 C2[0; 1]; ' (0) = ' (1) = 0 g � C[0; 1].
Clearly A is sectorial, and hence is the generator of an analytic semigroup. In

addition to the above, the resolvent and spectrum ofA are respectively given by

� (A) = C � f� n2� 2 + � : n 2 Ng and � (A) = f� n2� 2 + � : n 2 Ng

so that � (A) \ iR = f;g whenever� 6= n2� 2.

Theorem 3.7. Under assumptions (H3)-(H4) , if � 6= n2� 2 for each n 2 N,
then the heat equation with delay(3.3)-(3.4) has a uniqueX � -valued pseudo almost
periodic mild solution wheneverK is small enough.

Acknowledgement. The author wants to express many thanks to Professor
Maniar for useful comments and suggestions on the manuscript.
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