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1 In tro duction, notation

Let J = [0; T] be a compact interval, n 2 N. For a 2 Rn , a = (a1; : : : ; an ),
we set jaj = maxfj a1j; : : : ; jan jg. For any x : J ! Rn (n � 2) we write x(t) =
(x1(t); : : : ; xn (t)) and

Rb
a x(t) dt = (

Rb
a x1(t) dt; : : : ;

Rb
a xn (t) dt) for 0 � a < b � T.

From now on, C0(J ; R), C0(J ; Rn ), C1(J ; Rn ), C0(J ; Rn ) � Rn � Rn , L1(J ; R)
and L1(J ; Rn ) denotethe Banach spaceswith the norms kxk0 = maxfj x(t)j : t 2
Jg, kxk = maxfk x1k0; : : : ; kxnk0g, kxk1 = maxfk xk; kx0kg, k(x; a;b)k� = kxk +
jaj + jbj, kxk0

L 1
=

RT
0 jx(t)j dt and kxkL 1 = maxfk x1k0

L 1
; : : : ; kxnk0

L 1
g, respectively.

K(J � [0; 1 ); [0; 1 )) denotesthe set of all functions ! : J � [0; 1 ) ! [0; 1 )
which are integrable on J in the �rst variable, nondecreasingon [0; 1 ) in the

secondvariable and lim
%!1

1
%

Z T

0
! (t; %) dt = 0.
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Denoteby A 0 the set of all functionals � : C0(J ; R) ! R which are

a) continuous, Im(� )= R, and

b) increasing(i.e. x; y 2 C0(J ; R), x(t) < y(t) for t 2 J ) � (x) < � (y)).

Here Im(� ) standsfor the rangeof � . If k is an increasinghomeomorphismon R
and 0 � a < b � T, then the following functionals

maxf k(x(t)) : a � t � bg; minf k(x(t)) : a � t � bg;
Z b

a
k(x(t)) dt

belong to the set A 0. Next examplesof functionals belongingto the set A 0 can
be found for examplein [2], [3].

Let A = A 0 � : : : � A 0| {z }
n

. For each x 2 C0(J ; Rn ), x(t) = (x1(t); : : : ; xn (t)) and

' 2 A, ' = (' 1; : : : ; ' n ), we de�ne ' (x) by

' (x) = (' 1(x1); : : : ; ' n(xn )) : (1)

Let L : C1(J ; Rn ) ! C0(J ; Rn ), F : C1(J ; Rn ) ! L1(J ; Rn ) be continuous
operators,L = (L 1; : : : ; Ln ), F = (F1; : : : ; Fn ). Considerthe functional boundary
value problem (BVP for short)

(x0(t) + L(x)(t))0 = F (x)(t); (2)

' (x) = A;  (x0) = B: (3)

Here ';  2 A , ' = (' 1; : : : ; ' n ),  = ( 1; : : : ;  n ) and A; B 2 Rn , A =
(A1; : : : ; An ), B = (B1; : : : ; Bn ).

A function x 2 C1(J ; Rn ) is said to be a solution of BVP (2), (3) if the vector
function x0(t) + L(x)(t) is absolutelycontinuouson J , (2) is satis�ed for a.e.t 2 J
and x satis�es the boundary conditions (3).

The aim of this paper is to state su�cien t conditions for the existenceresults
of BVP (2), (3). Theseresults are proved by the Leray-Schauder degreeand the
Borsuk theoremfor � -condensingoperators(seee.g.[1]). In our case� -condensing
operatorshave the form U + V, whereU is a compactoperator and V is a strict
contraction. We recall that this paper is a continuation of the previouspaper by
the author [3], wherethe scalarBVP

(x0(t) + L1(x0)( t))0 = F1(x)( t);

' 1(x) = 0;  1(x0) = 0

was considered.Here L 1 : C0(J ; R) ! C0(J ; R), F1 : C1(J ; R) ! L1(J ; R) are
continuousoperators and ' 1;  1 2 A 0 satisfy ' 1(0) = 0 =  1(0).

We assumethroughout the paper that the continuous operators L and F in
(2) satisfy the following assumptions:
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(H1) There exists k 2 [0; 1
2� ), � = maxf 1; Tg, such that

kL(x) � L(y)k � kkx � yk1 for x; y 2 C1(J ; Rn );

(H2) There exists ! 2 K(J � [0; 1 ); [0; 1 )) such that

jF (x)( t)j � ! (t; kxk1)

for a.e. t 2 J and each x 2 C1(J ; Rn ).

Remark 1. If assumption(H1) is satis�ed then

kL(x)k � kkxk1 + kL(0)k for x 2 C1(J ; Rn ):

Example 1. Let w 2 C0(J � Rn � Rn � Rn � Rn ; Rn ), �; � 2 C0(J ; J ) and

jw(t; r1; u1; v1; z1) � w(t; r 2; u2; v2; z2)j

� k maxfj r 1 � r2j; ju1 � u2j; jv1 � v2j; jz1 � z2jg

for t 2 J and r i ; ui ; vi ; zi 2 Rn (i = 1; 2), wherek 2 [0; 1
2� ). Then the Nemytskii

operator L : C1(J ; Rn ) ! C0(J ; Rn ),

L(x)( t) = w(t; x(t); x(� (t)) ; x0(t); x0(� (t)))

satis�es assumption(H1).

Example 2. Let f : J � Rn � Rn ! Rn satisfy the Carath�eodory conditions on
J � Rn � Rn and

jf (t; u; v)j � ! (t; maxfj uj; jvjg)

for a.e. t 2 J and each u; v 2 Rn , where ! 2 K(J � [0; 1 ); [0; 1 )). Then the
Nemytskii operator F : C1(J ; Rn ) ! L1(J ; Rn ),

F (x)( t) = f (t; x(t); x0(t))

satis�es assumption(H2).

The existenceresults for BVP (2), (3) are given in Sec.3. Herethe optimalit y
of our assumptions(H1) and (H2) is studiedaswell. We shall show that k 2 [0; 1

2)
can not be replacedbe the weaker assumptionk 2 [0; 1

2 ] in (H1) provided T � 1
(see Example 4), and if k > 1

2� in (H2) then there exists unsolvable BVP of
the type (2), (3) provided T > 1 (seeExample 5). Example 6 shows that the

condition lim
%!1

1
%

Z T

0
! (t; %) dt = 0 which appearsfor ! in (H2) cannot bereplaced

by lim sup
%!1

1
%

Z T

0
! (t; %) dt < 1 .
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2 Auxiliary results

For each � 2 A 0, we de�ne the function p� 2 C0(R; R) by

p� (c) = � (c): 1

Then p� is increasingon R and mapsR onto itself. Hencethere existsthe inverse
function p� 1

� : R ! R to p� .
From now on, m
 C 2 R is de�ned for each 
 2 A, 
 = (
 1; : : : ; 
 n) and

C 2 Rn , C = (C1; : : : ; Cn ), by

m
 C = maxfj p� 1

 i

(Ci )j : i = 1; : : : ; ng: (4)

Lemma 1. Let 
 2 A , A 2 Rn and let 
 (x) = A for somex 2 C0(J ; Rn ). Then
there exists � 2 Rn suchthat

(x1(� 1); : : : ; xn (� n )) = (p� 1

 1

(A1); : : : ; p� 1

 n

(An )) :

Pro of. Fix j 2 f 1; : : : ; ng. If x j (t) > p� 1

 j

(A j ) (resp. x j (t) < p� 1

 j

(A j )) on J ,
then 
 j (x j ) > 
 j (p� 1


 j
(A j )) = A j (resp. 
 j (x j ) < 
 j (p� 1


 j
(A j )) = A j ), contrary to


 j (A j ) = A j . Hencethere exists � j 2 R such that x j (� j ) = p� 1

 j

(A j ). 2

De�ne the operators

� : C0(J ; Rn ) � Rn ! C1(J ; Rn ); P : C0(J ; Rn ) � Rn ! C0(J ; Rn );

Q : C0(J ; Rn ) � Rn ! L1(J ; Rn)

by the formulas

�( x; a)(t) =
Z t

0
x(s) ds+ a; (5)

P(x; a)(t) = L(�( x; a))( t) (6)

and
Q(x; a)(t) = F (�( x; a))( t): (7)

Here L and F are the operators in (2).
ConsiderBVP

x(t) = a + �
�

� P(x; b)(t) +
Z t

0
Q(x; b)(s) ds

�
; (8)(�;a;b )

'
� Z t

0
x(s) ds+ b

�
= A; (9)b

 (x) = B (10)

1We identify the set of all constant scalar functions on J with R.
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depending on the parameters�; a;b, (�; a;b) 2 [0; 1] � Rn � Rn . Here ';  2 A
and A; B 2 Rn .

We say that x 2 C0(J ; Rn ) is a solution of BVP (8)(�;a;b ) ; (9)b; (10) for some
(�; a;b) 2 [0; 1] � Rn � Rn if (8)(�;a;b ) is satis�ed for t 2 J and x(t) satis�es the
boundary conditions (9)b; (10).

Lemma 2. (A priori bounds). Let assumptions(H1) and (H2) be satis�ed. Let
x(t) be a solution of BVP (8)(�;a;b ) ; (9)b; (10) for some(�; a;b) 2 [0; 1]� Rn � Rn .
Then

kxk < S; jaj < (1 � k� )S; jbj < m'A + ST;

where S is a positive constant suchthat

m B + 2km'A + 2kL(0)k
u

+
1
u

Z T

0
! (t; m'A + �u ) dt < 1 � 2k� (11)

for u 2 [S;1 ) and m'A ; m B are given by (4).

Pro of. By Lemma 1 (cf. (9)b and (10)), there exist � ; � 2 Rn such that

Z � i

0
x i (s) ds+ bi = p� 1

' i
(A i ); x i (� i ) = p� 1

 i
(B i ); i = 1; : : : ; n: (12)

Then (cf. (8)(�;a;b ) )

p� 1
 i

(B i ) = ai + �
�
� Pi (x; b)( � i ) +

Z � i

0
Qi (x; b)(s) ds

�
; (13)

and consequently (for i = 1; : : : ; n)

x i (t) = p� 1
 i

(B i ) + �
�
Pi (x; b)( � i ) � Pi (x; b)(t) +

Z t

� i

Qi (x; b)(s) ds
�
:

Hence(cf. (4), (H1), (H2) and Remark 1)

jx i (t)j � m B + 2kk�( x; b)k1 + 2kL(0)k +
Z T

0
! (t; k�( x; b)k1) dt (14)

for t 2 J and i = 1; : : : ; n. Since(cf. (5) and (12))

k�( x; b)k =







� Z t

0
x1(s) ds+ b1; : : : ;

Z t

0
xn (s) ds+ bn

� 






=







� Z t

� 1

x1(s) ds+ p� 1
' 1

(A1); : : : ;
Z t

� n

xn (s) ds+ p� 1
' n

(An )
� 





 (15)

= max
n







Z t

� i

x i (s) ds+ p� 1
' i

(A i )







0
: i = 1; : : : ; n

o
� m'A + Tkxk;
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we have
k�( x; b)k1 � maxf m'A + Tkxk; kxkg � m'A + � kxk: (16)

Then (cf. (14)-(16))

kxk � m B + 2k(m'A + � kxk) + 2kL(0)k +
Z T

0
! (t; m'A + � kxk) dt: (17)

Set

q(u) =
m B + 2km'A + 2kL(0)k

u
+

1
u

Z T

0
! (t; m'A + �u ) dt

for u 2 (0; 1 ). Then limu!1 q(u) = 0. Whence there exists S > 0 such that
q(u) < 1 � 2k� for u � S, and so (cf. (17))

kxk < S:

Therefore(cf. (12), (13) and (15))

jbi j =
�
�
�p� 1

' i
(A i ) �

Z � i

0
x i (s) ds

�
�
� < m'A + ST;

jai j =
�
�
�p� 1

 i
(B i ) + �

�
Pi (x; b)( � i ) �

Z � i

0
Qi (x; b)(s) ds

� �
�
�

� m B + kk�( x; b)k1 + kL(0)k +
Z T

0
! (t; k�( x; b)k1) dt

� m B + k(m'A + �S ) + kL(0)k +
Z T

0
! (t; m'A + �S ) dt

< k�S + (1 � 2k� )S = (1 � k� )S

for i = 1; : : : ; n, and consequently

jaj < (1 � k� )S; jbj < m'A + ST: 2

Lemma 3. Let assumption(H2) be satis�ed, ';  2 A , A; B 2 Rn and S > 0 be
a constant suchthat (11) is satis�ed for u � S. Set


 =
n
(x; a;b) : (x; a;b) 2 C0(J ; Rn ) � Rn � Rn ;

kxk < S; jaj < S; jbj < m'A + ST
o (18)

and let � : �
 ! C0(J ; Rn ) � Rn � Rn be given by

�( x; a;b) =
�
a; a + '

� Z t

0
x(s) ds+ b

�
� A; b+  (x) � B

�
: (19)

Then
D(I � � ; 
 ; 0) 6= 0; (20)

where \D" denotesthe Leray-Schauderdegree and I is the identity operator on
C0(J ; Rn ) � Rn � Rn .
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Pro of. Let U : [0; 1] � �
 ! C0(J ; Rn ) � Rn � Rn ,

U(�; x; a;b) =

 

a; a + '
� Z t

0
x(s) ds+ b

�
� (1 � � )'

�
�

Z t

0
x(s) ds � b

�
� �A;

b+  (x) � (1 � � ) (� x) � �B

!

:

By the theory of homotopy and the Borsuk antip odal theorem, to prove (20) it
is su�cien t to show that

(j ) U(0; �) is an odd operator,

(j j ) U is a compact operator, and

(j j j ) U(�; x; a;b) 6= (x; a;b) for (�; x; a;b) 2 [0; 1] � @
.

Since

U(0; � x; � a; � b) =

 

� a; � a + '
�
�

Z t

0
x(s) ds � b

�
� '

� Z t

0
x(s) ds+ b

�
;

� b+  (� x) �  (x)

!

= � U(0; x; a;b)

for (x; a;b) 2 �
 , U is an odd operator.
The compactnessof U follows from the properties of ';  and applying the

Bolzano-Weierstrasstheorem.
Assumethat U(� 0; x0; a0; b0) = (x0; a0; b0) for some(� 0; x0; a0; b0) 2 [0; 1]� @
,

a0 = (a01; : : : ; a0n ), b0 = (b01; : : : ; b0n ). Then

x0(t) = a0; t 2 J; (21)

' (a0t + b0) = (1 � � 0)' (� a0t � b0) + � 0A; (22)

 (a0) = (1 � � 0) (� a0) + � 0B; (23)

and consequently (cf. (22) and (23))

' i (a0i t + b0i ) = (1 � � 0)' i (� a0i t � b0i ) + � 0A i ; (24)

 i (a0i ) = (1 � � 0) i (� a0i ) + � 0B i (25)

for i = 1; : : : ; n. Fix i 2 f 1; : : : ; ng. If a0i > 0 then  i (� a0i ) <  i (a0i ), and so(cf.
(25))  i (a0i ) � (1 � � 0) i (a0i ) + � 0B i . Therefore

� 0 i (a0i ) � � 0B i : (26)
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For � 0 = 0 weobtain (cf. (25))  i (a0i ) =  i (� a0i ), a contradiction. Let � 0 2 (0; 1].
Then (cf. (26))  i (a0i ) � B i and

0 < a0i � p� 1
 i

(B i ) � m B : (27)

If a0i < 0 then  i (a0i ) <  i (� a0i ) and (cf. (25))  i (a0i ) � (1 � � 0) i (a0i ) + � 0B i .
Hence

� 0 i (a0i ) � � 0B i : (28)

For � 0 = 0 we obtain (cf. (25))  i (a0i ) =  i (� a0i ), which is impossible.Let
� 0 2 (0; 1]. Then (cf. (28))

0 > a0i � p� 1
 i

(B i ) � � m B : (29)

From (27) and (29) we deduce

ja0i j � m B : (30)

Assumethat a0i t + b0i > 0 for t 2 J . Then ' i (� a0i t � b0i ) < ' i (a0i t + b0i ),
and so (cf. (24)) � 0 6= 0 and ' i (a0i t + b0i ) � (1 � � 0)' i (a0i t + b0i ) + � 0A i : Hence

' i (a0i t + b0i ) � A i :

If a0i t + b0i > p� 1
' i

(A i ) for t 2 J then A i � ' i (a0i t + b0i ) > ' i (p� 1
' i

(A i )) = A i , a
contradiction. Thus there is � i 2 J such that

0 < a0i � i + b0i � p� 1
' i

(A i ) � m'A : (31)

Let a0i t + b0i < 0 for t 2 J . Then ' i (a0i t + b0i ) < ' i (� a0i t � b0i ) and (24)
implies that � 0 6= 0 and ' i (� a0i t � b0i ) � A i . If � a0i t � b0i > p� 1

' i
(A i ) for t 2 J

then A i � ' i (� a0i t � b0i ) > ' i (p� 1
' i

(A i )) = A i , a contradiction. Hencethere exists
� i 2 J such that

0 < � a0i � i � b0i � p� 1
' i

(A i ) � m'A : (32)

We have proved that there exists � i 2 J such that (cf. (31) and (32))

ja0i � i + b0i j � m'A ;

and consequently (cf. (30))

jb0i j � ja0i � i + b0i j + ja0i � i j � m'A + Tm B : (33)

Since(cf. (11)) m B < (1 � k� )S � S, it follows that (cf. (21), (30) and (33))

kx0k < S; jaj < S; jbj < m'A + ST;

contrary to (x0; a0; b0) 2 @
. 2
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3 Existence results, examples

The main result of this paper is given in the following theorem.

Theorem 1. Let assumptions(H1) and (H2) be satis�ed. Then for each';  2 A
and A; B 2 Rn , BVP (2); (3) hasa solution.

Pro of. Fix ';  2 A and A; B 2 Rn . Let S be a positive constant such that
(11) is satis�ed for u � S and 
 � C0(J ; Rn ) � Rn � Rn be de�ned by (18). Let
U;V : �
 ! C0(J ; Rn ) � Rn � Rn ,

U(x; a;b) =

 

a +
Z t

0
Q(x; b)(s) ds; a + '

� Z t

0
x(s) ds+ b

�
� A; b+  (x) � B

!

;

V(x; a;b) =
�
� P(x; b)(t); 0; 0

�

and let W; Z : [0; 1] � �
 ! C0(J ; Rn ) � Rn � Rn ,

W(�; x; a;b) =

 

a+ �
Z t

0
Q(x; b)(s) ds; a+ '

� Z t

0
x(s) ds+ b

�
� A; b+  (x) � B

!

;

Z (�; x; a;b) = �V (x; a;b):

Then W(0; �)+ Z (0; �) = �( �) andW(1; �)+ Z (1; �) = U(�)+ V (�), where� is de�ned
by (19). By Lemma 3, D(I � W(0; �) � Z (0; �); 
 ; 0) 6= 0, and consequently, by
the theory of homotopy (seee.g. [1]), to show that

D(I � U � V; 
 ; 0) 6= 0 (34)

it su�ces to prove:

(i ) W is a compact operator,

(ii ) there exists m 2 [0; 1) such that

kZ (�; x; a;b) � Z (�; y; c;d)k� � mk(x; a;b) � (y; c;d)k�

for � 2 [0; 1] and (x; a;b); (y; c;d) 2 �
 ,

(iii ) W(�; x; a;b) + Z(�; x; a;b) 6= (x; a;b) for (�; x; a;b) 2 [0; 1] � @
.

The continuity of W followsfrom that of Q, ' and  . Weclaim that W([0; 1]�
�
) is a relatively compact subset of the Banach spaceC0(J ; Rn ) � Rn � Rn .
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Indeed, let f (� j ; x j ; aj ; bj )g � [0; 1] � �
, x j = (x j 1; : : : ; x j n), aj = (aj 1; : : : ; aj n),
bj = (bj 1; : : : ; bj n ) (j 2 N). Then (cf. (7), (H2) and (18))

�
�
�aj i + �

Z t

0
Qi (x j ; bj )(s) ds

�
�
� � jaj i j +

Z T

0

�
�
�Qi (x j ; bj )(s)

�
�
� ds

< S +
Z T

0
! (t; k�( x j ; bj )k1) dt � S +

Z T

0
! (t; � kx j k + jbj j) dt

� S +
Z T

0
! (t; m'A + S(� + T)) dt;

�
�
�
Z t2

t1

Qi (x j ; bj )(s) ds
�
�
� �

�
�
�
Z t2

t1

! (t; m'A + S(� + T)) dt
�
�
�;

�
�
�aj i + ' i

� Z t

0
x j i (s) ds+ bj i

�
� A i

�
�
�

< S + maxfj p' i (� m'A � 2ST)j; jp' i (m'A + 2ST)jg + jAj

and

jbj i +  i (x j i ) � B i j < m'A + ST + maxfj p i (� S)j; jp i (S)jg + jB j

for t; t1; t2 2 J , i = 1; : : : ; n and j 2 N. Therefore there exists a convergent
subsequenceof f W(� j ; x j ; aj ; bj )g by the Arzel�a-Ascoli theoremand the Bolzano-
Weierstrasstheorem.HenceW is a compact operator.

Let (�; x; a;b); (�; y; c;d) 2 [0; 1] � �
 . Then (cf. (H1) and (6))

kZ (�; x; a;b) � Z (�; y; c;d)k� � kP(x; b) � P(y; d)k = kL(�( x; b)) � L(�( y; d))k

� kk�( x; b) � �( y; d)k1 = k maxfk �( x; b) � �( y; d)k; kx � ykg

� k maxfk x � ykT + jb� dj; kx � ykg

� k� (kx � yk + jb� dj) � k� k(x; a;b) � (y; c;d)k� :

Hence(ii ) holds with m = k� < 1
2.

Suppose(iii ) was false.Then we could �nd (� 0; x0; a0; b0) 2 [0; 1] � @
 such
that

W(� 0; x0; a0; b0) + Z (� 0; x0; a0; b0) = (x0; a0; b0):

Then

x0(t) = a0 + � 0

�
� P(x0; b0)( t) +

Z t

0
Q(x0; b0)(s) ds

�
for t 2 J;

'
� Z t

0
x0(s) ds+ b0

�
= A;  (x0) = B;
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and consequently x0(t) is a solution of BVP (8)(� 0 ;a0 ;b0 ) ; (9)b0 ; (10). By Lemma2,
kx0k < S, ja0j < (1� k� )S � S and jb0j < m'A + ST, contrary to (x0; a0; b0) 2 @
.

We have proved (34). Therefore there exists a �xed point of the operator
U + V, say (u; a;b). It follows that

u(t) = a � P(u; b)(t) +
Z t

0
Q(u; b)(s) ds for t 2 J; (35)

'
� Z t

0
u(s) ds+ b

�
= A;  (u) = B: (36)

Set x(t) =
Z t

0
u(s) ds+ b, t 2 J . Then (cf. (5)-(7), (35) and (36))

x0(t) = a � L(x)(t) +
Z t

0
F (x)(s) ds for t 2 J;

' (x) = A;  (x0) = B;

and we seethat x(t) is a solution of BVP (2), (3). 2

Example 3. Let wj i 2 C0(J ; R), � i ; � i ; 
 i ; � i 2 C0(J ; J ) for j = 1; 2; : : : ; 9 and
i = 1; 2. De�ne L i : C1(J ; R2) ! C0(J ; R) (i = 1; 2) by

L i (x)( t) = w1i (t)x1(t) + w2i (t)x2(t) + w3i (t)x1(� i (t)) + w4i (t)x2(� i (t))

+ w5i (t)x0
1(t) + w6i (t)x0

2(t) + w7i (t)x0
1(
 i (t)) + w8i (t)x0

2(� i (t)) + w9i (t):

Let Fi : C1(J ; R2) ! L1(J ; R) (i = 1; 2) be continuousoperators such that

jFi (x)( t)j � e! (t; kxk1)

for a.e. t 2 J and each x 2 C1(J ; R2), where e! 2 K(J � [0; 1 ); [0; 1 )).
ConsiderBVP

(x0
1(t) + L1(x)( t))0 = F1(x)( t);

(x0
2(t) + L2(x)( t))0 = F2(x)( t);

(37)

' 1(x1) = A1; ' 2(x2) = A2;  1(x0
1) = B1;  2(x0

2) = B2: (38)

By Theorem1, for each ' i ;  i 2 A 0 and A i ; B i 2 R (i = 1; 2), BVP (37), (38) has

a solution provided
8X

j =1

kwj i k0 <
1

2�
for i = 1; 2.

Next Example 4 shows that for T � 1 the condition k 2 [0; 1
2) in (H1) is

optimal and can not be replacedby k 2 [0; 1
2]. In the caseof T > 1 we will show

(seeExample 5) that for each k > 1
2T in (H1) there exists an unsolvable BVP of

the type (2), (3) satisfying (H2).
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Example 4. Let T � 1. ConsiderBVP

(x0
1(t) + � (t)(x0

1(T) + x0
2(T))) 0 = 1;

(x0
2(t) + � (t)(x0

1(T) + x0
2(T))) 0 = 1;

(39)

' 1(x1) = A1; minf x0
1(t) : t 2 Jg = 0;

' 2(x2) = A2; minf x0
2(t) : t 2 Jg = 0;

(40)

where � 2 C0(J ; R), k� k0 = 1
4, � (0) = 1

4, � (T) = � 1
4 , ' 1; ' 2 2 A 0 and A1; A2 2

R.
Let L i : C1(J ; R2) ! C0(J ; R), L i (x)( t) = � (t)(x0

1(T) + x0
2(T)) (i = 1; 2).

Then

kL i (x) � L i (y)k0 � k� k0(jx0
1(T) � y0

1(T)j + jx0
2(T) � y0

2(T)j)

�
1
4

(kx0
1 � y0

1k0 + kx0
2 � y0

2k0) �
1
2

kx0 � y0k �
1
2

kx � yk1;

and sokL(x) � L(y)k � 1
2kx � yk1 for x; y 2 C1(J ; R2) whereL = (L1; L2). BVP

(39), (40) satis�es (H2) with ! (t; %) = 1 but in (H1) we have k = 1
2 (= 1

2� ).
Assumethat u(t) = (u1(t); u2(t)) is a solution of BVP (39), (40). Then u0

1 =
u0

2. Indeed,since(u0
1(t) � u0

2(t))
0 = 0 for t 2 J there existsc 2 R such that u0

1(t) =
u0

2(t) + c on J . From minf u0
1(t) : t 2 Jg = minf u0

2(t) : t 2 Jg = 0 we deducethat
u0

1(� ) = 0, u0
2(� ) = 0 for some� ; � 2 J , and so0 = u0

1(� ) = u0
2(� ) + c � c. If c < 0

then 0 � u0
1(� ) = c, a contradiction. Hencec = 0 and then

(u0
1(t) + 2� (t)u0

1(T))0 = 1 for t 2 J:

Using the equality u0
1(� ) = 0 we have

u0
1(t) = 2(� (� ) � � (t))u0

1(T) + t � � for t 2 J: (41)

If � = 0 then (cf. (41) with t = T) u0
1(T) = u0

1(T) + T, which is impossible.
Assume� 2 (0; T]. Then (cf. (41) with t = 0)

u0
1(0) = 2

�
� (� ) �

1
4

�
u0

1(T) � � � � �

contrary to u0
1(t) � 0 for t 2 J . It follows that BVP (39), (40) is unsolvable.

Example 5. Let T > 1 and " > 1. ConsiderBVP

(x0
1(t) + � (t)(x1(T) + x2(T))) 0 = 1;

(x0
2(t) + � (t)(x1(T) + x2(T))) 0 = 1;

(42)

minf x i (t) : t 2 Jg = 0; minf x0
i (t) : t 2 Jg = 0; i = 1; 2; (43)
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where � 2 C0(J ; R), k� k0 = "
4T ,

RT
0 � (s) ds = � 1

4 , � (0) = 1
4T , � (T) = � "

4T and
� (t) � 1

4T for t 2 J .
Let L i : C1(J ; R2) ! C0(J ; R), (L i x)(t) = � (t)(x1(T) + x2(T)) (i = 1; 2).

Then

kL i (x) � L i (y)k0 � k� k0(jx1(T) � y1(T)j + jx2(T) � y2(T)j)

�
"

4T
(kx1 � y1k0 + kx2 � y2k0) �

"
2T

kx � yk �
"

2T
kx � yk1;

and so kLx � Lyk � "
2T kx � yk1 for x; y 2 C1(J ; R2) whereL = (L1; L2). Hence

BVP (42), (43) satis�es (H2) with ! (t; %) = 1 but in (H1) we have k = "
2T (> 1

2� ).
Assumethat u(t) = (u1(t); u2(t)) is a solution of BVP (42), (43). Applying

the sameprocedureas in Example 4, it is obvious that u1 = u2. Hence

(u0
1(t) + 2� (t)u1(T))0 = 1 for t 2 J;

and sinceminf u1(t) : t 2 Jg = 0 and minf u0
1(t) : t 2 Jg = 0 we have u1(t) � 0,

u0
1(t) � 0 on J and u0

1(� ) = 0 for some� 2 J . Therefore

u0
1(t) = 2(� (� ) � � (t))u1(T) + t � � for t 2 J: (44)

Assume� = 0. Then

u0
1(t) = 2

� 1
4T

� � (t)
�
u1(T) + t � t;

and so u1(t) is increasingon J and minf u1(t) : t 2 Jg = 0 implies u1(0) = 0.
Hence

u1(t) = 2
� t

4T
�

Z t

0
� (s) ds

�
u1(T) +

t2

2
for t 2 J

and

u1(T) = 2
� 1

4
�

Z T

0
� (s) ds

�
u1(T) +

T2

2
= u1(T) +

T2

2
;

which is impossible.
Let � 2 (0; T]. Then (cf. (44))

u0
1(0) = 2

�
� (� ) �

1
4T

�
u1(T) � � � � � ;

contrary to minf u0
1(t) : t 2 Jg = 0. We have proved that BVP (42), (43) is

unsolvable.

The following exampledemonstratesthat the condition lim
%!1

Z T

0
! (t; %) dt = 0

in (H2) can not be replacedby lim sup
%!1

Z T

0
! (t; %) dt < 1 .
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Example 6. ConsiderBVP

x00
1(t) = 1 +

2
T2

kxk1; x00
2(t) = 1 +

q
kxk; (45)

minf x1(t) : t 2 Jg = 0; ' 1(x2) = A; minf x0
1(t) : t 2 Jg = 0; ' 2(x0

2) = B; (46)

where ' 1; ' 2 2 A 0 and A; B 2 R. Assumethat BVP (45), (46) is solvable and
let u(t) = (u1(t); u2(t)) be its solution. Then u00

1(t) � 1 on J and the equality
minf u0

1(t) : t 2 Jg = 0 implies u0
1(0) = 0. Hence

u0
1(t) =

�
1 +

2
T2

kuk1

�
t for t 2 J; (47)

and consequently u1(t) is increasingon J . From minf u1(t) : t 2 Jg = 0 wededuce
that u1(0) = 0 and then (cf. (47))

u1(t) =
1
2

�
1 +

2
T2

kuk1

�
t2 for t 2 J:

Therefore

ku1k0 =
T2

2
+ kuk1 �

T2

2
+ ku1k0:

which is impossible.HenceBVP (45), (46) is unsolvable.
We note that for (45) the inequality jF (x)( t)j � ! (t; kxk1) in (H2) is optimal

with respect to the function ! for ! (t; %) = 1 + max
n 2

T2
%;

p
%

o
and we seethat

lim
%!1

1
%

Z T

0
! (t; %) dt =

2
T

.
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