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Abstract . Systemsof second-orderfunctional di eren tial equations(x{t)+ L (x)(t))°=
F (x)(t) together with nonlinear functional boundary conditions are considered HerelL :
CH[0;T];RM ! CO0;T];R™) and F : CX([0; T];R™) ! L([0;T];R") are corntinuous
operators. Existence results are proved by the Leray-Schauder degreeand the Borsuk
antip odal theorem for -condensingoperators. Examples demonstrate the optimality
of conditions.
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1 Intro duction, notation

we setjaj = maxij aljh: S1rjan)g. FQr any x :J !R R" (n  2) we write x(t) =
(x1(t);::1;xn(t)) and 2x(t)dt= ( Pxq(t)dt;:::; Pxa(t)dt) for0 a<b T.

From now on, C°(J;R), C°(J;R"), C}(J;R"), C°(J;R") R" R",L:(J;R)
and L1(J;R") denotethe Banad spaceswith the normskxky = maxfj x(t)j : t 2

K(J [0;1);[0;1)) denotesthe set of all functions! :J [0;1)! [0;1)
which are integrable on J in the rst variable, nondecreasingon [0;1 ) in the

1T
i i _ I (t: O =
secondvariable and 0/|6I1m %o | (t; %dt= 0.
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Denoteby A, the setof all functionals :C°J;R)! R which are
a) cortinuous,Im( )=R, and
b) increasing(i.e. x;y 2 C°(J;R), x(t) < y(t) fort2J3) (X) < (y)).

Herelm( ) standsfor the rangeof . If k is an increasinghomeomorphismon R
and0 a< b T, then the following functionals
Zy
maxfk(x(t)) : a t bg; minfk(x(t)):a t bg; k(x(t)) dt
a

belongto the set Ap. Next examplesof functionals belongingto the set Ay can
be found for examplein [2], [3].

() = a(Xa);iint a(Xa)): (1)
Let L : C}J;R") ! COJ;R™, F : C}J;RM) ! L1(J;R") be cortinuous

value problem (BVP for short)

(xYt) + L)(1)°= F(x)(1); (2)
'x)=A; (x)=B: )
Here " 2 A, = (st = ;i p)and A;B 2 R, A =

A function x 2 C%(J;R") is saidto be a solution of BVP (2), (3) if the vector
function xqt) + L(x)(t) is absolutelycortinuouson J, (2) is satis ed for a.e.t 2 J
and x satis es the boundary conditions (3).

The aim of this paper is to state su cient conditions for the existenceresults
of BVP (2), (3). Theseresults are proved by the Leray-Scauder degreeand the
Borsuktheoremfor -condensingoperators(seee.g.[1]). In our case -condensing
operators have the form U + V, whereU is a compactoperator and V is a strict
cortraction. We recall that this paper is a cortinuation of the previous paper by
the author [3], wherethe scalarBVP

(xYt) + La(xH(1)°= Fa(x)(1);
)= 0  1(x=0

was considered.HereL, : C°(J;R) ! C°J;R), F; : C}(J;R) ! L1(J;R) are
cortinuousoperatorsand’ ;; 12 Ag satisfy' 1(0) = 0= 4(0).

We assumethroughout the paper that the cortinuous operatorsL and F in
(2) satisfy the following assumptions:
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(H,) Thereexistsk 2 [0;%), = maxf1;Tg, sud that
KL(x) L(y)k kkx vyk, forx;y2 CYJ;R");
(H,) Thereexists! 2 K(J [0;1);[0;1 )) sud that
JEOO()) 1 (& kxka)
for a.e.t 2 J and eah x 2 C(J;R").
Remark 1. If assumption(H,) is satis ed then
KL(x)k kkxk; + KL(O)k for x 2 C}(J;R"):
Example 1. Letw2 C°0 R” R R R™R"),; 2C°%J;J)and
Jw(t;ra;uve;ze) WL 1) Ug; Vo; 25))]
kmaxfjry raj;jus  Ugj;jvi Vojijzi Zjg

fort 2 J andri;ui;vi;z 2 R" (i = 1;2), wherek 2 [0; 1). Then the Nemytskii
operator L : C}(J;R") ! CO9J;R"M),

L) = w(t; x(8);x( (1) x%1): xY (1)
satis es assumption(H,).
Example 2. Letf :J R" R"! R" satisfythe Caratheadory conditions on
J R" R"and
jEGuv)j Lt maxdj uj;jvig)
for a.e.t 2 J and eah u;v 2 R", where! 2 K(J [0;1);[0;1 )). Then the
Nemytskii operator F : C1(J;R™) ! L.(J;R"),

F(x)(t) = f (6 x(t); xq1))
satis es assumption(H»).

The existenceresultsfor BVP (2), (3) aregivenin Sec.3. Herethe optimality
of our assumptions(H1) and (H.) is studied aswell. We shall shav that k 2 [0; 1)
can not be replacedbe the weaker assumptionk 2 [0; 1] in (H,) provided T 1
(see Example 4), and if k > Zi in (H,) then there exists unsohable BVP of
the type (2), (3)ZpTrovided T > 1 (seeExample 5). Example 6 shows that the

condition 0/It’ilm ry I (t; % dt = Owhich appearsfor! in (H,) cannot bereplaced
00

7
by lim sup(:)—L (t; %dt< 1.
%1 %0 o
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2 Auxiliary results

Foreathh 2 Ay, we de ne the function p 2 C°(R;R) by

p@= (ot

Then p isincreasingon R and mapsR onto itself. Hencethere existsthe inverse
functonp ':R! Rtop.
From now on,m ¢ 2 Risdened foreahh 2 A, = ( q;:::; ) and
C2R",C=(Cy;:::;Cp), by
mc=maxfjpi1(Ci)j: i=1::ng (4)
Lemma 1. Let 2 A, A2 R" andlet (x)= A for somex 2 C°J;R"). Then
there exists 2 R" suchthat

Proof. Fix j 2 f1;:::;ng. If () > p *(A}) (resp.x;(t) < p *(A))) onJ,
then (x;) > ;(p,(A) = Aj (resp. (X)) < (P *(A))) = Aj), cortrary to
i (Aj) = A;j. Hencethere exists | 2 R sud that x( ;) = p *(A)). 2

De ne the operators
:C°J;R" R"! CYJ;RM; P:C°J;R") R"! C°J;RM);
Q:C°J;R") R"! L;(J;R")

by the formulas 7

( x;a)(t) = Otx(s) ds+ a; (5)
P(x;a)(t) = L(( x;a)(t) (6)
and
Q(x; a)(t) = F(( x; a)(t): (7)
HereL and F are the operatorsin (2).
ConsiderBVP
Z t
x(t) = a+ P+ ~Qx:b(s)ds (8)(aib)
VA t
. x(s)ds+ b = A; 9)p
(x)=8B (10)

lWe identify the set of all constart scalar functions on J with R.
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depending on the parameters ; a;b, (; a;b) 2 [0;1] R" R".Here', 2 A
and A;B 2 R".

We sa that x 2 C°(J;R") is a solution of BVP (8)(.a); (9)b; (10) for some
(; a;b2[0;1] R" R"if (8)(.ap) issatised fort 2 J and x(t) satis es the
boundary conditions (9)y,; (10).

Lemma 2. (A priori bounds). Let assumptions(H;) and (H,) be satis ed. Let
X(t) be a solution of BVP (8)(.a:); (9)p; (10) for some(; a;b) 2 [0;1] R" R".
Then

kxk<'S; jag< (1 k)S; jg<ma + ST;

wheee S is a positive constant suchthat

' ZT
m g + 2km3 + 2k|—(0)k+ % F(t,ma + u)dt< 1 2k (11)
0

foru2 [S;1 ) andm, ;m g are givenby (4).

Pro of. By Lemmal (cf. (9), and (10)), there exist ; 2 R" sud that

zZ
) xi(s)ds+ b =p XA): xi()=pXB); i=1L:nm (12)
Then (cf. (8)(.ab))
z
p }(Bi)=a+ Pi(x;B)( i)+ . Qi(x;b(s) ds ; (13)

Zt
xi()=p B+ PxB() PBM+  Qi(xDb(s)ds :

Hence(cf. (4), (H1), (H,) and Remark 1)

Z
ixi()j m g+ 2kk ( x; ks + 2kL (O)k + OT! (tk( x;Bk)dt  (14)

y4 4

t t
k( x;bk= Xi(s)ds+ by;:::;  Xp(s)ds+ by
0 0
Zt Zt
= xi(s)ds+ p H(A1);:i5 Xa(s)ds+ p H(An) (15)
n Zt (0]
= max Xi(s)ds+ p il(Ai) 0" I=1::n m- + Tkxk;
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we have
k( x;bhk; maxima + Tkxk; kxkg mi +  kxk: (16)
Then (cf. (14)-(16))
Zy
kxk  m g+ 2k(ma + kxk)+ 2kL(O)k + F(t;ma + kxk)dt:  (17)
0

set 2k 2kL(O)k 14T
+ a +
o(u) = -2 ml’j © +2 L(Gma +ou)de
0
foru 2 (0;1). Then limy; g(u) = 0. Whencethere exists S > 0 sud that

gluy<1 2k foru S, andso(cf. (17))
kxk < S:

Therefore(cf. (12), (13) and (15))

z
jbi= p (A) Xi(s)ds < ma + ST;
0

zZ
jaj = plBi)+ Pi(xsH( ) . Qi(x; b)(s) ds
Zy
m g + kk ( x; bk, + KL(O)k + . F(t; k ( x; bky) dt
Z1

meg+k(ma + S)+KL(OK+ !(tma + S)dt
0

< kS+(@ 2k)S=( k)S

ja< @ k)S; jB<mpy + ST: 2
Lemma 3. Let assumption(H,) besatised,’; 2 A,A;B2R"andS> 0he
a constant suchthat (11) is satised for u  S. Set

n
= (x;a;b): (x;a;b 2 C°(J;R") R" R";
0 (18)
kxk < S;jaj< S;jf<ma + ST

andlet : ! C°J;R") R" R" begivenby
Zt
(x;a;b= a;a+"’ x(s)ds+b A; b+ (x) B : (19)
0
Then
D(I ; ;0060 (20)

where \D" denotesthe Leray-Schauderdegree and | is the identity operator on
C°J;R" R" R".
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Pro of. Let U : [0;1] I C°J;R" R" R",

z

‘ z
U(; x;a;b) = aja+’ 0x(s)ds+b @a )

t
x(s)ds b A;
0
|

b+ (x) 1 ) (x) B

By the theory of homotopy and the Borsuk antip odal theorem, to prove (20) it
is su cient to show that

(j) U(O; ) is an odd operator,
(jj) U is a compactoperator, and
(Gjj) U(; x;a;b) 6 (x;a;b) for (; x;a;b) 2 [0;1] @.

Since

z

z

t

u@©; x; a; b = a, at+' x(s)ds b
0

t
x(s)ds+ b ;
0
|

b+ ( x) (x)- = U(0;x;a;b)

for (x;a;b) 2 , U is an odd operator.
The compactnessof U follows from the properties of ';  and applying the
Bolzano-Weierstrasstheorem.

Assumethat U( o; Xo; ao; bn) = (Xo; ao; ky) for some( o; Xo; ao; kv) 2 [0;1] @,

Xo(t) = ap; t2J; (21)
"(aot+ )= (1 o) (At k)t oA (22)
(@)= (1 o) ( a)+ oB; (23)

and consequetty (cf. (22) and (23))
“i(aoit+ i) = (1 o) i( ant hn)+ oA (24)

i(i) =1 o) i( an)+ oBi (25)

fori=1:::;n.Fixi2fl:::;ng. If agi > Othen ( ag) < i(ag), and so(cf.
(25)) i(as) (X o) i(a0)+ oBi. Therefore

o i(ai)  oBi: (26)
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For o= Oweobtain (cf. (25)) i(as) = i( ag), acorradiction. Let 2 (0;1].
Then (cf. (26)) i(ays) B; and

O<ai pl(Bi) meg: (27)

If ao < Othen i(an) < i( a)and(cf. (25)) i(ai) (1 o) i(ai)+ oBi.
Hence

o i(ai)  oBi: (28)
For o = 0 we obtain (cf. (25)) i(as) = i( ag), which is impossible.Let
0 2 (0;1]. Then (cf. (28))
0>as p '(Bi) mg: (29)
From (27) and (29) we deduce
jaij m B! (30)

Assumethat agt + ky > Ofort 2 J. Then' ;( agt ly) < 'i(aoit + ky),
andso(cf. (24)) o6 Oand' j(agt+ k) (1 o) i(agt+ ky) + oA;: Hence

ViAot + ) A

If agit+ by > p Y(A) fort 2 J then A; ' i(ast+ kyi) > " i(p '(A)) = A, a
contradiction. Thusthereis ; 2 J sud that

O<ag i+ plA) ma: (31)
Let agit + by < Ofort 2 J. Then' i(ast + o) < ' i( ast hy) and (24)
impliesthat o6 Oand' i( ant hy) Ai.If agt by >p }A)fort2J
thenA;  "i( agt hy)>"'i(p '(Ai)) = Aj, acortradiction. Hencethere exists
i 2 J sud that
0< aii hi pHA) ma: (32)
We have proved that there exists ; 2 J sud that (cf. (31) and (32))
jag i+ i) M
and consequetty (cf. (30))
jooij  Jao i+ bij+jag i ma +Tm g (33)
Since(cf. (11)) m g < (1 k )S S, it followsthat (cf. (21), (30) and (33))
kxok< S; jaj<S; jog<ma + ST;
cortrary to (Xo;ag; lp) 2 @ 2
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3 Existence results, examples
The main result of this paper is given in the following theorem.

Theorem 1. LetassumptiongH;) and(H,) be satis ed. Thenfor each’; 2 A
andA; B 2 R", BVP (2); (3) hasa solution.

Pro of. Fix " 2 A and A;B 2 R". Let S be a positive constart sud that
(11) is satised foru S and C°J;R") R" R" bede ned by (18). Let
uv: ! C°J;R"Y R" R",
Z t VA t !
Ux;a;b)= a+ Q(x;b(s)ds;a+' x(s)ds+ b A; b+ (x) B ;
0 0

Vix;ash) = P(x;b(t);0;0
andlet W; Z : [0;1] I C°J0;R" R" R",

Z z
W(; x;a;b)= a+ OtQ(x;b)(s)ds;a+' Otx(s)ds+b A; b+t (x) B

Z(; x;a;b)= V (x;a;b):

ThenW(0; )+Z(0; )= ( )andW(1; )+Z(1; ) = U()+V (), where isde ned
by (19). By Lemma3, D(I W(;) Z(0;); ;0) 6 0, and consequetty, by
the theory of homotopy (seee.g.[1]), to shav that

DI U V; ;0060 (34)
it su ces to prove:
(i) W is a compactoperator,
(i) there existsm 2 [0; 1) sud that
kKZ(; x;a;b)  Z(;5 y;eid)k mk(x;ash)  (y;c;d)k
for 2 [0;1] and (x; a;b);(y;c;d) 2
(i) W(; x;a;b+ Z(; x;a;b) 6 (x;a;b) for (; x;a;b) 2 [0;1] @

The cortinuity of W followsfrom that of Q,"' and . Weclaim that W ([0; 1]
) is a relatively compact subset of the Banad spaceC®(J;R") R" R".
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Indeed,let f( ;;x;;a;08)9 [0;1] , X = (Xj1;::55Xjn), & = (151515 8n),
b =(s;::580) 2 N). Then (cf. (7), (H,) and (18))
Z Z:

ai+ Qb ds jai+t | Qlxih)S ds
Zt Z:
< S+ . Pt k( X;0)ky)dt S+ . F(t; kxjk+jhj)dt
Zq

S+ F({t;ma +S( + T))dt
0

z

CQxin)(9) ds

Z,,
L(t;ma +S( +T))dt;
t1
Zt
ait+ i Xi(s)ds+hi A
0
<S+maxip ,( ma 2ST)j;jp (ma + 2ST)jg+ jA]
and

jBi+ i(xi) Bij<ma + ST+ maxjp ( S)j;jp (S)g+ jBj

subsequencef fW( j;X;;a;;l3)g by the Arzela-Ascolitheoremand the Bolzano-
Weierstrasstheorem. HenceW is a compact operator.
Let (; x;a;b);(; y;c;d) 2 [0; 1] . Then (cf. (H,) and (6))

KZ(; x;a;b)  Z(; y;edk  kP(x;b)  P(y;dk=KL(( x;0) L(( y;d)k

kk( x;b)  (y;dki= kmaxtk ( x;b)  ( y;d)k; kx ykg
kmaxtk x ykT +jb dj; kx ykg
k (kx yk+jb d) k k(x;a;b (y;c;d)k :

Hence(ii) holdswith m= k < 1.
Suppose (iii ) was false. Then we could nd ( o;Xg;a0;kp) 2 [0;1] @ sud
that
W ( 0;Xo; @0; ko) + Z( 0;Xo; @0; ) = (Xo; @; bv):
Then
Zt
Xo(t) = ag+ o P(Xg;p)(t) + . Q(Xo; p)(s)ds fort 2 J;

z
Ot Xo(s)ds+ by = A; (xo) = B;
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and consequetly Xq(t) is a solution of BVP (8)( ;:a0:0); (9 (10). By Lemmaz,
kxok< S,jagj < (1 k )S Sandjlyj < mp + ST, cortrary to (Xo; ag; ly) 2 @.

We have proved (34). Therefore there exists a xed point of the operator
U+ V, say (u;a;b). It follows that

Zt
uM) =a PuBn+ Quib(s)ds fort2J; (35)

VA t

. u(s)ds+ b = A; (u) = B: (36)
VA t

Setx(t) = . u(s)ds+ b, t 2 J. Then (cf. (5)-(7), (35) and (36))

Zt
xqt) = a LX)(t)+ , F(x)(s)ds fort2 J;

)=A  (x)=B;
and we seethat x(t) is a solution of BVP (2), (3). 2

Example 3. Let wj; 2 C°(J;R), 5 i; i; 1 2 C°%J;J) forj = 1;2;:::;9 and
i=12.DeneL;:CYJ:R®)! CO°(J;R) (i=12) by

Li(x)(t) = wqi(t)xa(t) + waoi (t)Xx2(t) + wai (t)Xx1( i (1)) + wa ()X2( (1))
+ Wa (D)X3(t) + Wei ())XI(t) + wri ()X i(t)) + wai ()X (1)) + wei(t):

Let F; : CYJ;R? ! L1(J;R) (i = 1;2) be cortinuous operators suc that
JR()(1)] B(t; kxka)

for a.e.t 2 J and eath x 2 C'(J;R?), wherek 2 K(J [0;1 );[0;1)).

ConsiderBVP
(xQ(t) + La(x)(1))°= F(x)(1);
(37)
(x3(t) + La(x)(1))°= Fa(x)(1);
"i(X0) = Ag U a(%2) = Az (X)) = Br; o(x3) = By (38)
By Theoreml,foreah' ; i 2 ApandA;;B; 2 R (i = 1,2), BVP (37), (38) has

38 1
a solution provided  kw;ikg < > fori= 1;2.
j=1

Next Example 4 shows that for T 1 the condition k 2 [0;2) in (Hy) is
optimal and can not be replacedby k 2 [0; 1]. In the caseof T > 1 we will show
(seeExample 5) that for eat k > % in (H,) there existsan unsohable BVP of
the type (2), (3) satisfying (H>).
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Example 4. Let T 1. ConsiderBVP
(x2(t) +  (OUAT) + x3(T))°= 1,
(x3(t) +  (O(XAT) + x3(T)))°= L,

" 1(x1) = Ag; minfx((t) :t2Jg=0;
' o(X2) = Ag; minfx9(t) :t2Jg=0;
where 2 C%J;R), k ko= 3, (0)=13 (T)= . '1'22AcandAj;A;2
R.
Let L; : Cl(J;RZ) | CO(J;R), Li(x)(t) = (t)(X(l)(T) + X(Z)(T)) (i = 1.2).
Then

(39)

(40)

KLi(x) Li(y)ko Kk ko(ix3(T) y2(T)j+ ixa(T)  y2(T)i)

1 1 1
Z(kx? yoko + kx9  yoko) ékx0 yk ékx yki:

andsokL(x) L(y)k %kx yki for x;y 2 C1(J;R?) whereL = (Lq:L,). BVP
(39), (40) satis es (Hz) with ! (;% = 1 but in (H1) we havek = 3 (= Zi).

Assumethat u(t) = (uq(t); ux(t)) is a solution of BVP (39),(40). Then uj =
ud. Indeed,since(ul(t) ud(t))°= Ofort 2 J thereexistsc 2 R sud that uf(t) =
ud(t) + conJ. From minfu(t) : t 2 Jg= minfud(t) : t 2 Jg = 0 we deducethat
u( )=0,uy( )= 0forsome ; 2J,andso0=ud( )=ud( )+c clfc<O
then0 u%( ) = ¢, acortradiction. Hencec = 0 and then

(Wo(t) + 2 (HuY(T)°=1 fort2 J:
Using the equality uf( ) = 0 we have

wt)y=2( () @HuYT)+t fort 2 J: (41)

If = 0then (cf. (41) with t = T) u¥(T) = u)(T) + T, which is impossible.
Assume 2 (0;T]. Then (cf. (41) with t = 0)

BO)=2 () 7 udm)

cortrary to u?(t) Ofort2 J. It followsthat BVP (39),(40) is unsohable.

Example 5. Let T > 1and" > 1. ConsiderBVP

(x3(t) +  (OU(T) + x2(T)))°= L,
O30+ (O)(x2(T) + x2(T))) %= 1,

minfx;(t) :t2Jg=0; minfxYt):t2Jg=0, i= 1,2 (43)

(42)
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where 2 C°(J;R), k ko = 47, ROT (sds= 3, (0)= 2%, (T)= 4 and
() & fort2J.
Let L : CY(J;RY) ! COJ:R), (Lix)(t) = (O)(xa(T) + x2(T)) (i = L2).

Then

KLi(x) Li(y)ko k ko(jx1(T) yu(T)j+ jx2(T) y2(T)j)

E(kxl y1Ko + KXz Y2Ko) 2TkX yk oT

kx  ykKi;

and sokLx Lyk %kx yk; for x;y 2 C1(J;R?) whereL = (L;L,). Hence

BVP (42),(43) satis es (Hp) with ! (t; % = 1but in (H,) wehavek = = (> 3-).
Assumethat u(t) = (uy(t);uy(t)) is a solution of BVP (42),(43). Applying

the sameprocedureasin Example 4, it is obvious that u; = u,. Hence

(W(t) + 2 (Hua(T)°=1 fort2 J;

and sinceminfuy(t) :t 2 Jg= 0and minfu(t) :t 2 Jg= 0 we have us(t) O,
uf(t) OonJ anduf( ) = Ofor some 2 J. Therefore

udt)=2( () (@))uy(T)+t fort 2 J: (44)
Assume = 0. Then

1
ui(t) = 2 g 2 Oud+t g
and so uy(t) is increasingon J and minfuy(t) : t 2 Jg = O implies u,(0) = O.
Hence 7 )

t t t
u(t)y =2 T . (s)ds uy(T) + 5 fort2J

and 7
1 T T2 T2
u(T)=2 - (s)ds uy(T) + — = uy(T) + —;

4 0 2 2

which is impossible.
Let 2 (0;T]. Then (cf. (44))
0 — 1 .
WO)=2 () = ul) ,
cortrary to minfud(t) : t 2 Jg = 0. We have proved that BVP (42),(43) is
unsohable.

z

T
The following exampledemonstratesthat the condition Ojglm F(t; %dt=0
Z 0

T
in (H,) cannot be replacedby Iirzlsup I(t;%dt< 1.
9 0
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Example 6. ConsiderBVP
0 2 . 0 a .
x{) = 1+ ﬁkxkl, xR = 1+ kxk; (45)

minfxy(t) :t2Jg=0; ' 1(x2) = A; minfx{(t) :t2 Jg=0; ' »(x3) = B; (46)

where' 1;' » 2 Ap and A; B 2 R. Assumethat BVP (45),(46) is solhable and
let u(t) = (uy(t);ux(t)) beits solution. Then ufft) 1 onJ and the equality
minfu(t) : t 2 Jg = 0 implies u?(0) = 0. Hence

2
udt) = 1+ Ekukl t fort2 J; 47)

and consequetty u4(t) isincreasingonJ. From minfuy(t) : t 2 Jg = Owededuce
that u,(0) = 0 and then (cf. (47))

1 2
ug(t) = > 1+ ﬁkukl t> fort2 J:

Therefore
2 2

T T
kuikg = - + kuk; - + kuqKo:
which is impossible.HenceBVP (45),(46) is unsohable.
We note that for (45) the inequality jF (x)(t)] ! (t; kxky) in (H;) is optimal
n (0]

with respect to the function ! for! (t; % = 1+ max ﬁ%;IO % and we seethat
Z1

1 _ 2
Jim % o (6 %dt= =
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