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Abstract

We study the delay di�eren tial equation _x(t) = −µx(t) + f (x(t − 1)) with µ ≥ 0 and
C1-smooth real functions f satisfying f (0) = 0 and f ′ < 0. For a set of µ and f , we
determine the number of periodic orbits, and describe the structure of the global attractor
as the union of the strong unstable setsof the periodic orbits and of the stationary point
0.

The delay di�eren tial equation

_x(t) = −µx(t) + f (x(t− 1)) (1)

with parameter µ ≥ 0 and C1-smooth nonlinearities f : R → R satisfying f (0) = 0 models
a systemgovernedby delayed feedback and instantaneousdamping. The negative feedback
case,that is, ξf (ξ) < 0 for all ξ 6= 0, arisese.g. in physiological processesor diseases[MG].
The positive feedback case,that is, ξf (ξ) > 0 for all ξ 6= 0, occurs e.g. in neural network
theory [MW].

A tremendousnumber of results are known about Eq. (1), mostly concerningexistence
and qualitativ e properties of periodic solutions. The intro duction of a discrete Lyapunov
functional by Mallet-Paret and Sell in [MPS1] (seealso Mallet-Paret [MP] for an earlier
version) openedthe door to a generalinquiry into the structure of the attractor of Eq. (1)
and more generalcyclic feedback systemswith delay.

For the negative feedback caseMallet-Paret [MP] obtained a Morse decomposition of
the global attractor of Eq. (1). An analogousresult for the positive feedback casewas
shown by Polner [P]. Connecting orbits betweensomeof the Morse setswere obtained by
Fiedler and Mallet-Paret [FMP] and by McCord and Mischaikow [MCM]. Although the
existenceof a Morse decomposition meansa gradient-lik e structure of the attractor, the
dynamics under the above negative or positive feedback conditions can be complicated.
We refer to Lani-Wayda [LW] and referencesin it for chaotic behavior of solutions of Eq.
(1).
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In the monotone feedback case,i.e.,

either f ′(ξ) < 0 for all ξ ∈ R, or f ′(ξ) > 0 for all ξ ∈ R,

much more is known about the asymptotic behavior of the solutions of Eq. (1). Mallet-
Paret and Sell [MPS2] proved that a Poincar�e{Bendixson type theorem holds. In the
monotonenegative feedback case,i.e., f ′ < 0, Walther [Wa1,Wa2] and Walther and Yebdri
[WY] described the attractor of slowly oscillating solutions. Mallet-Paret and Walther
[MPW] obtained that the domain of attraction of the attractor of the slowly oscillating
solutions is an open and densesubset of the phasespace. In [Wa1], for a set of µ and f ,
Walther showed that the global attractor of Eq. (1) is a 2-dimensionaldisk with a slowly
oscillating periodic orbit on the boundary. In the monotone positive feedback case,i.e.,
f ′ > 0, Krisztin, Walther and Wu [KWW] and Krisztin and Walther [KWa] proved that,
for certain µ and f , the global attractor is a 3-dimensionalsmooth submanifold of the phase
space,and gave a description of it. Higher dimensional partial analoguesof these results
can be found in [KWu] and [K]. In spite of the above mentioned nice results, there are still
several open problems for the monotone feedback cases.For example, the dynamics of the
famous Wright's equation _x(t) = −α

(

ex(t−1) − 1
)

is still not completely understood.
In this note we consider Eq. (1) under a monotone negative feedback condition, that

is, we assume
(H1) µ ≥ 0, f : R → R is continuously di�eren tiable, f ′(ξ) < 0 for all ξ ∈ R, f (0) = 0,

and f is bounded from above or from below.
Under hypothesis (H1) and an additional condition we state a result describing the

global attractor of the semi
ow generatedby Eq. (1) as the �nite union of strong unstable
setsof periodic orbits and the strong unstable set of the stationary point 0. We sketch the
main ideasand main stepsof the proof, and indicate how existing results for the monotone
positive feedback casecan be modi�ed for this situation.

Let C denote the Banach spaceof continuous functions φ : [−1, 0] → R with the norm
given by ||φ|| = max−1≤t≤0 |φ(t)|. C1 is the Banach spaceof all C1-mapsφ : [−1, 0] → R,
with the norm ||φ||1 = ||φ|| + || _φ||. If I ⊂ R is an interval, x : I → R is a continuous
function, t ∈ R sothat [t−1, t] ⊂ I, then the segment xt ∈ C is de�ned by xt(s) = x(t+ s),
−1 ≤ s ≤ 0.

Every φ ∈ C uniquely determines a solution xφ : [−1,∞) → R with xφ
0 = φ, i.e., a

continuous function x : [−1,∞) → R such that x is di�eren tiable on (0,∞), x0 = φ, and
x satis�es Eq. (1) for all t > 0. The map

F : R
+ × C 3 (t, φ) 7→ xφ

t ∈ C

is a continuous semi
ow. 0 is the only stationary points of F . All maps F (t, ·) : C → C,
t ≥ 0, are injective. It follows that for every φ ∈ C there is at most onesolution x : R → R

of Eq. (1) with x0 = φ. We denote also by xφ such a solution on R whenever it exists.
The global attractor of the semi
ow F is a nonempty compact set A ⊂ C which is

invariant in the sensethat

F (t, A) = A for all t ≥ 0,
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 2
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and which attracts bounded sets in the sensethat for every bounded set B ⊂ C and for
every open set U ⊃ A there exists t ≥ 0 with

F ([t,∞) ×B) ⊂ U.

Under hypothesis(H1) the semi
ow F has a global attractor, seee.g. [Wa2].
It is not di�cult to show that

A = {φ ∈ C : There are a bounded solution x : R → R

of Eq. (1) and t ∈ R so that φ = xt}.

The compactnessof A, its invarianceproperty and the injectivit y of the mapsF (t, ·), t ≥ 0,
combined give that the map

R
+ × A 3 (t, φ) 7→ F (t, φ) ∈ A

extends to a continuous 
o w
FA : R ×A→ A;

for every φ ∈ A and for all t ∈ R we have

FA(t, φ) = xt

with the uniquely determined solution x : R → R of Eq. (1) satisfying x0 = φ.
Now we linearize the semi
ow F at its stationary point 0. The smoothnessof f implies

that each map F (t, ·), t ≥ 0, is continuously di�eren tiable. The operatorsD2F (t, 0), t ≥ 0,
form a strongly continuous semigroup. The spectrum of the generator of the semigroup
(D2F (t, 0))t≥0 consistsof the solutions λ ∈ C of the characteristic equation

λ + µ− f ′(0)e−λ = 0. (2)

In casef ′(0) < −e−µ−1, all points in the spectrum form a sequenceof complex conjugate
pairs (λj , λj)∞0 with

Reλ0 > Reλ1 > Reλ2 > . . . , 2jπ < Im λj < (2j + 1)π

for all j ∈ N, and Reλj → −∞ as j → ∞. In particular, if the stationary point 0 is
linearly unstable, then all points in the spectrum occur in complex conjugate pairs.

The following explicit condition in terms of µ and f ′(0) for the location of the solutions
of (2) can be obtained e.g. from [DGVW].

Proposition 1. Let j ∈ N, and let θj denote the unique solution of the equation −θ cot θ =
µ in (2jπ, (2j + 1)π). Then

Reλj > 0 (= 0)
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 3
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if and only if

f ′(0) < −
θj

sinθj

(

= −
θj

sinθj

)

.

Assumethat there existsN ∈ N so that

ReλN+1 < 0< ReλN .

Let P denote the reali�ed generalized eigenspaceof the generator associated with the
spectral set {λ0, λ0, . . . , λN , λN}. Let Q denote the reali�ed generalizedeigenspacegiven
by the spectral set of all λk, λk with k ≥ N + 1. Then C = P ⊕ Q. The spacesP
and Q are also reali�ed generalizedeigenspacesof D2F (1, 0) given by the spectral sets
{eλ0 , eλ0 , . . . , eλN , eλN } and {eλk : k ≥ N + 1} ∪ {eλk : k ≥ N + 1}, respectively.

Choose β > 1 with β < eRe λN . According to Theorem I.3 in [KWW] there exist
convex open neighbourhoods NQ, NP of Q,P , respectively, and a C1-map wu : NP → Q
with Wu(NP ) ⊂ NQ, wu(0) = 0, Dwu(0) = 0 so that the strong unstable manifold of the
�xed point 0 of F (1, ·) in NQ + NP , namely

Wu(0, F (1, ·),NQ + NP ) = {φ ∈ NQ + NP : There is a tra jectory (φn)0
−∞

of F (1, ·) with φ0 = φ, φnβ
−n ∈ NQ + NP for all n ∈ −N,

and φnβ
−n → 0 asn→ −∞}

coincides with the graph {χ + wu(χ) : χ ∈ NP }. It is easy to show that every φ ∈
Wu(0, F (1, ·), NQ + NP ) uniquely determines a solution xφ : R → R of Eq. (1), and
for this solution xφ(t) → 0 as t → −∞ holds, moreover there exists t ∈ R with xφ

s ∈
Wu(0, F (1, ·), NQ + NP ) for all s ≤ t.

We call the forward extension

Wu
str(0) = F (R+ ×W u(0, F (1, ·), NQ + NP ))

the strong unstable set of 0. The unstable set of 0 is de�ned by

Wu(0) = {φ ∈ C :There is a solution x : R → R of Eq. (1)

with x0 = φ and xt → 0 as t→ −∞}.

In caseReλN+1 < 0< ReλN , 0 is hyperbolic and

Wu(0) = W u
str(0).

We recall the de�nition and someproperties of a discrete Lyapunov functional

V : C \ {0} → N ∪ {∞}

which goesback to the work of Mallet-Paret [MP]. The versionwhich weusewasintro duced
in Mallet-Paret and Sell [MPS1].

EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 4



5

The de�nition is as follows. First, set sc(φ) = 0 whenever φ ∈ C \ {0} is nonnegative
or nonpositive, otherwise, for nonzeroelements of C, let

sc(φ) = sup
{

k ∈ N \ {0} : There is a strictly increasing �nite sequence

(si)k
0 in [−1, 0] with φ(si−1)φ(si) < 0 for all i ∈ {1, 2, . . . , k}

}

≤ ∞.

Then de�ne

V (φ) =
{

sc(φ) if sc(φ) is odd or ∞,

sc(φ) + 1 if sc(φ) is even.

Set
R = {φ ∈ C1 :φ(0) 6= 0 or _φ(0)φ(−1) < 0,

φ(−1) 6= 0 or _φ(−1)φ(0) > 0,

all zerosof φ in (−1, 0) are simple}.

The next lemma lists basic properties of V [MPS1,MPS2].

Proposition 2.

(i) For every φ ∈ C \ {0} and for every sequence (φn)∞0 in C \ {0} with φn → φ as
n→ ∞,

V (φ) ≤ lim inf
n→∞

V (φn).

(ii) For every φ ∈ R and for every sequence (φn)∞0 in C1 \ {0} with ||φn − φ||1 → 0 as
n→ ∞,

V (φ) = lim
n→∞

V (φn) <∞.

(iii) Let an interval I ⊂ R, a real ν ≥ 0, and continuous functions b : I → (−∞, 0) and
z : I + [−1, 0] → R be given so that z|I is differentiable with

_z(t) = −νz(t) + b(t)z(t− 1) (3)

for inf I < t ∈ I, and z(t) 6= 0 for some t ∈ I + [−1, 0]. Then the map I 3 t 7→
V (zt) ∈ N ∪ {∞} is monotone nonincreasing. If t ∈ I, t − 3 ∈ I and z(t) = 0 =
z(t − 1), then V (zt) = ∞ or V (zt−3) > V (zt). For all t ∈ I with t − 4 ∈ I and
V (zt−4) = V (zt) <∞, we have zt ∈ R.

(iv) If ν ≥ 0, b : R → (−∞, 0) is continuous and bounded, z : R → R is differentiable
and bounded, z satisfies (3) for all t ∈ R, and z(t) 6= 0 for some t ∈ R, then
V (zt) <∞ for all t ∈ R.

We need the following corollary of a general Poincar�e{Bendixson type theorem for
monotone cyclic feedback systemsdue to Mallet-Paret and Sell [MPS2].
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Proposition 3. Let x : R → R be a bounded solution of Eq. (1). Then α(x) is either the
orbit of a nonconstant periodic solution of Eq. (1), or for every solution y : R → R of Eq.
(1) with y0 ∈ α(x) the sets α(y) and ω(y0) consist of stationary points of F . An analogous
statement holds for ω-limit sets.

We intro duce an additional hypothesison f :
(H2) f (ξ) = −f (−ξ) for all ξ ∈ R, and the function (0,∞) 3 ξ 7→ ξf ′(ξ)

f (ξ) ∈ R is strictly
decreasing.

From Lemma 2(iii) and (iv) it follows that for any nonconstant periodic solution x :
R → R of Eq. (1) there exists k ∈ N so that V (xt) = 2k + 1 and xt ∈ R for all t ∈ R.
For k ∈ N, we say that Eq. (1) has a periodic orbit in V −1(2k + 1) if it has a nonconstant
periodic solution x : R → R with V (xt) = 2k + 1 for all t ∈ R.

The following result considersuniquenessand absenceof periodic orbits.

Proposition 4. Assume that hypotheses (H1) and (H2) are satisfied.

(i) For every k ∈ N, Eq. (1) has at most one periodic orbit in V −1(2k + 1).
(ii) Eq. (1) has no periodic orbit in V −1(2k + 1) if Reλk ≤ 0.

In [KWa] we proved an analogousresult for the monotone positive feedback. That
proof can be easily modi�ed to obtain Proposition 4. The approach usesthe technique of
Cao [Ca2] who studied slowly oscillating periodic orbits, i.e., periodic orbits in V −1(1), for
Eq. (1). For periodic orbits in V −1(2k + 1) with 0< k ∈ N, not all arguments from [Ca2]
seemto work. The oddnesscondition in (H2) is applied to overcomethe di�culties. By
a results of Mallet-Paret and Sell [MPS2] the oddnessof f implies a special symmetry of
the periodic solutions of Eq. (1).

The next result of [KWu] guarantees the existence of a periodic orbit with a given
oscillation frequency.

Proposition 5. Assume that hypothesis (H1) holds. If k ∈ N and Reλk > 0, then Eq.
(1) has a periodic orbit Ok in V −1(2k + 1).

For a givenk ∈ N, let p : R → R denotethe periodic solution guaranteed by Proposition
5 and normalized so that p(0) = 0 and p(−1) < 0. Then Ok = {pt : t ∈ R}. It is also true
that three consecutive zerosof p determine the minimal period ω of p [MPS2]. All zerosof
p are simple sincept ∈ R for all t ∈ R by Proposition 2(iii). Then the de�nition of V and
the fact V (pt) = 2k + 1 for all t ∈ R combined yield (k + 1)ω > 1. De�ne the monodromy
operator

M = D2F (ω, p0).

The operator Mk+1 is compact sinceω > 1/(k + 1). We then have that the spectrum σ of
M contains 0, and that every point λ ∈ σ \ {0} is an eigenvalue of M of �nite multiplicit y,
and is isolated in σ. Theseeigenvalues in σ \ {0} are called Floquet multipliers.

For 0 6= λ ∈ σ with Im λ ≥ 0, let GR(λ) stand for the reali�ed generalizedeigenspace
of the eigenvalue λ of M . If r > 0 and {λ ∈ σ : r < |λ|} 6= ∅, then we useC≤r and Cr<

to denote the reali�ed generalizedeigenspacesof M associated with the nonempty disjoint
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 6
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spectral sets{λ ∈ σ : |λ| ≤ r} and {λ ∈ σ : r < |λ|}, respectively. Then

C = C≤r ⊕ Cr<, Cr< =
⊕

λ∈σ,r<|λ|,Im λ≥0

GR(λ).

In [KWu] the following result can be found on the Floquet multipliers of the periodic
orbit Ok:

There exists rM ∈ (0, 1) such that

C≤rM
∩ V −1({1, 3, . . . , 2k + 1}) = ∅, CrM < ∩ C≤1 ⊂ V −1(2k + 1) ∪ {0},

dim CrM < ∩ C≤1 = 2, 0 ≤ dim C1< ≤ 2k.

Chooseλ ∈ (0, 1) so that

λ > max
{

max
ζ∈σ,|ζ|>1

1
|ζ|
, max
ζ∈σ,|ζ|<1

|ζ|

}

.

Theorem I.3 in [KWW] guaranteesthe existenceof a local strong unstable manifold of the
period-ω map F (ω, ·) at its �xed point p0; namely, there are convex open neighbourhoods
N1< of 0 in C1< and N≤1 of 0 in C≤1, a C1-map wu : N1< → C≤1 so that wu(0) = 0,
Dwu(0) = 0, wu(N1<) ⊂ N≤1, and with Nu = N≤1 + N1< the shifted graph

Wu(p0, F (ω, ·), Nu) = {p0 + χ + wu(χ) : χ ∈ N1<}

is equal to the set

{χ ∈ p0 + Nu : There is a tra jectory (χn)0
−∞ of F (ω, ·) with χ0 = χ,

λn(χn − p0) ∈ Nu for all n ∈ −N, and λn(χn − p0) → 0 asn→ −∞}.

The C1-submanifoldW u(p0, F (ω, ·), Nu) of C is called a local strong unstable manifold of
F (ω, ·) at p0.

The strong unstable setW u
str(Ok) of the periodic orbit Ok is de�ned by

Wu
str(Ok) = F (R+ ×W u(p0, F (ω, ·), Nu)) .

The unstable setW u(Ok) of the periodic orbit Ok is given by

Wu(Ok) = {φ ∈ C : There exists a solution x : R → R

so that x0 = φ and dist(xt,Ok) → 0 as t→ −∞}.

It is not di�cult to show that

Wu
str(Ok) ⊂W u(Ok).

If Ok is hyperbolic, i.e., σ∩S1
C = {1} and the generalizedeigenspaceof M associated with

1 is 1-dimensional,then the equality W u
str(Ok) = W u(Ok) holds. For a nonhyperbolic Ok,

in general,we do not have equality.
In [Kr] in the case of monotone positive delayed feedback we proved the equality

Wu
str(O) = W u(O) for a periodic orbit O without assuming hyperbolicit y. We can use

essentially the sameideaseven for the negative feedback caseto obtain
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 7
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Proposition 6. Under hypotheses (H1) and (H2), for each periodic orbit O, W u
str(O) =

Wu(O) holds.

The basic idea of the proof of the above equality is simple. Propositions 4 and 5
guarantee existenceand uniquenessof periodic orbits with a given oscillation frequency.
Let p : R → R be a periodic solution of Eq. (1) with minimal period ω > 0 so that
O = {pt : t ∈ [0, ω]}. We construct two solutions x : [−1,∞) → R and y : [−1,∞) → R of
Eq. (1) such that in the plane R2 the curve

X : [0,∞) 3 t 7→

(

x(t)
x(t− 1)

)

∈ R
2

spirals toward the trace |P | of the simple closedcurve

P : [0, ω] 3 t 7→

(

p(t)
p(t− 1)

)

∈ R
2

in the interior of P as t→ ∞, while the curve

Y : [0,∞) 3 t 7→

(

y(t)
y(t− 1)

)

∈ R
2

spirals toward |P | in the exterior of P as t → ∞. If W u(O) 6= W u
str(O) then there is a

solution z : R → R of Eq. (1) such that the curve

Z : (−∞, 0] 3 t 7→

(

z(t)
z(t− 1)

)

∈ R
2

does not intersect the curvesP,X, Y , and Z(t) spirals toward |P | as t → −∞. A planar
argument applying the Jordan curve theorem leads to a contradiction. A solution x with
the above property is given in Krisztin and Wu [KWu]. The existenceof the solution y is
shown by using homotopy methods and the Brouwer degree.The construction of z requires
someinformation about the Floquet multipliers of the periodic orbit O.

Now we can state the main result of this note.

Theorem 7. Assume that hypotheses (H1) and (H2) hold, and N ≥ 0 is an integer such
that

−
θN+1

sinθN+1
< f ′(0) < −

θN

sinθN

is satisfied where θN , θN+1 denote the unique solution of −θ cot θ = µ in (2Nπ, (2N+ 1)π),
(2(N + 2)π, (2N + 3)π), respectively. Then the semiflow F has exactly N + 1 periodic orbits
O0,O1, . . . ,ON , and, for the global attractor A of F , we have

A = W u
str(0) ∪

(

N
⋃

k=1

Wu
str(Ok)

)

. (4)

EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 8
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Sketch of the proof. Hypothesis(H1) implies that the semi
ow F hasa global attractor
A. 0 is the only stationary point, and it is hyperbolic and unstable. In particular, W u(0) =
Wu

str(0).
Propositions 1, 4 and 5 imply that F hasexactly N + 1 periodic orbits O0,O1, . . . ,ON ,

and Ok ⊂ V −1(2k + 1), k ∈ {0, 1, . . . , N}. Proposition 6 shows W u(Ok) = W u
str(Ok) for

all k ∈ {0, 1, . . . , N}.
Let φ ∈ A. By the invarianceof A, there exists a solution x : R → R sothat x0 = φ and

xt ∈ A for all t ∈ R. Proposition 3 givesthat either α(x) = Ok for somek ∈ {0, 1, . . . , N}
or, for every solution y : R → R of Eq. (1) with y0 ∈ α(x), the setsα(y) and ω(y0) consist
of stationary points of F , i.e., 0. In order to show (4) it su�ces to verify that in caseα(x)
is not a periodic orbit we have α(x) = {0}. Suppose

α(x) 6= Ok for all k ∈ {0, 1, . . . , N}.

Then 0 ∈ α(x) since0 is the only stationary point of F . Assumeα(x) 6= {0}. Then there
exist ψ ∈ α(x) \ {0} and a nonzero solution y : R → R with y0 = ψ and α(y) ∪ ω(y0) ⊂
α(x) ∩ {0} = {0}. Thus, α(y) = ω(y0) = {0}.

From y(t) → 0 as t→ −∞, it follows that there is a sequence(tn)∞0 with tn → −∞ so
that

|y(tn)| = sup
t≤0

|y(t + tn)|.

The functions

zn : R 3 t 7→
y(t + tn)
|y(tn)|

∈ R

satisfy |zn(t)| ≤ 1 for all t ≤ 0, and

_zn(t) = −µzn(t) + bn(t)zn(t− 1) for all t ∈ R

with

bn(t) =
∫ 1

0
f ′(sy(t− 1 + tn)) ds→ f ′(0) asn→ ∞ uniformly in (−∞, 0].

The Arzela{Ascoli theorem can be applied to �nd a subsequence(znk )∞k=0 of (zn)∞0 and a
continuously di�eren tiable function z : (−∞, 0] → R with

znk → z, _znk → _z as k → ∞

uniformly on compact subsetsof (−∞, 0], and

_z(t) = −µz(t) + f ′(0)z(t− 1) for all t ≤ 0,

||z0|| = 1, |z(t)| ≤ 1 for all t ≤ 0. It is not di�cult to show that zt ∈ P for all t ≤ 0.
Indeed, this follows using the de�nition of (zn), the facts that yt ∈W u(0) = W u

str(0) for all
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 9
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t ∈ R, that W u
str(0) is the forward extensionof W u(0, F (1, ·), NQ+ NP ) = {χ+ wu(χ) : χ ∈

NP }, and Dwu(0) = 0. The information on the imaginary parts of λ0, λ1, . . . , λN yields
V (zt) ≤ 2N + 1 for all t ≤ 0. By Proposition 2(iii), there exists T < 0 with zT ∈ R. Using
Proposition 2(ii) and ||znk

T −zT ||1 → 0 ask → ∞, we �nd V (znk

T ) = V (zT ) ≤ 2N + 1 for all
su�cien tly large k. This fact, the de�nition of (zn) and the monotonicity of V combined
imply

V (yt) ≤ 2N + 1 for all t ∈ R.

By the above upper bound on the number of sign changesof y and the boundedness
of y, a result of Cao [Ca1] or Arino [Ar] (seealso Mallet-Paret [MP]) can be usedto show
that y(t) can not decay too fast as t→ ∞. More precisely, there exist a > 0, b > 0 so that

||yt|| ≥ ae−bt for all t ≥ 0.

Then, as y(t) → 0 (t → ∞), an asymptotic expansionholds for y(t) as t → ∞. Namely,
there are an integer j > N and (c, d) ∈ R2 \ {(0, 0)} so that

y(t) = eRe λjt
(

c cos(Imλjt) + d sin(Im λjt) + o(1)
)

as t→ ∞.

A consequenceof this fact is that

V (yt) ≥ 2j + 1> 2N + 1

for all su�cien tly large t. This is a contradiction. Therefore α(x) = {0}, and the proof is
complete.

Remarks 1. We emphasizethat no hyperbolicit y condition on the periodic orbits is
assumedin Theorem 7.

2. As the mapsF (t, ·) and D2F (t, ·) are injective for all t ≥ 0, Theorem 6.1.9 in Henry
[He] can be usedto show that the strong unstable sets

Wu
str(O0), . . . ,W u

str(ON )

in (4) areC1 immersedsubmanifoldsof C. We suspect that thesestrong unstable setsare
alsoC1-submanifolds of C.

3. Hypotheses(H1) and (H2) hold, for example, for the functions

f (ξ) = −α tanh(βξ), f (ξ) = −α tan−1(βξ)

with parametersα > 0 and β > 0.

References

[Ar] O. Arino, A note on \The DiscreteLyapunov Function ...", J. Differential Equations
104 (1993), 1169{181.

EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 10



11

[Ca1] Y. Cao, The discrete Lyapunov function for scalar delay di�eren tial equations, J.
Differential Equations 87 (1990), 365{390.

[Ca2] Y. Cao, Uniquenessof periodic solution for di�eren tial delay equations, J. Differ-
ential Equations 128 (1996), 46{57.

[CKW] Y. Chen, T. Krisztin and J. Wu, Connecting orbits from synchronousperiodic solu-
tions to phase-locked periodic solutions in a delay di�eren tial system,J. Differential
Equations, to appear.

[CW] Y. Chen and J. Wu, On a network of two neuronswith delay: existenceand attrac-
tion of phase-locked oscillation, Advances in Differential Equations, to appear.

[DGVLW] O. Diekmann, S.A. van Gils, S.M. Verduyn Lunel and H.-O. Walther, Delay Equa-
tions, Functional-, Complex-, and Nonlinear Analysis, Springer-Verlag, New York,
1995.

[FMP] B. Fiedler and J. Mallet-Paret, ConnectionsbetweenMorsesetsfor delay di�eren tial
equations,J. reine angew. Math. 397 (1989), 23{41.

[He] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Springer-Verlag,
New York, 1981.

[Kr] T. Krisztin, Unstable sets of periodic orbits and the global attractor for delayed
feedback, Fields Institute Communications, to appear.

[KWa] T. Krisztin and H.-O. Walther, Unique periodic orbits for delayed positive feedback
and the global attractor, J. Dynamics and Differential Equations, to appear.

[KWu] T. Krisztin and J. Wu, Smooth manifolds of connectingorbits for delayed monotone
feeedback, in preparation.

[KWW] T. Krisztin, H.-O. Walther and J. Wu, Shape, Smoothness and Invariant Stratifica-
tion of an Attracting Set for Delayed Monotone Positive Feedback, Fields Institute
Monograph Seriesvol. 11, AMS, Providence,1999.

[LW] B. Lani-Wayda, Erratic solutions of simple delay equations, Trans. Amer. Math.
Soc. 351 (1999), 901{945.

[MG] M.C. Mackey and L. Glass, Oscillation and chaos in physiological control systems,
Science 197 (1977), 287{289.

[MP] J. Mallet-Paret, Morse decompositions for di�eren tial delay equations,J. Differen-
tial Equations 72 (1988), 270{315.

[MPS1] J. Mallet-Paret and G. Sell, Systemsof di�eren tial delay equations: Floquet multi-
pliers and discrete Lyapunov functions, J. Differential Equations 125 (1996), 385{
440.

[MPS2] J. Mallet-Paret and G. Sell, The Poincar�e{Bendixson theorem for monotone cyclic
feedback systemswith delay, J. Differential Equations 125 (1996), 441{489.

[MPW] J. Mallet-Paret and H.-O. Walther, Rapid oscillations are rare in scalar systems
governed by monotone negative feedback with a time delay, Preprint, Math. Inst.,
University of Giessen,1994.

[MW] C.M. Marcus and R.M. Westerwelt, Stabilit y of analog neural networks with delay,
Phys. Rev. A 39 (1989), 347{356.

[MCM] C. McCord and K. Mischaikow, On the global dynamics of attractors for scalar
delay equations,J. Amer. Math. Soc. 9 (1996), 1095{1133.

EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 11



12

[P] M. Polner, Morse decomposition for delay-di�eren tial equationswith positive feed-
back, preprint.

[W1] H.-O. Walther, A di�eren tial delay equation with a planar attractor, in Proc. of the
Int. Conf. on Di�eren tial Equations, Universit�e Cadi Ayyad, Marrakech, 1991.

[W2] H.-O. Walther, The 2-dimensional attractor of _x(t) = −µx(t) + f (x(t−1)), Memoirs
of the Amer. Math. Soc., Vol. 544, Amer. Math. Soc., Providence,RI, 1995.

[WY] H.-O. Walther, and M. Yebdri, Smoothnessof the attractor of almost all solutions
of a delay di�eren tial equation, Dissertationes Mathematicae 368, 1997.

EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 12


