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1 In tro duction

Considerthe n� th order di�erential equations
 

1
an� 1(t)

�
� � �

�
1

a1(t)
x0

� 0

� � �
� 0

! 0

+ p(t)f (x(t)) = 0 (N)
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an� 1(t)
u0
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! 0

+ (� 1)np(t)f (u(t)) = 0; (NA )

where

ai ; p 2 C0([0; 1 ); R); ai (t) > 0; i = 1; : : : ; n � 1; p(t) 6= 0;

f 2 C0(R; R); f (u)u > 0 for u 6= 0:
(H)

1This paper is in the �nal form and no version of it will be submitted for publication
elsewhere.
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The notation (NA ) is suggestedby the fact that in the linear case,i.e. for
equation

 
1

an� 1(t)
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� � �

�
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a1(t)
x0

� 0

� � �
� 0

! 0

+ p(t)x = 0 (L)

the adjoint equation to (L) is

 
1

a1(t)

�
� � �

�
1

an� 1(t)
u0

� 0

� � �
� 0

! 0

+ (� 1)np(t)u = 0: (LA )

When, for somei 2 f 1; 2; ::; n � 1g; the function ai is not suitably contin-
uously di�erentiable, then (N) is to be interpreted asa �rst order di�erential
systemfor the vector (x [0]; x[1]; ::::; x[n� 1]) given by

x[0](t) = x(t); x[1](t) =
1

a1(t)
x0(t); : : : ; x[n� 1](t) =

1
an� 1(t)

�
x[n� 2](t)

� 0
:

The functions x [i ]; i = 0; 1; :::; n � 1 are called the quasiderivativesof x:
Similarly x[n] denotethe function given by x [n](t) = (x[n� 1](t))0. For (NA ) we
may proceedin a similar way.

As usual, a function u de�ned on (t0; 1 ) (t0 � 0) is said to be a proper
solution of (N) if for any t 2 (t0; 1 ) it satis�es (N) and for any � 2 (t0; 1 )

sup fj u(t)j : t 2 [� ; 1 )g > 0:

A proper solution of (N) is called oscillatory if it hasa sequenceof zeros
tending to 1 ; otherwiseit is called nonoscillatory.

The n� th order di�erential operator

Lnx �
d
dt

1
an� 1(t)

: : :
d
dt

1
a1(t)

d
dt

x (1)

associated to (N) is disconjugateon the interval [0; 1 ), i.e. any solution of
Lnx = 0 hasat mostn� 1 zeroson [0; 1 ). Di�eren tial equationsassociated to
disconjugateoperators have beendeeply studied: see,e.g., the monographs
[7, 10, 13, 14] and referencescontained therein. In particular, a classi�cation
of solutions has beengiven in [2, 8] and the casen = 3 has beenconsidered
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in [3, 4, 5]. For other referencesand related results we refer the reader to
thesepapers.

To study the asymptotic behavior of higher order di�erential equations
associated to disconjugateoperators, in sixties, A. Kondratev and I. Kigu-
radzeintroducedthe following de�nitions

De�nition 1. A proper solution x of the equation(N) is said to be a Kneser
solution if it satis�es for all large t

x[i ](t)x[i +1] (t) < 0; i = 0; 1; : : : ; n � 1: (2)

A proper solution x of the equation (N) is said to be strongly monotone
solution if it satis�es for all large t

x[i ](t)x[i +1] (t) > 0; i = 0; 1; : : : ; n � 1: (3)

De�nition 2. Assumep positive. Equation (N) is said to have property A
if, for n even, any proper solution x of (N) is oscillatory, and, for n odd, it is
either oscillatory or Knesersolution satisfying

lim
t !1

x[i ](t) = 0; i = 0; 1; : : : ; n � 1: (4)

Assumep negative. Equation (N) is said to have property B if, for n even,
any proper solution x of (N) is either oscillatory or Knesersolution satisfying
(4) or strongly monotonesolution satisfying

lim
t !1

jx[i ](t)j = 1 ; i = 0; 1; : : : ; n � 1; (5)

and, for n odd, any solution is either oscillatory or strongly monotonesolution
satisfying (5).

When n = 3, in [4, 5] some comparison results for properties A and
B have been given jointly with somerelationships between the linear and
nonlinear case.The aim of this paper is to extend such a study to nonlinear
higher order di�erential equations. More precisely, by using a linearization
device and a recent result [6] on equivalencebetween property A or B for
the linear equation (L) and its adjoint (L A ), we will give somecomparison
results concerningproperties A or B: Our assumptionson nonlinearity are
related with the behavior of f only in a neighbourhood of zero and/or of
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in�nit y. No monotonicity conditions are required as well as no assumptions
involving the behavior of f in the whole R are supposed.

The paper is organizedasfollows. Section2 summarizesthe main results
on properties A and B for linear equations proved in [6] and section 3 is
devoted to nonlinear case:somecomparisontheoremsare establishedjointly
with someresults on the asymptotic behavior of nonoscillatory solutions.

We closethe introduction with somenotation. Let ui , 1 � i � n, be
positive and continuous functions on I . As in [8, 10, 17], put for r > s � 0
and k = 1; : : : ; n

I 0 � 1;

I k(r; s; u1; : : : ; uk) =
Z r

s
u1(� )I k� 1(� ; s; u2; : : : uk) d�

that is,

I k(r; s; u1; : : : ; uk) =
Z r

s
u1(� 1)

Z � 1

s
� � �

Z � k � 1

s
uk(� k) d� k : : : d� 1:

The classof Kneserand strongly monotonesolutions will be denotedby
N0 and Nn , respectively. Remark that, taking into account the sign of x [n],
Kneser solutions of (N) and strongly monotonesolutions of (NA ) can exist
only in the cases

I ) p positive; n odd; I I ) p negative; n even: (6)

Similarly Kneser solutions of (NA ) and strongly monotonesolutions of (N)
can exist only when p is negative.

Finally, in addition to (H), someof the following conditions in sections
3-4 will be assumed:

lim sup
u! 0

f (u)
u

< 1 ; (H1)

lim inf
juj!1

f (u)
u

> 0; (H2)

lim inf
u! 0

f (u)
u

> 0; (H3)
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lim sup
juj!1

f (u)
u

< 1 ; (H4)

and
Z 1

0
ai (t) dt = 1 for i = 1; : : : ; n � 1: (C)

We recall that, when (C) holds, the disconjugateoperator L n is called in
the canonical form , see,e.g., [21].

Assumptions(H1)-(H4) are motivated by the Emden{Fowler equation

 
1

an� 1(t)

�
� � �

�
1

a1(t)
x0(t)

� 0

� � �
� 0

! 0

+ p(t)jx(t)j � sgnx(t) = 0; (EF)

where � > 0. Clearly, nonlinearity in (EF) satis�es either (H1), (H2) (if
� � 1) or (H3), (H4) (if � 2 (0; 1]).

2 The linear case

Concerningthe existenceof Knesersolutionsor strongly monotonesolutions,
in the linear casethe following holds:

Lemma 1. For the linear equation (L) it holds:
(a) Let n be odd and p(t) > 0. Then N 0 6= ; .
(b) Let n be evenand p(t) < 0. Then N 0 6= ; , Nn 6= ; .
(c) Let n be odd and p(t) < 0. Then N n 6= ; .

Proof. It follows from [12, 16].

In the linear casethe properties of solutions of (L) are strictly related
with those of its adjoint (LA ) (see, for instance, Th. 8.24, Th.8.33 in [10]
and, for n = 3, Ths.1.3{1.5 in [11]). In particular in [6], we have given an
equivalenceresult concerningproperties A or B for (L) and its adjoint (L A ).
The main result is the following:
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Theorem 1. (Equivalenc e Theor em)
(a) Let n be evenand p(t) > 0. Equation (L) has property A if and only

if equation (L A ) has property A.

(b) Let n be odd and p(t) > 0. Equation (L) has property A if and only
if equation (L A ) hasproperty B.

(c) Let n be evenand p(t) < 0. Equation (L) has property B if and only
if equation (L A ) hasproperty B.

(d) Let n be odd and p(t) < 0. Equation (L) has property B if and only
if equation (L A ) hasproperty A.

Someapplicationsof this result hasbeengiven in [6]. For instance,when
n is odd, it enablesto obtain newcriteria on property A from existing oneson
property B and vice versa. When n is even it permits to producenewcriteria
on property A [B] from existing onesby interchanging rolesof coe�cien ts ai

and an� i .

A relationship between Kneser and strongly monotone solutions of (L)
and (LA ) is given by the following:

Prop osition 1. Let (6) be satis�ed. The following statementsare equiva-
lent:

(a) there exists a Kneser solution x of (L) satisfying lim t !1 x[i ](t) = 0
for i = 0; 1; : : : ; n � 1;

(b) every Kneser solution x of (L) satis�es lim t !1 x[i ](t) = 0 for i =
0; 1; : : : ; n � 1;

(c) it holdsfor t � T � 0

lim
t !1

I n (t; T; ai ; : : : ; a1; p;an� 1; : : : ; ai +1 ) = 1 ; i = 1; : : : ; n � 1; (7)

(d) there existsa strongly monotonesolution u of (L A ) satisfying
lim t !1 ju[i ](t)j = 1 for i = 0; 1; : : : ; n � 1.

(e) everystrongly monotonesolution u of (L A ) satis�es lim t !1 ju[i ](t)j =
1 for i = 0; 1; : : : ; n � 1.

Proof. The assertionis an easyconsequenceof Lemma 1 and Lemmas3-5
in [6]. More precisely, from Lemma 1, (L) and (L A ) have both Kneser and
strongly monotonesolutions. The statement (a) =) (c) follows from Lemma
3-(a), (c) =) (b) from Lemma 4-(a). From Lemma 5-(a), we get (d) =)
(c) and (c) =) (e). Obviously, (b) =) (a) and (e) =) (d). Therefore, all
statements are equivalent.
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3 The nonlinear case

This sectionis devoted to nonlinearequations(N) and (NA ). The �rst result,
similar to Proposition 1, establishessomeasymptotic properties for Kneser
and strongly monotonesolutions in the nonlinear caseand generalizessome
results for Emden{Fowler equation (EF), whereai = 1, i = 1; : : : ; n � 1, see
[13, Th.s.16.2,16.3].

Theorem 2. Let (6) be satis�ed.
(a) Assume(H1). If there exists a Kneser solution x of (N) such that

lim t !1 x[i ](t) = 0 for i = 0; 1; : : : ; n � 1, then (7) holds.
(b) Assume(H3). If (7) holds,then everyKneser solution x of (N) (if it

exists) satis�es lim t !1 x[i ](t) = 0 for i = 0; 1; : : : ; n � 1.
(c) Assume(H4). If there existsa strongly monotonesolution u of (NA )

suchthat lim t !1 ju[i ](t)j = 1 for i = 0; 1; : : : ; n � 1, then (7) holds.
(d) Assume(H2). If (7) holds, then every strongly monotonesolution u

of (NA ) (if it exists) satis�es lim t !1 ju[i ](t)j = 1 for i = 0; 1; : : : ; n � 1.

Proof. Claim (a). Let F the function given by

F (t) =
f (x(t))

x(t)

and consider,for t su�cien tly large, the linearizedequation
 

1
an� 1(t)

�
� � �

�
1

a1(t)
w0

� 0

� � �
� 0

! 0

+ p(t)F (t)w = 0 : (LF )

Becausew � x is an its solution, (LF ) has a Kneser solution such that
lim t !1 w[i ](1 ) = 0 for i = 0; 1; : : : ; n � 1. By Proposition 1, we obtain

lim
t !1

I n (t; T; ai ; : : : ; a1; F p;an� 1; : : : ; ai +1 ) = 1 ; i = 0; 1; : : : ; n � 1: (8)

Because(H1) holds, there exists a constant m such that

0 < F (t) < m for all large t

and so

I n (t; T; ai ; : : : ; a1; F p;an� 1; : : : ; ai +1 ) �

� mI n (t; T; ai ; : : : ; a1; p;an� 1; : : : ; ai +1 ); i = 0; 1; : : : ; n � 1: (9)

EJQTDE, Proc. 6th Coll. QTDE, 2000No. 4, p. 7



Hence(8) givesthe assertion.
Claim (b). Supposethat there exists an eventually positive Knesersolu-

tion x of (N) such that for somek 2 f 0; 1; : : : ; n � 1g lim t !1 (� 1)kx[k](t) > 0
and consider the linearized equation (L F ): by Proposition 1 there exists
i 2 f 0; 1; : : : ; n � 1g such that

lim
t !1

I n (t; T; ai ; ai � 1; : : : ; a1; F p;an� 1; : : : ; ai +1 ) < 1 : (10)

Two casesare possible: I) x(1 ) > 0, I I) x(1 ) = 0: If I) holds, becausex is
an eventually positive decreasingfunction, there existsa positive constant h
such that

F (t) > h for all large t: (11)

If I I) holds, in virtue of (H3), (11) holds too. Hence, taking into account
(10), we obtain

lim
t !1

I n (t; T; ai ; ai � 1; : : : ; a1; p;an� 1; : : : ; ai +1 ) < 1 ; (12)

which contradicts (7).
Claim (c). Let u be a strongly monotonesolution u of (NA ) satisfying

lim t !1 ju[i ](t)j = 1 for i = 0; 1; : : : ; n � 1. Considerthe function G given by

G(t) =
f (u(t))

u(t)
:

In virtue of (H4), there exists a positive constant H such that

G(t) < H for all large t:

Consider,for t su�cien tly large, the linearizedequation equation
 

1
a1(t)

�
� � �

�
1

an� 1(t)
w0

� 0

� � �
� 0

! 0

+ (� 1)np(t)G(t)w(t) = 0: (LA
G)

Using an argument similar to this given in claim (a), we get the assertion.
Claim (d). Supposethere existsan eventually positive strongly monotone

solution u of (NA ) such that for somek 2 f 0; 1; : : : ; n � 1g lim t !1 ju[k](t)j <
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1 and considerthe linearizedequation (L A
G). By Proposition 1 there exists

i 2 f 0; 1; : : : ; n � 1g such that

lim
t !1

I n (t; T; ai ; ai � 1; : : : ; a1; Gp;an� 1; : : : ; ai +1 ) < 1 : (13)

In virtue of (H2), there exists a positive constant M such that

G(t) > M for all large t:

Hencefrom (13) we obtain (12), which contradicts (7).

From now we will supposethat the disconjugateoperator L n is in the
canonicalform, i.e. (C) holds. Then the set N of all nonoscillatorysolutions
of (N) can be divided into the following classes(see,e.g., [8, Lemma 1]):

N = N1 [ N3 [ � � � [ Nn� 1 for n even; p(t) > 0;

N = N0 [ N2 [ � � � [ Nn� 1 for n odd; p(t) > 0;

N = N0 [ N2 [ � � � [ Nn for n even; p(t) < 0;

N = N1 [ N3 [ � � � [ Nn for n odd; p(t) < 0;

(14)

wherex 2 N l if and only if for all large t

x(t)x[i ](t) > 0; 0 � i � l ;

(� 1)i + lx(t)x[i ](t) > 0; l � i � n � 1:

We recall that solutions in classN 0 are Kneser solutions and solutions in
class Nn are strongly monotone solutions. The asymptotic properties of
thesesolutions are described in the following lemma, which proof is based
on a similar argument as in the proof of [19, 20]. For the completeness,we
present it with the proof.

Lemma 2. Assume(C) and let x be a nonoscillatory solution of (N).
(a) If x 2 N0, then x[i ](1 ) = 0 for i = 1; 2; ::; n � 1:
(b) If u 2 Nn , then

�
�u[i ](1 )

�
� = 1 for i = 0; 1; ::; n � 2:

Proof. Claim (a). Without loss of generality, assumex eventually posi-
tive. Then there exists tx such that the functions (� 1)i x[i ]; i = 0; 1; ::n � 1;
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are positive decreasing. Assumethere exists k 2 f 1; 2; ::; n � 1g such that
x[k](1 ) 6= 0, i.e.

(� 1)kx[k](1 ) = ck > 0:

From x[k](t) = 1
ak (t )

�
x[k� 1](t)

� 0
we obtain (t � tx )

x[k� 1](t) � x[k� 1](tx ) =
Z t

tx

ak(s)x[k](s)ds:

Because(� 1)kx[k] is positive decreasing,we obtain

(� 1)kx[k� 1](t) � (� 1)kx[k� 1](tx ) =
Z t

tx

ak(s)( � 1)kx[k](s) ds > ck

Z t

tx

ak(s) ds:

Taking into account (C), as t ! 1 we obtain (� 1)k� 1x[k� 1](1 ) < 0, that is
a contradiction.

Claim (b). Without lossof generality, assumeu eventually positive. Then
there exists tx such that the functions u[` ]; ` = 0; 1; ::n � 1; are positive in-
creasing.From u[i +1] (t) = 1

ai +1 (t )

�
u[i ](t)

� 0
we obtain (t � tx )

u[i ](t) � u[i ](tx ) =
Z t

tx

ai +1 (s)u[i +1] (s)ds:

Becauseu[i +1] ; i = 0; 1; ::; n � 2 are positive increasing,we obtain

u[i ](t) � u[i ](tx ) > u[i +1] (tx )
Z t

tx

ai (s)ds; i = 0; 1; ::; n � 2:

As t ! 1 ; we get the assertion.

If (C) holds, in view of Lemma 2, properties A and B can be formulated
by the following way:

Prop ert y A for (N)

n even; p > 0 : Property A ( ) N = ; :

n odd; p > 0 : Property A ( )
�

N = N0;
x 2 N0 =) x(1 ) = 0:
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Prop ert y B for (N)

n even; p < 0 : Property B ( )

8
<

:

N = N0 [ Nn ;
x 2 N0 =) x(1 ) = 0;

u 2 Nn =)
�
�u[n� 1](1 )

�
� = 1 :

n odd; p < 0 : Property B ( )
�

N = Nn ;
u 2 Nn =)

�
�u[n� 1](1 )

�
� = 1 :

Remark 1. In the nonlinear caseproperty A [B] does not ensurethe ex-
istenceof all type of solutions occuring in its de�nition, as Emden{Fowler
equation shows [13, Th.s.16.15,16.8,Cor.16.1].

Concerning the existenceof Kneser solutions in the nonlinear case,the
following holds:

Prop osition 2. Assumen � 3, (H1) and (� 1)n� 1p(t) � 0 (i.e. (6) holds).
Then there existsa Kneser solution of (N).

Proof. It is shown in [1] (Corollary, p.332) that, if
Z 1

0

du
f (u)

= 1 ;

then there exists a solution of (N) such that x(t) > 0, (� 1)i x[i ](t) � 0
for k = 1; : : : ; n � 1, t � 0: It remains to show that quasiderivatives of x
are eventually di�erent from zero. Assumethere exists an integer k and a
sequencef Tj g, Tj ! 1 , such that x [k](Tj ) = 0. Hencex [k+1] has in�nitely
zerosapproaching 1 . Repeating the sameargument, we get that x [n] has
in�nitely large zeros,which contradicts the positivenessof x.

When the disconjugateoperator is in the canonicalform, then the claim
(c) of Theorem2 canbeprovedwithout assumptionsinvolving the behavior of
the nonlinearity in a neighbourhood of zeroand in�nit y. Indeedthe following
holds:

Prop osition 3. Assume(C) and (6). If

lim
t !1

I n (t; T; p;an� 1; : : : ; a1) = 1 ; (15)

then every Kneser solution x of (N) (if it exists) satis�es x [i ](1 ) = 0 for
i = 0; 1; : : : ; n � 1.
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Proof. By Lemma 2 every Knesersolution x of (N) satis�es x [i ](1 ) = 0 for
i = 1; 2; :::; n � 1: Supposethat there exists an eventually positive Kneser
solution x of (N) such that

lim
t !1

x(t) = c > 0: (16)

Again, using a linearization device,we get that w � x is a solution of (L F )
with F (t) = f (x(t))=x(t). Taking into account (C) and Proposition 1, we
obtain

lim
t !1

I n (t; T; F p;an� 1; : : : ; a1) < 1 : (17)

Becausex is an eventually positive decreasingsolution, taking into account
(16), there exists a positive constant � such that

F (t) > � > 0 for all large t:

Hence,by (17), we obtain

� lim
t !1

I n (t; T; p;an� 1; : : : ; a1) �

� lim
t !1

I n (t; T; F p;an� 1; : : : ; a1) < 1 ;

which is a contradiction.

By Theorem2 and Proposition 3, we obtain also the following

Corollary 1. Assume(C), (H1) and (6). If there exists a Kneser solution
x1 of (N) such that lim t !1 x[i ]

1 (1 ) = 0 for i = 0; 1; : : : ; n � 1, then every
Kneser solution x of (N) satis�esx [i ](1 ) = 0 for i = 0; 1; : : : ; n � 1.

Proof. By Theorem2-(a), (7) holds. Particularly, (15) is veri�ed and Propo-
sition 3 givesthe assertion.

Now we give a comparisontheorem, which generalizesof Theorem 4 in
[4], stated for n = 3. It comparesproperty A/B betweenthe linear equation

 
1

an� 1(t)

�
� � �

�
1

a1(t)
x(t)0

� 0

� � �
� 0

! 0

+ kp(t)x(t) = 0; k > 0 (L k)

and nonlinear equations(N), (NA ).
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Theorem 3. Assume(C) and (H2).
(a) Let n be evenand p(t) > 0. If (L k) has property A for every k > 0,

then (N) and (NA ) haveproperty A.
(b) Let n be odd and p(t) > 0. If (L k) has property A for every k > 0,

then (N ) hasproperty A and (N A ) hasproperty B.
(c) Let n be evenand p(t) < 0. If (L k) has property B for every k > 0,

then (N ) and (N A ) haveproperty B.
(d) Let n be odd and p(t) < 0. If (L k) has property B for every k > 0,

then (N ) hasproperty B and (N A ) hasproperty A.

Proof. (a) If all the proper solutions of (N) are oscillatory, then (N) has
property A. Assumethere exists a proper nonoscillatory solution x of (N);
and, without lossof generality, supposethereexistsTx � 0 such that x(t) > 0;
for t � Tx . In view of (14) we have

x 2 N1 [ N3 [ � � � [ Nn� 1; (18)

which implies that there exists a positive constant cx such that

x(t) � cx > 0 for t � Tx : (19)

Consider, for t � Tx ; the linearized equation (LF ): becausethe function
v = x is an its nonoscillatory solution, (L F ) doesnot have property A. In
view of (19), there exists k such that for t � Tx

F (t) =
f (x(t))

x(t)
� k: (20)

Thus, by a classicalcomparisonresult (see,e.g. [8, Th.1]), (L k) doesnot have
property A, which is a contradiction. Now we prove that (NA ) hasproperty
A. Assumethat there exists a proper nonoscillatory solution x of (NA ) and,
without loss of generality, supposex eventually positive. Then (18) holds
and hence(19) and (20) hold, too. By the sameargument as above, the
linearizedequation

 
1

a1(t)

�
� � �

�
1

an� 1(t)
w0

� 0

� � �
� 0

! 0

+ (� 1)np(t)F (t)w(t) = 0: (LA
F )

does not have property A becausew � x is an its nonoscillatory solution.
Then, by usingagainthe quotedcomparisonresult [8, Theorem1], the linear
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equation
 

1
a1(t)

�
� � �

�
1

an� 1(t)
u0

� 0

� � �
� 0

! 0

+ (� 1)nkp(t)u(t) = 0 (LA
k )

doesnot have property A, that contradicts Theorem1-(a).
Claim (b). If all the proper solutionsof (N) are oscillatory, then (N) has

property A. Assumethat (N) hasnonoscillatory solutions. Thus, in view of
(C), we have

N0 [ N2 � � � [ Nn� 1 6= ; :

Supposethat (N) doesnot have property A. Taking into account Lemma 2,
there exists a proper nonoscillatory solution x of (N); such that either

x 2 N2 [ � � � [ Nn� 1 (21)

or

x 2 N0 and lim
t !1

x(t) 6= 0: (22)

Without loss of generality, assumex eventually positive. Hence, in both
cases,there exists cx > 0 such that (19) holds. Consider, for t � Tx , the
linearizedequation (LF ): becausev � x is an its nonoscillatory solution and
either (21) or (22) holds, (LF ) does not have property A. In view of (19),
there exists k such that (20) holds for t � Tx . Using the sameargument as
in claim (a), we get a contradiction. Now we prove that (NA ) has property
B. If all the proper solutionsof (NA ) are oscillatory, then (NA ) hasproperty
B. Assumethat (NA ) hasnonoscillatory solutions, that is, in view of (C),

N1 [ N3 [ � � � [ Nn 6= ; :

Supposethat (NA ) does not have property B. Taking into account Lemma
2, there exists a proper nonoscillatory solution u of (NA ) such that either

u 2 N1 [ N3 [ � � � [ Nn� 2

or

u 2 Nn ; ju[n� 1](1 )j < 1 :
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Consider,for t � Tx , the linearizedequation (LA
G): using the samelineariza-

tion method as above and taking into account Theorem 1, we obtain a con-
tradiction with the fact that (L k) hasproperty A for every k > 0.

Claims (c), (d). We proceedin a similar way as above. The details are
omitted.

Proposition 1, Theorem2-(a) and Theorem3 yield the following result:

Corollary 2. Assume(C) and (H2).
(a) Let n be odd and p(t) > 0. If everynonoscillatory solution of (L k) is

Kneser for any k > 0 and

lim
t !1

I n (t; T; p;an� 1; : : : ; a1) = 1 ; (23)

then (L) and (N) haveproperty A and (NA ) hasproperty B.
(b) Let n be evenand p(t) < 0. Assumethat everynonoscillatory solution

of (L k) is either Kneser or strongly monotonefor any k > 0. If (23) and

lim
t !1

I n (t; T; p;a1; : : : ; an� 1) = 1 ; (24)

hold, then (L), (N ) and (N A ) haveproperty B.
(c) Let n be odd and p(t) < 0. If every nonoscillatory solution of (L k)

is strongly monotonefor any k > 0 and (23) holds, then (L) and (N) have
property B and (NA ) has property A.

Proof. First let us remark that if (C) and (23) hold, then for any positive
constant k

lim
t !1

I n (t; T; ai ; : : : ; a1; kp;an� 1; : : : ; ai +1 ) = 1 ; i = 1; : : : ; n � 1: (25)

Similarly, if (C) and (24) hold, then for any positive constant k

lim
t !1

I n (t; T; ai ; : : : ; an� 1; kp;a1; : : : ; ai +1 ) = 1 ; i = 1; : : : ; n � 1: (26)

Claim (a). By Proposition 1, every Kneser solution y of (L k) satis�es
y[i ](1 ) = 0; i = 0; 1; ::n � 1: Taking into account that every nonoscillatory
solution of (L k) is Kneser, we get that (L k) has property A for any k > 0.
Taking into account Theorem3{(b), we obtain that (N) hasproperty A and
(NA ) hasproperty B.
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Claim (b). By Proposition 1, the condition (25) implies that every Kneser
solution y of (L k) satis�es y[i ](1 ) = 0; i = 0; 1; ::n � 1 and the condition (26)
implies that every strongly monotonesolution z of (L k) satis�es jz[i ](1 )j =
1 ; i = 0; 1; ::n � 1. Reasoningas above we obtain that (L k) hasproperty B
for any k > 0. Applying Theorem3-(c), we get the assertion.

Claim (c). Reasoningas above and using Proposition 3, we obtain that
(LA

k ) hasproperty A for any k > 0. Applying to (L A
k ) Theorem3-(b), we get

the assertion.

Remark 3. When n is even and p(t) < 0 [n is odd and p(t) < 0], integral
conditions posedon ai and p and ensuringthat for any k > 0 every nonoscil-
latory solution of (L k) is strongly monotone[Kneseror strongly monotone]
are given in [16, Theorems1, 2].

When n is odd and p(t) > 0, integral conditions posedon ai and p and
ensuring that for any k > 0 every nonoscillatory solution of (L k) is Kneser
are given in [9, Theorem2].
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