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Abstract
In this paper, we study existence, uniqueness and stability questions
for the nonlinear parabolic equation:

@u _ i . .
@t4 put+ (u)=f in 10, T[ ;

with Neumann-type boundary conditions and initial data in L. Our
approach is based essentially on the time discretization technique by Euler
forward scheme.
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1 Introduction

In this work, we treat the nonlinear parabolic problem

%{;4 pu+ (u)=1finQr :=]0; T[ ;
joup 22% (U= gon 1:=0; T[ @ ®

u©;:)=ugin ;

where ,u=div jDuj® ?Du ,1<p< 1, isa connected open bounded set
inRY, d 3, with a connected Lipschitz boundary @, T is a xed positive real
number and ;  are taken as continuous non decreasing real functions every
where de ned onR with (0) = (0) = 0. We will have in mind especially the
case when initial data in L*.
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The usual weak formulations of parabolic problems with initial data in L* do
not ensure existence and uniqueness of solutions. There therose formulations
which were more suitable than that of weak solutions. Throud that work it is
hoped that we can arrive at a de nition of solution so that we can prove exis-
tence and uniqueness. For that, three notions of solutions &ive been adopted:
Solutions named SOLA ( Solution Obtained as the Limit of Approximations)
de ned by A. Dallaglio [6]. Renormalized solutions de ned by R. Diperna and
P. L. Lions [7]. Entropy solutions de ned by Ph. Benilan, L. Boccardo, T. Gal-
louet, R. Gariepy, M. Pierre, J.L. Vazquez in [4]. We will have interested here at
entropy formulation. Many authors are interested has this type of formulations,
see for example [1, 2, 3, 4, 19, 20, 25, 26].

The problem (1) is treated by F. Andereu, J. M. Maon, S. Segua De leon,
J. Teledo [1] in the homogeneous case, i.ef =0; g=0and = 0; with
is a maximal monotone graph inR R and 02 (0): Hulshof [12] considers
the case where is a uniformly Lipschitz continuous function, (r) = 1 for
r2R", 2CYR ); °>0onR andlim, (r) = 0 and some particular
functions g: In [13], N. Igbida studies the case where is the Heaviside maximal
monotone graph. Forp = 2; we obtain the heat equation, this equation is stud-
ied by many authors, see for example [14, 23] and the referees therein. The
elliptic case of problem (1) has been treated by many authorssee for example
[3, 25, 26, 17], and the references therein.

We apply here a time discretization of given continuous prollem by Euler
forward scheme and we study existence, uniqueness and stéityi questions. We
recall that the Euler forward scheme has been used by severauthors while
studying time discretization of nonlinear parabolic problems and we refer to
the works [8, 9, 10, 15] for some details. This scheme is uslalused to prove
existence of solutions as well as to compute the numerical ggpoximations.

The problem (1), or some special cases of it, arises in many drent physical
contexts, for example: Heat equation, non Newtonian uids, di usion phenom-
ena, etc.

This paper is organized as follows: after some preliminaryesults in section
2, we discretize the problem (1) in section 3 by the Euler fornard scheme and
replace it by

Ut 4,Uu"+ (UM= fa+U" tin
pup 282+ =g one:;
u® = ug in

and show the existence and unigueness of entropy solution® tthe discretized
problems. Section 4 is devoted to the analysis of stability 6the discretized
problem and in section 5 we study the asymptotic behavior of he solutions of the
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discrete dynamical system associated with the discretizeghroblems. We shall
nish this paper by showing the existence and uniqueness of réropy solution
to the parabolic problem (1).

2 Preliminaries and Notations

In this section we give some notations, de nitions and usefliresults we shall
need in this work.
For a measurable set of RY, j j denotes its measure, the norm inLP() is
denoted by k:k, and kiky., denotes the norm in the Sobolev spac&V1P(), C
and C will denote various positive constants. For a Banach spac& and a < b;
LP(a; b X) denotes the space of the measurable functions : [a; bj! X such
that [

Zy C b
ku(t)kg = kuKipapix) < 1:

a

For a given constantk > 0 we de ne the cut function Ty : R! R as

(
S if jsj k;
Tk(s) = : s _
k sign (s) if jsj >k;
where 8

21 if s> 0;

sign (s):=>0 if s=0;

1 ifs<O:

For a function u = u(x), x 2 , we de ne the truncated function Tyu pointwise,
i.e., for everyx 2 the value of ( Txu) at x is just Ty (u(x)):
Let the function Jix : R! R* such that
Z X
()= Te(s)ds
0

(Jk it is the primitive function of Ty). We have

< @Y1 (v >= _Z J(v) in L1qo; TD; @)
@t 7T dt K U
what implies that
Zi gy y y
. < @éTk(V) >= Jk(v(1) Jk(v(0)): 3)

For u2 WYP() ; we denote by u or u the trace of u on @in the usual sense.
In ([4]) the authors introduce the following spaces
n
TY()= u: ! R measurable : T (u)2 W) ; forall k> 0

loc loc
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n (0]
TaP()= u2TEY() : DTw(u2LP.(); forall k> O ;

n (0]
TLP()= u2T1;p() : DTg(u)2LP() ; forall k> 0 :

loc

For bounded C; we have
TY¥P()= u: ! R measurable Tc(u)2 WYP() ; forall k> 0 :

Following [4], It is possible to give a sense to the derivatie Du of a function
u 2 TP(), generalizing the usual concept of weak derivative in W, *(),
thanks to the following result

Lemma 1 ([4]) Foreveryu?2 Tlolép() there exist a unigue measurable function
v: | RYsuch that
DTk(U) = Vlfj vi<k g a.€,

where 1g is the characteristic function of the measurable seB  RY:
Furthermore, u 2 W,é’cl() if and only if v2 L} () ; and thenv  Du in the
usual weak sense.

We apply also the setsTt,l;p() introduced in [2] as being the subset of functions
in T 1P() for which a generalized notion of trace may be de ned. Mor e precisely
u2TSP()if u2TLP() and there exist a sequence (Un)n2n in WLP() and
a measurable functionv on @ such that

a) up! uvae.in ;
b) DTx(uy) ! DTg(u) in L() for every k> 0;
c)u,! vae on@:

The function v is the trace of u in the generalized sense introduced in [2]. For
u?2 Ttrl;p(), the trace of u on @ is denoted by tr (u) or u; the operator tr (3)
satis ed the following properties

i) if u2T,P() ;then Ty(u)= Ti(tr (u));8k > O;

i) if * 2 WEP() \ LY () ;then8u 2 T,/ P() ; we haveu ' 2 T;P()
andtr(u ')=tr(u) "
In the case whereu 2 WLP() ; tr (u) coincides with u.

Obviously, we have
WEP() T PO T B()

In [25], with Nonlinear Semigroup Theory, A. Siai demonstraed the following
theorem
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Theorem 2.1 ([25]) If ; are non decreasing continuous functions orR such

that (0)= (0)=0 andf 2 L'() , g2 L'(@) , then there exists an entropy
solution u2 TFP() to the problem

divfa(;;Du)]+ (uw=f in

%+ (uy)=g on@ @
ie. 8 2C (RV)
z z z z
a(; Du)DTy(u ')+ (WTk(u ")+ o (WTk(u ") fTe(u ")
z

+ gh(u "),
@

with ( (u); (u)) 2LY() LY@ andk( (u); (u)ki k (f;g)ki and u
is unique, up to an additive constant. Furthermore, if or is one-to-one,

then the entropy solution is unique. Wherea is an operator of Leray-Lions type
de ned as follows

1) a: RA!1 RY;(x; ) 7! a(x; ) is a Caratleodory function in the sense
that a is continuous in  for almost everyx 2 ; and measurable inx for
every 2 RY:

2) There existsp; 1<p<d, and a constantA; > 0; so that,
ha(x; ); i A j°; fora:e:x 2 and every 2 R%:

3) ha(x; 1) a(x; 2); 1 20 >0if 16 5 forae. x2

4) There exist somehg 2 LP°() ; p°= »-7 and a constantA, > 0; such that

ja(x; )i Az ho(x)+jj° !t forae:x 2 andevery 2 RS:

3 The semi-discrete problem
By the Euler forward scheme, we consider the following systa

8
EU” 4,U"+ (UM = fp+U" tin
ey, puTF 2@+ U= n@;
U%=upin ;

R
whereN = T; 1 n N and f,(:) = & (?1 1) f (s;:)ds; in
1

n . .
= g(s;:)dson @ :
We assume the following hypotheses:

;oon() =
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(H1) and are non decreasing continuous functions ofR such that (0) =
(0)=0;

(H2) ug2 LY() ; f2LYQr)andg2 LY( 1):

Recently, in [4], a new concept of solution has been introdusd for the
elliptic equation
divfa(x;Du)] = f(x) in ;
u=0 on @;
namely entropy solution. Following this idea we de ne the cmcept of
entropy solution for the problems (Pn).

(®)

De nition 2 An entropy solution to the discretized problems (Pn), is a se
quence(U")o n n such thatU® = uy and U" is de ned by induction as an
entropy solution of the problem

u 4pu+ (= fp+unt in

iDujP 2%”+ W=g on @;

ie. UN 2T, P() and8 2 WLP() \ L1 (), 8k> 0; we have
z z z
U'Te(U" ') jDUMP 2DUMDT,(U" ')+ (UM)Te(U™ ")+

4 y4 4
(UMHT U™ ") (fn+U" HTU" ")+ o GT(U™ "): (6)

Lemma 3 Let hypotheses(H;) (H:) be satised, if (U")o n n; N 2 Nis an
entropy solution of problems (Pn), then8n =1;:::;;N; we haveU" 2 L1() .

Proof. In inequality (6) we take ' =0 as test function, we obtain
z z z

jDUYP 2DUTDT (U +  ( (Uh)+ UDT(U) + (UHT(UY)
@

z z
(f1+ Uo)T(Uh)+ G Tk (UY): (7
@
By assumption (H;) and the properties of Ty; we get
z z
(UHT (U + (UHT(UH) O 8
@
Now, since
e N
kfnkl + kgnkLl(@) k f kLl(QT) + kgkLl( T), (9)
n=1
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and Z Z
jiDULP 2DUIDT(UY) = iDT(UHP o

Thus, from inequality (7) we obtain,

z 1
0 Ulw kf kLl(QT) + kgkLl( 1) + kak]_ : (10)

On the other hand, we have for eachx 2

1
klllmOUl(X)Tk(Uk (X)) - JUl(X)j

Then by Fatou's lemma, we deduce thatU! 2 L*() and
kUlk]_ k kal(QT) + kgkLl( ) + kugky:

By induction, we deduce in the same manner thatU" 2 L*() ; 8n=1;::;N.
]

Theorem 3.1 Let hypotheses(H;) (H2) be satised and1<p <d; then for
all N 2 N the problems (Pn) has a unique entropy solutioU")o , n; such
that for all n=1;::;N; UM 2 T,2P() \ LY() :
Proof. Existence. Let the problem

4pu+ (U= Fin ;

jDuj? 2%u+ (W=G on@; )

whereu = UY; F = f 1+ upand G = g;: According to inequality (9) and
hypothesis H»); we haveF 2 L1() ; G 2 L(@) and, by hypothesis ( H1); the
function de ned by —(s) =  (s)+ sis non decreasing, continuous and satis es
—(0) = 0: Therefore, according to theorem 2.1, the problem (11) has aentropy
solution Ut in TP ().
By induction, using Lemma 3, we deduct in the same manner thatfor n =
1;:::;N; the problem

u 4pu+ (u= fp+U"t  in

iup 22% =g o @;
@
has an entropy solutionU" in T,*P() \ L%().

Uniqueness. We rstly need the following lemma.
Lemma 4 If (U")p n n; N 2 N is an entropy solution of (Pn), then for all
k> 0; for all n=1;::;N and for all h> 0, we have
z z z z !
jDU"P Kk jfaj+ jur i+ joni
fh<junj<k + hg fiunj>hg fiunj>h g @ \fi U"j>hg
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Proof. Taking ' = Ty(U") as test function in inequality (6), we have
z z
UTTe (U™ Th(U") + jDUMP 2DU"DT(U"  Th(UM)

Z Z
+ (UMTe (U™ Th(UM) + o (UMTe(U" Th(U"))

Z Z
(fo+U" HT(U"  Th(UM) + @gnTk(U” Th(UM)): (12)

By using the de nition of Ty; we have
Z Z
UMTe (U™ Th(U™) = U"T (U™ hsign(u"))
h
Z Z
= um(u"™ hsign(U"))+  U"sign(U" hsign(U"));

h\ (hk) o (hi)

where B
h=fu"j>hg; i) =fiu" hsign(U")j kg;
and B
k) = fiu™  hsign(U")j > kg:

However
sign(U"  hsign(U"))1- = sign(U")1- ;

Thus, we get Z
UnTk(Un Th(Un)) 0:

In the same manner, using the hypothesiski;) we obtain
Z Z
(UMT (U™ Th(U") + (UMT (U™ Th(U") O
@

Now, we have

gs hsign(s) if h j sj<k + h;
Tk (s Tw(s) = S k if jsi k+ h;
"0 if jsj h;
then, it follows that
z z z z !
jDuUnP Kk jfaj + jur e+ [y
fh<junj<k + hg fifunj>h g fiunj>h g @ \fj Unj>hg
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m

Now, let (U)o n n and (V™o n n; N 2 N be two entropy solutions of
problems (Pn) and let' 2 WZP() \ L?! () (for simplicity, we write u =
Ul; v= V1), then we have

Z Z Z
uTe(u ')+ iDuj® 2DuDT(u ')+ (WTe(u ")
Z Z Z
+ (WTk(u ") (fn+U" HTeu ")+ O Tk(u "); (13)
@ @
and
Z Z Z
V(v ')+ iDVjP 2DVDTy(v ')+ WMTe(v ")
Z Z Z

+ MTk(v ") (fn+U" HTe(v ")+ hTk(v ") (14)
@ @

For the solution u; we take' = Ty (v) and for the solution v; we take' = T, (u)
as test functions and taking the limitash ! 1 , we get by applying Dominated
Convergence Theorem that

Z
(u VTk(u )+ lIm Iy + - im Jign - O; (15)

where

Z Z

leh == jDUj? 2DuDTk(u  Th(v))+  jDVjP 2DVDTk(v Th(u));

and

Z Z Z
Jkn = (WTk(u  Th(v)) + WT(v Th(u) + o (WT(u  Th(v))

+ (WMTk(v  Tr(u));
@

by applying hypothesis (H1); we get
Y4 Y4
Am Jign = ((u) (Tk(u v)+ @( (U  (W)Tk( v) 0 (16)

Now, we show thathllilm lkn O
To prove this, we pose
1(h) = fijuj<h; jvj<hg; 2(h) = fijuj<h; jvj hg;
3(h)y=fiuj h;jvj<hg and 4(h)=fiuj h;jvj hg;

EJQTDE, 2007 No. 27, p. 9



and we spilt

leh = Tin + 1en + 18 + 1n s
where
Z
1L, = iDujP 2DuDTg(u Vv)+ jDVj? 2DVDTk(v u)
z 1(h)
= jDuj? 2Du j Dvj? ?Dv DT(u V)
z 1(h)
= jDuj’ 2Du j Dvj? 2Dv (Du Dv)
LMV U vi<k g
and
Z Z
12, = jDuj® 2DuDT(u hsign(v)) + iDVjP 2DVDT i (v
2(h) 2(h)
We have
Z Z
jDuj? 2DuDT(u hsign(v)) = jDujP
2(h) 2(h)\ff u hsign (v)j<k g

and on the other hand, from the Helder's inequality, we have

Z
jDVjP 2DvDTy(v u)
2(h)

3
jpvjf 4 jDvjP + jbujr - 5;
1 (kh) (ki) 2(kin)

where (k;h)= ,(h)\fj u vj<kg; 1(k;h)=fh jvj h+kg,
fh Kk j uj hgand%+$:1:
By lemma 4, we have
z z z z
jbuj® Kk jfnj+ jun i+

fh k<juj<hg fiuj>h kg fiuj>h kg @ \fj uj>h

Now, f,2LY), gn2L'(@, U" *2L%)and Im ffiuji h
then z |

lim jDuj? =0:
h'1 th ke<juj<h g
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In the same manner, we show that:
Z
lim jDvjP =0:
h1 fh<jvj<h +kg

Hence
lim 12 0:
hil kih

Similarly, we have

Z Z
lim 12, = lim jDuj® 2DuDTy(u v)+ iDujP 2DuDT (v hsign(u)) O
h!1 ’ h!1 (h) (h)
3 3

Finally

Z Z
len = jDuj? 2DuDT(u hsign(v)) + jDuj? 2DuDT (v hsign(u))

z a(h) 7 4(h)

= jDujP + jDvj?  O:
4(h)\fi u hsign (v)j<k g 4(h)\fj v hsign (u)j<k g

It thus follows that
hI!llm Ik O a7

Therefore, by inequalities (15), (16) and (17), we get
Z
(u VT v) G

ie. Z
(u v)%Tk(u v) O

Taking the limit as k! 0; by Dominated Convergence Theorem, we get
ku vk; O
By induction, we prove that

8n=1;:;N; ku" V"k;=0:

4  Stability

Now we give some a priori estimates for the discrete entropyadution (U")1 n n
which we use later to derive convergence results for the Eutdorward scheme.
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Theorem 4.1 Let hypotheses(H1) (H2) be satised and1 < p <d: Then,
there exists a positive constantC(up;f; g) depending on the data but not orN
such that for alln =1;:::;; N, we have

1) kU"k; C(uo;f;9);
xo ) X )

2) k (Ul)k1+ k (UI)kLl(@) C(Uo;f;g);
i=1 i=1

3) kU U ki C(uo;fig);

4) KTi(UKE,  k:C(uoifig):
i=1
Proof. 1) and 2): Let' = 0 as test function in inequality (6) and dividing

by k; we obtain
z z z

1 . 1 4 1 . 1 4
—kDTk(U')kg+ U'=Te(U") + (U =T (U + (U =Tk (U")
k k k @ k
kfiky + kgikLl(@) + kU! lkl; (18)
i.e.
z ) o Te(UD T (UD :
u'+ (UI) + (UI) kfiky + kgikLl(@) +kU! 1k1;

k k

(19)
Let k! 0, by the properties of Ty and the Dominated Convergence Theorem
we get,

k (UDks+ kU'ks + Kk (U)ki1(@) kfiki + kgik 1@ + KU' Tk
(20)

Summing (20) fromi =1 to n we obtain

X ) : X
kUnkl + k (Ul)kl + Kk (UI)kLl(@) kfikl + kg, kLl(@) + kakl
i=1 i=1
k kal(QT) + kgkLl( ) + kU()k]_:

Then inequalities 1) and 2) are satis ed.
3) Taking' = T, U' sign(U' U' 1) as test function in inequality (6) and
using the fact that:
z z

jDU'P 2DU'DT, U' T, U sign(u’ U Y = jiDU'P O

K\ h
where ‘ ‘ ‘ ‘
s(k;h)y= ju'  TR(U' sign(U' U' Y k
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and _ ' ' '
h= ju sign(U' U Yj>h

we obtain
Z

Ut Ut T U T, U osignut Ut
k kfki+ kgkiyg + k (Uki+ k (U)k i(q)

Taking the limitas h!1 and using the Dominated Convergence Theorem, we
getfork=1

kU' U ky  kfiki+ kagkiig + k (UDki+ k (UDkiyg @ (21)
Summing (21) fromi = 1 to n and applying the stability result 2) and inequality
(9), we obtain

X0 . )
ku' u' lkl 2kf kLl(QT) +2kgk|_1( ot kuogki:

i=1
4) Taking ' =0 as test function in inequality (6), we deduce by (8) that
KDTK(UDKD  k  kfiky+ kgkiig +kU' U Tk (22)
Summing (22) fromi =1 to n and applying the stability result 3), we therefore
get

kDT (UKD kiC(uo; f;9);:
i=1
Hence, by using Sobolev's inequality we deduct the stabili result 4). =

5 The semi-discrete dynamical system

This section aims to study the discrete dynamical system. Weshow existence
of absorbing sets inL*() and of the global attractor. (We refer to [27] for the
de nition of absorbing sets and global attractor).
By the results of theorem (3.1), problems (Pn) generates a atinuous semigroup
S dened by

su" t=um

Proposition 5 Let hypotheses(H;) (H2) be satised and1 < p <d: Then
for small enough, there exists absorbing sets in'() . More precisely, there
exists a positive integern such that

kU"k;, C; 8n n: (23)

where C does not depend on:
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Proof. By inequality (20), we have
yn yn 1 + hn;

wherey" = kU"k; and hy = kf ks + kgnhk (@) :
On the other hand, according to the stability results of theorem 4.1, there exists
n > 0 such that

n=RWo+ N

Yo Ce 8ng n; (24)
n=ng

where Cg does not depend omy:
By inequality (9), we have

I"I:Xo+ N
khn kl C, 8n0 n:

n=ngp
Now, applying the discrete Gronwall's lemma [8, lemma 7.5]we therefore get
kU"k; Cg 8n n;

where Cg is a constant not depending on :
Which implies the existence of absorbing sets i.'() : m
Applying [27, theorem 1.1], we get the following result.

Corollary 6 Let hypothesegH1) (H2) be satised and1<p<d: Then for
small enough, the semigroup associated with problems (Pnpgsesses a compact
attractor A which is bounded inL() :

6 Convergence and existence result

De nition 7 A function measurableu : Qt ! R is an entropy solution of
parabolic problem (1) in Qt if u2 C(0;T;L()) ; Tk(u) 2 LP(O; T; WEP())
for all k> 0; and
z.Z z.Z z.Z

jDuj? *DuDTy(u ')+ (WT(u ")+ WT(u ")
0 0 0 @

z, . z z

DT ) O ) B )
i i
+ fTe(u ')+ gTk(u "); (25)
0 0 @

forall * 2L (Qr)\ LPO;T;WEP()) \ WHL(O;T;LY()) andt2 [0; T]:

Now, we state our main result of this work.
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Theorem 6.1 Let hypotheseg(H1) (H32) be satised and1 <p <d: Then the
nonlinear parabolic problem (1) admits a unique entropy solution.

Proof. Existence. Letus introduce a piecewise linear extension, called Rothe
function, by

uM (0) = uo;
n 1
uN(t):= u" T+(un U HEE D g2 t" Lt n=1;:5N in
(26)
and a piecewise constant function
o™ (0) := ug;
oN(t):=U" 8t2]t" L, t"; n=1;:5N in 27)

wheret" := n:

As already shown, for anyN 2 N; the solution (U"); , n of problems (Pn) is
unique. Thus, uN and TN are uniquely de ned and by construction, we have
forany t 2]t" 1; t"]and n =1;::;N; that

@i _ (u umh
et '
2) aV@) uN@)=(u" u" l)::

1)

By using the stability results of theorem 4.1, we deduce the dllowing a priori
estimates concerning the Rothe functionuN and the function a™ .

Lemma 8 Let hypotheses(H;) (H2) be satised and1 < p <d: Then there
exists a constantC(T; up; f; g) not depending onN such that for all N 2 N; we
have

1
ka  uMkiior) N (Tt frg); (28)
kuNkiigry C(T;uo;f;9); (29)
Ktk igr)  C(Tiuoifi9); (30)
@
k@kmoﬂ C(T;uo;f;9); (31)
Tk(UN) LP(0;T;W 1P () kC(T,UO,f,g) (32)
Proof. We have
)(\| Ztn (tn t)
kUN UN kLl(QT) = kun u" 1k17dt
n=1 tn 1
= —X\I kun u" lk]_:
2n:l
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Using inequality 4) of theorem 4.1, we deduce that
kN uNke s iTC(u f:9):
L (QT) 2N [FRLE} .
In the same manner, we prove the estimates (29), (30), (31) ah(32). =

Using estimates (29) and (31), we deduct that
the sequence(uN )y 2 is relatively compact in L *(Qr):

This implies the existence of a subsequence afif )y 2y converging to an element

uin LY(Q7).
And by estimate (28), we deduce hence that

the sequence(T™ )y 2n converges to u in LY(Qr):
On the other hand, by (32) we have that

DTy (@) N2y IS uniformly bounded in L P(QT):

Hence there exists a subsequence, still denoted bydT, (") N 2y Such that

DT () converges to an element V in LP(Qr):

N2N

However
Tk (@) converges to K (u) in L P(Qr):

Hence, it follows that
DT, (a™) converges to DTi(u) weakly in L P(Qr);
and by (32) we conclude that
Te(u) 2 LP(O; T;WLP()) forallk> O:
We follow the same technique used in [1] to show that
oV convergestouon t:

Lemma 9 The sequencguN )y 2n converges tou in C 0; T;LY()

Proof. Let' 2 LY (Qt)\ LP(O;T;WP()) \ WEL(0;T;L()) ; we rewrite
(6) in the form

z, ob z,z
——Te@" ) + jpDuNjP DUV DT (@Y ")
0 @s 0
z.z z.z
+ @HT@ )+ @HT@ )
0 0 @
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zZ.Z zZ.Z
fuTe@ )+ onT(@ ") (33)
0 0 @
wherefy (t;x) = fr(X), oy (t;X) = ga(x) 8t 21t" 1; t"], n=1;::N:
Let (t"=n N),’:':1 and (t™ = m y )r“ﬂﬂ be two partitions of interval [0; T]
andlet uN (t);TuN(t) ; uM(t);uM™ (t) be the semi-discrete solutions de ned by
(26), (27) and corresponding to the partitions, respectivdy. The same method

used in the proof of the uniqueness in the theorem 3.1, enal8eus to obtain for
k=1

Z N M 2.2 2.2
u u . . . .
Q@ _u7), T o) ifn fumi+ jon - owi;
0 @s 0 0 @
that is
z Z, N M
JoouN@)  uM() QUT_UT) @ o) Tt M)
0 @s
ok fmkiagn t ko gwkia,
However,
Z @uN uM) N M N M
C TN T T
. @s 1(T u’) Ti(u u*)
uN M
@u” u7) kTi@  o™) TV uM)kes on)
@s L1(Qr)
2C(T;figiugkTo(@ o) Ty uM)kir (gp):
Now, as
H N M N M —-N-
N;'\Llrﬂ kT]_(U u ) T]_(U u )kLl(QT)—Oa
we get
Zt
. @uN  uM). N M N M —n-
N;n'n"ﬂ . T' Ti(T u’) Ti(u u’) =0: (34)

On the other hand, we have

N;l\l/lin!l Kin fw kLl(QT) +Kon  Ow k|_1() =0;

then, we obtain 7

N:'\Lirpl Jp uN@) JuM(@) =o: (35)

Now, using the de nition of Jx we have
z z z

v () oM ()2 L WO M) 3w wM)
ffuN uMj 1g 2 fiuN uMj 1g
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Therefore, we obtain

4 4 Z
juh @y uMj= juN @) uM )i+ juh () u" ()
ffuN uMj 1g fiuN uMj 19
z 'y oz
CO) juN ) Wi+ juh () uM ()i
fiuN uMj 1g ffuN uMj 1g
Z 1 Z
C() JyuN@w) M@ +2 I V@) M)

Then by (35), we conclude that (uN ) 2 v is a Cauchy sequence i€ (0; T;L());
Which implies that

(UN)NZN converges to u in C(0; T;Ll()) : (36)

]

It remains to prove that the limit function u is an entropy solution of the
problem (1). SinceuN (0) = U% = ug for all N 2 N, then u(0;:) = uo.
By (33) we get

Z, @U Z.Z
—oT@ ) T )+ jput P ZDT DTy(@ )+
0 @S 0
ZtZ ZtZ Zt @|
@)Te@™ )+ @) Te@¥ ) — Te@™ )
0 0 @ 0 @s
z z Z.Z

+ N () U)o+ , fuTe@ ")

Z.zZ

+ onTe@ ): (37)
0 @

By same manner, as used for the proof of the equality (34), weeHuce that

Z t
. @) _ o . N -
Jm o Tge @) Tty =0 (38)
We follow the same technique used in [19], we show that
z.z .z
(i jpujP 2DV DT (@ )= jDujP 2DUDT (U ' ): (39)
! 0 o
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And by Lemma 9, we deduce thatuN (t) ! u(t) in LY() for all t 2 [0; TJ;
which implies that
Z VA

Je@N (@) @) J(ut)y () 8t2]0; Tl (40)

Finally, taking the limits as N ! 1 , and using the above results, the conti-
nuities of , and the facts that fy ! f in LY(Qt); gv ! gin LY( 1) and
Te@ ") Te(u ')in L (Q7); we deduce thatu is an entropy solution
of the nonlinear parabolic problem (1).

Uniqueness. Let v another entropy solution of the nonlinear parabolic prob-

lem (1). Taking ' = Tp(uN) as test function in (25) and letting h ! 1 ; we
get
z Zi @y
N . N H N .
Ji(v(t)  um (1) + . @s Ti(v u™) + lim 113 (ki h)
Z,Z zZ.Z
+ WTe(v  uM)+ WTe(v  u)
0 0 @
zZ.Z zZ.Z
fTe(v uN)+ gT(v uN): (41)
0 0 @
where
zZ.Z

Y (k;h) = iDVjP 2DvDTy(v  Th(uV)):
0

On the other hand, taking ' = Tp(v) as a test function in the inequality (33)
and taking the limitas h!1 ; we get

Z, ob Z.Z
. N H N . N N
. @s Te(@ V) +r[l!rln 5 (k;h)+ . (@) T (@™ v)+
z.Z zZ.Z zZ.Z
@M T @ v) fnTe(@ V) + on T(@ V) (42)
0 @ 0 0 @
where Z.Z

1Y (k;h) = DTN P 2DUNDT (@Y Th(v)):
0

Adding (41) and (42), we get
z Z,

Je(v(t)y  uN () + . %US; Te(v uM)y+ Te@™ v
z.z

+ lim 11 N (k:h) + WMTev M)+ @1 @ v
: 0
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Z.z

+ WMTe(v M)+ @)Te@  v)
0 @
z.z z.z
fTe(v uN)+ fyTe@ v) + gTe(v  uM)+ gy Te@ ) ;
0 o @

where
Nk h)y= 1 Ykhy+ 11 Y (k;h):
Taking the limit as N ! 1 ; using the above convergence results and the hy-
pothesis H1), we get
z
; H N . .
Ji(v(t) u()+ ’urlrll hI!llm I " (k;h) O (43)

Applying the technique used in the proof of uniqueness in therem 3.1, we
deduce that
H H N . .
NIgn hllllm I " (k;h) O (44)
Therefore the inequality (43) becomes
Z

Ji(v(t) u(t)) O

i.e. Z
J(v(t) u)
K :
However 3.x)
. k(X) _ . ..
|!I!mo k0

Then, by Fatou's lamma, we get
kv(t) u(t)k, 0O, 8t2][0; TI:
]

Remark 10 The above results can be generalized, for example if tbeLaplacian
operator pu is replaced by the operatora(:; Du) de ned in the theorem 2.1.
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