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Abstract. This paper deals with the existence result of viable solutio ns of
the di erential inclusion
x(t) 2 f (tx (1) + F(x(1)
x(t)2 K on [0;T];

where K is a locally compact subset in separable Hilbert space H; (f (s; ))s is
an equicontinuous family of measurable functions with resp ect to s and F is
an upper semi-continuous set-valued mapping with compact v alues contained
in the Clarke subdi erential @V (x) of an uniformly regular function V:
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1. Introduction

Existence result of local solution for di erential inclusi on with upper semi-conti-
nuous and cyclically monotone right hand-side whose valueg nite-dimensional
space, was rst established by Bressan, Cellina and Colomb¢see [6]). The authors
exploited rich properties of subdi erential of convex lower semi-continuous function;
in order to overcome the weakly convergence of derivativesf@approximate solutions,
they used the basic relation (see [7])

d _ .
TV (W) = k(K

Later, Ancona, Cellina and Colombo (see [1]), under the saméypotheses as the
above paper, extend this result to the perturbed problem

x(t) 2 f (6Ex (1) + F(x(1)

wheref (; ) is a Caratleodory function.

This program of research was pursued by a series of works. Ihé rst one (see
[9]), Truong proved a viability result for similar problem, where the perturbation
f is replaced by a globally continuous set-valued mappinds with values in nite-
dimensional space. This result was extended by Bounkhel (ge[4]) for a similar
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problem, whereF is not cyclically monotone but contained in the Clarke subdier-

ential of locally Lipschitz uniformly regular function. Ho wever under very strong
assumptions namely, the space of states is nite-dimensica and the following tan-
gential condition

Gtx)+ F(x) Tk (x)

where Tk (x) is the contingent cone atx to K:

Recently, Morchadi and Sajid (see [8]) proved an exact viabity version of the
work of Ancona and Colombo assuming the same hypotheses andhé following
tangential condition

8(t;x) 2 R K; 9v 2 F(x) such that |

1 z t+h )
hl7|!ng+ inf ﬁdK X+ hv + t f(s;x)ds =0: (1.12)

Remark that in all the above works, the convexity assumption of V and/or the
nite-dimensional hypothesis of the space of states were wdely used in the proof.

This paper is devoted to establish a local solution of the prblem

x(t) 2 £ (tx(t) + F(x(1); F(x(1) @V(x())
x(t) 2 K H;

where K is a locally compact subset of a separable Hilbert spacH; F is an upper

semi-continuous multifunction, @V denotes the Clarke subdi erential of a locally

lipschitz function V and the setff (s;:) : s 2 Rg is equicontinuous, where for each
x 2 K;s 7! f (s;x) is measurable and the same tangential condition (1.1). Onease
deserves mentioning: wherf is globally continuous, the condition (1.1) is weaker
than the following

f(x)+ F(x) \ Tk (x) 6 ;:
To remove the convexity assumption ofV and the nite-dimensional hypothesis of

H; we rely on some properties of Clarke subdi erential of unifoamly regular function
and the local compactness oK:

2. Preliminaries and statement of the main result

Let H be a real separable Hilbert space with the nornk k and the scalar product
< ; >:Forx2Handr> 0letB(x;r) be the open ball centered atx with radius
r and B(x;r) be its closure and putB = B(0;1):

Let us recall the de nition of the Clarke subdi erential and the concept of reg-
ularity that will be used in the sequel.

De nition 2.1. LetV :H ! RJ[f +1g be a lower semi-continuous function and
X be any point whereV is nite. The Clarke subdi erential of V at x is de ned by
@V(x):= y2H :<y;h> V' (xh); foral h2 H ;

where V" (x; h) is the generalized Rockafellar directional derivative gien by

. 04
V (x;h):= limsup inf V(O th) V(XO):
X0 x;V (X0 V(x);t! oh% h t
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De nition 2.2. LetV : H! R[f +1g be a lower semi-continuous function
and letU DomV be a nonempty open subset. We will say thaf is uniformly
regular over U if there exists a positive nhumber such that for all x 2 U and for
all 2 @V(x) one has

<:x% x> V(X% v+ kx° xk? forall x°2 U:

@V (x) denotes the proximal subdi erential of V at x which is the set of all
y 2 H for which there exist ; > 0 such that for all xX°2 x + B

<y;x% x> v(x9 v+ kx°® xk?:

We say that V is uniformly regular over closed setS if there exists an open set
U containing S such that V is uniformly regular over U. For more details on the
concept of regularity, we refer the reader to [4].

Proposition 2.3.  [3,4]Let V : H ! R be a locally Lipschitz function andS a
nonempty closed set. I#V is uniformly regular over S, then the following conditions
holds:

(&) The proximal subdi erential of V is closed overS, that is, for every x, !
X 2 S with x, 2 S and every , ! with , 2 @V(x,) one has 2
@V (x):

(b) The proximal subdi erential of V coincides with the Clarke subdi erential
of V for any point x:

(c) The proximal subdi erential of V is upper hemicontinuous overS, that is,
the support function x 7! (v; @V (x)) is u.s.c. overS for every v 2 H:

Now let us state the main result.

Let V : H! R be a locally Lipschitz function and -uniformly regular over
K H. Assume that

(H1) K is a nonempty locally compact subset inH ;
(H2) F : K ! 2" is an upper semi-continuous set valued map with compact
values satisfying

F(x) @V(x) forall x2K;

(H3) f : R H! H is a function with the following properties:
(1) Forall x 2 H; t 7! f (t;x) is measurable,
(2) The family ff (s;:): s2 Rgis equicontinuous,
(3) For all bounded subsetS of H; there existsM > 0 such that

kf(t;x)k M; 8(tx)2 R S;
(H4) (Tangential condition) 8(t;x) 2 R K; 9v 2 F(x) 'such that
1 Z t+h ’
lim inf —dx x+ hv+ f(s;x)ds =0:
h7!0* h
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For any X 2 K; consider the problem:
< x(t) 2 f(t;x(1) + F(x(t)) a.e;
x(0) = Xo; (2.2)
x(t) 2 K:
Theorem 2.4. If assumptions (H1)-(H4) are satis ed, then there exists T > 0
such that the problem (2.1) admits a solution on0; T]:

3. Proof of the main result

Chooser > 0 such that Ko = K \ (Xo + rB) is compact and V is Lipschitz
continuous onxg + rB with Lipschitz constant > 0: Then @V (x) B for every
x 2 Ko: Let M > 0 such that

kf(t;x)k M; 8(t;x)2 R (Xo+ rB): (3.1)

Set
r

2( +1+ M)’
In the sequel, we will use the following important Lemma. It will play a crucial
role in the proof of the main result.

T= (3.2)

Lemma 3.1. If assumptions (H1)-(H4) are satis ed, then for all 0 <" <inf (T;1);
there exists > 0 ( <" ) such that R

8(t;x) 2 [0;T] Ko; Ohex 2 [;" L u2 F(X)+ 52 t“h‘“ f (s;x)ds+ +B; yix 2 Ko
and v 2 F (Yix ) such that '

z t+ hey

X+ hexu 2K\ B X+ hyv+ f(s;x)ds; +M +1 :
t

Proof. Let (t;x) 2 [0;T] Kpo; be xed, let0 <" < inf(T;1): SinceF is u:s:c
on x; then there exists y > 0 such that

F(y) F(X)+ fB; forall y2 B(x; x):
Let (s;y) 2 [0;T] Kp: By the tangential condition, there exists v 2 F(y) and

hs;y 2]0;"] such that |

Z sing, "
d¢ y+ hsyv+ . f(;y)d <hs;yﬁ:
Consider the subset
( Z (in,, .)
N(s;y)= (tz)2R H=dk z+ hgyv+ t f(;2z)d <hs;yﬁ

Since

kf(;z)k M; 8(;z)2R B(xo;r);
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then the dominated convergence theorem applied to the sequee ( it + n,, 1f (; Dt
of functions shows that the function

I+ hsy
(,z) 7' z+ hgyv + f(;z)d
I
is continuous. So that, the function |
z I+ hgy '
(hz) Mdk z+ hgyv+ f(;z)d

is continuous and consequentlyN (s;y) is open. Moreover, since §;y) belongs to
N (s;y); there exists a ballB((s;y); sy) of radius sy <  contained in N (s;y);

therefore, the compact subset [pT] K can be covered byg such ballsB ((s;;Vi);
sy ). For simplicity, we set

hsy, = hi and ;= g.,;i=1;1100
Put =minfh;=1 i qgandleti2f1;:::;qg such that (t;x) 2 B((si;Vi); i);
hence ¢;x) 2 N(si;yi): Then there existsv; 2 F(yi} such that
Z n, ! )
dx X+ hyv + : f(;x)d <hiE:

Let x; 2 K such that

1 Zt+hi 1 Zl+hi "
h_i Xi X+ hyv + : f(;x)d h_idK X+ hjv; + t f(;x)d +E:
Hence I
Xi X ZHhi - "
+ f(; —
h ity o fGxd <o
Set
U= Xj X
hi ’
then xj = x + hju2 K and |
Zt+hi " ’
uz2 h_. : f(;x)d + F(yi)+ EB
Sincek x yi k< j < « we have
FO)  FOO+ 5B;
then I
1 Zt+hi " ’
2 — f(; +F(xX)+ =B
uz TG0+ RO g
On the other hand, sincex 2 K; we have
| |
Zl+hi ’ Zt+hi ’ n
Xi X+ hjv; + f(;x)d d« X+ hjv; + f(;x)d + —
¢ t AT
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hijvi + t f(;x)d +E

hi( +M)+1 < +M +1:
Rt+hi . .
Thus xi 2B x+ hjvi + | f(;x)d; +M+1

Now, we are able to prove the main result. Our approach consts of construct-
ing, in a rst step, a sequence of approximate solutions and dduce, in a second
step, from available estimates that a subsequence convergé¢o a solution of (2.1).

Step 1. Approximate solutions. Let xg 2 Kg and 0 <" < inf (T;1): By
Lemma 3.1, there exist > 0,ho 2 [;"];uo2 & Oh" f (s;x0)ds+ F(xo) + +B ;
Yo 2 Ko and vp 2 F(yo) such that |

Z ho .

X1=Xo+ hgug2 K\ B Xxg+ hgvg + f(s;Xp)ds; + M +1
0

Then by (H2), (3.1) and (3.2), we have

kx; Xok=khougk ( +1+ M)T <
and thus x; 2 Kp: Seth ; = 0: By induction, for g 2 and for everyp =
1;:::;9 1; we construct the sequenf_;)esr(n)p " (Xp)ps (Yp)p Ko Ko

and (Up)p;(Vp)p H Hsuchthat . 'h, T and

8
—Xp l+hp 1Up 1;
1
P aih,
xp2K\B@xp 1+ hp avp 1t f(s;xp 1)ds; + M +1A;

ip:02 hi
1
"R .
Up 2 @ L f(s;Xp)ds+ F(xp)+ +BA ;
=ol i
Vp 2 F(Yp):
Sinceh; > 0 there exists an integers such that
X1 X3
hi <T h,
i=0 i=0

Then we have constructed the sequencehf),  [:" 1 (Xp)p:(Yp)p Ko Ko
and (up)p;(Vp)p H H suchthat foreveryp=1;:::;s; we have

() Xp=Xp 1+ 1Up 1; o 1

p1

iR hi

(i) Xp2 K\ B@x, 1+ hy o 1t f(sixp 1)ds; + M +1A;
P_2p;

i=0 !
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P
P i

(i) up 2 F(xp)+ %P p f(s;xp)ds+ —B;
i=01 hi

(iv) vp 2 F(yp):

X 1
Xp = Xo + hju;:
i=0
Moreover by (i), (H2), (3.1), (3.2) and becausep ipzol hi <T; we have
X1 X1 X1
kXp Xok = hi u; hikuik hi( +1+ M) <r, (3.3)
i=0 i=0 i=0
hencexp 2 Ko:

For any nonzero integk and for every integerq=0;:::;s 1 denote by h'(; a
real associated to" = % and x = Xq given by Lemma 3.1. Consider the sequence
( M« de ned as the following

—Nn- St1 _—

fZO =T |

Kk =hg+:i+hg, ifl q s
and de ne on %0; T] the sequence of functions Xk (:))x by

X()=Xqg 1+ t 3T ugq 8200 7
Xk (0) = Xo:
Step 2. Convergence of approximate solutions. By de nition of x(:); for all

t2 [ 1. 9] we havex(t) = Uq 1: By (iii), (H2), (3.1), fora. e. t 2 [0;T]; we
have

k xk (t) k +1+ M:
On the other hand, by (ii), (iv), (H2), (3.1) and (3.3) we have
Z a
kxgk Xq (Xq 1+ hS Vg 1+ f(Sixq 1)ds)
q 1
Z a ‘

k
k .
+ Xq 1t hq Vg 1+ . 1f(s,xq 1)ds
k

Z q
k
+M+1+ X0 (Xo Xq 1)+ h qvq 1+ f(s;Xq 1)ds
q 1
k
+ M +1+ kxok+ kxo Xq 1k+ h§ jkvg 1k+ h§ ;M
+ M +1+ kxgk+r+ + M
< 2( +M+1)+ kxgk+r=R:
Then xq 2 Ko\ B(0;R) = Ky: By construction, forall t 2 [ 2 *; 2] we have

t 2
hkik(xq Xq 1):

q 1
EJQTDE, 2007 No. 7, p. 7

Xk(t) = Xq 1+(t l)Uq 1= Xq 1+



Alsosince0 t 0 ' @ 3 1=nhk ;wehave
€ &{H
0 hki 1.
q 1
Then
€t &

hla ) (Xq Xq 1) 2 cdf Og[ (K1 Ko)g;
hencexk(t) 2 Ko+ cdf Og[ (K1 K O0)g which is compact. Therefore, we can
select a subsequence, again denoted byy(:))x which converges uniformly to an
absolutely continuous function x(:) on [0; T]; moreover xi (:) converges weakly to
x(:)in L?([0; T]; H): The family of approximate solution x (:) satis es the following

property.

Proposition 3.2.  For everyt 2 [0; T]; there existsq2f 1;:::;s+ 19 such that
Z 4 !
f(s;xq 1)ds) =0:
q 1

k

M dre (i (1) 2 (1) he

limg +1 0 =t Since
Xk (1) ! ‘ : f(s;Xqg 1)ds2 F(Xq 1)+ ! B; (3.4)
J.( hla 1 l? 1 1 A 1 q 1 kT ] .
we have |
1 z K . 1
dor (D) f(sixq )ds) Kk xc(®) X D+ (=
g1 ¢ T
hence I
. 1 2
lim dgr (XK (t); Xk (t) ” f(s;xq 1)ds) =0:
k! +1 hq 1 l? 1
Claim 3.3. 7 .
k
k!I|r+nl m E 1f(s;xq 1)ds = f (t; x(1)):

Proof. Fix any t 2 [0;T]; there existsq2 f 1;:::;s+1gsuch thatt 2 [ & *; J;
lime 1 0 P=limyg 1 2= tandlimeg +1 x( 0 )= x(t): Put
Zt

G(ty) = f (s;y)ds:
0
Note that the function G is di erentiable on t and

dG
E(t;y) = f(ty):
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We have

G(&x(®)  G( ix()

Tt f (t;x(t))
GUEX(M) G Hix(M)  GEx(®) 67 x(t)
q qg 1 t al
k k “
. 1.
. G(t,x(t))t Gq(f O ey
k

On the other hand

G(Jx() G(J Lx)  GEx(1) G hx()

I v
|
_ ot (I Gx() G hx®)  Ghx(1)
- a g1 It al ¢
k k k
q. .
G(k'x(t)% tG(t,><(t)) f(tx)
1. .
, S/ (1) tG(t,x(t)) fEx()
Hence
. 1.
G( E,X(t)z4 Gq(f ;X(1)) F(tx(1)
k k
G( E:X(t)z4 tG(t:X(t)) (X (1)
. 1.
+2 G(t’x(t))t CLL XM (g xqry
k
As a
- G hx(1)  G(tx(t) _ dG, i
k!Ilrpl k T _E(t,x(t))—f(t,x(t))
and .
q 1. .
im S ’Xét)i SEXO) - 9B x(w) = fx (o)
we have
q. q 1.
i G(k,x(t)é G;*(Il( ,x(t))zf(t;x(t)): (3.5)
Put

q. q 1.
G(k,X(t)% GI?(; X(1) f(tx() -
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On the other hand we have
q

Wll qklf(s;xk(;4 ds (L x(t))
- 1 1. 1
- S D) O e D g xqy
k k
GLEx( ) G B ) G G(Y ()
a at qa a1
k k K K
1 %
= @ oat s ) fsxm)ds o

Since the family ff (s; ) : s 2 Rg is equicontinuous, then there existsko such that
kf (s; Xk ( f 1)) f(s;x(t)k % forall k ko and for all s2 R;

consequently we have folkk kg

qg. q 1 q 1. q 1l
G( k,Xk( K )E] GI?( |l( ,Xk( K )) f('[;X('[)) %.,. K

By (3.5), the last term converges to 0. This completes the prof of the Claim.

The function x(:) has the following property
Proposition 3.4. For all t 2 [0; T]; we havex(t) f(t;x(t)) 2 @V (x(t)):
Proof. The weak convergence of(:) to x(:) in L?([0;T];H) and the Mazur's
Lemma entail

\
x(t)2 coxm(t): m kg, fora.e. on[QTI:
K
Fix any t 2 [0;T]; there existsq 2 f1;:::;s+1gsuch thatt 2 [ 2 % 9] and
limg +1 0 ‘=t Thenforally2 H

<y; x(t) > inf sup <y; xk(t) >:
My m

SinceF(x) @V (x); then by (3.4), one has

q

1 k 1
Xk(t) 2 @V (Xq 1)+ K ’ 1f(s;xq 1)ds + ﬁB:

Thus for all m |
Z q )

k 1
K . 1f(s;xq 1)ds+ ﬁB ;
gl

<y; x(t) > kSUlo Y, @V (Xq 1)+
m

from which we deduce that . |
] !
<y;x(t)> limsup y;@V(Xq 1)+ ki ‘ f(s;Xq 1)ds+ kiB
Kl +1 hq 1ot T
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By Proposition 2.3, the function x 7! (y; @V (X)) is u:s:c and hence we get
<y x(M) > (yi@V(x(t) + f(tx):

So, the convexity and the closedness of the se®V (x(t)) ensure

x(t)  ftx() 2 @V (x(1)):

Proposition 3.5.  The application x(:) is a solution of the problem (2.1).

Proof. As x(:) is an absolutely continuous function and V is uniformly regular
locally Lipschitz function over K (hence directionally regular overK (see [5])), by
Theorem 2 in Valadier [10, 11] and by Proposition 3.4, we obt

SV = < x(ix()  1(Gx®) > a e on[0T]

therefore,
Z; Z;
V(X(T)) V(Xo)= k x(s) k? ds < X(8); T (s;x(8)) > ds: (3.6)
0 0
On the other hand, by construction, for all g=1;:::;s+1; we have
Z q
k 1
Xk (1) E ’ 1f(s,xq 1)ds2 @V (xq 1)+ ﬁB'
Let by such that
Z 1
t —_ f(s; ds+ —h, 2 @V :
SinceV is  uniformly regular over K; we have
V() Vo) <x( Qi h)ix(t)
q
1 K 1
f(s; + —hy >
RE, o (5% 00T ity
k
q q 1y °
Xk ( k) Xk(k )
Z
= < Xk (s)ds; Xk (t)
q 1
k
Z «
1 k 1
RE oo (O1Xe )dST Rty >
k
q q 1y °
Xk ( k) Xk(k )
Zy
= < Xk(S); Xk (s) > ds
q 1
Z Z
< Xk (8); f(;xq 1)d >ds
q 1 hq 1 q 1
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Z q

1 Kk
+ﬁ . 1<XJ<(3);bq>dS

k

(8 x( 3

By adding, we obtain

V(xk(T))  V(xo)

Rr (s) k2 ds
Posﬂ)%q 1 R

210 <Xk(8)igr— 41 f(iXq 1)d >ds
1qu+1qu ‘o (3.7)
B et 51< Xk (s); by > ds

ol kx(D) x(d K
Claim 3.6.
x1Z @ Z Z;
M L S (S . fGxq)d >ds = < x(s);f (s;x(s)) > ds:
‘ g=1 « g1l 0
Proof. We have
se1Z L 2 Z
. 1<xJ<(s);hk— . 11‘(;x@| 1)d >ds < x(s);f (s;x(s)) >ds
g=1 « qal 0
x1Z g 1 Z
= L SX i fixq )d > < x(8)if (six(8)) >)ds
g=1 « g1
x1Z g 1 Z
LX) fGxg )d > < xd(s)if (six(s) >)ds
g=1 « g1l
xt 2 |
+ (< xk(8):f(s:x(s)) > < x(s);f(s:x(5)) >)ds
q 1
g=1 k
x1Z g 1 Z .
s KRS TOXg )d > <x(s)iT(six(s)) >kds
g=1 « a1l g
Z

Since

+ (< xk(s);f (s;x(8)) > < x(s);f(s:x(s)) >)ds :
0

Z q

k() + M +1; fim " f(sixq 1)ds= f (X (D)
o+ q 1
k

1
1“51

and xi (:) converges weakly tox(:); the last term converges to 0 This completes
the proof of the Claim.

Claim 3.7.

;(rl
Jim kx( J) x( 2 Hk?=0:
TR
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Proof. By construction we have

kx( ) x( @ Hk = k(¢ @ Nug 1k
(3 2 YHkug 1k
(& @Y +1+ M)
Hence
kxi( ) x( 2K (& @ H2( +1+ M)?
(& @ hHhE L +1+ M)?
(3 g 1)%( +1+ M)
Then .
X T( +1+ M)?
() e e M
g=1
hence
;(rl
lim kx( J) x( 2 Hk=0:
k! +1 =1
Note that 7
) 1 X1 K
k!“rpl ﬁq:l q 1 < Xi(8)i by > ds =0:

By passing to the limit for k11 in (3.7) and using the continuity of the function
V on the ball B(xp;r), we obtain

Z; Z;
V(x(T)) V(xo) Ilimsup k xk(s) k? ds < X(8); T (s;x(8)) > ds:
k! +1 0 0
Moreover, by (3.6), we have

kx k3 limsup k xx k3

k! +1

and by the weakl:s:c of the norm ensures
kx k3 liminf k xy K3 :

k! +1

Hence we get

2 i 2.
k x k5= k!lrrll k xy k5 :

Finally, there exists a subsequence ofX(:))«x (still denoted (xx(:))x) converges
pointwisely to x(:): In view of Proposition (3.2), we conclude that

dgre ((X(1);%(t)  f(t;x(1))) =0

and asF has a closed graph, we obtain

x(t) 2 f(t;x(t)) + F(x(t)) a.eon [GT]:
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lima +1 3 ' =t Since

im - kx(t) xk( @ N k=0;

Xk (2 l) 2 Ko and K is closed we obtainx(t) 2 Ko  K: The proof is complete.
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