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Abstract: Inthis paper, the global exponential stability of dynamicasystems
with distributed delays and impulsive e ect is investigatel. By establishing an
impulsive di erential-integro inequality, we obtain somesu cient conditions
ensuring the global exponential stability of the dynamicabkystem. Three ex-
amples are given to illustrate the e ectiveness of our theetical results.
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1 Introduction

Recently, dynamical system structure has played an impontd role in real life, so
the stability of it has been extensively studied due to its irportant role in designs
and applications [1-11]. Most of those widely used dynamicsystem today are classi-
ed into two groups: continuous and discrete dynamical sysms. However, there are
still many dynamical systems existing in nature which disply some kind of dynam-
ics between the two groups. These include, for example, frepcy-modulated signal
processing systems, optimal control models in economicgjng object motions and
many evolutionary processes, particularly some biologicgystems such as biological
neural networks and bursting rhythm models in pathology. Althese systems are
characterized by the fact that at certain moments of time thg experience abrupt
changes of states [12,13]. Moreover, impulsive phenomelaa also be found in other
elds of electronics, automatic control systems, and infenation science. Many sud-
den and sharp changes occur instantaneously, in the form afpulse , which cannot
be well described by using pure continuous or pure discreteontels. Therefore, the
study of stability to impulsive systems has attracted consderable attention [14-18].

As is well known, the use of constant xed delays or time-vaigig delays in models
of delayed feedback provides a good approximation in simpdécuits consisting of a
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small number of cells, therefore, in papers [15,16], timetying delay models with
impulsive e ects are considered. However, dynamical systs usually have a spatial
extent due to the presence of a multitude of parallel pathwaywith a variety of axon
sizes and lengths. Thus there will be a distribution of condtion velocities along
these pathways and a distribution of propagation delays. Ithese circumstances, the
signal propagation is not instantaneous and cannot be modkd with discrete delays.
A more appropriate way is to incorporate continuously disibuted delays. To the
best of the authors' knowledge, there are few authors who hestudied the global
exponential stability of the dynamical system with distrituted delays and impulsive
e ect [19,20]. The goal of this paper is to provide such a styd By establishing an
impulsive di erential-integro inequality, we obtain somesu cient conditions ensuring
the global exponential stability of impulsive dynamical sgtem with distributed delays.

In this paper, on the basis of the structure of recurrent neat networks with
distributed delays, we consider a class of general dynaniisgstem(s) with distributed
delays.

P R
)&(t) = &i Xi (t) + jn:]_ f ajj fj (r_)\;j (t)) + Cij ;_ k(t S)gj (Xj (S)) ng + Ii 16 ty;
t
xi(t) = L fwix(t)+el [ k(e s)ni(x(s))dsg+ Ji; t=t;

1)
wherei =1; yn;t to; the xed times t, satisfy t; < t, < kI'|lm tw=1:k=
1,2; :The rst part (called the continuous part) of model (1) descibes the con-
tinuous evolution processes of the dynamical system, > 0; a; ; ¢; ; I; are constants,
T (X;); g; (x;) are continuous functions k(s) are delay kernel functions, and satisfy

k(s)ds = 1; k(s)e ®ds <1 ;
0 0

where o is a small positive constant. The second part (called the disete part) of
model (1) describes that the evolution processes experienabrupt change of states
at the moments of timet, (called impulsive moments) n;« (X; (tk)) are also continuous
functions, Wi'j‘ X e}} ; Jik are constants which have nothing to do witht. If the second
part of (1) is replaced byx;(tc) = x;(t, ) and the state variable represents a neuron,
then model (1) becomes a continuous recurrent neural netvisr model.

The paper is organized as follows. In the following sectionewdiscuss some no-
tations, de nitions and lemmas. In section 3, we consider th global exponential
stability of the equilibrium of (1), two theorems and a cordary are given. In section
4, three examples are given to illustrate the e ectivenesd our theoretical results.

2 Preliminaries

To begin with, we introduce some notations and recall some &ia de nitions.
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Let R" be the space oh-dimensional real column vectors an®™ " denote the set
ofm nreal matrices. ForA;B2 R™ "orA;B2 R";A B(A B;A>B;A<B)
means that each pair of corresponding elements Af and B satis es the inequality

( ;>;<). Especially, A is called a nonnegative matrix ifA 0, andz is called a
positive vector ifz > 0.

For :R! R;denote[ (t)]1 = sup f (t+s)g; (t)= Iirrg) (t+s); (t)=
1 <s 0 sl 0*

lim (t+s):
st 0
Forx 2 R";A 2 RB ", we denotejxj = (jxdj;  ;iXn)) T3 JA] = (jaiji)n nikxk =
1 Jxij; KAk = max i jag i
jn

PC =fj :R! R"is a function of bounded variation and is right-hand
continuous on any subinterval 1 ;t]g: Denotek (t)k; = sup k (t+ s)k:
1 < O
De nition1 Foranygiventy 2 R; 2 PC;afunctionx(t) 2 PC[(1 ;+1 );R"]
is called a solution of (1) through fo; ), if X(t) satis es the initial conditions in the
form
X(to+s)= (s); s2(1 ;to]; (2)

and satises (1) fort ty, denoted byx(t; ty; ): Especially, a pointx 2 R" is called
an equilibrium of (1), if x(t) = x is a solution of (1).

Forany 2 PC; we assume that there exists at least one solution of (1) withé
initial condition (2). Let x be an equilibrium point of (1), X(t) be any solution of
(1) and y(t) = x(t) x . Substituting them into (1), we get

P R
vi() = Biyi() + = fay F Qtj M)+ ¢y , k(t s)Gj(yj(s))dsg; t6 ty;

Yilt) = afwiy )+ ef ) k(b SNk (y; (s))dsg; t= t;
whereF; (y; (1) = f(y; (D+x;) f0¢);Gj(y; (1) = g; (y; (D+%) 95 (% ); Nk (¥; (&) =
Mik (Y (t) + %) N (%)

De nition 2  The zero solution of (3) is said to be globally exponentiallgtable

if for any solution X(t; to; ) with the initial condition 2 PC, there exist constant
> 0 and K > 1 such that

3)

kx(t:te; )k Kk ke ¢ 0t 4 (4)

For convenience,we shall rewrite (3) in the vector form:

y() = By(t) + AF(yD) + CRtl k(t  s)G(y(s))ds; t6 ty;

y(t) = Wiy(t, ) + Ex tlk K(t«  s)Nk(y(s))ds; t= t;

whereF (y()) = (Fa(yu(1)); i Fa(yn(D) T G(y(D) = (Ga(ys(D);  ;Gnlyn(D))T;
NkéY(t)):(Nkl(W(t)); Nin (Yn (D)) 5 A= (@5 )n n5C = (G dn s Wik = (Wi )n n;
an

Ex = (e )n ny(®)=(ya(D); ya(D)7:

(5)
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As we all know, the stability of the zero solution of (3) or (5)is equivalent to the
stability of the equilibrium point x of (1). So we mainly discuss the stability of the
zero solution of (3) or (5) in section 3.

Lemma 1l Supposea >1 0 andp(t) satis es scalar impulsive di erential-integro
inequality

8
< Dp(Y) rID(’[)+| Fk(s)p(t  s)ds; 18ttt

p(te)  PkP(G )+ Gk o = K(S)p(t  s)ds; k2 N; (6)
p(to+s)= (s); s2(1 ;0]

where%t) is continuous att 6 ty; h to, p(ty ) = p(tk), and p(t, ) exists, 2 PC with

n=1; ,  k(s)ds=1;( o), k(s)e °sds < 1 for a given positive constant
0. Then

ps) k ()kee © 51 <s t @)
implies %

p(t) K (t)kpe @95t 1 (8)

to<tyg t

R,
where  := maxf1;jpxj+ja , ! k(s)esdsgand 2 (0; o) is a solution of inequality

zZ .,
r+| k(s)e®ds O 9
0
Proof . Sincer > 1 0 and function ( ) is continuous and (0) = 1, there
exists at least a solution 2 (0; o) satisfying (9). We shall prove that (7) implies
pt) k (to)kie 1512 [to;t): (10)

We consider two possible cases as follows:
One case isl = 0.

From (6) and (7), we have
D'p(t)  rp(t); p(to) k (to)ks ; t2 [to;ty):
Then , from (9) and | = 0, we haver ; and
p() k (to)kie "1 Kk (to)kye @ t2 [to;ty):
Another case isl > O:
Next, for any constantz > k (tg)k; 0, we claim that

p(t) <ze ¢ m(t):t2 [t t): (11)

If (11) is not true, then from (7) and the continuity of p(t); for t 2 [ty; t;), then
there must exist at 2 [to; t;) such that

p(t)=m(t); D*p(t) mYt);p(t) <m(t);t<t: (12)
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By using (6),(9),(12) and| > 0, we obtain that
Z +1
D p(t) rp(t )+ 1 k(s)p(t s)ds
2 +1
< rm(t)+1 k(sym(t  s)ds
0
Z .,
= rze ® 4] k(s)ze & ' 9s
Z 0
+1

= ( r+1 k(s)eSds)ze ¢ '
0
ze (t tO)

mqt ); (13)

which contradicts the inequality in (12). Therefore, (11) blds for anyz >k (to)k; :
Letting z 'k  (to)ky ; we obtain (10).
Using (6), (7) and (10), we can get
Z .,
p(t1) pp(ty) + Ga k(s)p(tz  s)ds
° Z +1
j puk (to)kp e 1)+ jgyj k(s)k (to)ky e (* ° '9ds
Z +1 °

= (Jpaj + jaj . k(s)eS ds)k (to)k, e (2 t)

1K (to)ky e (1)

Therefore
p(t) 1k (tokie T t2 (1 ;4] (14)

In a similar way as the proof of (10), we can prove that (14) impes

p(t) 1k (to)kie @ 2 [ty ty): (15)

By a simple induction, we can obtain for anyk 2 N, there is
P 1k 1k (to)kee 5 t2 [t 1)

The proof is completed.
Lemma 2 21 Let A2 R" ", then
1). (A) k Ak;where () denotes the spectral radius;
2). k(E A) k (1 k Ak) tif kAk <1;
3.(E A) lexistsandE A) ! 0if (A)<landA O0;
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4). n(A)X"x xTAx v (A)XTx for any x 2 R" if A is a symmetric ma-
trix, where () and () denote the minimum eigenvalue of the matrix and the
maximum one, respectively.

Lemma 3 For any constant > 0, we have
1
2XTAy  xX'PPTx+ Zy"(P 'A)T(P 'A)y; (16)

where A is a real matrix and P is a inversive real matrix.

Proof . We have

p

0j PTx pl—_P tAyj? P

(" PTx pl—_P AT

= e pyTae Y PTx pp tAy)

(IO PTx pl—_P Ay)

1
X'PPTx x'Ay y'ATx+ =y"(P A)T(P !A)y

1
X'PPTx 2xTAy+ =y"(P AT (P A)y;

so (16) follows.

3 Main Results

Theorem 1 For some positive constants > 0; > 0; > 0, the following
conditions are satis ed fork 2 N

(A1). There exist symmetric nonnegative de nite matriced;; D,; Hy such that
FT(Y)F(y) Y'Diy; GT(Y)G(y) y'D2y; NQ(YINk(y) yTHuy;
(A;). The Riccati equationP 2(PB+BP PAATP 1D, PCCTP)P =
Q for some symmetric positive solutiorP, where Q is symmetric positive matrix;
1 1
(A3). m(Q)> wm(R); whereR = =2P2P =%,

R,
(As). Let 2 (0; o] satisfy Q)+ wm(R) ' k(s)esds O
R
In +1

(As). < ;where :=supf=g—g, :=maxfl ¢+ « o~ k(s)e®dsg; « =

(2+ M(EJPEY) m(P ZHP 2); v= wm(P 2(WJPW+ WIPEEJPWP 2):
Then the zero solution of (3) is globally exponentially stale.

R,
Proof . From (As3), the inequality m(Q)+ wm(R) , ! k(s)esds O has at
least one solution > 0. Let y(t) be a solution of (3) through ¢; ); 2 PC and
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v(t) .= yT(H)Py(t). From (5), for t & t,, we can get
D*v(t) = 2y"(t)Py(t) .
2y" ()P ( By(t)+ AF(y(1))+ C k(t  s)G(y(s))ds)
1 7 .
2yT ()P By(t) + 2y ()P AF (y(1) +2y" (t)C k(t  s)G(y(s))ds

1

By using Lemma 2 and Lemma 3, there are positive constantsand such that

D*v(1) y' (O(PB+ BP)y(t) + ZyT(t)PPv“\TPy(t)+ EIZT(y(t))F(y(t))
+ Yy (QPCCTPy() + - . k(t  s)G'(y(s)G(y(s))ds

VIOP}(P }(PB+BP PAATP 1D, PCCTP)P H)Piy(y

z t 1 1
r okt sy eP PP e iigds
' Z +1
m(QVv(t)+ wm(R) K(s)v(t s)ds; (t6 t): (17)

0

On the other hand, from (5), (A1), Lemma 2 and Lemma 3, we can get

V() = y(t) Py(t) 2
= (Wiy(t,) + Ex k(te  s)Nk(y(s))ds)"P
z,
(Wiy(t, ) + Ex kK(t«  S)Nk(y(s))ds)
' Z +1
= Y (LW PWy(t ) + 2y (t )W, PE, K(s)Nk(y(t« s))ds
Z +1 Z +l0
+ k(s)N, (y(tq s))dsE, PE, K(s)Nk(y(tx s))ds
0 0
yT (4 (W PW, + V%kTP ExEQ PWi)y(t,) -
+ L+ L(ETPEY) KON s KONy(t s)ds

Y (tOPE(P F(WIPWi+ WIPEEPWOP #)Py(t)
+1

(L LETPEY) KONt N 9)ds

Y (tPE(P F(WIPWi+ WIPEEPWIOP #)Py(t)
+1

W1 WETPEY) Ky PP PHP HPiy(t  s)ds
0
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m(P EWIPWi+ WIPEE[PW)R 2)v(t)
1 . ot
+(=+ wm(E{PE)) wm(P ZHP )  k(s)v(t s)ds
Z ., 0
= W)+« kEV(E s)ds: (18)
0
Employing Lemma 1, from (17) (18) A3) and (A;) we have

v(t) 1 ke COkv(to)k
e (t1 t0) p (tk 1t 2)g (t to)kv(to)kl
e (t ety (ty)k,
= e ( XU ky(tky ; t 1 t<t;k2N;

and so the conclusion holds. The proof is completed.

Remark If Wy = E (unit matrix), Ex =0 for all k =1;2; in the (5), then
the equation (5) becomes a dynamical system without impulsen vector form

YA t
y(= By[®+ AF(y(D)+ C  k(t s)G(y(s)ds; (19)

1

which contains many popular models such as Hop eld neural tveorks, cellular neural
networks and recurrent neural networks, etc.. By using of Téorem 1, we can easily
get the following corollary.

Corollary  Assume that the conditions A;); (A2); (Az); (A4) in the theorem 1
are all satis ed. Then the zero solution of (19) is globally>@onentially stable with
exponential convergent rate .

Theorem 2 Assume that the following conditions are satis ed fok 2 N
(A9). There existk;; Ii; ni; j =1; ;nsuch that
i) i kix yiiig () (i ix i
Nk (@) N (V)i Nikjx ij)i
(AY): < h;whereh = lmjinn(bj " jajjk); = kCLk;andL = diag(ly;  ;l);

R,
(A3). Let 2 (0; o] be asolutionof h+ | ' k(s)esds O;

R,
(AY)). < ;where :=supf tk'”tkk -0, « := maxf 1 kWk+ KEKN ' k(s)e® dsg;
and N¢ = diag(na; iNpk )

Then the zero solution of (3) is globally exponentially stale.

Proof . Since < h, the inequality h + 0” k(s)e*ds 0 has at least
one solution > 0. Let y(t) be a solution of (3) through ¢; ); 2 PC and v(t) =
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P
L iyi(Dj = ky(t)k. From (A;) we have

X
D v(t) = sgn(y; (1) y 1)
i=1 o 7 t
= 1 sgn(yi())( biyi(t) + | lfau' Fi(y; (D) + ¢ . k(t  s)G;(y;(s))dsg)
Ty o x| Z 41
b+ Galkiy @il KO 9)ids)
i=1 0 i=1 j=1 > .
(by jaij jkj)iy; (1) + kCLK k(s)v(t s)ds
= iZ:1+l 0
hv(t) + k(s)v(t s)ds; (t6 t): (20)
0

On the other hand, from (5), we can get
VA +1
v(te) = ky(t)k k Wikv(t, )+ KExNZK k(s)v(ty s)ds: (21)
0

From (20) (21) (A9) (AY) and Lemma 1, we can get

V(t) € ( ot to)kV(to)kl; t t

So the conclusion holds and the proof is completed.

4 Examples

Example 1: Consider the following impulsive dynamical system with disbuted
delays:

P R,
yi(t) = Byi(0) + L fay F i@+ c o k(t s)Gi(y(s))dsg 16 &;
— 2 K k . — 3.
yi(t) = o fwiy(t)+ef [ k(e S)Nj(yj (s))dsg; t= 1t
(22)
whereb; = 4;b; = 3;a11 = @12 = 82 = 18, = 161y = Cpp = 1;C1 = 3iC12 =

2w, = wh; = 0wy = 0:3e%0T; w, = 0:2e90%; ek, = ek, = 0; ek, = 0:2e%0%; ek, =
0:15%0%; F; (s) = L2 UG (s) = N (s) = s;k(S) = € %t = tx 1+1:66k;k 2 N:
It is easy to seeD; = D, = H, = E. We chooseP = E i.e. v(t) = x"(t)x(t)
and = = = 1. By simple computation, we can get ,(Q) = }1; vm(R) =
It t. ,=1:66k;
<= m (WI Wi + W ELETW,) = 0:09%9% + 0:003@%%4;
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«=(1+ M(ETEQ) w(Hy) =1+0:04%0%,

+1 .
ci=maxfl  + i k(s)eS dsg = 1:443 + 0:14772%9% + 0:0036:%0%:
0
Therefore we have
p _
In 11 73 :
_— * _ 030509< = ——_ "°=0:30700
e 1 8

R,
where is an unique solution of equation: m(Q)+ wm(R) , ! k(s)esds =0:

According to Theorem 1, we know the equilibrium point (00)" of (22) is globally
exponentially stable with approximate exponential conveyent rate 000191.

Example 2: Consider the following 2-dimensional neural network with idtributed
delays
X2 Z
yi(h = hbyvi(+ k(t  s)Gj(y;(s))ds; (i=1;2); (23)
j=1 !
whereb; = 2;b, = 1;¢3 = 1L Cp = €y = 0:3, ¢ = 0:5; Gj(s) = tanh(s) =
e k(s)=¢e S

es+e S’

It is easy to seeD, = E. We chooseP = E; i.e., v(t) = x"(t)x(t). By simple
computation, we know when 2 (0; 3:669724771), the matrix B CCT is positive
matrix; en 2 (0:55322909503:06367700), and we get,(Q) = 0:715 +
3 0025 2612 1200 +1600> y(R)= 1. So, by using the Corollary, when

2 (0:55322909503:06367700), the zero solution of (23) is exponential stable.

Moreover, when =1:78, by using our results, the maximum exponential conver-
gent rate of (23) is max = 0:3859545295. However, if we use the results in paper [1],
the maximum exponential convergent rate of (23) is only?_, = 0:2878679656.

Example 3: Consider the following 2-dimensional impulsive neural nebrk with
distributed delays:

P R,
yi() = hiyi(0)+ afaFym)+c  k(t s)G(y(s))dsg:t & t;

yi(ta) = j2=1 Wilj( yi (t); =1,
(24)
with the initial conditions y;(s) = cos(s);y2(s) = sin(s); 1 <'s 0, where
by = 4;b, = 6;a11 = @y = a@x = lja;, = 1cpp = 1,01 = Cpp = 3;C1p =

W, = 0072092 wh, = 0:092%%; wk, = 0:921%%;wk, =  0:72%%%; F(s) =
il s U Gi(s) = s;k(s) = e Ste=te 1+21:3kk2 N:
By simple computation, we cangek; = |y, =1;h=2; = %; KEKNZk = 0; kWk =
1:013%2: ¢,  t, ;=1:3k;
Z +1

k = maxf 1; kW,k + kEkngk k(s)e® dsg = kWk = 1:013%2:
0
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Therefore we have
p_

N« gigs1< = 3727 £ 01771

e t 1

R,
where is a unique solution of equation: h+ | ! k(s)e®ds =0:

According to Theorem 2, we know the equilibrium point (§0)" of (24) is globally
exponentially stable with approximate exponential conveyent rate 0013.

Next, by utilizing a standard Runge-Kutta method, the simuhtion result of Ex-
ample 3 above is illustrated in Fig.1.

Neural Networks without impulses Neural Networks with impulses

8 8

6 6

4 4

= 2 = 2
> >

0 0

-2 -2

-4 -4

0 5 10 0 5 10
time t time t

Figure 1. Stability for neural network without impulses or wth impulses.

5 Conclusions

In this letter, the impulsive dynamical system with distributed delays is inves-
tigated. For the model (see (3)), by the established impulg di erential-integro
inequality (see Lemma 1), we have obtained some su cient caiitions of global ex-
ponential stability for the equilibrium point. To the best of our knowledge, the results
presented here have been not appeared in the related litewa¢. When model (3) is
a continuous dynamical system (see (19)), we obtained the sient conditions en-
suring the global exponential stability of such model. In te example 2, we point out
our result can get the larger exponential convergent rate #n the results in paper [1]
can do.
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