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EXISTENCE AND UNIQUENESS OF A SOLUTION TO A
PARTIAL INTEGRO-DIFFERENTIAL EQUATION BY THE
METHOD OF LINES
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Abstract. In this work we consider a partial integro-di erential equa  tion. We
reformulate it a functional integro-di erential equation in a suitable Hilbert
space. We apply the method of lines to establish the existenc e and uniqueness
of a strong solution.

1. Introduction

In the present analysis we are concerned with the following artial integro-
di erential equation,

8 . . . .
3 ZH TR 0P ntotwoon: $5)

@t @xh Tl @t
+ o k(ts) BUES o fy(x; 5 w(x;s); @LL)) dis;
(x;t) 2 (0;1) (0;T]; 0<T< 1; (1.1)
2 wx0)= gi(x); FH060) = &(x); x 2 (0;1);
w(0;t) =0= w(1;t); t 2 [O;T];

where the unknown functionw : [0;1] [0;T]! C; the coe cient function of the

damping term %V, g:[0;1] ! C satis es certain integrability conditions, stated
later, f; : (0;1) [0;T] C?! C,g :(0;1)! C,i=1;2;andk:[0;T]?! C are
given functions satisfying certain required conditions.

In the next section we transform (1.1) as a Cauchy problem forthe following
functional integro-di erential equation in the product Hi Ibert spaceH := HE(0; 1)
L2(0;1);

dt

Rt
& Au= k(ts)Au(s)ds+ F(tuy);
Uo =

(1.2)

whereA : D(A) H!H isshown to be the in nitesimal generator of a contraction

semigroup in H and the nonlinear function F : [0;T] Co ! H . Here the space
G = C( T;t];H), t 2 [0;T]; is the Banach space of all continuous functions from
[ T;t]into H endowed with the norm

k kg := sup Kk (S)kn; 2GC;
T st
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k:ky being the norm in H given by
kuk? := kulkﬁ,é + kugk?z; u=(ug;uz) 2 H3(0;1) L2(0;1);
z 1
kulkaé = ju%0)j® + ju(x)j® dx;
- )
kuok?, = ju(x)j?dx:
0

The space( is called the \history space" or the phase space. We also shothat
F veri es a Lipschitz condition under certain assumptions onthe functions f; and
fa.

Our aim is to apply Rothe's method to (1.2) involving delays to establish the
existence and uniqueness of a strong solution which in turn W guarantee the well-
posedness of (1.1). The delay di erential equations arisen the study of various
population dynamical models [9]. The method of lines is a poerful tool for proving
the existence and uniqueness of solutions to evolution eqtians. This method is
oriented towards the numerical approximations. For instance, we refer to Rektorys
[11] for a rich illustration of the method applied to various interesting physical prob-
lems. Until today, the application of method of lines includes only those nonlinear
di erential and Volterra integro-di erential equations ( VIDES) in which bounded,
though nonlinear, operators appear inside the integrals, @e Kacur [6, 7], Rektorys
[11], Bahuguna and Raghavendra [2] and Bahuguna, Pani and Rghavendra [5].
In the present study we extend the application of the method d lines to a class
of nonlinear VIDEs in which di erential operators occur inside the integrals and
hence are unbounded. Motivation for considering such proldms arises from the
theory of wave propagation under the in uence of damping, se Bahuguna [1], and
Bahuguna and Shukla [4] and references cited therein.

2. Reformulation and Main Result

In order to reformulate (1.1) as (1.2) we choose the followig settings. We
consider the complex Hilbert spaced_?(0; 1) of all square integrable complex-valued
functions on (0; 1) with the norm k:k, - introduced earlier. We shall also be dealing
with the Sobolev spacesH 9(0;1) and HJ(0;1) for d = 1;2;  (cf. Pazy [10] or
Engel and Nagel [8] for de nitions and details).

We assumethatqg: [0;1]! Cis measurable and satis es the following conditions.

(C1) There exist constants 0 and > 0 such that

Jjim q(x)j] Req(x); Req(x) , ae x2[01];

where Req(x) and Im q(x) denote the real and imaginary parts ofg(x).
(C2) Forevery0< < 1=2,q2 L?[;1 Jandthe mapx 7! x(1 x)?(x) is

in L1[0; 1].
We de ne
D(P)= fu2 L?0;1):q(:)u(®) 2 L%(0; 1)g; (Pu)(x) = q(x)u(x); (2.1)
D(A)= HXO:1) (D(PI\ HIOL): Ao= g | 2.2)

g p
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Under the conditions (C1) and (C2) on q, it follows that the closure A, of Ag is
given by

D(A)= HZ(0;1) H(0;1); (2.3)

0 I

A= cc o

(2.4)
whereQ = C PC 1, is abounded linear operator onL2(0; 1), is the in nitesimal
generator of a Cp-semigroup of contractions inH (cf. Engel and Nagel [8], page
381). Here, for any operatorL, L represents the closure of_.

With these operators introduced and forg; 2 H3(0;1) and g, 2 L?(0; 1); we
rewrite (1.1) as

@ A= Fy(tu) k(G S)BUS)+ Fas u(s)]ds;

50) = (91 2); 25)
where
D(B)= D(A); (2.6)
_ 0 0o .
B = cc o 2.7)

and, fori =1;2,F :[0;T] H!'H are given by
Fi(t (ur;u2))(x) = (0;fi(x;tus(xt);ua(xt))); u=(ug;uz) 2H:

Weputt s= in the integral term in (2.5) to obtain
z t z 0
k(t;s)Fa(s;u(s))ds = k(t;t + )F(t+ ;u(t+ )d (2.8)
0 Zé
= k(tt+ )Fa(t+ ju( ))d: (2.9)
t

Thus, ifforany u 2 Cr := C([0; T];H)andt 2 [O; T], we letu; 2 Cy := C([ T;0];H)
givenbyu()=u(t+ ), 2[ t;0landui( )= u(@)for 2 T; t], we may
rewrite (2.5) as (1.2) whereF :[0;T] Co!H ; given by

0

F(t )= Fu(t @)+  ktt+ (B A) ()s)* Fa(s; ()(s)lds; 2 Co;
t
and 2 G is given by

() u@=(g;%); 2[ T;0
We list here the properties of the linear operatorA, the nonlinear map F and
the kernel k.
(P1) The operator A : D(A) H!H is the in nitesimal generator of a Cp
semigroup S(t) of contractions in H.
(P2) The function F : [0; T] Co!H satis es the Lipschitz condition, i.e., there
exists a positive constantLg such that

KF(ty; 1) F(t2; 2)kn Lefits toj+ k 1 2ke];

for (tj; )2 [0;T] Co,i=1;2
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(P3) The function k : [0;T]? ! R is continuous and there exists a positive
constant L such that
jk(t1;s)  k(tz;8)j  Lijti to); ty;t2 2 [O;T]:
We have the following main result.
Theorem 2.1. Suppose that (P1)-(P3) are satis ed and 2 Cj is Lipschitz contin-

uous. Then there exists a uniquais 2 Cr, with ug = , u(t) 2 D(A), a.e. t 2 [0; T],
u(t) is Lipschitz continuous on[0; T] and satis es (1.2) a.e. on [O; T].

3. Discretization Scheme and A Priori Estimates

To apply Rothe's method, We use the following procedure. Forany positive
integer n we consider a partitiont]' de ned by t! = jh; h=T=n; j =0;1;2;:::;n.
Setug = (0) forall n 2 N. Forj =1;2;:::;n, we de ne u' 2 D(A) the unique
solutions of each of the equations

u” Ul X1
T A =FT b KA (3.1)
i=0
Where F" = F(t]'; &' ;) and ki = k(t/;t') 1 i | nrandag(t) = (1)
fort2[ T;0Lug(t)= (O)fort2[0;T]andfor2 j n;
th+ ), th;
= T el
ut (g ) ul; o 2[0 thy 0 L1 0]

Now, the existence of a uniqueul' 2 D(A) satisfying (3.1) follows from the m-
dissipativity of A and by Theorems 1.4.2 and 1.4.3 in Pazy [10]. In order to enser
the existence of a unique solutionu 2 D (A) of (3.1) we rewrite it as
" #
X 1
u'=(1 hA) T u ;+hF"+ 02 KTAUD
i=0
as I hA) ! exists for all h > 0. The existence of uniqueu;’ 2 D(A) satisfying
(3.1) is ensured.

De nition 3.1.  We de ne the Rothe sequencéU"g C([ T;T];H) given by
(
ut g+ (t o ufs t2 =120
and a sequencd X "g of step functions from[ T;T]into H given by
XMt)y= (1), t2[ T;0] X"()=u; t2@ ;') =21:2:00m

We prove the convergence of the sequenddJ"g to the unique solution of the
problem asn ! 1 using some a priori estimates onf U"g: For convenience, we
shall denote by C a generic constant, i.e.,KC, ¢, etc., will be replace by C
where K is a positive constant independent ofj, h and n.

We shall use later the following lemma due to Sloan and Thome§l2].
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Lemma 3.2. Let fw,g be a sequence of nonnegative real numbers satisfying
D¢ 1
Whn nt i Wi; n> 0;
i=0
wheref g is a nondecreasing sequence of nonnegative real numbers ang 0.
Then
D¢ 1
Wh n epr ig; n>0:
i=0
Furthermore, we also require the following lemma for later wse.

Lemma 3.3. LetC>0; h> Oandletf g, be a sequence of nonnegative real
numbers satisfying
1

i (1+Ch)j 1+ Cnh? i+Ch;, 2 j n (3.2)
i=1
Then
_ X1
i (@+Ch)[i+]jCh? i+tjCh; 2 | n
i=1
Proof. From (3.2)
'Xz
1 (1+Ch) j 2+Ch? p+ Ch
p=1
1
(1+ Ch) j 2+ Ch? p+ Ch (3.3)
p=1
Putting in (3.2)
b( 1
i (1+Ch)? 2+ Ch?[1+(1+ Ch)] p+ Ch[L+(1+ Ch)]: (3.4)
p=1

By repeating the above process
x 1
i @+ Cchyl D+ Ch%[1+(1+ Ch)+ +(1+ Ch)U 9] b
p=1
+ Ch[l+(1+ Chy+ +(1+ ch){ ]
_ X1
(1+ Ch)l[ 1+ jCh? o+ JjCh]: (3.5)
p=1
This completes the proof of the lemma.

Lemma 3.4. There exists a constantC independent ofj, h and n such that
k uj”kH C:
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Proof. From (3.1) for j =1 we get
u? hAuf = Aug+ F{ + hkiyAuo:
Theorem 1.4.2 [10] implies that
k Ug_'kH k Aug + Ff + hk?OAUOKH C:

HencekAulky C. Let2 j n. Subtracting (3.1) for j 1 from (3.1) for j,
we get
X 2
ul hAul = ul (+F" F" +hki AUl o+ KTk g ]AU:
i=0
Applying Theorem 1.4.2 of [10] again, we get
kuky k ul jkn + kKF"  F" kg + hiki kAUl kn

X 2
+ h kiK' gjkAufky: (3.6)
i=0
Now using Lipschitz continuity of the function F
KF"  F" g ka = KF(t e 1) F@ 6 o)k
Le(tf 1 qi+ ke 1 o okg)
Ch(1+ max kupky): (3.7)
1 pj 1
Then (3.6) becomes
X 1
k ufky k ul lkH+Ch(1+lrr’}alx lkuBkH)+ Ch?  KkAulky
i=0
v 1
(1+ Ch) max kulky + Ch>  KkAulky + Ch: (3.8)
teia P i=0 I
From (3.1),for2 i j, we have
K 1
kAu ky k uiknq + kF"ky + Ch  kAupky: (3.9)
p=0

Again using Lipchitz continuity of F
kF"ky = KkF(tM;u! ) F(@! ;0ky + KF(t] 1;0)ky
LeGt!  t] 4+ ke jke) + max_ KF (t; 0)ky

K 1
C(h+h k ugkco + Ktroke,) + 5n?xT KF(t;0O)ky:  (3.10)
p=1
Then (3.9) becomes

K 1

kAU ky c@a+ {nax'kuBkH)+ Ch+ Ch  KkAupky: (3.11)
p i
p=1

EJQTDE, 2008 No. 4, p. 6



Applying Lemma 3.2 in (3.11), we get

kAuTky  Ce°T(1+ max kupkn): (3.12)
p 1

Using (3.12) in (3.8), we have

Xl
max kuflky (1+ Ch) max kulky + Ch? max k uky + Ch: (3.13)
1p ] P 1pj 1 P p:ll p i p

To use Lemma 3.3 in (3.13), we take j = maxy p j kugky and the fact that
(1+Ch)y €T,2 j land ; C togetthe estimate

Xl
max k uBkH C+ Ch max k uBkH: (3.14)
1

1p pmp TP

Again we apply Lemma 3.2 to get the required estimate. This canpletes the proof
of the lemma.

Remark 3.5. Each of the functionsfU"g is Lipschitz continuous with uniform
Lipschitz constant, i.e.,

ku™(t) U"(s)ky Cjt sj; ts2][0;T]:
Furthermore,
ku™(t) X"(t)ky %:

De nition 3.6.  We de ne the sequencef F"g and fK"g of step functions[0; T]
into H by

X 1
K"0)=0; K"(t)=h KkiAu; t2( ;t']; (3.15)
i=0
FP0)=F(0; ); F"(t)= F(te 1) t2(t) ,tl]: (3.16)
Lemma 3.7. Under the given assumptions we have
(a) H( n(t)g is uniformly boundeqz'e R
() AX"(s)ds=up U"(t) JK"(s)ds o F"(s);
(© FUMD AX"(B)= K"()+ F(t); t2(0;T];
where %—t is the left-derivative.

Proof. (a) This is a direct consequence of the estimates in (3.12) ah(3.14).
EJQTDE, 2008 No. 4, p. 7



(b) For2 j nandt2(t ;;t']; by De nition 3.1, we have
Z, K 1Z ¢ Z,
AX "(s)ds AX "(s)ds+ AX "(s)ds
0 =1 t1 tjn 1
b( ! n n 1 n n n
= U ou )+ ﬁ(t o)y )
i=1 ; 4
X1 X1 X1
h h ki Aug (t t pih kipAup]
i=1 p=0 p=0
X 1
h K" @t t )F"
= Z t z t
up U"(1t) K" (s)ds F"(s)ds
0 0

Whenj =1, t 2 (0;t7]. we have
Z t

AX "(s)ds
0

tAu ]

- %(u? W) thkl AU tFD
Zt Zt

= up U"(1) K" (s)ds F"(s)ds:
0 0

(c) for t 2 (t 1;t"];

d u" 1
AX"(t) = Au]' and gt (t) = H(uj” u' )
Therefore,
d u" 1
gt (t)y AX"(t) = ﬁ(ujn u' g)  Au
i 1

i=0
= K"(t)+ F"(1):
This completes the proof of the lemma.
In the next lemma we prove the local uniform convergence of ta Rothe sequence.

Lemma 3.8. There exist a subsequenceU"r g of fU"g and a function u : [0; T]!
D(A) such thatU" ! uin C([0;T];H), and AU"» (t) * Au (t) uniformly in H
asp!1 , where* denotes the weak convergence inl. Furthermore, Au(t) is
weakly continuous on[0; T].

Proof. SincefU"(t)g and f AX "(t)g are uniformly bounded in the Hilbert space
H, there exist weakly convergent subsequencedU"r (t)g and f AX "e (t)g (we take
the same indices without loss of generality otherwise we rstake the subsequence
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fu"e(t)g of fU"(t)g and then take the subsequencd U"en (t)g and f AX "en (t)g
of fU" (t)g and fAX "r(t)g, respectively). Thus, there exist functions u;w :
[0;T] ' H such that U (t) * u (t) and AX"r(t) *w (t) asp! 1 . Also,
we have X" (t) *u (t)asp! 1 . Clearly, X" (t)g and fAX "»(t)g are uni-
formly bounded and X"r(t) * u (t) and AX"e(t) * w (t) asp ! 1 : Since
D(A) = H2(0;1) HE(0;1) is compactly embedded inH = H}(0;1) L2(0;1), it
follows that (1 + A) *:H!H is compact. The boundedness o¥/" = (I + A)U"
and the compactness of  + A) ! imply that U™ = (1 + A) V" has a conver-
gent subsequence. For convenience, we again denote this sergent subsequence
by fU"rg. Thus, UM (t) ! u(t)asp!1l . Also, X"r(t)! u(t)asp!l :By
the maximal dissipativity of A, it follows that u(t) 2 D(A) and AX "e(t) * Au (t):
SinceU"r is Lipschitz continuous with uniform Lipschitz constant, it follows that
fU"rgis equi-continuous in C([0; T]; H) and fU"r (t)g is relatively compact in H.
Hence by Ascoli-Arzela theorem,U" ! uasp!1 in C(O;T];H).

To show the weak continuity of Au(t) in t, let ftpg [0;T] suchthatty,! t as
p!1 ,t2][0;T]. Then u(ty) ! u(t) and sincekAu(tp)ky  C, there exists a
subsequencd Au(tk,)g f Au(tp)g such that Au(tp,) *z (t)asm!1 . Since
u(tp,)! u(t)yandAu(tp,) *z (t)asm!1 ,itfollows as above thatu(t) 2 D(A)
and Au(t) = z(t). Hence Au(t) is weakly continuous. This completes the proof of
the lemma.

Lemma 3.9. Au(t) is Bochner integrable on[0; T].
For a proof of this lemma we refer to Bahuguna and Raghavendr§?].

Lemma 3.10. Let f K"(t)g be the sequence of functions de ned by (3.15) and
z t
K()(t)= k(t;s) (s)ds;
0
where :[0;T]! H is Bochner integrable. We have
K (1) * K (Au)(b);
uniformly on [0;T]asp!1

Proof. We rst show that K"r(t) K (AX "r)(t)! Ouniformlyon[0;T]asp!'l
For t 2 (1 ;" ], we have

X 1 Z t
K™ () K(AX™)(t) = h  Kki*Au® k(t;s)AX P (s) ds
i=0, 0 4
X1 Zqr
= [P k(ts)ds Auj
i=1 & p1 7 t
+hk(t]""; tg" ) Aug® ., K(ts)ds Au;":

ti 1
Since kAuF"kH C,andk : [0;T]! R Lipschitz continuous imply that the last

two terms on the right hand side tend to zero strongly and unibrmly on [0; T] as
EJQTDE, 2008 No. 4, p. 9



p!l . we have
X224,
kK™ (t) K (AX ") (t)ky C[ jkj';p k(t; s)jds:
iz0 4"
Now, sincek satis es (K3) hence k(t; s) is uniformly continuous in t as well as in
s on [0; T]: Hence for each > 0 we can choosen su ciently large such that for
jti tj+ijsy sj<h=IL;t;s2[0;T]i=1;2 wehave
i : 1S0)j < —=—:
jk(t1;s1)  k(t2;s2)] CT
Then for su ciently large n, we have

kK™ (1) K(AX™)(Oky == Cih< ;

Which show that K "r (t) Iﬁ(AX Me)(t)! Oasp!l ;uniformly on [0;T]: Now
we show that K (X "r)(t) * é k(t;s)Au(s) dsuniformlyasp!1l :Foranyv2H,
We note that hAu(t);vi is continuous hence we may write
z t z t
h  k(t;s)Au(s) ds;vi = k(t; s)PAu(s);vi ds:
0 0

Now, foranyv2H,
Zt

HK (X "0)(t); vi h  k(t;s)AX "r (s)ds; vi

0
-sz t"p

i+l

k(t;s)PAur, ;vids
g P
I OZ t z t
+ k(t;s)hAuj””;vi ds! k(t; s)PAu(s);vi ds;
P, 0

asp!1 . This completes the proof of the lemma.
Proof of the Theorem 2.1.

Proof. From Lemma 3.7, for eachv 2 H; andt 2 (0; T] we have
z t z t
HU™ (t);vi = hug;vi+  PAX " (s);vids+  HK"r(s)+ F"r(s);vi ds:
0 0

Passing to the limitasp! 1 using bounded convergence theorem and Lemmas
3.8 and 3.10, we obtain
z, z,
hu(t);vi = hug;vi +  bAu(s);vids+ MK (u)(s)+ F(s;us);vi ds:  (3.17)
0 0

The integrands in (3.17) are continuous on [QT] for each xed v 2 H and hence
hu(t); vi is continuously di erentiable. The boundedness ofAu(t) on [0; T] implies
that K (u)(t) is Lipschitz continuous. Making use of Lemma 3.10 and contiuity of

EJQTDE, 2008 No. 4, p. 10



K (u)(t) and F(t;u¢) on [0; T]in (3.17) we obtain the existence of a strong derivative
on u(t) almost everywhere on [QT] and

Z t
% Au(t) = F(t;uy) + k(t;s)Au(s) ds; a.e.t2[0;T]; up= : (3.18)
0
This show that u(t) ia a strong solution to (1.2) sinceu(0) = and u(t) is absolutely

(in fact Lipschitz) continuous on [0; T] satisfying (1.2) a.e on [Q T]. Now we prove
the unigueness. Since is a real valued Lipschitz continuous function on [QT], it
is di erentiable a.e. on [0; T] and its derivative is essentially bounded on [QT]. Let
u; and u, be two solutions of (1.2) and letu = u; u,. Then
z t
T(t s)F(si(u)s) F(s;(uz)s)
07
S
+ k(s; JAu( )d ]ds
z.°
= T(t s)IF(si(ui)s) F(s;(uz)s)lds
OZ t z S
+ k(s; )T(t s)Au( ))d ds
0

u(t)

= T(t s)F(s;(u)s) F(s;(uz)s)lds
°2. z,
+ k(s; )T(t s)Au( ))ds d
Zt
T(t s)F(s;(u1)s) F(s;(u2)s)lds
Ozt Zt

+ k(t ; )T()Au( ) d d: (3.19)
0 0

Sinceu( ) 2 D(A) for 2 [0;T], we haveT( )Au( )= @@(T( Ju( )) (cf. Theorem
1.2.4 in Pazy). Thus, we have

Z,
uit) = T(t S)f(si(ur)s) f(s;(uz)s)]ds
0
Zt ZI @
+ kt )@(T( ju( ))d d
ZtO 0
= T(t S)f(si(u)s) f(s;(uz)s)]ds
Ozt Zt
+ k(; )T( )u()d k(t; Ju( )d
z% z, °
+ KAt ; )T()u()d d: (3.20)
0 0

EJQTDE, 2008 No. 4, p. 11



Now taking the norm and using the fact that kT (t)ky 1, we have
t
max ku(r)ky C max ku(r)ky ds:
0Or t o0 0r s

Gronwall's inequality implies that u(t) 0: This completes the proof of the theo-
rem.
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