
PRINCIP AL AND NONPRINCIP AL SOLUTIONS OF

SYMPLECTIC DYNAMIC SYSTEMS ON TIME SCALES

Ond �rej Do �sl �y

Abstra ct. We establish the concept of the principal and nonprincipal solution for
the so-called symplectic dynamic systems on time scales. We also present a brief
survey of the history of these concept for di�eren tial and di�erence equations.

1. In tro duction.

The aim of this paper is to establish the conceptsof the principal and nonprin-
cipal solutions of the so-calledsymplectic dynamic systemson time scales.

The concept of the principal solution appeared for the �rst time in the paper
[28] and it concernedthe Sturm-Liouville di�eren tial equation

(1.1) (r (t)x0)0+ c(t)x = 0; r (t) > 0;

and was used when investigating singular quadratic functionals associated with
(1.1), seealso [24,25]. In the �fties of this century Hartman (see[18, Chap. XI] and
the referencesgiven therein) investigatedproperties of this solution, intro ducedthe
conceptof the nonprincipal solution and o�ered several equivalent characterizations
of principal and nonprincipal solutions. Later, principal and nonprincipal solutions
wereextendedto moregeneralequationsand systemsand �nally Reid [31,32]uni�ed
thesede�nitions in the scope of the qualitativ e theory of linear Hamiltonian systems

(1.2) x0 = A(t)x + B (t)u; u0 = C(t)x � AT (t)u;

seealso [19].
Concerning the Sturm-Liouville di�erence equation

(1.3) �( r k � xk ) + ck xk+1 = 0; r k 6= 0;

the concept of the principal solution, named in the di�erence equations theory
recessivesolution, and of the nonprincipal solution (= dominant solution), appeared
e.g. in [17,29]. Theseconceptswere extended to the three term symmetric matrix
recurrencerelation

Rk+1 xk+2 + Pk xk+1 + Rk xk = 0
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in [4] and to more general di�erence systems{ the so-calledsymplectic di�er ence
systems{ in [5].

The similarit y betweenqualitativ etheoriesof di�eren tial and di�erence equations
and systemssuggeststo look for a unifying theory. The �rst attempt to establish
such a theory wasmadein [33] (seealso[27]), whereboth (1.1) and (1.3) are written
as an integral equation with Riemann-Stieltjes integrals. However, this approach
requires the sequencer k in (1.3) to be positive and this assumption is by no means
necessaryas it is shown e.g. in [5,7]. Another approach which we also follow in
this paper wasusedin [16] and is basedon the conceptof time scale (an alternativ e
terminology is measure chain). Our investigation leanson resultsof the recent paper
[15], where we establishedbasic properties of solutions of the so-calledsymplectic
dynamic systemswhich cover both linear Hamiltonian di�eren tial systems(1.2) and
symplectic di�erence systems. We recall someresults of [15] in the next section.

The paper is organized as follows. In the next section we recall properties of
principal/recessive and nonprincipal/dominan t solutions of di�eren tial and di�er-
encesystemsand we present basic facts of the so-calledtime scalecalculus. The
third section contains the main results of this paper, su�cien t conditions for the
existence of principal and nonprincipal solutions of symplectic dynamic systems
and someof their properties. The last section is devoted to remarks concerningthe
results of the paper and contains alsosomesuggestionsfor the further investigation.

2. Auxiliary results.

Westart this sectionwith a brief survey of the basicpropertiesof principal (reces-
sive) and nonprincipal (dominant) solutions of di�eren tial and di�erence equations.
Supposethat (1.1) is nonoscillatory, i.e. any nontrivial solution is eventually pos-
itiv e or negative. Then among all solutions one can distinguish a unique (up to a
multiple by a nonzeroconstant) solution ~x which is lessthan any other solution in
the sensethat

(2.1) lim
t !1

~x(t)
x(t)

= 0

for any solution x of (1.1) which is linearly independent of ~x. This solution is said
to be the principal solution. Di�eren tiating the ratio x=~x and using the Wronskian
identit y r (x0~x � x~x0) = const, it is not di�cult to verify that (2.1) is equivalent to

(2.2)
Z 1 dt

r (t)~x2(t)
= 1 :

Another (equivalent) characterization of the principal solution is basedon the fact
that if x is a solution of (1.1) then w := r ( t )x 0

x is a solution of the associated Riccati
equation

(2.3) w0+ c(t) +
w2

r (t)
= 0:

A solution ~x of (1.1) is principal if and only if ~w = r ( t ) ~x 0

~x is the eventually minimal
solution of (2.3) in the sensethat any other solution w of (2.3) satis�es eventu-
ally the inequality w(t) > ~w(t). A nonprincipal solution of (1.1) is any solution
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which is linearly independent of the principal solution ~x and it is characterized byR1 r � 1(t)x � 2(t) dt < 1 . If x is a nonprincipal solution, then

~x(t) = x(t)
Z 1

t

ds
r (s)x2(s)

is the principal solution.

The Sturm-Liouville di�erence equation (1.3) is said to be nonoscillatory if any
nontrivial solution satis�es

(2.4) r k xk xk+1 > 0 eventually :

It is known that the Sturmian comparisonand separation theory extends to (1.3),
in particular, if there exists a solution x of (1.3) satisfying (2.4) then any other
solution has also this property. A nonoscillatory solution ~x of (1.3) is said to be
recessiveif

lim
k !1

~xk

xk
= 0

for any linearly independent solution x. The last limit relation is equivalent to

1X

k= N

1
r k ~xk ~xk+1

= 1

and this is equivalent to the fact that wk = r k � x k
x k

is the eventually minimal solution
of the discrete Riccati equation

� wk + ck +
w2

k

r k + wk
= 0:

There exist more equivalent characterizations of the principal resp. recessive
solutions of (1.1) and (1.3), e.g. as the so-called zero maximal solution [26] or
as solutions of a certain boundary value problem, see[11, Chap. I I]. However, to
present them here in a consistent form exceedsthe scope of this contribution.

Next we turn our attention to the extensionof the conceptsof principal and re-
cessive solution to linear Hamiltonian di�eren tial systemsand symplectic di�erence
systems. Together with (1.2) consider its matrix version (referred again as (1.2))

X 0 = A(t)X + B (t)U; U0 = C(t)X � AT (t)U;

where X ; U are n � n matrices. We supposethat the matrices B ; C are symmetric
and B is nonnegative de�nite. Recall that this system is said to be nonoscillatory
if there exists a conjoined basis

� X
U

�
(i.e. a 2n � n matrix solution such that X T U

is symmetric and rank
� X

U

�
� n) such that X (t) is nonsingular for large t. System

(1.2) is said to be eventually controllable if there exists T 2 R such that the trivial
solution

� x
u

�
=

� 0
0

�
is the only solution for which x(t) = 0 on a nondegenerate

subinterval of [T; 1 ). A conjoined basis
� ~X

~U

�
of a nonoscillatory system(1.2) is said

to be the principal solution if

lim
t !1

X � 1(t) ~X (t) = 0
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for any conjoined basis
� X

U

�
such that the (constant) matrix

(2.5) X T (t) ~U(t) � UT (t) ~X (t) is nonsingular:

Any conjoined basissatisfying (2.5) is said to be the nonprincipal solution of (1.2).
Principal and nonprincipal solutions of eventually controllable systemscan be char-
acterized equivalently as conjoined baseswhose�rst component satis�es

lim
t !1

� 1

� Z t

T
X � 1(s)B (s)X T � 1(s) ds

�
= 1

resp.

lim
t !1

� n

� Z t

T
X � 1(s)B (s)X T � 1(s) ds

�
< 1 ;

where � 1, � n denote the least and largest eigenvalue of the matrix indicated. An-
other equivalent characterization of the principal solution of (1.2) is via the associ-
ated Riccati matrix equation

(2.6) W 0+ AT (t)W + W A(t) + W B (t)W � C(t) = 0

related to (1.2) by the substitution W = UX � 1. A conjoined basis
� ~X

~U

�
is principal

if and only if ~W = ~U ~X � 1 is the eventually minimal solution of (2.6) in the sense
that for any other symmetric solution W of this equation the matrix W (t) � ~W (t)
is nonnegative de�nite eventually .

A symplectic di�er ence systemis the �rst order recurrencesystem of the form

(2.7) zk+1 = Sk z; z =
�

x
u

�
; S =

�
A B
C D

�
;

where x; u 2 Rn and A ; B; C; D are n � n matrices such that the matrix S is sym-
plectic, i.e. ST J S = J with J =

� 0 I
� I 0

�
. Symplectic di�erence systemscover a

large variety of di�erence equations and systems,among them also as a very spe-
cial caseSturm-Liouville di�erence equation (1.3). Indeed, using the substitution
u = r � x this equation can be written as the �rst order system

�
xk+1

uk+1

�
=

�
1 1

r k

� pk 1 � pk
r k

� �
xk

uk

�

and it is easyto seethat the matrix in this system is really symplectic.
A 2n � n matrix solution

� X
U

�
of (2.7) is said to be a conjoined basis if X T U is

symmetric and rank
� X

U

�
= n. System (2.7) is said to be disconjugate in a discrete

interval [l ; m], l ; m 2 N, if the 2n � n matrix solution
� X

U

�
given by the initial

condition X l = 0, Ul = I satis�es

(2.8) Ker X k+1 � Ker X k and X k X y
k+1 Bk � 0

for k = l ; : : : ; m. HereKer, y and � stand for the kernel, Moore-Penrosegeneralized
inverse and nonnegative de�niteness of a matrix indicated, respectively. System
(2.7) is said to be nonoscillatory if there exists N 2 N such that this system is
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disconjugateon [N ; 1 ) and it is said to be oscillatory in the opposite case.System
(2.7) is said to be eventually controllable if there exist N ; � 2 N such that for any
m � N the trivial solution

� x
u

�
=

� 0
0

�
is the only solution for which xm = xm +1 =

� � � = xm + � = 0. A conjoined basis
� ~X

~U

�
of (2.7) is said to be a principal solution if

~X k are nonsingular, X k X � 1
k+1 Bk � 0, both for large k, and for any other conjoined

basis
� X

U

�
for which the (constant) matrix X T ~U � UT ~X is nonsingular we have

(2.9) lim
k !1

X � 1
k

~X k = 0:

Note that the existenceof a conjoined basis
� X

U

�
such that its �rst component X is

nonsingular and the secondcondition in (2.8) holds for large k implies that the �rst
component of any other conjoined basis has the sameproperty, see[9]. Using the
Wronskian-type identit y for solutions of (2.7) it is not di�cult to show that (2.9)
is for eventually controllable systemsequivalent to

lim
k !1

� 1

 
kX

X � 1
j +1 Bj (X T

j ) � 1

!

= 1 :

Nonprincipal solutions of (2.7) can be de�ned similarly as for linear Hamiltonian
di�eren tial systems(1.2).

Now we recall somebasic facts of the time scalecalculus, see[6,20,21],unifying
the di�eren tial and di�erence calculus. A time scaleT is any closedsubsetof the set
of real numbers R, an alternativ e terminology for the time scaleis measure chain.
On any time scaleT we de�ne the following operators and concepts:

� (t) := inf f s 2 T; s > tg; � (t) := supf s 2 T; s < tg

are the forward and backward shift operators. A point t 2 T is said to be left-dense
(l-d) if � (t) = t, right-dense (r-d) if � (t) = t, left-scattered (l-s) if � (t) < t, right-
scattered (r-s) if � (t) > t and it is said to be denseif it is r-d or l-d. The graininess
� of a time scaleT is de�ned by � (t) := � (t) � t. For a function f : T ! R (the
range R of f may be replaced by any Banach space) it is de�ned the generalized
derivative f � (t) as follows. For every " > 0 there exists a neighborhood U of t such
that

jf (� (t)) � f (s) � f � (t)( � (t) � s)j � " j� (t) � sj for all s 2 U

If T = R, then � (t) = t, � (t) = 0 and f � = f 0 is the usual derivative. In case
T = Z, we have � (t) = t + 1, � (t) = 1 and f � = � f is the forward di�erence
operator.

Directly one can verify the following basic rules of the di�eren tial calculus on
time scales

[f (t) � g(t)]� = f � (t) � g� (t); f (� (t)) = f (t) + � (t)f � (t);

[f (t)g(t)]� = f � (t)g(� (t)) + f (t)g� (t) = f � (t)g(t) + f (� (t))g� (t);
�

f (t)
g(t)

� �

=
f � (t)g(t) � f (t)g� (t)

g(t)g(� (t))
:
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For the investigation of solvabilit y of dynamic equationson time scales(dynamic
equation meansan equation involving an unknown function together with its gen-
eralized derivatives) we needalso the following concepts. Here the usual notation
for an interval [a; b] actually meansthe set f t 2 T; t 2 [a; b]g, open and half open
intervals are de�ned in the sameway.

A function f : [a; b] ! R is said to be rd-continuous if it is continuous at each
r-d point and there exists a �nite left limit in all l-d points, and this function is
said to be rd-continuously di�er entiable if its generalizedderivative exists and it
is rd-continuous. To every rd-continuous function f there exists its generalized
antiderivative { a function F such that F � = f . Using the antideriv ative we de�neRb

a f (t)� t := F (b) � F (a). A function f is said to be regressiveif 1 + � (t)f (t) 6= 0
(the mapping x 7�! (id + � (t)f (t))x is invertible if the range of f is a Banach
space). The initial value problem for the linear dynamic equation

z� = g(t)z; z(t0) = z0

with a regressive and rd-continuous function g has the unique solution which de-
pendscontinuously on the initial condition.

We �nish this section with de�nition and basic properties of solutions of the so-
called symplectic dynamic systems. A symplectic dynamic systemon a time scale
T is the �rst order linear dynamic system

(2.10) z� = S(t)z; z =
�

x
u

�
; S =

�
A B
C D

�
;

where x; u : T ! Rn , A ; B; C; D : T ! Rn � n and S satis�es

(2.11) J S(t) + ST (t)J + � (t)ST (t)J S(t) � 0; J =
�

0 I
� I 0

�
:

If T = R then we get the �rst order di�eren tial system

z0 =
�

x
u

� 0

=
�

A B
C D

��
x
u

�

and (2.11) (with � � 0) implies B = BT , C = CT ; D = �A T , i. e. (2.10) is really a
linear Hamiltonian di�eren tial system (1.2). In caseT = N we have z�

k = � zk =
zk+1 � zk and substituting this into (2.10) we get the system

(2.12) zk+1 = (I + Sk )zk :

From (2.11) with � � 1 immediately follows that the matrix (I + S) is symplectic
and hence(2.12) is a symplectic di�erence system.

Condition (2.11) implies that the matrix-v alued function S is regressive (since it
implies that the matrix (I + �S ) is symplectic and henceinvertible). Hence,if S is
rd-continuous, an initial condition determines the unique solution of (2.10).

System (2.10) is said to be densenormal on an interval [a; b] if for any dense
point s 2 (a; b] the trivial solution

� x
u

�
�

� 0
0

�
is the only solution of (2.10) for which

x(t) � 0 on [a; s]. System(2.10) is said to be eventually densenormal if there exists
T 2 T and � 2 N such that this system is densenormal on [T; 1 ) and if there is
no densepoint in (T; 1 ) then for any t1 � T x � k

(t1) = 0, k = 0; : : : ; � implies� x
u

�
�

� 0
0

�
on (t1; 1 ). Here � k = � � � � � � �| {z }

k � times

, � 0(t) = t.
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I I I. Principal and nonprincipal solutions.

In this section we suppose that the time scale T is not bounded above, i.e.
supf t 2 Tg = 1 . In the sequelwe adopt the usual \time scale" notation. We write
f � (t) instead of f (� (t)) and t ! 1 meansthat t attains arbitrarily large values
from T. The inequality Q1 � Q2 (� ) betweentwo symmetric matrices of the same
dimension meansthat Q1 � Q2 is nonnegative (nonpositive) de�nite.

We start with basic results of the transformation theory of symplectic dynamic
systems(further SDS) (2.10), for details we refer to [15] and [22]. The transforma-
tion

(3.1) z = R(t)w; R(t) =
�

H (t) 0
K (t) (H T (t)) � 1

�
; w =

�
y
v

�

whereH ; K are n � n matrices of rd-continuously di�eren tiable functions such that
H is nonsingular and H T K is symmetric, transforms (2.10) into another SDS

(3.2) �z� = �S(t) �z; �S(t) =
� �A (t) �B(t)

�C(t) �D(t)

�

with

(3.3)

�A = � (H � ) � 1(H � � AH � BK );

�B = (H � ) � 1B(H T ) � 1;
�C = (K � )T (H � � AH � BK ) � (H � )T (K � � CH � DK );

�D = (H � + DT H � � BT K � )T (H T ) � 1:

This transformation preserves oscillatory properties of the transformed system
which meansthat (3.2) is nonoscillatory if and only if (2.10) is nonoscillatory. If� X

U

�
is a conjoined basissuch that X (t) is nonsingular then setting H = X , K = U

in (3.1) we have �A = 0, �B = 0, �C = 0 in (3.2). In particular,

�X (t) = X (t)
Z t

t 1

(X � (s)) � 1B(s)(X T (s)) � 1 � s;

�U(t) = U(t)
Z t

t 1

(X � (s)) � 1B(s)(X T (s)) � 1 � s + (X T (t)) � 1

is a conjoined basisof (2.10) for which X T �U � UT �X = I .
The de�nition of the concept of the principal solution of symplectic dynamic

system readsas follows.

De�nition. A conjoined basis
� ~X

~U

�
of (2.10) is said to be a principal solution of

SDS (2.10) if ~X (t) is nonsingular,

( ~X � (t)) � 1B(t)( ~X T (t)) � 1 � 0;

both for large t, and

(3.4) lim
t !1

X � 1(t) ~X (t) = 0
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for any conjoined basis
� X

U

�
for which the (constant) matrix

(3.5) L := X T ~U � UT ~X is nonsingular.

Any conjoined basis
� X

U

�
for which (3.4) and (3.5) hold is said to be a nonprincipal

solution.

The following theorem concernsthe existenceof the principal and nonprincipal
solution of (2.10) and uni�es statements concerning the existenceof principal and
recessive solutions of (1.2) and (2.7), respectively.

Theorem 3.1. Supposethat (2.10) is nonoscillatory and eventually densenormal.

Then this systempossessesthe principal solution
� ~X

~U

�
. This solution is equivalently

characterized by

(3.6) lim
t !1

� 1

� Z t

( ~X � (s)) � 1B(s)( ~X T (s)) � 1 � s
�

= 1 :

Any conjoined basis
� X

U

�
for which (3.5) holds is nonprincipal and this solution is

characterized by the relation

(3.7) lim
t !1

� n

� Z t

(X � (s)) � 1B(s)(X T (s)) � 1 � s
�

< 1 :

Proof. Let t0 2 T be su�cien tly large and consider the solution
� X

U

�
given by the

initial condition X (t0) = 0, U(t0) = I . Nonoscillation and eventual densenormalit y
of (2.10) imply that there exists t1 > t0 such that X (t) is nonsingular and

(X � (t)) � 1B(t)
�
X T (t)

� � 1
= X � 1(t)

�
X (t)(X � (t)) � 1B(t)

�
(X T (t)) � 1

is nonnegative de�nite for t � t1. Denote

~B(t) := (X � (t)) � 1B(t)
�
X T (t)

� � 1
; G(t; X ) :=

Z t

t 1

~B(s) � s

and let

(3.8) �X (t) = X (t)[I + G(t; X )]; �U(t) = U(t)[I + G(t; X )] + (X T (t)) � 1:

Then
� �X

�U

�
is a conjoined basis for which �X T U � �UT X = � I .

Since G(t; X ) is nonnegative de�nite, �X is nonsingular for t � t1. Hence any

conjoined basis
� X̂

Û

�
of (2.10) can be expressedin the form

(3.9) X̂ = �X [M + G(t; �X )N ]; Û = �U[M + G(t; �X )N ] + ( �X T ) � 1;

where M ; N are constant n � n matrices such that M T N is symmetric and

G(t; �X ) =
Z t

t 1

( �X � (s)) � 1B(s)( �X T (s)) � 1 � s:
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In particular, the solution
� X

U

�
is alsoof this form and substituting t = t1 into (3.9)

we get M = I ; N = � I , hence

(3.10) X = �X [I � G(t; �X )]; U = �U[I � G(t; �X )] � ( �X T ) � 1

The �rst equalities in (3.9) and (3.10) imply that

I = [I � G(t; �X )][I + G(t; X )]:

Sincethe secondfactor in the last equality is a nondecreasingmatrix-v alued func-
tion, the �rst factor is nonincreasing and 0 � G(t; �X ) < I , hence there exists a
nonnegative de�nite matrix limit G1 = lim t !1 G(t; �X ). Denote

~X = �X [G1 � G(t; �X )]; ~U = �U[G1 � G(t; �X )] � ( �X T ) � 1:

Then ~X T �U � ~UT �X = I and

lim
t !1

�X � 1(t) ~X (t) = lim
t !1

[G1 � G(t; �X )] = 0;

i.e.
� ~X

~U

�
is a principal solution of (2.10). Concerningthe equivalent characterization

of the principal solution (3.6), if this limit relation holds, then for

X (t) = ~X (t)G(t; ~X ); U(t) = ~U(t)G(t; ~X ) + ( ~X T (t)) � 1

with

G(t; �X ) =
Z t

t 1

( ~X � (s)) � 1B(s)( ~X T (s)) � 1 � s;

we have ~X T U � ~UT X = I and

lim
t !1

X � 1(t) ~X (t) = lim
t !1

� Z t

t 1

~B(s) � s
� � 1

� lim
t !1

� n

� Z t

t 1

B(s) � s
� � 1

= lim
t !1

1

� 1

� Rt
t 1

B(s) � s
� = 0:

In the last computation the inequality between a symmetric matrix and a scalar
quantit y actually meansthe matrix inequality between a matrix and the identit y
matrix multiplied by the scalar quantit y.

Conversely, suppose that (3.4), (3.5) hold. Without loss of generality we can
supposethat L = I in (3.4). Then

� X
U

�
can be expressedin the form

X = ~X [M + G(t; ~X )]; U = ~U[M + G(t; ~X )] + ( ~X T ) � 1:

Moreover, we can suppose that M = 0 since if X satis�es (3.4) then X � ~X M
satis�es this limit relation as well since

lim
t !1

[X (t) � ~X (t)M ]� 1 ~X (t) = lim
t !1

[I � X � 1(t) ~X (t)M ]� 1X � 1(t) ~X (t) = 0
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for any constant matrix M . Consequently ,

0 = lim
t !1

X � 1(t) ~X (t) = lim
t !1

h
G(t; ~X )

i � 1

and hence
0 = lim

t !1
� n

h
(G(t; ~X )) � 1

i
= lim

t !1

1

� 1(G(t; ~X ))

which implies (3.6) sinceG(�; ~X ) is the nondecreasingmatrix-v alued function.
Finally , the equivalent characterization of the nonprincipal solution follows from

the fact that if L = I in (3.5) (what wecanagainsupposewithout lossof generality),
then

(X � 1 ~X ) � = � (X � ) � 1B(X T ) � 1

and remaining arguments are the sameas in the proof of equivalenceof (3.4) and
(3.6). �

The next theorem shows that the principal solution of (2.10) de�nes a solution
of the associated Riccati matrix equation

(3.11) Q� = [C+ DQ � QA � QBQ][I + � (A + BQ)] � 1

related to (2.10) by the Riccati substitution Q = UX � 1, which has the same
extremal property as in the continuous and discrete case.

Theorem 3.2. Suppose that (2.10) is nonoscillatory and let
� ~X

~U

�
be its principal

solution. Then the solution ~Q = ~U ~X � 1 of the associated Riccati equation (3.11)
is eventually minimal in the sensethat if Q is any solution of this equation which
exists on some interval [T; 1 ) and [I + � (A + BQ) � 1]B � 0 in this interval, then
Q(t) � ~Q(t) for t 2 [T; 1 ).

Proof. Let
� X

U

�
be a conjoined basisof (2.10) which de�nes Q, i.e. Q = UX � 1 and

denote M = ~X T U � ~UT X . Then we have

Q � ~Q = UX � 1 � ~U ~X � 1 = ( ~X T ) � 1[ ~X T U � ~UT X ]X � 1 = ( ~X T ) � 1[M X � 1 ~X ] ~X � 1

and

(M X � 1 ~X ) � = � M (X � ) � 1(AX + BU)X � 1 ~X + M (X � ) � 1(A ~X + B ~U)

= M (X � ) � 1B(X T ) � 1(� UT ~X + X T ~U) = � M (X � ) � 1B(X T ) � 1M T :

Now,

[I + � (A + BQ)] � 1B = X [X + � (AX + BU)] � 1 = X [X + �X � ]� 1B

= X (X � ) � 1B(X T ) � 1X T � 0

for t � T , hence also (X � ) � 1B(X T ) � 1 � 0, i.e. M X � 1 ~X is the nonincreasing
matrix-v aluedsequence.SinceM X � 1 ~X ! 0 ast ! 1 , this matrix-v alued function
must be nonnegative de�nite which implies that Q � ~Q � 0 for t � T . �

The following theorem proves the essential uniquenessof the principal solution
of (2.10).
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Theorem 3.3. Let
� ~X

~U

�
,

� �X
�U

�
be two principal solutions of (2.10). Then there exists

a constant nonsingular n � n matrix M such that
� ~X

~U

�
=

� �X
�U

�
M .

Proof. Let ~Q = ~U ~X � 1, �Q = �U �X � 1 be the solutions of (3.11) generatedby
� ~X

~U

�
and

� �X
�U

�
, respectively, i.e. ~X ; �X are solutions of the �rst order liner dynamic systems

~X � = (A + B ~Q) ~X ; �X � = (A + B �Q) �X :

By the previous theorem we have ~Q � �Q and �Q � ~Q eventually , so ~Q = �Q.
This means that ~X , �X are fundamental matrices of the same �rst order linear
dynamic systems,hencethere exists a constant nonsingular n � n matrix M such
that ~X = �X M and then ~U = ~Q ~X = �Q �X M = �UM . �

4. Remarks.

In this last sectionwe present someremarks concerningour previous results and
also somesuggestionsfor the further investigation.

(i) Observe that transformation (3.1) of SDS's is \principal solutions invariant",
i.e.

� X
U

�
is a principal solution of (2.10) if and only if

� Y
V

�
= R � 1

� X
U

�
is a principal

solution of (3.2). This follows immediately from the identit y (X � ) � 1B(X T ) � 1 =
(Y � ) � 1 �B(Y T ) � 1.

(ii) Consider a general transformation

(4.1) z = R(t)w; R =
�

H M
K N

�
; z =

�
x
u

�
; w =

�
y
v

�

with a symplectic matrix R. This transformation transforms (2.10) again into a
symplectic system, see[15]. It is a natural question when this transformation pre-
servesoscillatory nature of transformed systemsand converts the principal solution
into the principal solution. In the theory of linear Hamiltonian systems(1.2) and
symplectic di�erence systems(2.7) this problem is closely related to the so-called
reciprocity principle and its generalization.

Transformation (4.1) with R = J =
� 0 I

� I 0

�
transforms (1.2) into the so-called

reciprocal system

(4.2) y0 = � AT (t)y � C(t)z; z0 = � B (t)y + A(t)z:

It is known ([2,30]) that if B (t) � 0, C(t) � 0 and both (1.2) and (4.2) are even-
tually controllable, then (1.2) is nonoscillatory if and only if (4.2) is nonoscillatory.
Moreover, if

lim
t !1

� 1

� Z t

H � 1(s)B (s)(H T (s)) � 1 ds
�

= 1

and
� X

U

�
is a principal solution of (1.2) then

� Y
Z

�
=

� U
� X

�
= J

� X
U

�
is a principal

solution of (4.2), see[3]. These results were extended to general transformation
(4.1) in [12,13] and papers [8,14] contain a discrete version of these statements.
However, as pointed out in [6], there are somediscrepanciesbetween\di�eren tial"
and \di�erence" results which have not been explained yet. The time scalepoint

EJQTDE, Proc. 6th Coll. QTDE, 2000No. 5, p. 11



12 O. DO �SL �Y

of view where (2.1) and (2.7) are special casesof symplectic dynamic system(2.10)
could perhapsgive an explanation of thesediscrepancies.

(iii) Supposethat (2.10) is nonoscillatory and eventually densenormal, and let
�

X
U

�
=

�
X (t; a; b)
U(t; a; b)

�

be its 2n � n matrix solution satisfying the boundary condition X (a) = I , X (b) = 0
(such solution exists and is unique if a < b are su�cien tly large as we will show

later). Let
� ~X

~U

�
,

� �X
�U

�
be the principal and nonprincipal solutions of (2.10) such

that ~X (a) = I , �X (a) = I . Any 2n � n matrix solution
� X

U

�
is of the form X =

~X M + �X N , U = ~UM + �UN with constant n � n matrices M ; N . Substituting there
the conditions at t = a and t = b we get I = M + N; 0 = ~X (b)M + �X (b)N , i.e.

M =
h
I � �X � 1(b) ~X � 1(b)

i � 1
; N =

h
I � ~X � 1(b) �X (b)

i � 1
:

Since �X � 1(b) ~X (b) ! 0 asb ! 1 , the matrices in brackets are really nonsingular if
b is su�cien tly large, henceour boundary valuehasthe unique solution and M ! I ,
N ! 0 as b ! 1 (and a is �xed), which meansthat

�
X (t; a; b)
U(t; a; b)

�
!

� ~X
~U

�
; as t ! 1 ;

uniformly on every compact interval [a; � ], � > a. Consequently , we have shown
another construction of the principal solution of (2.10), as the limit of solutions of
a certain boundary value problem associated with (2.10).

(iv) Together with (1.1) consideranother Sturm-Liouville equation

(4.3) (R(t)y0)0+ C(t)y = 0

and suppose that this equation is the majorant of (1.1), i.e. C(t) � c(t) and
r (t) � R(t). If (4.3) is nonoscillatory then (1.1) is nonoscillatory as well by the
Sturm comparison theorem. Denote by ~x, ~y principal solutions of (1.1) and (4.3)
and by ~w, ~v the corresponding minimal solutions of the associated Riccati equa-
tions. Then ~v(t) � ~w(t) for large t, see[18]. A similar inequality betweenminimal
solutions of Riccati matrix di�eren tial equations (2.6) can be found in [23,32]and
a discrete version of this inequality is given in [9]. Since the assumptions under
which inequality between eventually minimal solutions holds di�er in the discrete
and continuous case(at least optically), it would be interesting to �nd their uni-
�cation in the scope of the theory of SDS (2.10) and associated Riccati equation
(3.11).

(v) This last remark deals with the so-called zero maximality of the principal
solution. To explain the idea, consider the solution of (1.1) given by the initial
condition x(b) = 0, r (b)x0(b) = � 1 and let a be its �rs zeropoint left of b. Then by
the Sturm separation theorem any solution of (1.1) which is not proportional to x
hasexactly onezero in (a; b). Now, let ~x be the principal solution of (1.1) and let a
be its largest zeropoint (if any). Then every solution which is linearly independent
of ~x (i.e. nonprincipal) hasexactly onezeroin (a; 1 ), see[24,26]. Consequently , the
principal solution behaveslike a solution given by the \initial condition" ~x(1 ) = 0.
This property of the principal solution wasextendedto linear Hamiltonian systems
e.g. in [32] and to di�erence Hamiltonian systemsin [10]. Similarly as in the caseof
the reciprocity principle, the continuousand discreteresults arenot quite analogical
and the qualitativ e theory of SDS's (2.10) may explain this discrepancy.
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