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Abstract

The existence of a positive solution is obtained for then™ order right
focal boundary value problemy®™ = f(x;y), 0 < x < 1, y»(0) =
yO2(p) = yO V(@) = 0;i =0;---;n—3, where3 <p< 1lis
xed and where f (x;y) is singular at x = 0;y = 0, and possibly at
y = co. The method applies a xed-point theorem for mappings that
are decreasing with respect to a cone.
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1 Introduction

In this paper, we establish the existence of a positive solah for the nt
order right focal boundary value problem,

y™ = f(x;y); for x [{0;1]; (1)
yP(0) = yO" ()= y"P(1)=0; i=0;--;n=3; (2)

where% <p< lis xed andf (x;y) is singular atx =0, y =0, and may be
singular aty = oo,
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We assume the following conditions hold fof :

(H1) f(x;y):(0;1]*(0; 00) — (0; o0) is continuous, andf (x;y) is decreas-
ing in y for every x.

(H2) limy_o+ f(X;y) = + oo and limy . f (x;y) = O uniformly on compact
subsets of (Q1].

We reduce the problem to a third order integro-di erential poblem. We
establish decreasing operators for which we nd xed pointthat are solutions
to this third order problem. Then, we use Gatica, Oliker, andWaltman
methods to nd a positive solution to the integro-di erential third order
problem. We integrate the positive solutiom — 3 times to obtain the positive
solution to the n" order right focal boundary value problem. The role of
1 <p< lis fundamental for the positivity of the Green's function waich in
turn is fundamental for the positivity of desired solutions The existence of
positive solutions to a similar third order right focal bourdary value problem
was established in [22].

Singular boundary value problems for ordinary di erentialequations have
arisen in numerous applications, especially when only ptigé solutions are
useful. For example, whem = 2, Taliaferro [28] has given a nice treatment
of the general problem, Callegari and Nachman [9] have stedi existence
guestions of this type in boundary layer theory, and Lunningnd Perry [21]
have established constructive results for generalized EerdtFowler boundary
value problems. Also, Bandle, Sperb, and Stakgold [3] and Bisud, et al.
[6], [7], [8], have obtained results for singular boundaryalue problems that
arise in reaction-di usion theory, while Callegari and Nabman [10] have
considered such boundary conditions in non-Newtonian uidheory as well
as in the study of pseudoplastic uids. Nachman and Callegapoint to
applications in glacial advance and transport of coal slues down conveyor
belts. See [10] for references. Other applications for tleeboundary value
problems appear in problems such as in draining ows [1], [2ind semi-
positone and positone problems [2].

In addition, much attention has been devoted to theoreticatjuestions for
singular boundary value problems. In some studies on singulboundary
value problems, the underlying technique has been to obtaen priori esti-
mates on solutions to an associated two-parameter family pfoblems, and
then use these bounds along with topological transversalitheorems to ob-
tain solutions of the original problem; for example, see Gnas, Guenther,
and Lee [15] and Dunninger and Kurtz [11]. This method has bedairly
exploited in a number of recent papers by O'Regan, [24], [2526]. Baxley
[4] also used to some degree this latter technique in his wodk singular
boundary value problems for membrane response of a sphefricap. Wei [30]
gave necessary and su cient conditions for the existence pbsitive solutions
for the singular Emden-Fowler equation satisfying Sturm-louville boundary
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conditions employing upper and lower solutions methods. ®Gliang [16] also
gave necessary and su cient conditions for a higher orderrgyular boundary
value problem, using superlinear and sublinear conditiorte show the exis-
tence of a positive solution.

2 Definitions and Properties of Cones

In this section, we begin by giving some de nitions and somergperties of
cones in a Banach space.

Let (B; [z10 be a real Banach space. A nonempty s& [ Blis called a
cone if the following conditions are satis ed:
(a) the setK is closed;
(b) if u;v C(Kithen u + v K, forall ; =0;
(¢) u;—u CKI imply u=0.
Given a cone K, a partial order, <, is induced onB by x <y, for x;y [Bli
y—x LKl (For clarity we sometimes writex <y (w.r.t. K)). If x;y [Blwith
X <y, let <x;y > denote theclosed order interval between x and given
by, <x;y > = {z [K|x <z <y}. AconeK isnormal in B provided there
exists > Osuchthat[Cg +e [& ,forall e;;e, (Klwith [g, [ZI[& [=11.

Remark: If K is a normal cone inB, then closed order intervals are norm
bounded.

3 Gatica, Oliker, and Waltman Fixed Point
Theorem

Now we state the xed point theorem due to Gatica, Oliker, andWaltman
on which most of the results of this paper depend.

Theorem 3.1 Let B be a Banach spacelk a normal cone inB, C a subset
of K such that ifx;y are elements ofC, x <y, then<x;y > is contained in

C, and let T:C - K be a continuous decreasing mapping which is compact on
any closed order interval contained irC . Suppose there existg, [Clsuch
that T2(xo) is de ned (where T?(xo) = T(TXo)), and furthermore, Tx, and
T2x, are order comparable txg. Then T has a xed point in C provided that
either,

(l) TXo < Xg and T2X0 =< Xg, Or TXg = Xg and T2X0 = Xp, Or

(I1) The complete sequence of iterate§T"xo}r2, iS de ned, and there exists
Yo [Clsuch thaty, < T"xq, for every n.
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We consider the following Banach spac®, with associated norm,[-1[]
B={u:[0;1] - R | uis continuoug;

3 sup |u(x)|:
x [0i1]

We also de ne a coneK, in B by,
K= {u [Blu(x) = 0; g(x)u(p) < u(x) < u(p) and u(x) is concave on [D1]};

where

g(x) = x(2p72—x); forO=sx<1:

4 The Integral Operator

In this section, we will de ne a decreasing operatof that will allow us to
use the stated xed point theorem.

First, we de ne k(x) by,

z
(x —9)"

= e

g(s)ds;

Given g(x) and k(x) above, we de neg (x) and k (x), for > 0, by

gx)= -d(x);
and
kK (x)=-k(x);
and we will assume hereafter
R1

(H3) , f(x;k (x))dx < oo, for each > O.

We note that the function f (x;y) = + also satis es (H3).
In particular, for e:ﬂ:h > 0,
R

1e . _ 2 @-13—(2n) .
o FOGG () dx = * (B)[hg +4 P < oo

If y is a solution of (1)-(2), then
u(x) = y" I (x);

is positive and concave. Hence, if in addition K], then ||u|| = u(p).
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Also, we get,

Z
P S :
u™=f x; i Wu(s)ds, (3)
u(0) = u{p) = uf1) = 0: (4)
Since g(x) is concave withg(0) = 0 and ||g(X)|| = g(p), then we observe,

that for each positive solution, u(x), of (3)-(4), there is some > 0, such
that g (x) =u(x),for0=x < 1.
Next, we let D [Klbe de ned by

D = {u K] there exists (u) > 0 so thatg (x) = u(x);0=x <1}
We note that for eachu [K],

W3 sup |u(x)| = u(p):
x [0j1]
Next, we de ne an integral operatorT : D - K by
Z, Z, _
(t—s)" 4
Tu)(x) = G(x;t)f &, ———
Tweo= GeOF & S

where G(x; t) is the Green's function fory™= 0 satisfying (4), and given by

u(s)ds dt;

8x(2t—x). .

%T,XStSp,
%;th;t =p;

Eix(zg_x);xst;t >p;

2p— —t)?. .
.X(F;X)+(X2),X2t2p,

G(x;t) =

see [14] .

First, we showT is a decreasing operator. Lat be given. Then there
exists > 0 such thatg (x) < u(x). Then, by condition (H1), f (x;u(x)) <
f(x;g9 (x)). Now, let u(x) < v(x) for u(x);v(x) CD. Then,

ZX — o\n—4 ZX _ c\n—4
. %u(s)dss ) %v(s)ds:

Then by condition (H1),

ZX — n—4 Zx _ n—4
f x (x=s) v(s)ds =f x; (x =)

. (n—4) . (n—ay s
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And since G(x;t) > 0, we have by (H1) and (H3),

Z, z z z
o g x=9n S (e
i G(x;O)f t; i Wv(s)ds dt < i G(x;O)f t i Wu(s)ds dt
VA 1 X (X _S)n—4
< G(x;O)f t; ————g(s)ds dt
20 o (n—4)
1

= G(x; )f (x; k (X))

whereg (X) < u(x).
Therefore, T is well-de ned onD and T is a decreasing operator.

Remark: We claim that T : D — D. To see this, suppose and let
Z, Z, _

(t_S)n 4

w(x) =(Tu)(x)= G(x;)f t @ —F——
(0= (T = BOOF & S =

Thus, for 0= x < 1, w(x) = 0. Also by properties ofG,

u(s)ds dt = 0:

Z
*(x =)t

WDIEX):f X, . W

u(s)ds > 0; forO<x =1,

and w(x) satis es (5.4). As we argued previously[wil['3 w(p).

Since we have thatww™1) = 0 and w™{x) > 0, thenw is concave.

Also, with w(p) = |[w(x)]|, then w(x) = w(p)gd(X) = Gwp)(X). Therefore,
w [O, andT : D - D.

Remark: It is well-known that Tu = ui u is a solution of (3)-(4). Hence,
we seek solutions of (3)-(4) that belong t®.

5 A Priori Bounds on Norms of Solutions

In this section, we will show that solutions of (3)-(4) have psitive a pri-
ori upper and lower bounds on their norms. The proofs will be doney
contradiction.

Lemma 5.1 If f satises (H1)-(H3), then there existsS > 0 such that
||ul]] = S for any solution u of (3)-(4) in D.

Proof: We assume that the conclusion of the lemma is false. Then tleer
exists a sequencejunm }ro—,, Of solutions of (3)-(4) inD such thatuy,(x) > 0,
for x [(0;1], and

[}, = [+ @nd lim [}, (3 oo:

m — oo
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For a solution u of (3)-(4), we have

*(x =)t
o (n—4)!

oru®< O forO<x <1

u™=f x; u(s)ds > 0; for0<x < 1;

This says that u is concave. In particular, the graphs of the sequence of
solutions,uy,, are concave. Furthermore, for eacim, the boundary conditions
(4) and the concavity ofu,, give us,

Um(X) = Um(P)9(x) = [0k [GIX) = g, {x) for all x;
and so for every xc< 1,
mIiEnoo Um(X) = oo uniformly on [c;1]:
Now, let us de ne
M = max{G(x;t) : (x;t) [Iq; 1] [O; 1]}:

Then, from condition (H2), there existsmg such that, for all m = my and

x Ld; 1],

R 1
P e O =wa—y
Let
= [T, (3 U, ()

Then, for all m = my,

Un(X) =g (x) = [uh,[glx); for0=x <1

So, form = mg, and for 0< x < 1, we have

Um(x) = (T Um)(X)
1

Zt t — n—4
= e 6 7(“] _5)4)! Um(s)ds dt
I T
= GGBf & S Un(s)ds dt
OZ 1 OZ t .n—4
LU %um(s)ds dt
Z pp t —4 - YA 1
. . (t=9)" 1
< . G(x;O)f t; ) Wg (s)ds dt+ . Mmdt
= pG(x;t)f (tk (t)dt+1
ZO
1
= G(x;t)f (t;k (t)dt+1
0 7 .

=M f(t;k (t)dt+1:
0
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This is a contradiction to limy, _. . U}, (3 oco. Hence, there exists ars > 0
such that [ul'4 S for any solutionu of (3)-(4).
2

Now we deal with positivea priori lower bounds on the solution norms.

Lemma 5.2 If f satises (H1)-(H3), then there existsR > 0 such that
|[lu]| = R for any solution u of (5.3)-(5.4) in D.

Proof: We assume the conclusion of the lemma is false. Then, therasex
a sequence{um }ro—, of solutions of (3)-(4) in D such that u,(x) > 0, for
x [{0; 1], and

(uh (= [h+, ]
and

lim [}, 2 0:

m - oo

Now we de ne

m = min {G(x;t) : (x;t) C[@;1] = [p;1]} > O:

From condition (H2), limy _o+ f (X;y) = oo uniformly on compact subsets of
(0; 1].
Thus, there exists > 0 such that, forx []Jd;1] and O<y <

f(xy) > m

In addition, there exists my such that, for all m = my and x [(0;1]

O<um(x) < é;
Z
X(x —s)" 4 .
0< . Wum(S)dS< é
So, forx [J@;1] andm = my,
Um(X) = CT um)(X)
1 t _ n—4
=Gt %um(s)ds dt
O
= G(x;O)f t; : Wum(s)ds dt
o !
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Zl Zt — o\n—4
>m ft X797 (9ds dt
Z
1
> —
m ; f t,2 dt
Z
! 1
> m —_dt
p m(l_p)
= 1:

Which is a contradiction to limy, _ . [}, (x) =2 0 uniformly on [0; 1]. Thus,
there existsR > 0 such thatR < [ul fbr any solutionu in D of (5.3)-(5.4).
2

In summary, there exist 0< R < S such that, for u [, a solution of
(3)-(4), Lemma 5.1 and Lemma 5.2 give us

Rl £S:

The next section gives the main result, an existence theorerfor this
problem.

6 EXistence Result

In this section, we will construct a sequence of operator§Tm }r—,, each of
which is de ned on all of K. We will then show, by applications of Theorem
3.1, that eachT,, has a xed point, ., for everym, in K. Then, we will
show that some subsequence of t{e ,, }7—; converges to a xed point ofT .

Theorem 6.1 If f satis es (H1)- (Hs) then (3)-(4) has at least one positive
solution u in D, such thaty(x) = (X(ns)4), u(s)ds is a positive solution of
(1)-(2).

Proof. For all m, let u,(x) := T (m), where m is the constant function of
that value on [0, 1]. In particular,
Z, Z, _
t—s)n
G(x;t)f t; %
20 o (n—4)!
1

: .m(=9)"* :
. G(X,t)f t, W dt, fOI’ O0=x=<=1

But f is decreasing in its second component, giving us,

Um (X) mds dt

O<Upm+1(X) =up((x); for0=x <1

By condition (H2), limp _ o Um(X) = 0, uniformly on [O; 1].
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Now, we de nef ,(X;y) : (0; 1] % [0; 00) - (0O; o) by
Z
n X n—4 (0]
X—S
fm(X,y) =f X;max Yy, . ﬁum(S)ds
Then f,, is continuous andf ,, does not possess the singularities as found in
f aty = 0. Moreover, for (x;y) [(0; 1] (0; c0) we have that,

fm(Xy) =f(xy)
and, moreover,
n Z X

Z
__ o\n—4 (0} X — o\n—4
fm(X;y)=1f x;max v, &um(s)ds =f x; &um(s)ds :

Next, we de ne a sequence of operatorg,, : K - K, for [HK and

x ]G, 1], by

Z 1 Z t (t _ S)n—4
Tm (X) = . G(x;t)fy t . NG (s)ds dt:
It is standard that ;ach Tm is a compact mapping orK. Moreover,
1
Tn(0) = G(x; t)f n(t; 0)dt

Zol n Z t (t _ S)n—4 (0}

= G(x;t)f ttmax 0, ———un(s)ds dt
Zo1 z on_4(n — 4)!

= G t)f t; @um(s)ds dt

0 o (n—4)
> 0

Also,
Zl
T2(0) = Tn G(x;t)f m(t; 0)dt = O:
0

Then, by theorem (3.1) withxo, =0, T,, has a xed point in K for every m.
Thus, for everym, there exists a , [ Kl so that
Tm m(X)= m(X); 0=x<1:

Hence, form = 1, |, satis es the boundary conditions (4) of the problem.
Also,

Z, Z, t — g)n—4
T () = GGGOfm & S (qds at
2 s “i-gnt O
L(t—9)" Lt —s)"~
= . G(x; t)f t;anax . NG m(s)ds; . Wum(s)ds dt
< OtG(x;t)f t Ot%um(s)ds dt
= Tum(x):

EJQTDE, 2007 No. 4, p. 10



Thatis, m(X)=Tn m(X) =Tun(x), for 0 <x <1, and for everym.
Proceeding as in lemmas 5.1 and 5.2, there exis$ss> 0 and R > 0 such
that
R< [},[4S

for every m.
Now, let = R. Since ,, [K], then for x [[QJ; 1] and everym,

m(X) = m(P9(x)= LhlB(x) >R -g(x)= -9(x)= g (x):

Thus, with = R, g (X) < n(x) for x CIQ; 1], for everym. Thus, { m}m=;
is contained in the closed order intervak g ;S >. Therefore, the sequence
{ m}m=; is contained inD. SinceT is a compact mapping, we may assume
limy . T o exist; say the limitis !

To conclude the proof of this theorem, we still need to show &

n!iinoo T m(X)— m(x) =0

uniformly on [Q; 1]. This will give ys that “[<h ;S >. Still with = R,
thenk (x) = &9 *q(gds< & (5)ds for everym and 0 <

0 (n—4)! 0 (n—4)y m
x < 1. Let > 0 be given and choose, 0< < 1, such that
Z
f k < -
TGk Odt< o

where againM = max{G(x;t) : (x;t) [J0;1]x [O;1]}. Then, there exists
Mg such that, form = my and for x ] 1],

V4 1 (X_S)n—4 z 1 (X_S)n—4
. Wum(x)sk(x)g . h=a m(X):
So, forx 3 1],
Zy o ane
fn X5 % L(s)ds =
f . n&+ x (X_S)n—4 g .Z X (X_S)n—4 g 0} _
X; max ) NCET m(s)ds; . Wum(s) s =
X _ n—4
fx; . % m(s)ds :
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Then, for0=x <1,

T m(X)_ m(x) } m(x)_Tm (X)

1 t _ n—4
_ OZG(x;t)f b ;t(n _5)4)! +(s)ds dt
- G0 & (t(n__s)4)_! L(s)ds dt
I (e
= G(x;O)f t; =2 m(S)ds dt
Z 1 Zt(t_s)n—4
+ G(x;O)f t; =2 m(S)ds dt
z t _ n—4
- GO (t(n _5)4)! L()ds dt
Z 1 t (t _ S)n—4
G(x;t)fm, t S (=2 m(s)ds dt
O (S
= G(x;O)f t; (=2 m(S)ds dt
7 L
- GO b (t(n _5)4)!4 L(9)ds dt:
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Thus, for 0= x < 1, we have,
z Z,
t—s)" 4
Ta- w0 = eeof v (2
O H
2 Zt(t_s)n—4
— Gx;t)fy t; -
0 (1) o (n—4)

hZ t __ o\n—4
U= s dt

(s)ds dt
(s)ds dt

=M f t -~
0 o (n—4)

Z t (t _S)n—4 |
+ 3 fm t;ZO 7(n—4)! m(s)ds d
_ |\/|h - t(t—s)n
0 "o %n_4)!

n t (t _S)n—4
+ Of t; max ) Wum(s)ds;
Z .
t (t _S)n—4 0} |
. NG m(s)ds dt
=M f t-Zti(t_S’)n_é1
0 C o (n—4)
t (t _S)n—4 |
; ——— n(s)ds dt
o, o, (n—4)!
= om g A9
0 "o (n—4)

1 n—4
(X —s)
= 2M f t -~ <
0 o (n—4)

= 2M  f(tk (0)dt
0

= 2M — = :
2M

m(s)ds dt

m(S)ds dt

m(s)ds dt

g (s)ds ds

Thus, for m = mg,

In particular, iMmpy_ o T m(X) = m(X) = 0 uniformly on [0;1], and for
O0=sx=1

T %

T 6im T m(X)
m — oo

T lim m(X)
m — oo

Iim T (X
m - oo

H%):
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Thus,
T L (I

and s a desired solution of (3)-(4). R
Now, if '(X) is the solution of (3)-(4), let y(x) = &L KE)ds,

Then we have Z 0 - R
p— X_Sn_ p— .
VO = o ®ds=0;
and by the Fundamental Theorem of Calculus,
yOIx) = (k):
Thus,
yr 20 = ) =0:
Also,
yO2(x) = ( Hx);
thus,
yO2(p) =( Hl{p) =0:
And,
yO X)) =( Hx)
yO* @) =( H=o:
Moreover,
ZX _ n—4
YO = ( %0 = (T 5= xS iyds = f(xy):
0

(n—4)!

R nea
Thus, y(x) = %= (§)ds > 0, 0= x < 1 solves (1)-(2).

This completes the proof. 2

Remark: The results of this paper extend to Boundary Value Rblems
for y™ = f (x;y;y5; y™~) under the same boundary conditions.
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