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Abstra ct. In this note we sketch someresults concerninga geo-
metric method for periodic solutions of non-autonomoustime-pe-
riodic di�eren tial equations. We give the de�nition of isolating
chain and we provide a theorem on the existenceof periodic solu-
tions inside isolating chains. We recall someresults on existenceof
chaotic dynamicswhich can be provedby the theorem. We provide
several examplesof equationsin which the presented theoremscan
be applied.

1. Intr oduction

The questionof existenceof periodic solutionsis oneof the most fun-
damental problemsof qualitativ e theory of di�erential equations.Usu-
ally, the classof non-autonomoustime-periodic equationsis considered
and one looks for harmonic and subharmonicperiodic solutions of an
equation in that class. In the nonlinear case,the method of guiding
functions, functional-analytic methods basedon modi�cations of the
Leray-Schauder degree,and variational methods are mostly applied in
research; seethe books [KZ, RM].

Another method, called here geometric,was introduced in [S1, S2].
It is basedon proper location of the vector-�eld on the boundaries
of somesubsets,called periodic isolating segments (or periodic isolat-
ing blocks), of the extended phasespaceof the equation. A proper
value of the Lefschetz number of somehomomorphismassociated to
the segment guarantees the existenceof �xed points of the Poincar�e
map of the equation (via the Lefschetz theorem) and, in consequence,
also the required periodic solution inside the segment. The notion of
periodic isolated segments aroseas a modi�cation of the concept of
isolating block from the Conley index theory, compare[C, CE, Sm]. In
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[KS, S3], the geometricmethod was applied in results on planar poly-
nomial (or rational) equationsof the form _z =

P
k;m;n ck;m;n eik tzm zn .

Generalizationsof someof those results (obtained by other methods)
appearedin [M, MMZ]. Further applications of the geometricmethod
concern the existenceof chaotic dynamics of the Poincar�e map (see
[PW, S4, S5, SW, W1, W2, W3, WZ1]) and the existenceof homo-
clinic solutions (see[WZ2]).

The aim of this note is to present, without proofs, an improvement
of the geometricmethod given in [S6]aswell asto recall sometheorems
on chaotic dynamics which were obtained by method. The improve-
ment is basedon the notion of periodic isolating chain, being a union
of several isolating segments satisfying someconcordancerelations (see
Section2). The main result, Theorem 1 in Section3, assertsthat the
Lefschetz number of a homomorphismin reducedhomologiesof a sec-
tion of a periodic isolating chain is equalto the �xed point index of the
corresponding restriction of the Poincar�e map. We give someexam-
ples of practical applications of the theorem. Finally, in Section4 we
de�ne the notion of chaotic equation and we recall two results (Theo-
rems2 and 3) on existenceof them. By chaotic we call a time-periodic
equation such that its Poincar�e map is semi-conjugatedto the shift
on r symbols and the counterimage of a periodic point in the shift
contains an initial point of a periodic solutions of the equation. We
provide someexamplesof chaotic equationsand give somecomments
on further development of the theory.

A few remarks concerningthe notation which is usedin the sequel.
If X is a topologicalspaceand A � X then X=A is the spaceobtained
by collapsing A to a point provided A 6= ; , and X=; := X [ f�g ,
where � is a point, � =2 X . By eH we denote the singular homology
functor with rational coe�cien ts. If X is such that the gradedvector
space eH (X ) = f eHn(X )gn2 Z is �nitely dimensionalthen � (X ) denotes
the Euler characteristic of X and �( � ), the Lefschetznumber of an
endomorphism� = f � ng =: eH (X ) ! eH (X ), is de�ned as

�( � ) :=
1X

n=0

(� 1)n trace� n :

Let X bean ENR (Euclidean Neighborhood Retract) and let f : X ! X
be a continuous map. A set K � X is called an isolated set of �xed
points of X provided K is compact and there exists a neighborhood
U of K such that all �xed points of f jU are in K . In that case,by
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ind(f ; K ) we denote the �xed point index, see[D]. (The index in our
notation corresponds to I (f jU ) in the notation of [D].)

2. Isola ting segments and chains

Let M be a di�erentiable manifold and let f : R � M ! TM be a
time-dependent vector-�eld on M . We assumethat the equation

_x = f (t; x)(1)

has the uniquenessproperty, i.e. for each t0 2 R and x0 2 M there is
a unique solution t ! u(t0 ;t )(x0) such that

u(t0 ;t0 )(x0) = x0:

The map u : (s; t; x) 7! u(s;t )(x) is called an evolutionary operator
corresponding to (1); the induced map u(s;t ) de�ned on an open (pos-
sibly empty) subsetof M describesthe evolution from the time s to t.
The cartesianproduct R � M is called the extended phasespace of the
equation,

For a subsetZ of the extendedphasespaceR � M and t 2 R we put

Z t := f x 2 M : (t; x) 2 Zg

andby � 1 : R� M ! R and � 2 : R� M ! M wedenotethe projections.
Let a and bbe real numbers,a < b. A compactENR W � [a;b] � M

is called an isolating segment over [a;b] provided there exist compact
ENRs W � and W + contained in W such that

(i) there exists a homeomorphismh : [a;b] � M ! [a;b] � M such
that � 1 � h = � 1 and

h([a;b] � Wa) = W; h([a;b] � W �
a ) = W � ;

(ii) @Wa = W �
a [ W +

a ,
(iii) The setsW and W � are related to the evolutionary operator by

the following equations:

W � \ ([a;b) � M ) =

f (t; x) 2 W : t 2 [a;b); 9f � ng; 0 < � n ! 0 : u(t;t + � n )(x) =2 Wt+ � n g;

W + \ ((a;b] � M ) =

f (t; x) 2 W : t 2 (a;b]; 9f � ng; 0 < � n ! 0 : u(t;t � � n )(x) =2 Wt � � n g:
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Let W be an isolating segment over [a;b]. A homeomorphismh in (j)
induceshomeomorphism

m : (Wa=W�
a ; [W �

a ]) ! (Wb=W�
b ; [W �

b ])

of pointed spacesby the formula

m([x]) := [� 2h(b;� 2h� 1(a;x))]:

We call m a monodromy map of the isolating segment W. Monodromy
maps of the segment W are unique up to homotopy class,hencethe
isomorphism

� W := eH (m) : eH (Wa=W�
a ) ! eH (Wb=W�

b )

is an invariant of W.
Let a < b < c, let U be an isolating segment over [a;b] and let V

be an isolating segment over [b;c]. We call the segments U and V
contiguousif

(Ub n Vb [ U�
b ) \ Vb � V �

b ;

(Vb n Ub [ V +
b ) \ Ub � U+

b :

Assumethat U and V are contiguous. De�ne a map

n : (Ub=U�
b ; [U�

b ]) ! (Vb=V�
b ; [V �

b ])

by

n([x]) :=

(
[x]; if x 2 Ub \ Vb,
[V �

b ]; if x 2 Ub n Vb.

One can prove that n is correctly de�ned and continuous. We call n
the transfer map of the contiguous isolating segments U and V. The
transfer map inducesthe homomorphism

� UV := eH (n) : eH (Ub=U�
b ) ! eH (Vb=V�

b ):

We denotethe union of the above contiguous isolating segments U and
V by UV. More generally, let N 2 N, N � 1, let a0 < a1 < : : : < aN

and let U1; : : : ; UN be isolating segments, U i over [ai � 1; ai ]. Assume
that Ui and Ui +1 are contiguous for every i = 1; : : : ; N � 1. Denote
by U1 : : : UN the union

S N
i=1 Ui . Such a union of contiguous segments

is called an isolating chain over [a0; aN ].
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3. A theorem on periodic solutions

We assumethat the vector-�eld f in (1) is T-periodic in t for some
T > 0. An isolating segment W over [a;a + T] is called a periodic
isolating segment if Wa = Wa+ T and W �

a = W �
a+ T . More generally,

an isolating chain U1 : : : UN over [a;a + T] is called periodic provided
UN and � T (U1) are contiguous, where the map � T is the translation;
� T : (t; x) 7! (t + T; x).

Let C := U1 : : : UN be a periodic isolating chain over [a;a + T]. We
de�ne a homomorphism

� C : eH (U1
a =U1

a
�

) ! eH (U1
a =U1

a
�

)

by
� C := � UN � T (U1 ) � � UN � : : : � � U2U3 � � U2 � � U1U2 � � U1 :

Obviously, if W is a periodic isolating segment then � W = � W . The fol-
lowing theoremwasproved in [S6];it is a generalizationof [S2,Th. 7.1]
to the caseof isolating chains.

Theorem 1. If C := U1 : : : UN is a periodic isolating chain over [a;a+
T] then

FC := f x 2 U1
a : u(a;a+ T ) (x) = x; 8t 2 [a;a + T] : u(a;t ) (x) 2 Ctg

is an isolated set of �xed points of u(a;a+ T ) and

ind(u(a;a+ T ) ; FC ) = �( � C ):

In particular, if �( � C ) 6= 0 then FC is nonempty, hence u(a;a+ T )

hasa �xed point, which meansthat the equation (1) hasa T-periodic
solution.

In Figure 1, it is shown a twisted prism with hexagonalbase. If its

Figure 1.
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size is large enough, it is a periodic isolating segment W over [0; 2� ]
for the equation

_z = eit z2 + 1;(2)

where z 2 C. The set W � is marked in dark grey. On can calculate
that the corresponding number �( � W ) is equal to 1, hence, by the
above theorem, (2) hasa 2� -periodic solution.

Actually, in the above result for the equation (2) we did not use
Theorem1 in full generality. In order to provide an examplein which
an essential isolating chain appear, we consider the class of planar
equations

_z = z5 + sin2(�t )jzjr z:(3)

Zero is a solution of the equation (3), henceone can look for another
� =� -periodic solution. If 0 � r < 4 and � > 0 is small enoughthen (3)
has two isolating chains over [� � =(2� ); � =(2� )] as shown in Figure 2.
The isolating periodic segment Z being the prism with dodecagonal
baseon the upper picture is the �rst of them. The secondof them is
an essential periodic isolating chain UVW consistingof three isolating
segments on the lower picture: the segments U over [� � =(2� ); � � =(3� )]
and W over [� =(3� ); � =(2� )] have rectanglesasthe left and right faces,
while the segment V over [� � =(2� ); � =(2� )] is again a prism with do-
decagonalbase.Moreover, UVW � Z . One can show that

�( � Z ) = � 5; �( � UV W ) = � 1

hencethe Poincar�emap u(� � =(2� );� =(2� )) hasa nonzero�xed point, which
meansthat in the consideredrange of valuesof � and r the equation
(3) hasa nonzero� =� -periodic solution. (For example,onecan choose
r = 2 and 0 < � � 0:001).

4. On detecting of cha otic dynamics

Let r be a positive integer. De�ne

� r := f 1; : : : r gZ;

the set of bi-in�nite sequencesof r symbols. De�ne the shift map as

� : � r 3 (: : : ; s� 1:s0; s1; : : : ) ! (: : : ; s0:s1; s2; : : : ) 2 � r :

Assume, as in the previous section, that f is T-periodic in t. The
equation(1) is called� r -chaoticprovided there is a compactsetI � M ,
invariant with respect to the Poincar�e map u(a;a+ T ) (for somea 2 R),
and a map g : I ! � r such that:
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Figure 2.

(a) g is continuousand surjective,
(b) � � g = g � u(a;a+ T ) ,
(c) for every k-periodic sequences 2 � r its counterimageg� 1(s) con-

tains at least onek-periodic point of u(a;a+ T ) .
In particular, (c) implies that a � r -chaotic equation hasperiodic solu-
tions with minimal periods kT for every k 2 N. Chaotic dynamics in
the above sensewasconsideredin [Z1, Z2] and alsoin [MM], wherethe
condition (c) was abandoned.

We recall here two results on chaotic equations which are conse-
quencesof Theorem 1 (actually, its simpler version which concerns
periodic isolating segments, not chains). First of them was stated in
[S4], its proof can be found in [S5]:

Theorem 2. Assumethat W and Z are periodic isolating segments
for the equation (1) over [a;a + T] and

(i) (Wa; W �
a ) = (Za; Z �

a ),
(ii) 9s 2 (a;a + T) : Ws \ Zs = ; ,
(iii) 9n 2 N : eHn (Wa=W�

a ) = Q,
(iv) 8k 6= n : eHk(Wa=Wa) = 0.
Then (1) is � 2-chaotic.
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The above theoremcanbeillustrated by the classof planar equations

_z =
1
2

e� i�t z(
1
2

i� (z + 1) + ei�t (z + 1))(
1
2

i� (z � 1) + ei�t (z � 1))(4)

If � > 0 is small enoughthen there are two periodic isolating segments
over [0; 2� =� ] as presented in Figure 3. It follows by Theorem 2 that

Figure 3.

(4) is � 2-chaotic for su�cien tly small valuesof � .
The other result comesfrom [SW]:

Theorem 3. Assumethat W and Z are periodic isolating segments
for the equation (1) over [a;a + T] and

(j) (Wa; W �
a ) = (Za; Z �

a ),
(jj) Z � W,

(jjj) � Z = � W � � W = id eH (Wa =W �
a ) ,

(jw) �( � W ) 6= � (Wa) � � (W �
a ) 6= 0.

Then (1) is � 2-chaotic.

The above theorem implies that the equation

_z = (1 + ei�t jzj2)z(5)
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is � 2-chaotic if 0 < � � 0:495. Indeed,for such � therearetwo isolating
segments W and Z over [0; 2� =� ] for (5) asshown in Figure 4. (On can
deducefrom the picture, that �( � W ) = 1, � (W0) = 1, � (W �

0 ) = 2 and
the other required conditions are satis�ed.) The above estimate on �

Figure 4.

was done in [WZ1] (originally, in [SW] it was assumedthat 0 < � �
1=288). Actually, in [WZ1] it was also proved that (5) is � 3 chaotic.
Moreover, in the consideredrangeof the parameter� the equation (5)
has in�nitely many geometrically distinct homoclinic solutions to the
zeroone(this fact is proved in [WZ2]).

Somemodi�cations and extensionsof Theorem 3 are given in [PW,
W1, W2, W3]. They concernalso periodic isolating segments. The
thesis[P] will contain resultson existenceof chaosin which Theorem1
will be applied in full generality. In particular, there will be proved the
existenceof chaotic dynamics for someplanar Fourier-Taylor polyno-
mial di�erential equationsof 5th degree. The useof isolating chains,
which cannot be reducedto periodic isolating segments, will play an
essential role in the arguments.
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