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Abstract: There are studied asymptotic properties of solutions of the nonlinear di eren-
tial equation L,x + p(t)f (x) = 0, where L, is disconjugate operator, p is of one sign and
f (u)u > 0 for u 8 0. Somecomparisontheoremsin terms of property A and property B
betweenlinear and nonlinear equations are also given which generalizeknown results for
n=3.
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1 Intro duction

Considerthe n th order di erential equations
|

1 1 0 00
2, 1(1) a0 +ROT(x(®) =0 (N)
1 1 0 g0
ay (t) an 1(t) u’ + (- 1)"p(t)f (u(t)) = O; (NA)

where
a; p2 C°[0;1 );R); &(t) > 0; i = 1;:::;n 15 p(t) 6 O;

(H)
f 2 COR;R); f(uu>0 forué O:

1This paper is in the nal form and no version of it will be submitted for publication
elsewhere.
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The notation (N*) is suggestedby the fact that in the linear case,i.e. for
equation
!

1 1 0 07
x° +pt)x=0 L
an 1(t) a(t) P L)
the adjoint equation to (L) is
|
Y

1 1 L,
u +( 1)"p(t)u= 0 LA
ay(t) an 1(t) ¢ Dp) (%)

When, for somei 2 f1;2;::;n 1g; the function & is not suitably cortin-
uously di erentiable, then (N) is to beinterpreted asa rst orderdi erential

systemfor the vector (x; x[1; :::; xI" 1y given by
xOt) = x(t); xP(t) = ixo(t);:::; xI" Ht) = 1y 2ty °:
ay(t) an 1(t)
The functions xI:i = 0;1;::;;n 1 are called the quasiderivativesof x:

Similarly x["l denotethe function given by x(t) = (xI" 1(t))% For (N*) we
may proceedin a similar way.

As usual, a function u de ned on (tp;1 ) (to 0) is saidto be a proper
solution of (N) if forany t 2 (tp;1 ) it satises (N) and for any 2 (to;1 )

supfju(t)j: t2[;1)g> 0:

A proper solution of (N) is called oscillatory if it hasa sequenceof zeros
tending to 1 ; otherwiseit is called nonoscilatory.

The n th order di erential operator

d 1 ... d1d
dta, 1(t)  dta(t) dt

LnX 1)
assaiated to (N) is disconjugateon the interval [0;1 ), i.e. any solution of
L,x = Ohasat mostn 1zeroson[0;1 ). Dierential equationsassaiatedto
disconjugateoperators have beendeeply studied: see,e.g.,the monographs
[7,10, 13 14]and referencesortained therein. In particular, a classi cation
of solutions has beengivenin [2, 8] and the casen = 3 hasbeenconsidered
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in [3, 4, 5]. For other referencesand related results we refer the reader to
thesepapers.

To study the asymptotic behavior of higher order di erential equations
asseiated to disconjugateoperators, in sixties, A. Kondratev and I. Kigu-
radzeintroducedthe following de nitions

De nition 1. A proper solution x of the equation(N) is saidto be a Kneser
solution if it satis es for all larget

xW)xi*(t) < o; i=01:::;n 1 (2)

A proper solution x of the equation (N) is said to be strongly monotone
solution if it satis es for all larget

xW()xi*(t) > o; i=0/1:::;n 1 (3)

De nition 2. Assumep positive. Equation (N) is said to have property A
if, for n even, any proper solution x of (N) is oscillatory, and, for n odd, it is
either oscillatory or Knesersolution satisfying

lim xXMt)y=0; i=01:::;n L (4)

Assumep negative. Equation (N) is saidto have property B if, for n even,
any proper solution x of (N) is either oscillatory or Knesersolution satisfying
(4) or strongly monotonesolution satisfying

Jim xwj=1; i=01::;n 1 (5)

and, for n odd, any solution is either oscillatory or strongly monotonesolution
satisfying (5).

When n = 3, in [4, 5] some comparisonresults for properties A and
B have beengiven jointly with somerelationships between the linear and
nonlinear case.The aim of this paper is to extend sud a study to nonlinear
higher order di erential equations. More precisely by using a linearization
device and a recen result [6] on equivalence between property A or B for
the linear equation (L) and its adjoint (L”), we will give somecomparison
results concerningproperties A or B: Our assumptionson nonlinearity are
related with the behavior of f only in a neighbourhood of zero and/or of
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in nit y. No monotonicity conditions are required as well as no assumptions
involving the behavior of f in the whole R are supposed.

The paper is organizedasfollows. Section2 summarizeshe main results
on properties A and B for linear equations proved in [6] and section 3 is
dewted to nonlinear case:somecomparisontheoremsare establishedjointly
with someresults on the asymptotic behavior of nonoscillatory solutions.

We closethe introduction with somenotation. Let u;, 1 i n, be
positive and cortinuous functionson |. Asin [8, 10, 17], put forr > s O

that is,

r
[e(r;s;ug;iiiuy) = u( 1) U( k) dk:iod g
S S
The classof Kneserand strongly monotonesolutions will be denoted by
N, and N, respectively. Remark that, taking into accoun the sign of x",
Kneser solutions of (N) and strongly monotone solutions of (N*) can exist
only in the cases

I) p positive; n odd; 1) p negative; n ewven: (6)

Similarly Kneser solutions of (N*) and strongly monotone solutions of (N)
can exist only when p is negative.

Finally, in addition to (H), someof the following conditions in sections
3-4 will be assumed:

lim supm <1, (H1)
ul 0 u

lim inf Q) > 0; (H2)
jujli u

lim inf O > 0 (H3)
ul 0 u
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lim sup# <1:; (H4)

jujii
and
VA 1
at)dt=1 fori=1;:::;n 1L ©)
0
We recall that, when (C) holds, the disconjugateoperator L, is calledin
the canonical form , see,e.g.,[21].
Assumptions(H1)-(H4) are motivated by the Emden{Fowler equation

1 1 0 o! 0
. an + pOIx(W) sgx(t) = 0 (EF)

where > 0. Clearly, nonlinearity in (EF) satis es either (H1), (H2) (if
1) or (H3), (H4) (it 2 (0;1]).

2 The linear case

Concerningthe existenceof Knesersolutionsor strongly monotonesolutions,
in the linear casethe following holds:

Lemma 1. For the linear equation (L) it holds:
(@) Letn beoddand p(t) > 0. Then Ny 6 ;.
(b) Let n be evenand p(t) < 0. ThenNy6 ;, N, 6 ;.
(c) Letn beoddand p(t) < 0. ThenN, 6 ;.

Proof. It follows from [12, 16). O

In the linear casethe properties of solutions of (L) are strictly related
with those of its adjoint (L*) (see,for instance, Th. 8.24,Th.8.33in [10]
and, for n = 3, Ths.1.3{1.5in [11]). In particular in [6], we have given an
equivalenceresult concerningproperties A or B for (L) and its adjoint (L*).
The main result is the following:
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Theorem 1. (Equivalenc e Theorem)

(a) Let n be evenand p(t) > 0. Equation (L) hasproperty A if and only
if equation (L”) hasproperty A.

(b) Let n be odd and p(t) > 0. Equation (L) has property A if and only
if equation (L) hasproperty B.

(c) Let n be evenand p(t) < 0. Equation (L) hasproperty B if and only
if equation (L") hasproperty B.

(d) Let n be odd and p(t) < 0. Equation (L) has property B if and only
if equation (L) hasproperty A.

Someapplications of this result hasbeengivenin [6]. For instance,when
n is odd, it enablesto obtain newcriteria on property A from existing oneson
property B and vice versa. Whenn is evenit permits to producenew criteria
on property A [B] from existing onesby interchanging rolesof coe cien ts a
anda, ;.

A relationship between Kneser and strongly monotone solutions of (L)
and (L?) is given by the following:

Prop osition 1. Let (6) be satis ed. The following statementsare equiva-
lent:

(a) there exists a Kneser solution x of (L) satisfying limy,  xI(t) = 0
fori=0;1;:::;n 1

(b) every Kneser solution x of (L) satises limy; xIl(t) = 0 for i =
0;1:::;n 1

(c) it holdsfort T O

(d) there existsa strongly monotonesolution u of (L*) satisfying
limy,  jull()j=1 fori=0;1:::;n 1

(e) everystrongly monotonesolution u of (L”) satis es limg;  julll(t)j =
1 fori=0;1:::;n 1

Proof. The assertionis an easyconsequencef Lemma 1l and Lemmas3-5
in [6]. More precisely from Lemma 1, (L) and (L*) have both Kneserand
strongly monotonesolutions. The statemert (a) =) (c) followsfrom Lemma
3-(@), (c) =) (b) from Lemma4-(a). From Lemma 5-(a), we get (d) =)

(c) and (c) =) (e). Obviously, (b) =) (a) and (e) =) (d). Therefore,all
statemeris are equivalert. O
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3 The nonlinear case

This sectionis dewoted to nonlinearequations(N) and (NA). The rst result,
similar to Proposition 1, establishessomeasymptotic properties for Kneser
and strongly monotonesolutionsin the nonlinear caseand generalizessome
results for Emden{Fowler equation (EF), wherea; = 1,i = 1;:::;n 1, see
[13 Th.s.16.2,16.3].

Theorem 2. Let (6) be satis ed.

(@) Assume(H1). If there existsa Kneser solution x of (N) such that
limy, x0(t) = 0fori=0;1;:::;n 1, then (7) holds.

(b) Assume(H3). If (7) holds,then everyKneser solution x of (N) (if it
exists) satis es limy;  xU(t)=0fori=0;1;:::;n 1.

(c) Assume(H4). If there existsa strongly monotonesolution u of (NA)
suchthat limy,  jull(t)j=1 fori=0;1;:::;n 1, then (7) holds.

(d) Assume(H2). If (7) holds,then every strongly monotone solution u
of (NA) (if it exists)satis es limy; jull(t)j=1 fori=0;1;:::;n 1

Proof. Claim (a). Let F the function given by

_ F(x(1)
F(t) = X0
and consider,for t su ciently large, the linearized equation
!
- Lt rows0: )
an 1(t) ay(t) . ]

Becausew  x is an its solution, (Lr) has a Kneser solution sud that
limy; wil(1)=0fori=0;1;:::;n 1. By Proposition 1, we obtain

tI'ilm In(t; T;a;::;anFpay 15:ia+41)=1; 1i=021:::;n 1 (8)
Becauseg(H1) holds, there existsa constart m sud that

O0< F(t) < m forall larget

and so

In(t; Tray; i@ Fpsan 15000, @541)
mia(t Ta;::anpan 10 a+1); 1=0L:::5;n 1. (9)
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Hence(8) givesthe assertion.

Claim (b). Supposethat there exists an evertually positive Knesersolu-
tion x of (N) sud that for somek 2 f0;1;:::;n 1glimys ( D<xX(t) > 0
and consider the linearized equation (Lg): by Proposition 1 there exists
12f0;1:::;n  1g sud that

Im 1t Tiasa oianFpian 15iiaa) < 1 (10)

Two casesare possible:1) x(1 ) > 0, 11) x(1 ) = O: If 1) holds, becausex is
an ewentually positive decreasingunction, there exists a positive constart h
sud that

F(t) > h for all larget: (12)

If 11) holds, in virtue of (H3), (11) holds too. Hence,taking into accoun
(10), we obtain

dm I (t Tiasa ot pian 15t &m) < 13 (12)

which cortradicts (7).

Claim (c). Let u be a strongly monotone solution u of (NA) satisfying
limy;  jull(t)j=1 fori=0;1;:::;n 1. Considerthe function G given by
_ f(u().

u(t) -

In virtue of (H4), there existsa positive constart H sud that

G(t)

G(t) < H for all larget:

Consider,for t su ciently large, the linearized equation equation

g0

1 1 0
0 + (- 1)"p(H)G(t)w(t) = O (L&)

ay(t) an 1(t)W

Using an argumert similar to this givenin claim (a), we get the assertion.
Claim (d). Supposethere existsan evertually positive strongly monotone
solution u of (N*) sud that for somek 2 f0;1;:::;n 1glimy  julkl(t)j <
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1 and considerthe linearized equation (Lg). By Proposition 1 there exists
i2f0;1;:::;n  1g sud that

M la(GTia5a 15 an6pan i de) < 1 (13)
In virtue of (H2), there existsa positive constart M sud that

G(t) > M for all larget:

Hencefrom (13) we obtain (12), which cortradicts (7). O

From now we will supposethat the disconjugate operator L, is in the
canonicalform, i.e. (C) holds. Then the setN of all nonoscillatory solutions
of (N) can be divided into the following classeqsee,e.g.,[8, Lemma 1]):

N = N;[ N3[ [ Nh 1 for n even; p(t) > O;
N = No[ Nz[ [ Nnp 1 for n odd; p(t) > O;
(14)
N = No[ N2 [ Nj for n even; p(t) < O;
N = Ni[ N3 [ Nj for n odd; p(t) < O;
wherex 2 N, if and only if for all larget
x(t)xl(t) > 0; o i I
( D"*'x()xi(t) > o; Il i n L

We recall that solutions in classNg are Kneser solutions and solutions in
classN, are strongly monotone solutions. The asymptotic properties of
these solutions are descriked in the following lemma, which proof is based
on a similar argumert asin the proof of [19, 2(]. For the completenesswe
presen it with the proof.

Lemma 2. Assume(C) and let x be a nonoscillatory solution of (N).
(@) If x 2 Ng, thenxll(1 )=0fori=1,2:;n 1
() If u2 N, then ull(1) =1 fori=0;1:;n 2

Proof. Claim (a). Without loss of generalit, assumex ewertually posi-
tive. Then there existst, sud that the functions ( 1)'xI1;i = 0;1;:n 1;
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are positive decreasing. Assumethere existsk 2 f1;2;:;;n 1g sud that
xk(1 )86 0,i.e.

( XML )=a >0

From xM(t) = .15 x& U(t) “we obtain (t )
VA t
xf Uy xt Uty = ads)xM(s)ds:
t
Because( 1)*xK is positive decreasingwe obtain
VA t z t
( D) ) = as)( D*M(s)ds> o a(s) ds:
tx tx
Taking into accourt (C), ast! 1 we obtain ( 1)% *xk (1)< 0, that is
a cortradiction.
Claim (b). Without lossof generality, assumeu evertually positive. Then
there exists t, sud that the functions ull;” = 0;1;::n  1; are positive in-

creasing. From ul* (t) = aiﬂl(t) ull(t) ®we obtain (t  ty)
z t

ull()  ult,) = a (s)ul*t(s)ds:

Becauseul*l;i = 0;1;:;;n 2 are positive increasing,we obtain
V4 t
ully  ullt) > ul*¥(t,)  a(s)ds; i=0;1:;n 2

tx

Ast! 1 ;we getthe assertion. O

If (C) holds, in view of Lemma 2, properties A and B can be formulated
by the following way:

Prop erty A for (N)

newen p>0: Property A() N =;:

N = No;

nodd; p>0: Property A () x2Ng=) x(1)=0:
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Prop erty B for (N)

8

< N:No[ Nn;
newen p<o0: Property B () . X2 No=) x(1)=0;

" U2Np=) uh 1) =1:

. . N = Np;
nodd; p<O0: Property B () U2Ny=) ul U(1) =1
Remark 1. In the nonlinear caseproperty A [B] doesnot ensurethe ex-
istenceof all type of solutions occuring in its de nition, as Emden{Fowler
equation shaovs [13, Th.s.16.15,16.8,Cor. 16.1].

Concerningthe existenceof Kneser solutions in the nonlinear case,the
following holds:

Prop osition 2. Assumen 3, (H1) and ( 1)" p(t) O (i.e. (6) holds).
Then there existsa Kneser solution of (N).

Proof. It is shavn in [1] (Corollary, p.332)that, if
YA 1
du

o Fy

then there exists a solution of (N) sud that x(t) > 0, ( 1)'xi({t) 0
fork = 1;:::;n 1,t O It remainsto showv that quasideriatives of x
are ewvertually di erent from zero. Assumethere exists an integer k and a
sequence T;g, T; ! 1, sud that x¥I(T;) = 0. Hencex®*!l hasin nitely

zerosapproading 1 . Repeating the sameargumert, we get that x[" has
in nitely large zeros,which cortradicts the positivenessof x. O

When the disconjugateoperator is in the canonicalform, then the claim
(c) of Theorem2 canbe provedwithout assumptionsnvolving the behavior of
the nonlinearity in a neighbourhood of zeroandin nit y. Indeedthe following
holds:

Prop osition 3. Assume(C) and (6). If
Jm (6 Tipian 15iian) = 15 (15)

then every Kneser solution x of (N) (if it exists) satis es x[1(1 ) = 0 for
i=0%L::;n 1
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Proof. By Lemma 2 every Knesersolution x of (N) satis es x[1(1 ) = 0 for
i = 1;2;:;n 1 Supposethat there exists an evertually positive Kneser
solution x of (N) sud that

tI!ilm X(t)y=c> 0 (16)

Again, using a linearization device,we getthat w X is a solution of (L¢)
with F(t) = f (x(t))=x(t). Taking into accourt (C) and Proposition 1, we
obtain

tIlilm In(t; T;Fp;ay 1;:::;a1) < 1 a7)

Becausex is an ewertually positive decreasingsolution, taking into accourt
(16), there exists a positive constart  sud that

F()> > 0 foralllarget:

Hence,by (17), we obtain

which is a cortradiction. O
By Theorem 2 and Proposition 3, we obtain alsothe following

Corollary 1. Assume(C), (H1) and (6). If there existsa Kneser solution
X1 of (N) suchthat lim; x[l'](l )= 0fori=0;L:::;n 1 then every
Kneser solution x of (N) satisesxll(1 )= 0fori=0;1;:::;n 1.

Proof. By Theorem2-(a), (7) holds. Particularly, (15) is veri ed and Propo-
sition 3 givesthe assertion. O

Now we give a comparisontheorem, which generalizesof Theorem 4 in

[4], stated for n = 3. It comparesproperty A/B betweenthe linear equation

I
0 (Y

L Loxty® Fkpx® =0 k>0 (Ly)

an 1(1) ay(t)

and nonlinear equations(N), (N*).

EJQTDE, Proc. 6th Coll. QTDE, 2000No. 4, p. 12



Theorem 3. Assume(C) and (H2).

(@) Letn be evenand p(t) > 0. If (Lx) hasproperty A for everyk > 0O,
then (N) and (N#) haveproperty A.

(b) Let n be odd and p(t) > 0. If (Lk) hasproperty A for everyk > 0,
then (N) hasproperty A and (NA) has property B.

(c) Letn be evenand p(t) < 0. If (Lx) hasproperty B for everyk > 0O,
then (N) and (N*) haveproperty B.

(d) Let n be odd and p(t) < 0. If (Lk) hasproperty B for everyk > 0,
then (N) hasproperty B and (N*) hasproperty A.

Proof. (a) If all the proper solutions of (N) are oscillatory, then (N) has
property A. Assumethere exists a proper nonoscillatory solution x of (N);
and, without lossof generality, supposethere existsT,  O0sud that x(t) > O;
fort Ty. In view of (14) we have

X2Ny[ Ns[ [ Np g (18)
which implies that there exists a positive constart ¢, sud that
X(t) ¢ >0 fort Ti: (29)

Consider, for t Ty; the linearized equation (Lg): becausethe function
v = X is an its nonoscillatory solution, (L) doesnot have property A. In
view of (19), there existsk sud that fort Ty

f(x(1))
x(t)

Thus, by a classicalcomparisonresult (see,e.g. [8, Th.1]), (L) doesnot have
property A, which is a cortradiction. Now we prove that (N*) has property
A. Assumethat there exists a proper nonoscillatory solution x of (N*) and,
without loss of generality, supposex ewertually positive. Then (18) holds
and hence(19) and (20) hold, too. By the sameargumern as above, the
linearized equation

F(t) =

(20)

g0

0
1 1 +( D"pMF(w(t) = 0:  (LA)

ay(t) an 1(t)W

does not have property A becausew X is an its nonoscillatory solution.
Then, by usingagainthe quoted comparisonresult [8, Theorem1], the linear
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equation

I
0 g0

! L £ (kpOUM =0 (LA)

ay(t) an 1(t) !

doesnot have property A, that cortradicts Theorem 1-(a).

Claim (b). If all the proper solutionsof (N) are oscillatory, then (N) has
property A. Assumethat (N) hasnonoscillatory solutions. Thus, in view of
(C), we have

No[ N2 [ N, 16 ;:

Supposethat (N) doesnot have property A. Taking into accourt Lemma 2,
there exists a proper nonoscillatory solution x of (N); sud that either

Xx2No[ [Ny (21)
or
X 2 Ng and tIlilm x(t) 6 O (22)

Without loss of generality, assumex ewentually positive. Hence,in both
cases,there exists ¢, > 0 sud that (19) holds. Consider,fort Ty, the
linearizedequation (Lg): becauses  x is an its nonoscillatory solution and
either (21) or (22) holds, (L) doesnot have property A. In view of (19),
there exists k sud that (20) holdsfort Ty. Usingthe sameargumen as
in claim (a), we get a cortradiction. Now we prove that (N*) has property
B. If all the proper solutions of (N”) are oscillatory, then (N*) has property
B. Assumethat (N*) has nonoscillatory solutions, that is, in view of (C),

Ni[ N3 [ N, 6 ;:

Supposethat (N*) doesnot have property B. Taking into accourt Lemma
2, there exists a proper nonoscillatory solution u of (N*) sud that either

U2N1[N3[ [Nn2
or

u2 Np; ju™ U1 )j<1:
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Consider,fort Ty, the linearizedequation (Lg): using the samelineariza-
tion method as above and taking into accourt Theorem 1, we obtain a con-
tradiction with the fact that (L) hasproperty A for every k > 0.

Claims (c), (d). We proceedin a similar way as above. The details are
omitted. O

Proposition 1, Theorem 2-(a) and Theorem 3 yield the following result:

Corollary 2. Assume(C) and (H2).
(@) Letn be odd and p(t) > 0. If everynonoscillatory solution of (Ly) is
Kneser for any k > 0 and

Jim (6 Tipian siiia) = 1 (23)

then (L) and (N) haveproperty A and (N*) has property B.
(b) Let n be evenand p(t) < 0. Assumethat everynonoscilatory solution
of (Ly) is either Kneser or strongly monotonefor any k > 0. If (23) and

Jm 1 (6 Tiprags:iiian 1) = 1 (24)

hold, then (L), (N) and (N#) haveproperty B.

(c) Let n be odd and p(t) < 0. If every nonoscillatory solution of (L)
is strongly monotonefor any k > 0 and (23) holds, then (L) and (N) have
property B and (N*) has property A.

Proof. First let us remark that if (C) and (23) hold, then for any positive
constart k

tIlilmln(t;T;ai;:::;an nkpiagiiaa)=1; i=1::5n 1. (26)

Claim (a). By Proposition 1, every Kneser solution y of (L) satis es
ylil(1 ) = 0;i = 0;1;::n 1 Taking into accourt that every nonoscillatory
solution of (L) is Kneser,we get that (Lx) has property A for any k > O.
Taking into accourt Theorem 3{(b), we obtain that (N) hasproperty A and
(NA) hasproperty B.
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Claim (b). By Proposition 1, the condition (25) impliesthat every Kneser
solutiony of (L) satisesyll(1 ) = 0;i = 0;1;::n 1 and the condition (26)
implies that ewery strongly monotonesolution z of (L) satis es jz[1(1 )j =
1;i=0;1:n 1. Reasoningasabove we obtain that (L) hasproperty B
for any k > 0. Applying Theorem 3-(c), we get the assertion.

Claim (c). Reasoningas above and using Proposition 3, we obtain that
(L%) hasproperty A for any k > 0. Applying to (L%) Theorem3-(b), we get
the assertion. O

Remark 3. When n is even and p(t) < 0 [n is odd and p(t) < 0], integral
conditions posedon g and p and ensuringthat for any k > 0 every nonoscil-
latory solution of (L) is strongly monotone[Kneseror strongly monotone]
are givenin [16, Theoremsl, 2].

When n is odd and p(t) > 0, integral conditions posedon a and p and
ensuringthat for any k > 0 ewvery nonoscillatory solution of (L) is Kneser
are givenin [9, Theorem2].
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