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Abstract

In this paper we prove the exponential decay in the cas@ > 2, as time goes to in nity, of regular
solutions for a nonlinear coupled system of beam equationsf &irchho type with memory and

weak damping

ug + 2u M(jr Uij2( o ¥ jir ijE2( l)) u

+ gt s) u(s)ds+ u¢+h(u v)=0 in &

ve + v M(jir Uij2( 0¥ jir ijEZ( t)) v

+ gt s) v(s)ds+ vy h(u v)=0 in O

0

in a non cylindrical domain of R"*! (n 1) under suitable hypothesis on the scalar functions
M, h, g1 and g», and where is a positive constant. We show that such dissipation is strag

enough to produce uniform rate of decay. Besides, the couplg is nonlinear which brings up
some additional di culties, which plays the problem intere sting. We establish existence and

uniqueness of regular solutions for anyn 1.
2000 Mathematics Subject Classi cation 35B35, 35L70
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1. INTRODUCTION

Let be an open bounded domain of R" containing the origin and having C? boundary. Let
:[0;1 ' R be a continuously di erentiable function. See hypothesis (.15)-(1.17) on . Let
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us consider the family of subdomaind gy <1 of R" given by
t=T(); T:y2 7lx= (t)y

whose boundaries are denote by ; and Q the non cylindrical domain of R"*2

[
Q: ¢ f tg
0 t<1
with lateral boundary A [
= ¢ f to:
0 t<1

Let us consider the Hilbert spacelL?() endowed with the inner product
Z
(u;v) = u(x)v(x)dx

and corresponding norm
kuk?>(, = (u;u):

We also consider the Sobolev spack () endowed with the scalar product
(WV)Hiy =(uv)+(rur v):

We de ne the subspace ofH1(), denoted by H3(), as the closure of C} () in the strong
topology of H(). By H () we denote the dual space of H}(). This space endowed with
the norm induced by the scalar product

((u;v))Hé() =(rurv)
is, owing to the Poincae inequality

a Hilbert space. We deneforalll p<1

z
kukEp() = ju(x)jPdx;
andifp=1
kuk 1 (y = sup esgu(x)j:
X2

In this work we study the existence of strong solutions as welthe exponential decay of the
energy of the nonlinear coupled system of beam equations ofikchho type with memory given
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by

2

UttZ+ u M UijZ( o Hir ijEz( g) u
t
+ gt s) u(s)ds+ u¢+h(u v)=0 in O; (1.1)
0
ve v 2V M(jir Uij2( o Hir ijE2( o) Vv
t
+ gt s) v(s)ds+ vy h(u v)=0 in O; (1.2)
0
@u @v X
u=v= —= —=0 on : 1.3
@ @ 1.3

(u(x; 0); v(x; 0)) = (Uo(x); vo(x));  (Ut(X; 0);ve(x; 0)) = (us(X);va(x)) in o; (1.4)

where (;t) is the unit normal at ( ;t) 2 “directed towards the exterior of Q. If we

denote by the outer normal to the boundary of , we have, using a parame trization of

GO=108 fO O = (15)
where
r=@+ Fi OPE
Infact, x ( ;t)2 " Let ' =0 be a parametrization of a part U of , U containing = —

The parametrization of a part V of "is  (;t)=" (W) ="' ()=0. We have

1
(t)

From this and observing that ()= r ' ( )3r ' ( )j, the formula (1.5) follows.

ro(t)= () A r):

Let =( ;t) be the x-component of the unit normal (; ), j7j 1. Then by the relation (1.5),
one has

—(5t) = (W : (1.6)

In this paper we deal with nonlinear coupled system of beam agptions of Kirchho type with
memory over a non cylindrical domain. We show the existence r&d uniqueness of strong so-
lutions to the initial boundary value problem (1.1)-(1.4). The method we use to prove the
result of existence and uniqueness is based on the transfoation of our problem into another
initial boundary value problem de ned over a cylindrical domain whose sections are not time-
dependent. This is done using a suitable change of variableThen we show the existence and
uniqueness for this new problem. Our existence result on nowrylindrical domain will follow
using the inverse transformation. That is, using the di eomorphism : Q! Q de ned by

X

Q! Q (k)2 (T (yit)=( ©

) (1.7)
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and 1:Q! O dened by
Yy =(xt)=( Oy (1.8)
Denoting by and ' the functions
yin=u  Hyin=u( Oyt =y Nyt = v Oyt (1.9)

the initial boundary value problem (1.1)-(1.4) becomes

wr T MO i+ g )
t
+ gt s) *(s) (s)ds+ ¢ A(t) +tarr @
0
+a, r + h( 'Y)=0 in Q; (1.10)
e MO it i )
t
+ gt s) () '(ds+ ' ¢ A(M) +a r @
0
ta r' h( ')=0 in Q; (1.12)
o @ _ Q _n-
=1 =g @ 0; (1.12)
(;" dit=0=(C 0s'0) (&' jt=o=( 15"1) In (1.13)
where
X X
A(t) = Q@@ ) A@) = @@ @Q")
i =1 =1
and

8
3 a (i)= (% Dy (i) =1:5n);
: ai(y;t)= 29 1y (1.14)

a(y;t) = 2y( 0+ A +(n 1) 9Y:

To show the existence of a strong solution we will use the fatiwing hypotheses:

° 0n>2 9% o0if n 2 (1.15)

2LY@©:;1); inf ()= >0 (1.16)
0 t<1

02 w2l (0;1)\ W?1(0;1): (1.17)

Note that the assumption (1.15) means that® is decreasing ifn > 2 and increasing ifn 2
in the sense that whent >t ®and n > 2 then the projection of 0 on the subspace = 0 contain
the projection of ; on the same subspace and contrary in the case 2. The above method
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was introduced by Dal Passo and Ughi [21] to study certain clas of parabolic equations in non
cylindrical domain. We assume thath 2 C1(<) satis es

h(s)s 0, 8s2<:
Additionally, we suppose that h is superlinear, that is

ZZ
h(s)s H(s); H(z)= h(s)ds; 8s2<;
0

with the following growth conditions
jh(t) h(s)i C@+jtj *+jsi Hit s 8ys2<;

for someC > 0 and 1suchthat (n 2) n. Concerning the function M 2 C1([0;1 [), we
assume that

M() mo; M() M() 8 0 (1.18)
where M ( ) = RO M (s)ds and
0<mo< 4j ji ? (1.19)

where 1 is the rst eigenvalue of the spectral Dirichlet problem

We recall also the classical inequality

L p—

i Wije(y alir Wijiz(y (1.20)
Unlike the existing papers on stability for hyperbolic equaions in non cylindrical domain, we
do not use the penalty method introduced by J. L. Lions [16], tut work directly in our non
cylindrical domain @. To see the dissipative properties of the system we have to ostruct a
suitable functional whose derivative is negative and is eqwalent to the rst order energy. This
functional is obtained using the multiplicative technique following Komornik [8] or Rivera [20].
We only obtained the exponential decay of solution for our poblem for the casen > 2. The
main di culty in obtaining the decay for n 2 is due to the geometry of the non cylindrical
domain because it a ects substantially the problem, since v work directly in &. Therefore the
casen 2 is an important open problem. From the physics point of view the system (1.1)-(1.4)
describes the transverse de ection of a streched viscoeltiss beam xed in a moving boundary

device. The viscoelasticity property of the material is chaacterized by the memory terms
Z t Z t
0i(t s) u(s)ds; ot s) v(s)ds:
0 0
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The uniform stabilization of plates equations with linear or nonlinear boundary feedback was
investigated by several authors, see for example [7, 9, 10,1113, 22] among others. In a xed
domain, it is well-known, the relaxation function g decays to zero implies that the energy of the
system also decays to zero, see [2, 12, 19, 23]. But in a movidgmain the transverse de ection
u(x;t) and v(x;t) of a beam which charges its con guration at each instant of ime, increasing
its deformation and hence increasing its tension. Moreoverthe horizontal movement of the
boundary yields nonlinear terms involving derivatives in the space variable. To control these
nonlinearities, we add in the system a frictional damping, Garacterized by u; and v;. This term
will play an important role in the dissipative nature of the p roblem. A quite complete discussion
in the modelling of transverse de ection and transverse vilvations, respectively, of purely for the
nonlinear beam equation and elastic membranes can be found U. Ferreira et al. [6], J. Lmaco
et al. [17] and L. A. Medeiros et al. [18]. This model ngs propsed by Woinowsky [24] for the

case of cylindrical domain, without the terms  u and égl(t S) u(s)ds but with the term
Z

M( jru? u

See also Eisley [5] and Burgreen [1] for physics justi catio and background of the model. We
use the standard notations which can be found in Lion's book 15, 16]. In the sequel by C
(sometimes Cy; Cy;:::) we denote various positive constants which do not depend on or on
the initial data. This paper is organized as follows. In secion 2 we prove a basic result on
the existence, regularity and uniqueness of regular solubns. We use Galerkin approximation,
Aubin-Lions theorem, energy method introduced by Lions [1§ and some technical ideas to show
existence regularity and uniqueness of regular solution fothe problem (1.1)-(1.4). Finally, in
section 3, we establish a result on the exponential decay ohe regular solution to the problem
(1.1)-(1.4). We use the technique of the multipliers introduced by Komornik [8], Lions [16] and
Rivera [20] coupled with some technical lemmas and some tenital ideas.

2. EXISTENCE AND REGULARITY OF GLOBAL
SOLUTIONS

In this section we shall study the existence and regularity ® solutions for the system (1.1)-(1.4).

For this we assume that the kernelsg : R+ ! R4 isin C1(0;1 ), and satisfy
z 1
g; o 0 ,? g(s) *(s)ds= >0, i=1;2 (2.1)
0
where
1= sup (b):
0 t<1
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To simplify our analysis, we de ne the binary operator
Z Z

(1) _ :
(t) 0

With this notation we have the following lemma.

92 gt s) *s)i(t) ( s)dsdx:

Lemma 2.1 For 2 CY0;T:H3()) andg2 C(<.) we have

Z 24 1 g(t) z 1,7
gt s) As)r (s) r .dsdx = =9 it j2dx+ Zg2
0 2 2(0) 7 2
1d r tg(s) o
o4t 92 — (0 %ds) jrojodx ;
and
zz, L g 2 .
2 _ - . .2 - -
JUt 9 A9 (9 dsd = S5 ] ;IX+ 592
1d tg(s) Lo
o P (g g® T T

The proof of this lemma follows by di erentiating the terms g2~ gt)t) and g2 ((t)t). The well-
posedness of system (1.10)-(1.13) is given by the followinipeorem.

Theorem 2.1 Letustake( o;' 0) 2 (HE() \ H*()) 2, ( 1;' 1) 2 (HZ()) 2 and let us suppose
that assumptions (1.15)-(1.20) and (2.1) hold. Then there gists a unique solution( ;"' ) of the
problem (1.10)-(1.13) satisfying

" 2LT (051 HG(O) \ HA)
6 t2 LN (01 tHG()
w'w 2L (01 1L2()) :
Proof. Let us denote by B the operator
Bw=  2w; D(B)= HZ() \ H*) :

It is well know that B is a positive self adjoint operator in the Hilbert spaceL?() for which
there exist sequencesw,gn2n and f gn2n Of eigenfunctions and eigenvalues oB such that
the set of linear combinations offw,gnh2n is dense inD(B) and 1< o ::: n!'l as
n'!l . Letus denote by

m Xn m Xn

0= (ow)wi; "= (orw)w;
j=1 j=1
xn xn

7= Couw)dwp "= (Cnw)w:
j=1 j=1
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Note that for any f( o; 1);(' 0;' 1)92 (D(B) HE()) 2, we have I'! ¢ strong in D(B),
"M tgstronginD(B), P! gstrongin HE()and '[! ' g strongin H3().

Let us denote by Vi, the space generated byws;:::;wy. Standard results on ordinary
di erential equations imply the existence of a local solution ( ™;' ™) of the form

xXn
(" "W)Y= (gm (O fjm (D) w;;

j=1
to the system
Z Z Z
Pw; dy + Mw; dy + 42 My, dy
Z
M 2 MiZa *dir T M%) Mwidy
z z, z
+ gt s) (s)r ™(s) r widsdy+  A(t) ™w;dy
z 0 z yA
+ a; r {'wpdy+ a; r Mwydy+ h( ')wjdy=0; (2.2)
Qzl;:::;m);Z 7
' w; dy + ' Mw; dy + 4 2 My, dy
Z
M 2 MiiZay * i T M%) Mwidy
z z, z
+ Rt s) s)r' M(s) r widsdy+  A(t) ™w;dy
z 0 z yA
+ ap r'{"wjdy+ ap r' "wjdy h(  ')wdy=0; (2.3)
(j =1;::05m);
( "(y:05" "(y;0)=( §:'0); ({0 g0 =( 1T (2.4)

The extension of the solution to the whole interval [0 1 ) is a consequence of the rst estimate
which we are going to prove below.

A Priori estimate |

Multiplying the equations (2.2) by gjom (t) and (2.3) by fj?n (t), summing up the product result
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inj =1;2;:::;m and using the Lemma 2.1 we get
14 z z
SSTE ™™ i ity v A® T Pdy+ ar [T dy
%t z z
toar T ldys TR v A ™ Tdy+a r Ty

el (ir "hitzgy +ir " Vi MO (ir Tligeg e T Ticzg )
i

(" 2 it i iR )

1 o2l 4k M
> 2(0)1” Iizg) * 5% 5 L2()
1) . |, meo 1,0 M °  im2 .
EW”F m”Lz() + 5922 4—5k kaz() ,
where
Z

— 1 t —
$T( ™™ = i Pty * LS 2(s)ds jir  Miits,

RN e M2 + i Mz )
r-mo
+ 4 mkfz() + 12—+ {“”EZ()
1 Zt
Ko ®(s) 2(s)ds jir mijz()
prm

+ %K MKy + 022 +2  H( ')dy:

From (1.16)-(1.17) and (1.19)-(1.20) it follows that

W 2 Mz, 4 M2 )+ Yk MK kT )
7 jjl% Gir ™Mz +ir i ): (2.5)

where m; = (J.—z—j jjll mp). Taking into account (1.16), (1.17), (2.1) and the last equality we

obtain
1d - e o |
SqSTE MM Plige + 0T CG I DSTE ™ (26)

Integrating the inequality (2.6), using Gronwall's Lemma and taking account (1.17) we get
Z t
$T® ™™+ i TOiE i T®iEy ds C 8m2N; 8t2[0T]:  (27)
0

A priori estimate 1l
Now, if we multiply the equations (2.2) by P jgh and (2.3) by P ~f2 and summing up in

J'jm
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4

1d
2 ) . o d
+—ZM( A Miita i it Jgk Mkie
t
au(t s) *s) ™(s) {dsdy
z 0 Z
Aty ™ {"dy ap r ¢ {dy
z z
ar ™ {fdy+ h(™ '™ {dy=0;
1d, , 4d ,
2 ) . I d |
+—ZM( "G Mt +ir Mt Jgrk T MKz
t
ot s) %(s) '™M(s) ' Mdsdy
z 0 z
A@) ™ " Mdy ag r' " " dy
z z

ap r'™ " Mdy h(™ ™ 'Mdy=0:

Summing the last two equalities and using the lemma 2.1 we olain

1d 2 ‘mp2. - 1) 2
§a$r2n(t)+ (kr {kCz(y + kr ' ki) ) = > 2(0)k "KLz
sl T Z—O(kr MKEay +kr ot MKEo )

29 5 L2() L2()

d I - ,
fgr MO Mt i Mg ) (0 TRtk TR )
*OAM ™ fdy+r ar {0 {dy+ ar T dy

z

1g (t) 1 l tm 1 1
2 j(o)k MkZyy + gggz + A ™ Mdy
+ ar'{ "{dy+ a r'™ '{'dy
z z
h¢™ ™) {dy+ h(™ "T) " {dy

where
Z

1 t ) ;
$T(M) = kr kP, + ) Ogl(s) 2(s)ds i Miigs,
m rm2

+ ke Mkt ke MK )+ G2

+ 2M(" (i mjjﬁz() + jir 'mjjﬁz() )(k mkEZ() + k 'mkEZ() )
t rm

@s) A0 i Mt + w2

+

2(1)
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From (1.16)-(1.17) and (1.19)-(1.20), we have

Yk MKE ) ke T MKE )
+ M (i mjjﬁz() +jir mijZ() (K mkﬁz() +k 'mkﬁz() )

mq .. .2 .. .2 .
i iz i Mtz +00 " Mtz )

Using similar arguments as (2.7), the hypothesis for the fuetion h and observing the above

inequality we obtain
Z t
$T(t) + O(kr TkEoy +kr' K2y )ds C; 8m2N; 8t2[0;T]: (2.8)

A priori estimate 11l
It easy to see from (2.2)-(2.3) and of the growth hypothesisdr the function h together with the
Sobolev's imbedding that

i POiZ +i' FOi%, C 8m2N: (2.9)

Di erentiating the equations (2.2)-(2.3) with respect to t he time, we obtain
Z VA Z
i wj dy + fwdy+ 4 2
Z
d
4 O%I 2 m
5
zZ z,
+ gt s) Z(s)r ™(s) r wjdsdy
Z g Z 4
+ (A Mwidy+  —(ar 1 {wjdy
dt dt
Z Z q
FORET MR T Mwdy+ S(@ 1 Mwdy =0 (2.10)
Z Z VA
" wdy + ‘Rwidy+ 4
‘ d

¢

z z,
+ gt s) Z(s)r' M(s) r wjdsdy
Z 4 Z
P GI0) ™)w; dy + gila 1’ 1w dy
Z Z
h™ ™™ Mwdy+ %(a2 r' Mwdy=0: (2.11)

£'w; dy

(MO 2 MiZ +iir Mz ) Mwdy

w(0) ©

MY 0

o'w; dy

2 Mw; dy

(MO 2 ™% + i Mz ) ™widy

%0 *
2(0)

0

N

# Mw dy owdy

o
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Multiplying the equations (2.10)-(2.11) by g3 (t) and %0 (t), respectively, and summing up the
product resultin j =1;2;:::;m we have
z z 4 Z

. o d
j Tjcdy+ j Tjcdy+ — at

L Titdy

NI =

N o
Ng| o

(M e M i MiZeg ) ™) Rdy

VA
9:(0)
ey BE§ Py

0

N

Nm‘

Zt
+ git s) As)r ™(s) r [dsdy

Z 4 Z 4
+  —(A@) M) gdy+  —(ax r {") gdy

dt dt .

FOoRCT TP ) Rdys S ™ Pay=0 (212)
z z 4 2
om;2 som;2 - =
J' ¢ody + J' wiody+ >
C 2M(M 2 M2, + i Mz ) ™) Rdy

Z
4 0 21 m md gz(O) T ma
tt

N

i Ditdy

NI =
N2l o
Ne|a

5 2(0) 0" g dy

zz,
+ g%t s) As)r' M(s) r ' Pdsdy

Z g Z 4
+ a(A(t)' ™y Tdy + a(al r' M fdy

Z Z

d
g™ omOE P Rdy+ (@ r ™) Rdy=0: (2.13)

Let us take p = % From the growth condition of the function h and from the Sobolev

imbedding we obtain

Z Z
(™ ™) M Mdy coo@+2) ™ MY M jdy
Z 1 Z 1 7 1
C@+2j™ M YHndy " My T j Pjdy
Z _1 Z 1 Z 1

: m My ;2 2 H m:2 2 s m;2 2
C (@+jr( )i“)dy r {jedy j gicdy

Taking into account the estimate (2.7), we conclude that

Z Z 1 Z 1
2 2
he™ ™ M Pdy C ir {jPdy j Ticdy
Z Z
C jir Difdy+ j Rjfdy (2.14)

EJQTDE, 2007 No. 9, p. 12



Similarly we get

Z Z Z

hy™ "™ fdy € jrPfdy+ ) Rifdy (2.15)
Z Z Z

hg™ '™ ™fdy C ir Djfdy+  j Ritdy (2.16)
Z Z Z

hg™ "™y Mipdy C ir ' Pifdy+j Rifdy (2.17)

Summing the equations (2.12) and (2.13), substituting the nequalities (2.14)-(2.17) and using
similar arguments as (2.7)-(2.8) we obtain, after some calglations and taking into account the
lemma 2.1 and hypothesis orM

1d .. .. .

SqSs O+ G T Witz + i T itz )
CG 9+i Dk ™MKy +kr Koy )

+C( 3+ Mk MkEy + kMK )

+C(jr PiiZa, +iir it )+ CG 3+ DS )
where

e M r r'
$T(M) = i Fiige i Wil ta2—+ g2—

* PMOT A M+ M M P+ Pt )
t t
(oe) 2O il (@) A iy

Using Gronwall's lemma and relations (1.17), (2.7)-(2.8) ve get
Z t
STO+ 0 RSt + I ROl )ds G B2[0T] 8m2N: (219

A priori estimate IV
Multiplying the equations (2.2)-(2.3) by gm (t) and fm (t), respectively, summing up the product
resultin j =1;2;:::;m and using the hypothesis onh we deduce

SqSe® i Tt 0Tty v M At +d Titeg)
F RO 2 MiZay i 0% DGt M3 iiZeg )

zz,
+ a(s) 2(s) ™M(s) M(t)dsdy

z 2
+ ®(s) 2(s) ' ™M(s)' M(t)dsdy

0

CG 9+ G Mz, + i MiZe *i MiZag

i M2a 0 MiiZe 0 M2 ) (2.19)
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where
Z

$PM=2 (™M™ Mydy+ G M, + i M2 ):
Choosingk > 2, we obtain
STW+ IO (kD Pita + i Mitag + i iy + i it )
(k5 G it i i)
+ " AGir Miige +iir T Mgz ) > 0 (2.20)
Now, multiplying the equations (2.2) and (2.3) by kgjm (t) and kf j, (t), respectively, summing

up the product result and combining with (2.19), we get, taking into account (2.5)

1d - B
SRST O+ ST +(k i Miite, + 1" Piitg )

+OO4 MiiZe tii M%) CG 3+ DKSTM+ SPM):  (2.21)

From (2.21), using the Gronwall's Lemma we obtain the following estimate, taking into account
(2.5) and (1.17)
z t
K8+ $2W+ (i TGt + i PO + i "Gy
+i ™S)iZay )ds  CGi aifey i adifay * i oiifyy * 0 oiiZe ):(222)

From estimates (2.7), (2.8), (2.18) and (2.22) it's followsthat ( ™;' ™) converge strong to
(;' ) 2 L%0;1 : HZ()). Moreover, since M 2 Cl[0;1[andr ™, r'™ are bounded in
L1 (0;1 :L?%()) \ L20:;1 :L2()), we have forany t> 0
Z t

MM 26 Mty +ir MR ) MM 2Gir GiEe * i iiZe )i
0

Z t
C o (JJ m jjal() + JJI m Ijjal() ;

where C is a positive constant independent ofm and t, so that

M(™ 3G MjiZa +iir T MiZeg DO Mw) t MO 2 iz, +iir T2 DO swy)
and

M 2Gir Miigag +iir T Mg NC T Mwg) t MO 23 igag +ir iifeg DO Sw):
Using similar arguments as above we conclude that

h(™ *™*h (') in LAO;T;L2() :
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Letting m ! 1 in the equations (2.2)-(2.3) we conclude that (;' ) satis es (1.10)-(1.11) in
L1 (0;1 :L?()). Therefore we have that

2L 01 tHE() N HA)) ;
6 t2 LN (01 tHG()
e w 2L (0;1 :L2()) :

To prove the unigueness of solutions of problem (1.10), (11), (1.12) and (1.13) we use the
method of the energy introduced by Lions [16], coupled with Gonwall's inequality and the hy-
potheses introduced in the paper about the functionsg;, h,M and the obtained estimates.

To show the existence in non cylindrical domain, we return toour original problem in the non
cylindrical domain by using the change of variable given in (.8) by (y;t) = (x;t), (x;t) 2 O.
Let (;' ) be the solution obtained from Theorem 2.1 and (;v) de ned by (1.9), then (u;v)
belong to the class

uv2 LY (0,1 tHE( o\ HAC 1); (2.23)
u;ve 2 LT (01 cHEC o); (2.24)
Ug;ve 2 LY (0;1 1 L?( )): (2.25)

Denoting by

ugt)= (=0 )t vt =" (i) =0 )xt)

then from (1.9) it is easy to see that (u; v) satis es the equations (1.1)-(1.2) inL* (0;1 :L2( {)).

If (us;v1), (up; v2) are two solutions obtained through the di eomorphism given by (1.7), then

( 1;' 1), ( 2;' 2) are the solution to (1.10)-(1.11). By uniqueness result ofTheorem 2.1, we have
( ;" 0)=( 2;"2), so (u1;v1) = (uz; Vo). Therefore, we have the following result.

Theorem 2.2 Let us take (Up;Vo) 2 (H3( o)\ H*( 0))?, (u1;vi) 2 (HZ( 0))? and let us
suppose that assumptions (1.15)-(1.17), (1.19)-(1.20) ad (2.1) hold. Then there exists a unique
solution (u;v) of the problem (1.1)-(1.4) satisfying (2.23)-(2.25) and the equations (1.1)-(1.2)
in L1 (0;1 :L2( v).
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3. EXPONENTIAL DECAY

In this section we show that the solution of system (1.1)-(14) decays exponentially. To this end
we will assume that the memoryg; satis es:

. o) Ciai()) (3.1)
1

1 g(s)ds = >0, 8i=1;2 (3.2)
0

forall t 0O, with positive constant C;. Additionally, we assume that the function () satis es
the conditions

° 00t 0 n>2 (3.3)
o 1
0< maxj A0 3; (3.4)

whered = diam(). The condition (3.4) (see also (1.5)) imply that our doma in is "time like"
in the sense that
<77

) R
where _ and ~ denote the t-component andx-component of the outer unit normal of n

Remark: It is important to observe that to prove the main Theorem of th is section, that
is, Theorem 3.1 as well the Lemmas 3.4 and 3.5 we use the followg substantial hypothesis:

M(s) meg>0; 8s2[0;1[: (3.5)

This because we worked directly in our domain with moving boundary, where the geometry of
our domain in uence directly in the problem, what generated several technical di culties in
limiting some terms in Lemma 3.5 and consequent to prove Theem 3.1.

To facilitate our calculations we introduce the following notation
z z,
(g2r u)(t) = g(t s)jr u(t) r u(s)j’dsdx:
0

t

First of all we will prove the following three lemmas that wil | be used in the sequel.
Lemma 3.1 Let F(; ) be the smooth function dened in ¢ [0;1 [. Then
q Z Z 0Z

o tF(x;t)dx: t%F(x;t)dx+ — tF(x;t)(x d ¢; (3.6)

where ~ is the x-component of the unit normal exterior
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Proof. We have by a change variablex = (t)y, y 2

a” a”
g Feetdx = < FC @Oy "(t)dy
t Z
@F 1oy +
(i 00 "0
xXn 0
< (2 Wy "y
%

+n Q) " HOF( )y t)dy:

If we return at the variable x, we get

q z z @F 0Z 0Z
— F(x;t)dx = —(x;t)dx + — X r F(xt)dx+ n— F(x;t)dx:
dt t t @t t t

Integrating by parts in the last equality we obtain the formu la (3.6).

Lemma 3.2 Letv2H?2() \ H3() . Thenforalli=1;:::;n we have
@v @v
== = 3.7
@y '@ (3.7)
Proof. We considerr 2 C?( ;R") such that
r= on (3.8)

(Itis possible to choose such a eldr () if we consider that the boundary is su ciently smooth).

Let 2D()and ' 2 H™()with m>max (5;2)suchthat'j = . SinceD() HM %(),
such function' exists and we have
Z Z Z
@ @ @v .
——(vri' )dy = i—(vr;')d = i —d ] =1;::::n):
Note that is regular, we also obtain
Z Z Z
@ @ , @V
—— (vrj" )dy = j=—(vrj' )d = =
ayay Y T ) ey
_" oy
@y
It follows that 7 7
Qv - (iQB\}d 8 2D()
@y @

which implies (3.7).
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From the Lemma 3.2 it is easy to see that

ru—= %u on (3.9

and for u2 HZ( )\ H?( ) (see Komornik [8] page 26) we have

% = u %%iv_ = u on (3.10)
Lemma 3.3 For any function g2 CY(R.) andu2 CY(0;1 :HZ( )\ H*( t)) we have that
z z, , 2 .
gt s)ru(s) r udsdx = Eg(t) jr u(t)j2dx + EgOZr u
¢ 0 Ly zZ, z
~— g2ru g(s)ds jr uj? :
0

t

jr uj=0;

Proof. Di erentiating the term g2r u and applying the lemma 3.1 we obtain
g z |z,
—g2r u= — g(t s)jr u(t) r u(s)j’dsdx
dt Ldt g
0Z z t
+— gt s)jr u(t) r u(s)j’(x )dsd ¢:
¢ 0
Using (3.10) we have
q z z,
G92ru= gt s)jr u(t) r u(s)j’dsdx
zz, '° z, z
2 gt  s)r ug(t) r u(s)dsdx+ g(t s)ds —jr u(t)j2dx
t O 0 tdt

from where it follows that
z z, q Z, z
2 g(t  s)r ug(t) r u(s)dsdx= angr u gt s)ds jr u(t)j?dxg
z' 7, z ° ‘
+ gt s)jr u(t) r u(s)j’dsdx g(t) jr u(t)j’dx:

t O t

The proof is now complete.

Let us introduce the functional of energy
z t
E(t) = KkukPz y+k ukfy y+ 1 gi(s)ds kr uk?, ,+ gi2r u

t

+kvikfo gt K VKRG g+ 1 g2(s)ds kr VkZa( .y + @21 v
0z

+ R (v ujfo )+ i Viige ))+¥2  H(u  v)dx:

t
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Lemma 3.4 Let us take (Ug; Vo) 2 (HE( o)\ H4( 0))?, (us;v1) 2 (H3( 0))2 and let us suppose
that assumptions (1.15), (1.16), (1.17), (1.19), (1.20), (2.1) and (3.5) hold. Then any strong
solution of system (1.1)-(1.4) satis es

Z 0
—E(t)+2 (kuekZz( )+ kvikz ) —( )(ui®+j udd
0 Z
—(C X)(wi®+j viHd ¢ 2 —( x)H@u vd
z z
= gr(t)jr uj?dx + gf2r u g (t)jr vjldx + gd2r v:

t t

Proof. Multiplying the equation (1.1) by u¢, performing an integration by parts over ; and
using the lemmas 3.1, 3.2 and 3.3 we obtain

1d L

Sk o MO i i T g it
1d 0 o
2dtk ukLZ() —( X(uj?+j u®d 4

‘7

+ Kutkfo )+ Egl(t) jr uj?dx —912r u
1d z, z

+=— @2ru i (s)ds jr uj?dx

%dt 0 t

Similarly, using equation (1.2) instead (1.1) we get

1d 1d

2t ke o MUr Uile + i Vil Dz o
1d 0 o
ok vidz > 0w+ j viH)d

7
+ kvtkfz( ot Egz(t) jr vj2dx —922r v
z, ! z
L1d P21 V g(s)ds jr vj2dx
%dt 0 .
h(u v)vidx=0:

t

Summing these two last equalities, taking into account the emma 3.1 and hypothesis orh we
obtain the conclusion of lemma.

Let us consider the follow functional
Z Z

(V=2  uudx+ kuk, ,+2  vvdx+ kvkip

t t
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Lemma 3.5 Let us take (Ug; Vo) 2 (HE( o)\ H4( 0))?, (us;v1) 2 (H3( 0))? and let us suppose
that assumptions (1.15), (1.16), (1.17), (1.19), (1.20), (2.1) and (3.5) hold. Then any strong

solution of system (1.1)-(1.4) satis es

1d
sqp O K utko )+ kvikfo ) ko ukfa ) ko vk
z, 1 )
ke ukfa .y + kroukez( i q(s)ds  (gi2r u)?
Z, 1

2
kr VKo )+ Krovkiz ®R(s)ds (@21 V)?:
0

Proof. Multiplying the equations (1.1) by u and (1.2) by v, integrating by parts over ; and

summing up the results we obtain

1d
sqt = kuckla g+ kwikiz ) kooukz ) kovkE
M (ir ujifz C* i Viiga )k ukgo
z z,
+ gi(t  s)r u(s) r u(t)dsdx
¢ 0
M(Jl; Ujjﬁz( . iir ijﬁz( oIk Vkﬁz( 0
t
+ o2t S)r v(s) r v(t)dsdx
zt 0
h(u v)(u v)dx:
t
Noting that
z z, z z,
it s)ru(s) r u(t)dsdx = ot s)(ru(s) r u(t)) r udsdx
¢ 0 0 5
t
+ gi(s)ds jr ujdx;
z z, z 2, °
g2t S)r v(s) r v(t)dsdx = g2t s)(r v(s) r v(t)) r vdsdx
¢ 0 0 5
t
+ g(s)ds jr vjldx;
t 0

and taking into account that

Z Z, Z, L .
qu(t s)(ru(s) r u(t)) rudx kr uk.z ai(s)ds (0121 u)z;

0 0

Z t Z, Z,

1

At S)(rv(s) r v(t) rvdx kr vk o(s)ds  (g2r V)7 ;

0 0

N

t

M (Gjr ujifz )+ dir Viiga( )3 Wiitag |+ i Vil )
. 2 . ..2 .
S M viie )+ vile):

h(u v)(u v)dx H(u v)dx

t t
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follows the conclusion of lemma.

Let us introduce the functional
Lt)= NE(@)+ (b); (3.11)

with N > 0. Itis not di cult to see that L(t) veries
koE(t) L (t) kiE(t); (3.12)
for kg and ky positive constants. Now we are in a position to show the main esult of this paper.

Theorem 3.1 Let us take (Uop;Vo) 2 (H3( o)\ H*( 0))?, (u1;vi) 2 (HZ( 0))? and let us
suppose that assumptions (1.15), (1.16), (1.17), (1.19), (.20), (2.1), (3.1), (3.2), (3.4) and
(3.5) hold. Then any strong solution of system (1.1)-(1.4) stis es

E(t) Ce 'E(@©); 8 0
where C and are positive constants.

Proof. Using the lemmas (3.4) and (3.5) we get

d
Gt® 2N kutk?z( ) CiN@i2r u+ kugkfs

Uk R it i i)
t
v q(s)ds kr uk?,
Z t % 1
+kr uk?s , 9Sds - (@2r w2

2N kvikfa chN922r v+ kweklo
t
k vkl o+ i g2(s)ds kr vko
z 1
t 2 1
+kr ko Q@(s)ds  (g2r V)2
ya 0
H(u v)dx:

t
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Using Young inequality we obtain for > 0

d
) 2N kutkPz ) CaNgi2r u+ kukfz

k Zukfz( g B uiifag |+ i viiga )
t

+ q(s)ds kruk?
0

kaiki1(0:1 )
2
2N kVtkﬁz( ) chN922r VvV + kVtkﬁz( 0)
t
k  vkE y+ i G(s)ds kr vk,

+ 5K Uk )+ G2r u

kgoki 1(0:1 )

2
5 Oo2rl Vv

2

2

H(u v)dx:

t

ChoosingN large enough and small we obtain
d
Gt ® oE (1) (3.13)
where g is a positive constant independent oft. From (3.12) and (3.13) follows that
L(t) L (e &% 8t O

From equivalence relation (3.12) our conclusion follows. Tfie proof now is completed.

Acknowledgement:  The authors thank the referee of this paper for his valuable sggestions
which improved this paper.
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