PRINCIP AL AND NONPRINCIP AL SOLUTIONS OF
SYMPLECTIC DYNAMIC  SYSTEMS ON TIME SCALES

Ondrej Dosly

Abstra ct. We establish the concept of the principal and nonprincipal solution for
the so-called symplectic dynamic systems on time scales. We also present a brief
survey of the history of these concept for di eren tial and di erence equations.

1. Intro duction.

The aim of this paper is to establishthe conceptsof the principal and nonprin-
cipal solutions of the so-calledsymplectic dynamic systemson time scales.

The concept of the principal solution appeared for the rst time in the paper
[28] and it concernedthe Sturm-Liouville di erential equation

(1.1) (r()x9%+ c(t)x = 0; r(t) > 0O;

and was used when investigating singular quadratic functionals assaiated with

(1.1), seealso[24,25]. In the fties of this certury Hartman (see[18, Chap. XI] and
the referencegyiven therein) investigated properties of this solution, intro ducedthe
conceptof the nonprincipal solution and o ered se\eral equivalent characterizations
of principal and nonprincipal solutions. Later, principal and nonprincipal solutions
wereextendedto more generalequationsand systemsand nally Reid[31,32]uni ed

thesede nitions in the scope of the qualitativ e theory of linear Hamiltonian systems

(1.2) x’= A(t)x+ B(t)u; u’= C(t)x AT(t)u;

seealso [19].
Concerning the Sturm-Liouville di erence equation

(1.3) (rk Xk)+ CXker =0, ¢ 60,

the concept of the principal solution, named in the di erence equations theory
recessivesolution, and of the nonprincipal solution (= dominant solution), appeared
e.g. in [17,29]. These conceptswere extendedto the three term symmetric matrix
recurrencerelation

Ri+1 Xk+2 + PiXks1 + Rexe = 0
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2 O. DOSLY

in [4] and to more general di erence systems{ the so-calledsymplectic di er ence
systems{ in [5].

The similarit y betweenqualitativ etheoriesof di eren tial and di erence equations
and systemssuggeststo look for a unifying theory. The rst attempt to establish
sud atheory wasmadein [33] (seealso[27]), whereboth (1.1) and (1.3) are written
as an integral equation with Riemann-Stieltjes integrals. Howewer, this approad
requiresthe sequence in (1.3) to be positive and this assumptionis by no means
necessaryas it is shovn e.g. in [5,7]. Another approac which we also follow in
this paper wasusedin [16] and is basedon the conceptof time sale (an alternative
terminology is measure chain). Our investigation leanson results of the recert paper
[15], where we establishedbasic properties of solutions of the so-called symplectic
dynamic systemswhich cover both linear Hamiltonian di erential systems(1.2) and
symplectic di erence systems. We recall someresults of [15]in the next section.

The paper is organized as follows. In the next section we recall properties of
principal/recessive and nonprincipal/dominant solutions of di erential and di er-
encesystemsand we presen basic facts of the so-calledtime scalecalculus. The
third section corntains the main results of this paper, su cien t conditions for the
existence of principal and nonprincipal solutions of symplectic dynamic systems
and someof their properties. The last sectionis dewted to remarks concerningthe
results of the paper and contains alsosomesuggestiongor the further investigation.

2. Auxiliary results.

We start this sectionwith a brief survey of the basicproperties of principal (reces-
sive) and nonprincipal (dominant) solutions of di erential and di erence equations.
Supposethat (1.1) is nonoscillatory, i.e. any nontrivial solution is evertually pos-
itiv e or negative. Then among all solutions one can distinguish a unique (up to a
multiple by a nonzeroconstart) solution x which is lessthan any other solution in
the sensethat

(1) _
(2.1) fim

for any solution x of (1.1) which is linearly independen of x. This solution is said
to be the principal solution. Di eren tiating the ratio x=x and using the Wronskian
identity r(x% xx% = const, it is not dicult to verify that (2.1) is equivalert to

Z1 dt

(22) TR -

Another (equivalent) characterization of the principal solution is basedon the fact
r(t)x°

that if x is a solution of (1.1) then w := == is a solution of the assiated Riccati
equation
0 w?
2.3 w '+ c(t)+ —< =0
(23) O+
. . . . . . _ r(t)x.o . ..
A solution x of (1.1) is principal if and only if w = === is the eventualy minimal

solution of (2.3) in the sensethat any other solution w of (2.3) satis es evenu-
ally the inequality w(t) > w(t). A nonprincipal solution of (1.1) is any solution
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 5, p. 2



SYMPLECTIC DYNAMIC SYSTEMS 3

which is linearly independert of the principal solution x and it is characterized by
v L(t)x 2(t)dt< 1. If x is a nonprincipal solution, then

Z 1 ds

¢ T(s)x*(s)

(1) = x(1)

is the principal solution.

The Sturm-Liouville di erence equation (1.3) is said to be nonoscillatory if any
nontrivial solution satis es

(2.4) reXkXg+1 > 0 evertually :

It is known that the Sturmian comparisonand separation theory extendsto (1.3),
in particular, if there exists a solution x of (1.3) satisfying (2.4) then any other
solution has also this property. A nonoscillatory solution x of (1.3) is said to be
recessiveif

for any linearly independert solution x. The last limit relation is equivalent to
X 1
k= n kXX

and this is equivalent to the fact that wy = "X«

= =~k isthe evertually minimal solution
of the discrete Riccati equation

2

W,
Wy + C + k =0
g + Wg

There exist more equivalent characterizations of the principal resp. recessie
solutions of (1.1) and (1.3), e.g. as the so-called zero maximal solution [26] or
as solutions of a certain boundary value problem, see[11, Chap. Il]. Howewer, to
presernt them herein a consistert form exceedshe scope of this cortribution.

Next we turn our attention to the extension of the conceptsof principal and re-
cessie solution to linear Hamiltonian di erential systemsand symplectic di erence
systems. Togetherwith (1.2) considerits matrix version (referred again as (1.2))

X%= A()X + B(t)U; U= C()X AT(H)U;

where X ;U aren n matrices. We supposethat the matrices B; C are symmetric
and B is nonnegative de nite. Recall that this systemis said to be nonoscillatory

if there exists a conjoined basis )Lj (i.e. a2n n matrix solution sud that X TU

is symmetric and rank )Lj n) suc that X (t) is nonsingular for large t. System
(1.2) is said to be eventualy controllableif there exists T 2 R suc that the trivial

solution fj = 8 is the only solution for which x(t) = 0 on a nondegenerate
subinterval of [T;1 ). A conjoined basis )g of a nonoscillatory system(1.2) is said

to be the principal solution if

Jim X L)X (t) = 0
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 5, p. 3



4 O. DOSLY

for any conjoined basis ﬁ sud that the (constant) matrix
(2.5) XT()O(t) UT(t)X(t) isnonsingular.

Any conjoined basissatisfying (2.5) is said to be the nonprincipal solution of (1.2).
Principal and nonprincipal solutions of evertually cortrollable systemscan be char-
acterized equivalently as conjoined baseswhose rst componert satis es

Zt
lim X Ys)B(s)XT (s)ds =1
! T
resp. 7
t
lim- X s)B(s)X T (s)ds < 1;
: T

where 3, , denotethe least and largest eigervalue of the matrix indicated. An-
other equivalent characterization of the principal solution of (1.2) is via the assi-
ated Riccati matrix equation

(2.6) WO+ AT(H)W + WA(t) + WB(H)W C(t) = 0

related to (1.2) by the substitution W = UX 1. A conjoined basis ig is principal

if and only if W = OX 1! is the evertually minimal solution of (2.6) in the sense
that for any other symmetric solution W of this equation the matrix W (t) W (t)
IS nonnegative de nite eventually.

A symplectic di er ence systemis the rst order recurrencesystem of the form

X A B
(2.7) Zk+1 = Skz; z= o S= cD

wherex;u 2 R" and A;B;C, D aren n matrices sucd that the matrix S is sym-
plectic, i.e. STIS=J with J = OI '0 . Symplectic di erence systemscover a
large variety of di erence equations and systems,among them also as a very spe-
cial caseSturm-Liouville di erence equation (1.3). Indeed, using the substitution
u=r x this equation can be written asthe rst order system

Xk+1 1 L Xk
U+1 p 1 By

and it is easyto seethat the matrix in this systemis really symplectic.

A 2n n matrix solution )Lj of (2.7) is said to be a conjoined basisif X TU is

symmetric and rank )Lj = n. System(2.7) is said to be disconjugate in a discrete

interval [I;m], I;m 2 N, if the 2n  n matrix solution ﬁ given by the initial
condition X; = 0, U, = | satises

(2.8) KerXx+s1  KerXy and Xy X[, B« O

fork =1;:::;m. HereKer, Y and stand for the kernel, Moore-Penrosegeneralized

inverse and nonnegative de niteness of a matrix indicated, respectively. System
(2.7) is said to be nonoscillatory if there exists N 2 N sud that this system is
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 5, p. 4



SYMPLECTIC DYNAMIC SYSTEMS 5

disconjugateon [N;1 ) and it is said to be oscillatory in the opposite case. System
(2.7) is said to be eventualy controllable if there exist N; 2 N sud that for any
X 0

m N the trivial solution | = _ isthe only solution for which Xy = Xm+1 =

= Xm+ = 0. A conjoined basis i; of (2.7) is said to be a principal solution if

Xk are nonsingular, kak+11 Bx O, both for large k, and for any other conjoined

basis )Lj for which the (constant) matrix X TO  UT X is nonsingular we have

H 1 — N
(2.9) lim X, X = 0

Note that the existenceof a conjoined basis )Lj sudh that its rst componert X is
nonsingular and the secondcondition in (2.8) holds for large k implies that the rst
componert of any other conjoined basis has the sameproperty, see[9]. Using the
Wronskian-type identit y for solutions of (2.7) it is not di cult to show that (2.9)
is for eventually cortrollable systemsequivalent to

H )4( 1 T 1 — .
lim X, g8 (Xt =1:

Nonprincipal solutions of (2.7) can be de ned similarly as for linear Hamiltonian
di erential systems(1.2).

Now we recall somebasic facts of the time scalecalculus, see[6,20,21],unifying
the di erential and di erence calculus. A time saleT is any closedsubsetof the set
of real numbers R, an alternativ e terminology for the time scaleis measure chain.
On any time scaleT we de ne the following operators and concepts:

() :=inffs2T; s>tg;, (t):=supfs2T; s< tg

are the forward and backwar shift operators. A point t 2 T is said to be left-dense
(I-d) if (t) = t, right-dense (r-d) if (t) = t, left-scattered (I-s) if (t) < t, right-
sattered (r-s) if (t) > t and it is said to be denseif it is r-d or I-d. The graininess

of atime scaleT isdened by (t):= (t) t. Forafunctionf : T! R (the
range R of f may be replaced by any Banacd space)it is de ned the genealized
derivative f  (t) asfollows. For every " > 0 there exists a neighborhood U of t such
that

@) f(s) £ @@ s)j "j@) sj foralls2U

If T=R,then (t)=1t, (t)=0andf = fO0isthe usual derivative. In case
T=2, wehave (t) =t+ 1 (t)=1landf = f isthe forward dierence
operator.

Directly one can verify the following basic rules of the di erential calculus on
time scales

f@ o] =f (1) g ) fC®)=FO+ @OF (1);
[FMa®] =1 Mgl ) +TF()g (=1 (Ma®+( (g (1)

f@  _f o) T O,

gty g(t)a( (1))
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 5, p. 5




6 O. DOSLY

For the investigation of solvability of dynamic equationson time scales(dynamic
eguation meansan equation involving an unknown function together with its gen-
eralized derivatives) we needalso the following concepts. Here the usual notation
for an interval [a; b] actually meansthe setft 2 T; t 2 [a;b]g, open and half open
intervals are de ned in the sameway.

A function f : [a;b]! R is said to be rd-continuous if it is cortinuous at eah
r-d point and there exists a nite left limit in all I-d points, and this function is
said to be rd-continuously di er entiable if its generalizedderivative exists and it
is rd-continuous. To ewery rd-continuous function f there exists its geneamlized

tiderivative { a function F such that F = f. Using the antideriv ative we de ne

;f (t) t:=F(b F(a). A function f is saidto be regressiveif 1+ (t)f (t) 6 0O
(the mapping x 7! (id + (t)f (t))x is invertible if the range of f is a Banadh
space). The initial value problem for the linear dynamic equation

z =9g()z; z(ty) = 2o
with a regressie and rd-continuous function g has the unique solution which de-
pends continuously on the initial condition.
We nish this sectionwith de nition and basic properties of solutions of the so-

called symplectic dynamic systems. A symplectic dynamic systemon a time scale

T isthe rst order linear dynamic system

X A B
2.10 z =9S(t)z;, z= ;S = ;
(2.10) (t) . chD

wherex;u: T! R", A:B;CD:T! R"™ " and S satis es

0 I

(2.11) JS()+ ST(t)J + (1)ST(1)IS(t) 0 J = Lo
If T= R then we getthe rst order dierential system

0= X O_ A B X

~u  CD wu

and (2.11) (with 0) impliesB=B",C=C";D= A T,i e.(2.10)is really a
linear Hamiltonian di erential system(1.2). In caseT = N we havez, = z =
Zx+1  Zx and substituting this into (2.10) we get the system
(212) Zy+1 = (| + Sk)Zk:
From (2.11) with 1 immediately follows that the matrix (I + S) is symplectic

and hence(2.12) is a symplectic di erence system.

Condition (2.11) implies that the matrix-v alued function S is regressie (sinceit
implies that the matrix (I + S ) is symplectic and henceinvertible). Hence,if S is
rd-continuous, an initial condition determinesthe unique solution of (2.10).

System (2.10) is said to be densenormal on an interval [a; D] if for any dense
point s 2 (a;b] the trivial solution 8 is the only solution of (2.10) for which
x(t) Oon[a;s]. System(2.10)is saidto be eventualy densenormal if there exists
T2 Tand 2 N sud that this systemis densenormal on [T;1 ) and if there is

no densepoint in (T;1 ) then for any t; T X k(tl) = 0,k=0:::; implies
X o on(ty;1). Here k= |—{z—} O(t) = t.
k times

EJQTDE, Proc. 6th Coll. QTDE, 2000No. 5, p. 6



SYMPLECTIC DYNAMIC SYSTEMS 7

[11. Principal and nonprincipal solutions.

In this section we suppose that the time scale T is not bounded above, i.e.
supft 2 Tg= 1 . In the sequelwe adopt the usual\time scale" notation. We write
f (t) insteadof f( (t)) andt! 1 meansthat t attains arbitrarily large values
from T. The inequality Q; Q2 ( ) betweentwo symmetric matrices of the same
dimension meansthat Q; Q2 is nonnegative (nonpositive) de nite.

We start with basic results of the transformation theory of symplectic dynamic
systems(further SDS) (2.10), for details we refer to [15] and [22]. The transforma-
tion

H (1) 0 Cow= Y

(3-1) Z= R(t)W; R(t) = K (t) (HT(t)) 1 > v

whereH ;K aren n matrices of rd-continuously di eren tiable functions sud that
H is nonsingular and H TK is symmetric, transforms (2.10) into another SDS

A(t B(t
(3.2) z =S(t)z; S(t) = é(t)) D((t))
with

A= (H)YH AH BK);

B=(H ) 'BH") %

C=(K )'(H AH BK) (H )T(K CH DK);
D=(H +D'H B'K )THT) %

(3.3)

This transformation presenes oscillatory properties of the transformed system
which meansthat (3.2) is nonoscillatory if and only if (2.10) is nonoscillatory. If
)Lj is a conjoined basissud that X (t) is nonsingular then settingH = X, K = U
in (3.1) wehave A =0,B=0,C= 0in (3.2). In patrticular,
z t
X({) =Xt (X (s) BEX(9) ' s
z"
U(t)=U() (X (s) "BEIXT(s) * s+ (XT(t) *
t1

is a conjoined basisof (2.10) for which X TU UTX = 1.
The de nition of the concept of the principal solution of symplectic dynamic
systemreadsas follows.

De nition. A conjoined basis

SDS (2.10) if X'(t) is nonsingular,

of (2.10) is said to be a principal solution of

(X () 'BEOXT(®) * 0
both for larget, and

(3.4) Jim X L)X (t) = 0
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 5, p. 7



8 O. DOSLY

X

for any conjoined basis 7

for which the (constant) matrix

(3.5) L:= XTO0 UTX isnonsingular.

X

Any conjoined basis |

solution.

for which (3.4) and (3.5) hold is said to be a nonprincipal

The following theorem concernsthe existenceof the principal and nonprincipal
solution of (2.10) and uni es statemerts concerningthe existenceof principal and
recessie solutions of (1.2) and (2.7), respectively.

Theorem 3.1. Suppsethat (2.10) is nonoscillatory and eventualy densenormal.

Then this systempossesseshe principal solution )g . This solution is equivalently
characterized by

Z t
(3.6) lim ; (X (s) BGE)XT(s) ' s =1

ti1

Any conjoined basis ﬁ for which (3.5) holdsis nonprincipal and this solution is

characterized by the relation
Z

(3.7) lim t(X (s) B(s)(XT(s) ' s <1:

Proof. Let tp 2 T be su cien tly large and considerthe solution )L(, given by the

initial condition X (tp) = 0, U(tp) = I. Nonoscillation and evertual densenormality
of (2.10) imply that there existst; > to sud that X (t) is nonsingular and

(X @©) BEO XT@M =X ) X@OX ) BEO) XTW) L

is nonnegative de nite fort t;. Denote
Zt
B(t):= (X (1) 'B(t) XT() ; Gt;X)= B s

t1

and let
(3.8) X (t) = X O + Gt X);  Ut) = UM + Gt X))+ (X (1) ™

Then 5 is a conjoined basisfor which XTU UTX = 1.

Since G(t; X)) is nonnegative de nite, X is nonsingular for t t;. Henceany

conjoined basis )S of (2.10) can be expressedn the form

(3.9) X = X[M+ Gt;X)N]; O=UM + Gt;X)N]+ (XT) %

where M ;N are constart n n matrices such that M TN is symmetric and

V4
Gt X) = t(X (s)) 'B(s)(XT(s) * s

t
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 5, p. 8



SYMPLECTIC DYNAMIC SYSTEMS 9

In particular, the solution % is alsoof this form and substituting t = t; into (3.9)
wegetM =1;N = 1|, hence
(3.10) X =X[I Gt;X); U=U[l Gt;X) (XT)1*

The rst equalitiesin (3.9) and (3.10) imply that
I =1[  G&tX) + &(t; X)]:

Sincethe secondfactor in the last equality is a nhondecreasingmatrix-v alued func-
tion, the rst factor is nonincreasingand 0  G(t; X) < |, hencethere exists a
nonnegative de nite matrix limit G, = limy;  G(t; X). Denote

X=X[G GtX); U=U[G GtX)] (XT)
Then XTU 0OTX =1 and
Jim X X (t) = lm G GtX)] =0

i.e. {_3; is a principal solution of (2.10). Concerningthe equivalent characterization

of the principal solution (3.6), if this limit relation holds, then for
X (1) = X(OG(t; X);  U(t) = BOG(t; X) + (XT(1) *

with Z,
Gt;X)= (X (s) B(S)XT(9) ' s
t1

wehave XTU UTX =1 and

Z, 1 Z, 1
. 1 _ . .
tI!llm X HO)X(t) = tI!llm . B(s) s tI!llm n . B(s) s

In the last computation the inequality betweena symmetric matrix and a scalar
quartit y actually meansthe matrix inequality betweena matrix and the identity
matrix multiplied by the scalar quartit y.

Conversely supposethat (3.4), (3.5) hold. Without loss of generality we can

supposethat L = | in (3.4). Then )Lj can be expressedn the form

X = XM+ GtX); U= 0M+Gt; X))+ (XT) *

Moreover, we can supposethat M = 0 sinceif X satises (3.4) then X XM
satis es this limit relation aswell since

lm X (1) X(O)M] Ix(t) = lmQ X Tox@wMm] X Yx@ =o0
' EJQTDE, Proc. 6th Coll. QTDE, 2000No. 5, p. 9



10 O. DOSLY

for any constart matrix M. Consequetly,
. h i1
0= tI!llm X H()X(t) = tI!llm G(t; X)

and hence h i L
0= Im , (G(t;X) ' = lim —————
i (Gt X))

which implies (3.6) since ( ; X') is the nondecreasingmatrix-v alued function.
Finally, the equivalent characterization of the nonprincipal solution follows from
the fact that if L = | in (3.5) (what we canagain supposewithout lossof generality),
then
(X X) = (X ) 'B(XT)*
and remaining argumerts are the sameas in the proof of equivalenceof (3.4) and
(3.6).

The next theorem shows that the principal solution of (2.10) de nes a solution
of the assaiated Riccati matrix equation

(3.11) Q =[C+DQ QA QBQ]l+ (A+BQ)*?

related to (2.10) by the Riccati substitution Q = UX !, which has the same
extremal property asin the continuous and discrete case.

Theorem 3.2. Suppse that (2.10) is nonoscillatory and let i; be its principal

solution. Then the solution @ = UX ! of the asswiated Riccati equation (3.11)
is eventualy minimal in the sensethat if Q is any solution of this equation which
exists on someinterval [T;1 ) and [l + (A + BQ) ']JB 0in this interval, then

Q(t) Q(t) fort2[T;1).
Proof. Let ﬁ be a conjoined basisof (2.10) which de nes Q, i.e. Q = UX ! and
denoteM = XTU OTX. Then we have

Q Q=uUx 1! ox =" iIxXTu O'xx '=(xT) IMx Ixx 1

and
(MX 1X) = MX ) Y{AX + BUX IX+M((X ) }(AX + BUO)

=MX ) BXT) Y UTX+XTO)= M(X ) B(XT) IMT:
Now,

I+ (A+BQ) B=X[X+ (AX+BU)] '=X[X+ X 1B
=X ) BX") IXT o0

fort T, hencealso (X ) 'B(XT) ' 0,ie. MX !X is the nonincreasing
matrix-v alued sequence.SinceM X 1X' ! 0Oast! 1 ,this matrix-valuedfunction
must be nonnegative de nite which impliesthat Q Q@ Ofort T.

The following theorem provesthe essetial uniquenessof the principal solution
of (2.10).
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 5, p. 10
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Theorem 3.3. Let § , {j betwo principal solutions of (2.10). Then there exists

a constant nonsingular n - n matrix M suchthat § = § M.
Proof. Let @ = UX !, Q= UX ! bethe solutions of (3.11) generatedby § and
)L(J , respectively, i.e. X'; X are solutions of the rst order liner dynamic systems

X =(A+BQ)X; X = (A+BQ)X:

By the previous theorem we have Q Q and Q Q ewentually, so@ = Q.
This meansthat X, X are fundamernal matrices of the same rst order linear
dynamic systems, hencethere exists a constart nonsingularn n matrix M sud
that X = XM andthen U= QX = QXM = UM.

4. Remarks.

In this last sectionwe presert someremarks concerningour previous results and
also somesuggestionsfor the further investigation.

(i) Obsene that transformation (3.1) of SDS'sis \principal solutions invariant”,
ie. Y, isaprincipal solution of (2.10)if and only if ' =R * ¥ is a principal
solution of (3.2). This follows immediately from the identity (X ) 'B(XT) ! =
(Y ) *B(YT) %

(i) Consider a generaltransformation

_ : _ H M X, y
(4.2) z=R(t)w; R = K N U v
with a symplectic matrix R. This transformation transforms (2.10) again into a
symplectic system, see[15]. It is a natural questionwhen this transformation pre-
senesoscillatory nature of transformed systemsand converts the principal solution
into the principal solution. In the theory of linear Hamiltonian systems(1.2) and
symplectic di erence systems(2.7) this problem is closely related to the so-called
reciprocity principle and its generalization.

Transformation (4.1) with R = J = % ' transforms (1.2) into the so-called

I 0
reciprocal system
(4.2) yv'= AT(t)y C@)z; z°= B@)y+ A(t)z:
It is known ([2,30]) that if B(t) 0, C(t) 0 and both (1.2) and (4.2) are even-

tually cortrollable, then (1.2) is nonoscillatory if and only if (4.2) is nonoscillatory.
Moreover, if

V4 t
lim g H Ys)B(s)(H'(s) 'ds =1
and { is a principal solution of (1.2) then ¥ = Y =J ¥ is a principal

solution of (4.2), see[3]. These results were extended to general transformation
(4.1) in [12,13]and papers [8,14] cortain a discrete version of these statemerts.
Howewer, as pointed out in [6], there are somediscrepanciesbetween\di eren tial"
and \di erence" results which have not beenexplained yet. The time scale point
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of view where (2.1) and (2.7) are special casesof symplectic dynamic system (2.10)
could perhapsgive an explanation of these discrepancies.

(i) Supposethat (2.10) is nonoscillatory and evertually densenormal, and let

X _ X(t;a;b
U  U(tab
beits 2n n matrix solution satisfying the boundary condition X (a) = I, X(b) = 0

(sudh solution exists and is unique if a < b are su cien tly large as we will shov

later). Let )é , )f, be the principal and nonprincipal solutions of (2.10) suc
X

that X(a) = I, X(a@) = |. Any 2n n matrix solution {; is of the form X =

XM+ XN,U=0M+UN with constart n n matrices M ; N. Substituting there

the conditions atg = aandt=bwegetl =M +hN; 0= X(bM + X (DN, i.e.
[

M= 1 X Ypx l(b)I 1; N=1 X bX(b

SinceX (X (b! Oasb! 1 ,the matricesin brackets are really nonsingular if
bis su cien tly large, henceour boundary value hasthe unique solutionandM ! 1,
N! Oasb! 1 (andais xed), which meansthat

X (t;a;b) .
U(t;a;b) = O 7
uniformly on every compact interval [a; ], > a. Consequetly, we have shavn

another construction of the principal solution of (2.10), asthe limit of solutions of
a certain boundary value problem assaiated with (2.10).

(iv) Togetherwith (1.1) consideranother Sturm-Liouville equation

(4.3) (R(t)y9)°+ C(t)y= 0

and suppose that this equation is the majorant of (1.1), i.e. C(t) c(t) and
r(t) R(t). If (4.3) is nonoscillatory then (1.1) is nonoscillatory as well by the
Sturm comparisontheorem. Denote by x, y principal solutions of (1.1) and (4.3)
and by w, v the corresponding minimal solutions of the asseiated Riccati equa-
tions. Then wWt) w(t) for larget, see[18]. A similar inequality betweenminimal
solutions of Riccati matrix di erential equations (2.6) can be found in [23,32]and
a discrete version of this inequality is given in [9]. Sincethe assumptionsunder
which inequality between eventually minimal solutions holds di er in the discrete
and cortinuous case(at least optically), it would be interesting to nd their uni-
cation in the scope of the theory of SDS (2.10) and assaiated Riccati equation
(3.112).

(v) This last remark deals with the so-called zero maximality of the principal
solution. To explain the idea, consider the solution of (1.1) given by the initial
condition x(b) = 0, r(b)xYb) = 1 andlet abeits rs zeropoint left of b. Then by
the Sturm separation theorem any solution of (1.1) which is not proportional to x
has exactly one zeroin (a;b). Now, let x be the principal solution of (1.1) and let a
be its largest zeropoint (if any). Then every solution which is linearly independert
of % (i.e. nonprincipal) hasexactly onezeroin (a;1 ), see[24,26]. Consequetly, the
principal solution behaveslike a solution given by the \initial condition” x(1 ) = 0.
This property of the principal solution was extendedto linear Hamiltonian systems
e.g.in [32] and to di erence Hamiltonian systemsin [10]. Similarly asin the caseof
the reciprocity principle, the contin uousand discreteresults are not quite analogical
and the qualitativ e theory of SDS's(2.10) may explain this discrepancy
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