Periodic Orbits and the Global Attractor
for Delayed Monotone Negative Feedback

TiBOR KRiszTIN?
Bolyai Institute, University of Szeged
Aradi vertanuk tere 1, H-6720 Szeged Hungary
E-mail: krisztin@math.u-szeged.h?

Abstract

We study the delay di erential equation z(t) = —pux(t) + f(x(t — 1)) with x> 0 and
C-smooth real functions f satisfying f(0) = 0 and f’ < 0. For a set of x and f, we
determine the number of periodic orbits, and describe the structure of the global attractor
as the union of the strong unstable sets of the periodic orbits and of the stationary point
0.

The delay di erential equation

a(t) = —pa(t) + f(x(t — 1)) 1)

with parameter 1 > 0 and Ct-smooth nonlinearities f : R — R satisfying f(0) = 0 models
a systemgovernedby delayed feedba& and instantaneousdamping. The negative feedbad
case,that is, £f(£) < Ofor all £ # 0, arisese.g.in physiological processe®r disease§MG].
The positive feedba& case,that is, £f(£) > 0 for all £ # 0, occurs e.g. in neural network
theory [MW].

A tremendousnumber of results are known about Eq. (1), mostly concerningexistence
and qualitativ e properties of periodic solutions. The introduction of a discrete Lyapunov
functional by Mallet-Paret and Sell in [MPS1] (seealso Mallet-P aret [MP] for an earlier
version) openedthe door to a generalinquiry into the structure of the attractor of Eq. (1)
and more generalcyclic feedba& systemswith delay.

For the negative feedba& caseMallet-P aret [MP] obtained a Morse decomgosition of
the global attractor of Eq. (1). An analogousresult for the positive feedba& casewas
shavn by Polner [P]. Connecting orbits betweensomeof the Morse setswere obtained by
Fiedler and Mallet-P aret [FMP] and by McCord and Mischaikow [MCM]. Although the
existenceof a Morse decomposition meansa gradient-lik e structure of the attractor, the
dynamics under the above negative or positive feedba& conditions can be complicated.
We refer to Lani-Wayda [LW] and referencesin it for chaotic behavior of solutions of Eq.

(1).
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In the monotone feedba& case,i.e.,
either f'(¢§) <0 forall £ € R, or f/(¢) >0 forall £ € R,

much more is known about the asymptotic behavior of the solutions of Eq. (1). Mallet-

Paret and Sell [MPS2] proved that a Poincare{Bendixson type theorem holds. In the
monotone negative feedbak case,i.e., /' < 0, Walther [Wal,Wa2] and Walther and Yebdri

[WY] described the attractor of slowly oscillating solutions. Mallet-Paret and Walther
[MPW] obtained that the domain of attraction of the attractor of the slowly oscillating
solutions is an open and densesubsetof the phasespace. In [Wal], for a set of . and f,
Walther showved that the global attractor of Eq. (1) is a 2-dimensional disk with a slowly
oscillating periodic orbit on the boundary. In the monotone positive feedba& case,i.e.,
f' > 0, Krisztin, Walther and Wu [KWW] and Krisztin and Walther [KWa] proved that,

for certain . and f, the global attractor is a 3-dimensionalsmooth submanifold of the phase
space,and gave a description of it. Higher dimensional partial analoguesof these results
canbe found in [KWu] and [K]. In spite of the above mertioned nice results, there are still

seeral open problemsfor the monotone feedba& cases.For example,the dynamics of the
famous Wright's equation z(t) = —a (e*"™1 — 1) is still not completely understood.

In this note we consider Eq. (1) under a monotone negative feedba& condition, that
is, we assume

(H1) x>0, f: R — R is cortinuously di erentiable, f'(¢) < O for all £ € R, f(0) = 0O,
and f is bounded from above or from below.

Under hypothesis (H1) and an additional condition we state a result describing the
global attractor of the semi ow generatedby Eq. (1) asthe nite union of strong unstable
setsof periodic orbits and the strong unstable set of the stationary point 0. We sketch the
main ideasand main stepsof the proof, and indicate how existing results for the monotone
positive feedba& casecan be modi ed for this situation.

Let C' denote the Banad spaceof cortinuous functions ¢ : [—1,0] — R with the norm
given by ||¢|| = max_i1<i<o|p(t)|. C* is the Banach spaceof all C1-maps ¢ : [-1,0] — R,
with the norm ||¢|[1 = ||¢|| + ||@l|. If I C R is aninterval, x : I — R is a cortinuous
function, ¢ € R sothat [t—1,t] C I, then the segmen z; € C' isde ned by z:(s) = z(t+ s),
-1<s5<0.

Every ¢ € C uniquely determines a solution z? : [-1,00) — R with 2§ = ¢, i.e., a
continuous function z : [—1, ) — R sud that x is di erentiable on (0, ), =9 = ¢, and
x satis es Eq. (1) for all ¢t > 0. The map

F:R* xCB(t,gb)foGC

is a continuous semi ow. 0 is the only stationary points of F. All maps F(t,-) : C — C,
t > 0, areinjective. It followsthat for every ¢ € C there is at most onesolution z: R — R
of Eq. (1) with o = ¢. We denote also by z? sud a solution on R wheneer it exists.

The global attractor of the semiow F' is a nonempty compact set A ¢ C which is
invariant in the sensethat

F(t,A)=A for all t > 0O,
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 2
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and which attracts bounded setsin the sensethat for every bounded set B C C and for
every openset U D A there existst > 0 with

F([t, ) x B) C U.

Under hypothesis(H1) the semi ow F' has a global attractor, seee.g.[Wa2].
It is not dicult to show that

A= {¢ € C :There are a bounded solution = : R — R
of Eq. (1) and ¢t € R sothat ¢ = x.}.

The compactnessf A, its invariance property and the injectivit y of the maps F'(t, ), t > 0,
combined give that the map

R* x A>(t,¢) — F(t,0) € A

extendsto a continuous ow
Fia:RxA— A;

for every ¢ € A and for all ¢t € R we have

FA(t7 (b) = Iy

with the uniquely determined solution = : R — R of Eq. (1) satisfying zg = ¢.

Now we linearize the semi ow F’ at its stationary point 0. The smoothnessof f implies
that eadh map F'(¢,-), t > 0, is cortinuously di eren tiable. The operators D, F'(t,0), ¢t > 0,
form a strongly cortinuous semigroup. The spectrum of the generator of the semigroup
(D2F(t,0)):>0 consistsof the solutions A € C of the characteristic equation

A+ = f/(0)e > = 0. )

In casef’(_O) < —e~#~1 all points in the spectrum form a sequenceof complex conjugate
pairs (A, A;)g° with

Relg > ReX; >ReX > ..., 2Zjr<Im); <25+ )

forall j € N, and Re\; — —oo asj — oo. In particular, if the stationary point O is
linearly unstable, then all points in the spectrum occur in complex conjugate pairs.

The following explicit condition in terms of 1 and f/(0) for the location of the solutions
of (2) can be obtained e.g. from [DGVWI].

Proposition 1. Letj € N, and let 0; denote the unique solution of the equation —6 cotf =
win (2jm, (25 + 1)w). Then

Re); >0 (= 0)
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if and only if

1o <-gir (= -5 )

sing; sing;

Assumethat there exists NV € N sothat
ReAlys1 <0< ReMy.

Let P denote the realied generalized eigenspaceof the generator assaiated with the
spectral set {\o, Mo, ... ,An,An}. Let @ denotethe realied generalizedeigenspacegiven
by the spectral set of all \;, A\, with & > N+ 1. Then C = P @& Q. The spacesP
and (Q are also realied generalizedeigenspacef D, F'(1,0) given by the spectral sets

{ero,eM . e e Mband {eM k> N+ 1} U{eM i k> N+ 1}, respectively.
Choose 3 > 1 with 3 < eRe v According to Theorem 1.3 in [KWW] there exist
corvex open neighbourhoods Ng, Np of Q, P, respectively, and a C*-map w,, : Np — Q
with W, (Np) C Ng, w,(0) = 0, Dw,(0) = 0 sothat the strong unstable manifold of the
xed point 0 of F(1,-) in Ng + Np, namely
W0, F(1,-),Ng + Np) = {¢ € Ng+ Np: Thereis a trajectory (¢,)° .,
of FI(1,-) with ¢o = ¢, ¢,87 " € Ng + Np for all n € —N,
and ¢, — 0asn — —o0}
coincides with the graph {x + w.(x) : x € Np}. It is easyto shov that ewery ¢ €
W0, F(1,-), No + Np) uniquely determines a solution z¢ : R — R of Eq. (1), and
for this solution z?(t) — 0 ast — —oo holds, moreover there exists t € R with z¢ €
w0, F(1,-),Ng + Np) for all s <t.
We call the forward extension

WSU;ST(O) = F(R+ X WU(O,F(]., )7NQ + NP))
the strong unstable set of 0. The unstable set of 0 is de ned by

W) = {¢ € C :There is a solution z : R — R of Eq. (1)
with xo = ¢ and x; — 0ast — —oo}.

In caseReAn+1 <0< Rely, 0is hyperbolic and
W(0) = W4,(0).
We recall the de nition and someproperties of a discrete Lyapunov functional
V:C\{0} - NU{oo}

which goesbad to the work of Mallet-P aret [MP]. The versionwhich we usewasintro duced
in Mallet-P aret and Sell [MPS1].
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 4
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The de nition is as follows. First, setsd¢) = 0 whenewer ¢ € C'\ {0} is nonnegative
or nonpositive, otherwise, for nonzeroelemerts of C, let

sd ¢) = sup{k € N\ {0} : There is a strictly increasing nite sequence
(s in [-1,0] with ¢(s" M) ¢(s") <Oforallie{1,2,...,k}} < cc.

Then de ne
_ [ sd¢) if sq(¢) is odd or oo,
V(o) = { sd¢) + 1 if sq¢) is even.

Set
R= {¢ € C":4(0) 7 0or ¢0)¢(—1) <O,
¢(—1) # 0 or ¢(—1)$(0) > 0,

all zerosof ¢ in (—1,0) are simple}.
The next lemma lists basic properties of V' [MPS1,MPS2].

Proposition 2.
(i) For every ¢ € C \ {0} and for every sequence (¢,)5 in C \ {0} with ¢, — ¢ as

n — o0,

V(9) < liminf V(6y).

(i) For every ¢ € R and for every sequence (¢,)§° in C1\ {0} with ||¢,, — ¢|l1 — O as
n — 0o,

V(@)= lIm V(o) < .

(iii) Let an interval I C R, a real v > 0, and continuous functions b: I — (—o00,0) and
z: I+ [-1,0] = R be given so that z|; is differentiable with

2t) = —va(t) + b(D)2(t — 1) 3)

forinfI <t eI, and z(t) # 0 for somet € I + [-1,0]. Then the map I >t —
V(zt) € NU{oo} is monotone nonincreasing. Ift € I, t —3 € I and z(t) = 0=
2(t — 1), then V(2¢) = o0 or V(z4—3) > V(2¢). Forallt € I witht —4 € I and
V(zi—4) = V(2) < 00, we have z; € R.

(iv) If v >0, b: R — (—00,0) is continuous and bounded, z : R — R is differentiable
and bounded, z satisfies (3) for all t € R, and z(t) # O for some t € R, then
V(z) < oo for all t € R.

We need the following corollary of a general Poincare{Bendixson type theorem for
monotone cyclic feedba& systemsdue to Mallet-P aret and Sell [MPS2].
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15,p. 5
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Proposition 3. Let z: R — R be a bounded solution of Eq. (1). Then a(z) is either the
orbit of a nonconstant periodic solution of Eq. (1), or for every solution y : R — R of Eq.
(1) with yo € a(x) the sets a(y) and w(yo) consist of stationary points of F. An analogous
statement holds for w-limit sets.

We intro duce an additional hypothesison f:

(H2) f(&) = —f(=¢) for all £ € R, and the function (0,00) 2 £ — % € R is strictly
decreasing.
From Lemma 2(iii) and (iv) it follows that for any nonconstart periodic solution x :
R — R of Eq. (1) there exists k € N sothat V(x;) = 2k+ 1 and z; € R for all ¢t € R.
For k € N, we say that Eq. (1) has a periodic orbit in V~1(2k + 1) if it hasa nonconstart
periodic solution x : R — R with V(xz;) = 2k + 1for all ¢t € R.
The following result considersuniquenessand absenceof periodic orbits.

Proposition 4. Assume that hypotheses (H1) and (H2) are satisfied.
(i) For every k € N, Eq. (1) has at most one periodic orbit in V~1(2k + 1),
(ii) Eq. (1) has no periodic orbit in V~1(2k + 1) if Re\; < O.

In [KWa] we proved an analogousresult for the monotone positive feedbad&. That
proof can be easily modi ed to obtain Proposition 4. The approad usesthe technique of
Cao [Ca2] who studied slowly oscillating periodic orbits, i.e., periodic orbits in V' ~1(1), for
Eq. (1). For periodic orbits in V~1(2k + 1) with 0 < k € N, not all argumerts from [CaZ2]
seemto work. The oddnesscondition in (H2) is applied to overcomethe di culties. By
a results of Mallet-P aret and Sell [MPS2] the oddnessof f implies a special symmetry of
the periodic solutions of Eq. (1).

The next result of [KWu] guarartees the existence of a periodic orbit with a given
oscillation frequency

Proposition 5. Assume that hypothesis (H1) holds. If k € N and Re\, > 0, then Ejq.
(1) has a periodic orbit Oy in V~1(2k + 1).

Foragivenk € N, let p : R — R denotethe periodic solution guaranteed by Proposition
5 and normalized sothat p(0) = 0 and p(—1) < 0. Then Oy = {p; : t € R}. It is alsotrue
that three consecuti\e zerosof p determine the minimal period w of p [MPS2]. All zerosof
p are simple sincep, € R for all t € R by Proposition 2(iii). Then the de nition of V' and
the fact V(p;) = 2k + 1 for all ¢t € R combined yield (k + 1)w > 1. De ne the monodromy
operator

M = DZF(WMPO)'

The operator M**! is compactsincew > 1/(k+ 1). We then have that the spectrum o of
M contains 0, and that every point A € ¢\ {0} is an eigervalue of M of nite multiplicit v,
and is isolated in . Theseeigernvaluesin o \ {0} are called Floquet multipliers.

For 0#Z X\ € o with Im X\ > 0, let Ggr()\) stand for the reali ed generalizedeigenspace
of the eigervalue X of M. If r > 0and {\ € o : r < ||} # 0, then we useC<,. and C, -
to denotethe reali ed generalizedeigenspace®f M assaiated with the nonempty disjoint
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spectral sets{\ € o : |A\| <r} and {\ € o : r < |\|}, respectively. Then
C=Cqr®Cre, Cre= B cW.
A€o, r<|Al,Im A>0

In [KWu] the following result can be found on the Floquet multipliers of the periodic
orbit O:

There exists rj; € (0, 1) sud that

Cearyy NV7Y{L,3,...,2k+ 1}) =0, C,,,«NC<y CV2k+ 1)U {0},
dmC,, . NC<«1 =2, 0<dimCic < 2k.
Choose\ € (0,1) sothat
1
)\>max{ max — \§|}
¢eal¢|>1 ¢ C60|C|<l
Theorem 1.3 in [KWW] guararnteesthe existenceof a local strong unstable manifold of the
period-w map F(w,-) at its xed point po; namely, there are corvex open neighbourhoods
Ni< of 0in i< and N<1 of 0in C<q, a Ct-map w" : Nio — C<1 sothat w*(0) =
Dw"(0) = 0, w*(N1<) C N<1, and with N* = N<1 + N;. the shifted graph
W*(po, F(w,), N*) = {po+ x+ w"(x) : x € N1<}
is equal to the set
{x € po+ N“: Thereis a trajectory (x")° .. of F(w,-) with x° = y,
A (X" —po) € N* for all n € —N, and \"(x" — pp) — 0asn — —oo}.

The C*-submanifold W*(po, F(w,-), N*) of C is called a local strong unstable manifold of

F(w7 ) at Do-

The strong unstable set WY (Oy) of the periodic orbit Oy is de ned by

Wi (Or) = F(RY x W*(po, F(w, "), N")).
The unstable set W*(O;.) of the periodic orbit O, is given by
W*(Oy) = {¢ € C: There exists a solution z : R — R
sothat zp = ¢ and dist(x;,O;) — 0ast — —oo}.
It is not di cult to show that
Wi (Or) C WH(Oy).

If Oy, is hyperbolic, i.e., 0N St = {1} and the generalizedeigenspaceof M assaiated with
1is 1-dimensional,then the equality W4, .(Ox) = W*(Oy) holds. For a nonhyperbolic Ok,
in general,we do not have equality.
In [Kr] in the case of monotone positive delayed feedba& we proved the equality
wu. . (0) = W*(O) for a periodic orbit O without assuminghyperbolicity. We can use
essehally the sameideaseven for the negative feedba& caseto obtain
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 7
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Proposition 6. Under hypotheses (H1) and (H2), for each periodic orbit O, Wk (O) =
W¥(O) holds.

The basic idea of the proof of the above equality is simple. Propositions 4 and 5
guararntee existenceand uniguenessof periodic orbits with a given oscillation frequency
Let p : R — R be a periodic solution of Eqg. (1) with minimal period w > 0 so that
O = {p: : t € [0,w]}. We construct two solutions = : [-1,00) — R and y : [-1,00) — R of
Eqg. (1) suc that in the plane R? the curve

X :[0,00) 3t (m(f(f)l)) e R?

spirals toward the trace | P| of the simple closedcurve

. p(?)
P:[0,w]>t— <p(t_1)) € R?

in the interior of P ast — oo, while the curve

. y(?)
Y :[0,00) >t (y(t_l)) e R?

spirals toward |P| in the exterior of P ast — oo. If W*(O) # Wk (O) then there is a
solution z : R — R of Eqg. (1) sud that the curve

Z:(—00,0] >t (z(:(—t)l)) € R?

doesnot intersect the curves P, X, Y, and Z(t) spirals toward |P| ast — —oco. A planar
argumert applying the Jordan curve theorem leadsto a cortradiction. A solution x with
the above property is givenin Krisztin and Wu [KWu]. The existenceof the solution y is
shownn by using homotopy methods and the Brouwer degree. The construction of z requires
someinformation about the Floquet multipliers of the periodic orbit O.

Now we can state the main result of this note.

Theorem 7. Assume that hypotheses (H1) and (H2) hold, and N > 0 is an integer such
that

On+1 / On
sin9N+1 < f (0) < sin9N

is satisfied where O, On+1 denote the unique solution of —0cot@ = u in (2Nw,(2N+ 1)7),
(N + 2)7r, (2N + 3)7), respectively. Then the semiflow F has exactly N+ 1 periodic orbits
Op,01,...,0nN, and, for the global attractor A of F', we have

N

A= W (0)U <U W;;T(Ok)> : (4)
k=1

EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 8
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Sketch of the proof. Hypothesis(H1) implies that the semi ow F' hasa global attractor
A. Oisthe only stationary point, and it is hyperbolic and unstable. In particular, W*(0) =
str(o)

Propositions 1, 4 and 5 imply that F' hasexactly N + 1 periodic orbits O, (91, ..., On,
and O, Cc V-1(2k+ 1), k € {0,1,...,N}. Proposition 6 shovs W*(Oy) = ((’)k) for
all k€{0,1,... ,N}.

Let ¢ € A. By the invarianceof A, there existsa solution z : R — R sothat zo = ¢ and
xy € A for all ¢t € R. Proposition 3 givesthat either a(z) = Oy for somek € {0,1,... ,N}
or, for every solution y : R — R of Eq. (1) with yo € a(x), the setsa(y) and w(yo) consist
of stationary points of ', i.e., 0. In order to show (4) it su ces to verify that in casea(x)
is not a periodic orbit we have a(x) = {0}. Suppose

st’r’

a(x) # Ok forall k € {0,1,...,N}.

Then 0 € a(z) sinceO is the only stationary point of F'. Assumea(z) Z {0}. Then there
exist ¢ € a(x) \ {0} and a nonzerosolution y : R — R with yo = ¥ and a(y) U w(yo) C
o(z) N {0} = {0}. Thus, a(y) = w(yo) = {O}.

From y(t) — 0 ast — —oo, it follows that there is a sequencegt,,)5° with ¢,, — —oo SO
that

ly(tn)| = suply(t+ t,)|.
t<0

The functions
y(t+ tn)

2" Rot—
y(ta)|

eR
satisfy |2"(t)| < 1for all ¢ <0, and
2"(t) = —p2™(t) + 0" (1) 2" (t — 1) forall t e R

with
1
b™(t) = / f'(sy(t — 1+ t,)) ds — f/(0) asn — oo uniformly in (—oo, 0].
0

The Arzela{Ascoli theorem can be applied to nd a subsequencgz"*)?2, of (2")3° and a
corntinuously di erentiable function z : (—oo, 0] — R with

Nk Nk

2" —z, 2" — 2z  ask — oo

uniformly on compact subsetsof (—oc, 0], and
2(t) = —pz(t) + f/(0)z(t — 1) for all ¢t <0,

| , |2(t)] < 1forall t <O0. It isnotdicult to show that z; € P for all t < 0.
Indeed, this follows using the de nition of (z™), the factsthat y, € W*(0) = Wk, (0) for all
EJQTDE, Proc. 6th Coll. QTDE, 2000No. 15, p. 9
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t € R, that W4,.(0) is the forward extensionof W*(0, F(1,-), No+ Np) = {x+ w,(x) : x €
Np}, and Dw,(0) = 0. The information on the imaginary parts of Ao, A\1,..., Ay Yields
V(z;) < 2N+ 1for all t < 0. By Proposition 2(iii), there existsT < 0with zp € R. Using
Proposition 2(ii) and ||z7* —zr|[1 — 0ask — oo, we nd V(z7*) = V(zr) < 2N+ 1for all
su cien tly large k. This fact, the de nition of (z™) and the monotonicity of V' combined
imply

V(y)) <2N + 1 for all t € R.

By the above upper bound on the number of sign changesof y and the boundedness
of y, a result of Cao [Cal] or Arino [Ar] (seealso Mallet-P aret [MP]) can be usedto show
that y(¢) cannot dece too fast ast — oco. More precisely there exist a > 0, b > 0 sothat

lye|| > ae™®  forall t > 0.

Then, asy(t) — 0 (t — oo), an asymptotic expansionholds for y(t) ast — oo. Namely,
there are an integer ; > N and (c,d) € R?\ {(0,0)} sothat

y(t) = e AJ"f(ccos(lmAjt) + dsin(lm \;t) + o(l)) ast — oo.
A consequencef this fact is that

V(y) >27+1>2N+ 1

for all su cien tly large ¢t. This is a cortradiction. Therefore a(z) = {0}, and the proof is
complete.

Remarks 1. We emphasizethat no hyperbolicity condition on the periodic orbits is
assumedin Theorem 7.

2. As the maps F(t,-) and D, F(t,-) areinjective for all ¢ > 0, Theorem 6.1.9in Henry
[He] can be usedto show that the strong unstable sets

W;T(OO)v ERI W;T(ON)

in (4) are C* immersedsubmanifoldsof C. We suspect that thesestrong unstable setsare
also C'*-submanifolds of C.
3. Hypotheses(H1) and (H2) hold, for example, for the functions

f(€) = —atanh(5¢),  f(§) = —atan~1(5¢)

with parametersa > 0 and g > 0.
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