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DAMPED STOCHASTIC DIFFERENTIAL EQUA TIONS
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Abstra ct. The paper studies the polynomial convergenceof so-

lutions of a scalar nonlinear It ô stochastic di�eren tial equation

dX (t) = � f (X (t)) dt + � (t) dB(t)

where it is known, a priori , that lim t !1 X (t) = 0, a.s. The in-
tensity of the stochastic perturbation � is a deterministic, con-

tinuous and square integrable function, which tends to zero more
quickly than a polynomially decaying function. The function f

obeys lim x ! 0 sgn(x)f (x)=jxj � = a, for some� > 1, and a > 0. We
study two asymptotic regimes: when � tends to zero su�cien tly

quickly the polynomial decay rate of solutions is the sameasfor the

deterministic equation (when � � 0). When � decays more slowly,
a weaker almost sure polynomial upper bound on the decay rate

of solutions is established. Results which establish the necessity
for � to decay polynomially in order to guarantee the almost sure

polynomial decay of solutions are also proven.

1. Intr oduction

Many authors have contributed to the study of nonexponential rates
of decay to equilibrium of solutions stochastic di�erential equations.
The polynomial stabilit y in particular has been the subject of much
study, in Mao [7, 8], in Liu and Mao [5, 6] and in Liu [4].

In theseworks, the authorsprincipally concentrate upon establishing
upper boundson the almost surerate of convergenceof solutions. The
equationsconsideredare, in general,nonautonomousequationswhich
arequasilinearin the state variable. The categoriesof equationstudied
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include those in which there are strong time-dependencein the drift,
or in which the di�usion coe�cien t decays polynomially in time.

As is well known from the theory of ordinary di�erential equations,
slower-than-exponential ratesof decay to equilibria canalsoariseif the
restoring force closeto the equilibrium is weak (viz., there is no lead-
ing order linear term at the equilibrium). This phenomenonhas been
examinedin the stochastic casealso,by e.g.,Zhang and Tsoi [12, 13].
In their work, examplesare given of stochastic di�erential equations
which converge to equilibrium at a polynomial rate by virtue of the
nonlinear form of the drift and di�usion coe�cien ts closeto the equilib-
rium. Other interesting papers in which almost surely globally asymp-
totically stable solutions of stochastic delay di�erential equationsare
found are [11,10], in which the equationsstudied have general(includ-
ing polynomial) nonlinearities.

In this work, we attempt to determinethe exact almost surerate of
decay for a classof scalar di�usion equationswhere the drift term is
purely state-dependent, and the intensity of the stochasticperturbation
is deterministic. To obtain polynomial stabilit y in this classdoesnot
require that the perturbation be polynomial: merely that it decays
more quickly than somepolynomial function. Therefore, polynomial
asymptotic stabilit y can arise even in the presenceof, for example,a
noiseperturbation which diminishesexponentially quickly. Thus, the
principal mechanism responsible for the slow convergenceof solutions
is the nonlinear form of the drift term closeto the equilibrium.

More precisely, we show that exact polynomial ratesof decay can be
recovered in the casewherethe nonlinearity in the drift is responsible
for the polynomial convergenceof solutions,and when the intensity of
the di�usion term decays to zero su�cien tly quickly. In caseswhere
the noise term decays more slowly, it is still possible to establish a
polynomial rate of decay of solutions, but the bound on rate of decay
is related to the rate of decay of the stochastic perturbation only. Fi-
nally, we establisha type of converseresult: roughly, we show that if
the solutions of the stochastic di�erential equation are polynomially
asymptotically stablealmost surely, the noiseperturbation must decay
more quickly than somepolynomial function.
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We prove theseresults by expressingthe solution of the stochastic
di�erential equation as the sum of a random function independent of
the solution, and the solution of a perturbed random di�erential equa-
tion whosesolution is continuously di�erentiable. Since the rate of
decay of the perturbation can be shown to be the samefor almost all
paths, the asymptotic behaviour of this random di�erential equation
can be determined by studying the rate of decay of a perturbed de-
terministic equation. Consequently, a signi�cant part of the paper is
devoted to proving resultson the decay rate of solutionsof determinis-
tic equations.We believe theseresultsmay be of independent interest:
moreover, we are unaware of the existenceelsewherein the literature
of results of the form required here.

A physical motivation for studying this work comesfrom the prob-
lem of simulated annealing. Work on the almost sure stabilit y of dif-
fusion processesmodelling annealinghas beendone, for example, by
Chan [2], and Chan and Williams [3]. In thesepapers, necessaryand
su�cien t conditions for the global almost sure stabilit y of a classof
scalar and multidimensional stochastic di�erential equationswere es-
tablished. The classof equationsstudied in this paper is includedin the
works mentioned above by theseauthors. Someliterature concerning
the annealingproblem is referred to in [2] also.

In future work, we hope to study the rates of decay of solutions of
generalnonlinearstochastic equations,and alsoto apply thesemethods
to study the asymptotic decay properties of solutions stochastic func-
tional di�erential equationswith fading external stochastic perturba-
tions. Moreover, asthe annealingtheory holdsin the �nite dimensional
case,we would expect to be able to extend our analysisto study �nite
dimensionalequations.

2. Preliminaries

We �rst establishsomestandard notation. As usual, let x _ y denote
the maximum of x; y 2 IR and x^ y the minimum. The signum function
will be denotedby sgn, where sgn(x) = 1 for x > 0, sgn(x) = � 1 for
x < 0 and sgn(x) = 0 for x = 0.
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Denote by C(I ; J ) be the spaceof continuous functions from I to
J , and C1(I ; J ) be the corresponding spaceof all functions with con-
tinuous derivatives. Denote by L(IR+ ) the spaceof all measurable
real-valued functions which are integrable on IR+ and by L2(IR+ ) all
squareintegrable functions on IR+ .

Let f 2 C(IR; IR) and � 2 C(IR+ ; IR) \ L2(IR+ ). Furthermore, let f
be locally Lipschitz continuous.

Let � 2 IR. Let (
 ; F ; (F B (t)) t � 0; IP) be a complete �ltered proba-
bilit y space,and B = f B(t); F B (t); 0 � t < 1g be a one-dimensional
standard Brownian motion on it. The �ltration (F B (t)) t � 0 is the nat-
ural �ltration for standard Brownian motion, viz., F B (t) = � f B (s) :
0 � s � tg.

Under thesehypotheses,there exists a continuous adapted process
X which is a strong solution, up to an explosiontime Te > 0, of the
It ô stochastic di�erential equation

(2.1) dX (t) = � f (X (t)) dt + � (t) dB(t)

relative to B, with initial condition � , viz. X obeys

X (t) = � �
Z t

0
f (X (s)) ds+

Z t

0
� (s) dB(s); 0 � t < Te;(2.2a)

X (0) = � :(2.2b)

Here,as is conventional, the explosiontime Te is de�ned by

Te = lim
n!1

Tn

whereTn = inf f t > 0 : jX (t)j = ng.
In order to ensurethat Te(! ) = 1 for almost all samplepaths ! 2 


and that almost all solutions convergeto zeroas t ! 1 (viz.,

(2.3) lim
t !1

X (t; ! ) = 0; ! 2 
 0;

whereIP[
 0] = 1), the following hypotheseson f and � were imposed
in Chan and Williams [3].
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Theorem 2.1. Let f be a locally Lipschitz continuous function with

f strictly increasing on IR;(2.4a)

lim
x!1

f (x) = 1 ; lim
x!�1

f (x) = �1(2.4b)

f (0) = 0;(2.4c)

and suppose� is a continuous function suchthat
(2.5a)

� is decreasing on [0; 1 ); � (0) is �nite and � (t) ! 0 as t ! 1 :

Then, there is a unique strong solution of (2.1) on [0; 1 ), almost
surely. If, moreover,

(2.5b) lim
t !1

� (t)2 log(t) = 0;

then (2.3) also holds.

In the following, we will merely assumethat

There is a unique strong solution of (2.2) on [0; 1 )

which obeys(2.3)
(2.6)

noting all the time that the hypotheses(2.4), (2.5) su�ce to ensure
(2.6).

Our interest here is to establishnecessaryand su�cien t conditions
for all solutionsof (2.1) to convergeto zeroat a polynomial rate. This
notion of almostsure polynomial stability wasintroducedby Mao in [7]
for solutions of nonautonomousnonlinear stochastic di�erential equa-
tions.

De�nition 2.2. The processX is almost surely polynomially stable, if
there exists a deterministic � > 0, such that

lim sup
t !1

logjX (t)j
logt

� � � ; a:s:

To establishthis polynomial stabilit y we will needto imposea decay
condition on the fading intensity of the stochastic perturbation � , as
well as a condition on the behaviour of f closeto zero. Before we do
this, we establish the �rst main result of this paper, which does not
rely on assumptionsof this type.
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3. Str ucture of Solutions of (2.2)

In this sectionwe prove that each realisationof the processX canbe
decomposedinto the solution of a perturbed random di�erential equa-
tion (which has its solutions in C1(IR+ ; IR)) and a random function
which is independent of the processX . Determining the asymptotic
behaviour of almost all realisationsof X (in other words, the almost
sureasymptotic behaviour of X ) then reducesto studying the asymp-
totic behaviour of (a) a perturbed ordinary di�erential equation, and
(b) a processwhoseasymptotic behaviour can be understood by using
the law of the iterated logarithm for continuous time martingales.

3.1. Represen tation of solutions of (2.1).

Theorem 3.1. Suppose f is a locally Lipschitz continuous function
which obeys (2.4c) and

(3.1a) f 2 C1(� � ; � ) for some� > 0:

Let � be a continuous function with

(3.1b) � 2 L2(IR+ );

and suppose that X , the solution of (2.1), obeys (2.6). Then, there
existsan almost sure set 
 � � 
 suchthat, for all ! 2 
 � ,

(3.2) X (t; ! ) = x(t; ! ) + U(t; ! ); t � 0;

where

(3.3) U(t; ! ) = �
� Z 1

0
� (s) dB(s) �

Z t

0
� (s) dB(s)

�
(! )

=
�

�
Z 1

t
� (s) dB(s)

�
(! );

and x(�; ! ) is the solution of

(3.4) x0(t; ! ) = � f (x(t; ! )) + g(t; ! ); t � 0

which obeysx(t; ! ) ! 0 as t ! 1 , and g(�; ! ) is a continuous function
which satis�es

(3.5) jg(t; ! )j = jf 0(� (t; ! )) j jU(t; ! )j
EJQTDE, Proc. 7th Coll. QTDE, 2004No. 2, p. 6



for all t > T(! ), with � obeying

(3.6) j� (t; ! ) � x(t; ! )j � jU(t; ! )j:

In advanceof proving this result, we make somecomments.
Firstly, the asymptotic behaviour in the casewhen

(3.7) f 0(0) = 0

is false is not consideredin this work. Results in this direction for the
linear equationarewell-known and havebeenstudiedby many authors.
An account of theseresults on linear equationsin the narrow senseis
available in e.g.,Mao [9].

Secondly, the reformulation of the solution of (2.1) in Theorem 3.1
hascertain advantages;if an almost sureestimateon the rate of decay
of U can be obtained, the problem reducesto studying the asymptotic
behaviour of the function x in (3.4), a problemwhich, owing to the fact
that it is de�ned pathwise,canessentially bestudiedusingthe methods
of the theory of deterministic ordinary di�erential equations.However,
the study of the asymptotic behaviour of X through x and U must be
achievedby studying the asymptotic behaviour of the randomfunctions
x(�; ! ), U(�; ! ) for each ! in an almost sure set. This is becausex(t),
U(t) are not F B (t)-measurablerandom variables as x(t; ! ), U(t; ! )
depend on the valuesof the Brownian motion B on [t; 1 ). Hence,x,
U are not stochastic processeswhich are adapted to the �ltration F B ,
and so the realisationst 7! X (t; ! ) must be studied through the one-
parameter families of functions t 7! x(t; ! ), t 7! U(t; ! ) rather than
through \realisations" of x and U.

Proof of Theorem 3.1. Introducethe process

Y(t) =
Z t

0
� (s) dB(s):

By (3.1b) and the martingale convergencetheorem, there exists an
almost sure set 
 1, and a F B (1 )-measurablerandom variable Y � ,
such that

lim
t !1

Y(t; ! ) = Y � (! )

for all ! 2 
 1. De�ne
R1

0 � (s) dB(s) := Y � on 
. Therefore, for each
! 2 
 1, the function t 7! U(t; ! ) introduced in (3.3) is well-de�ned.
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Next, considerthe processZ given by Z(t) = X (t) � Y(t) which is well
de�ned for all ! 2 
 0, the almost sureset in (2.6). Therefore

Z(t) = � �
Z t

0
f (X (s)) ds; t � 0:

Sincef and X are continuous functions, t 7! Z (t) is in C1((0; 1 ); IR)
and obeys

Z 0(t) = � f (Z (t) + Y(t)) ; t � 0:

Next, let


 2 = f ! 2 
 0 : lim
t !1

X (t; ! ) = 0; lim
t !1

Y(t; ! ) exists g:

By (2.6), (3.1b), this is an almost sure subsetof 
 1. Hence,for each
! 2 
 2 the random function t 7! x(t; ! ) given by

x(t; ! ) = Z (t; ! ) + Y � (! ) = X (t; ! ) + U(t; ! )

is well-de�ned. By (3.3), lim t !1 U(t; ! ) = 0 for all ! 2 
 1 and thus
x(t; ! ) ! 0 as t ! 1 for all ! 2 
 2. Sinceeach path t 7! Z (t; ! ) is in
C1((0; 1 ); IR), the function t 7! x(t; ! ) is in C1((0; 1 ); IR) for ! 2 
 2,
and

(3.8) x0(t; ! ) = � f (x(t; ! ) + U(t; ! )) ; t � 0:

De�ne

g(t; ! ) = f (x(t; ! )) � f (x(t; ! ) + U(t; ! )) ; t � 0:

Then, as t 7! U(t; ! ) is continuous for all ! 2 
 2, t 7! g(t; ! ) is
continuous,and so t 7! x(t; ! ) obeys(3.4).

By (3.1a), for each ! 2 
 2, there exists T(! ) > 0 such that, for all
t > T(! )

jx(t; ! )j < � ; jx(t; ! ) + U(t; ! )j < � ;

becausex(t; ! ) ! 0, U(t; ! ) ! 0 as t ! 1 for all ! 2 
 2.
Now, supposethat U(t; ! ) � 0. Then, by the meanvalue theorem,

for each t > T(! ), there exists � (t; ! ) 2 [x(t; ! ); x(t; ! ) + U(t; ! )] such
that

� g(t; ! ) = f (x(t; ! ) + U(t; ! )) � f (x(t; ! )) = f 0(� (t; ! )) U(t; ! )
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so jg(t; ! )j = jf 0(� (t; ! )) j jU(t; ! )j. If, on the other hand, U(t; ! ) < 0,
the mean value theorem again implies that for each t > T(! ), there
exists � (t; ! ) 2 [x(t; ! ) + U(t; ! ); x(t; ! )] such that

g(t; ! ) = f (x(t; ! )) � f (x(t; ! ) + U(t; ! )) = � f 0(� (t; ! )) U(t; ! ):

Thus jg(t; ! )j = jf 0(� (t; ! )) j jU(t; ! )j. In each case,we have jx(t; ! ) �
� (t; ! )j � jU(t; ! )j aswell. Hence(3.5), (3.6) are true, and thus all the
claims posited in the statement of the theoremhold. �

In the theorem above, it follows that � (t; ! ) ! 0 as t ! 1 for
all ! in an almost sure set. Therefore, as (3.7) holds throughout, it
follows that g(t; ! ) tends to zeromorequickly than the X -independent
random function t 7! U(t; ! ). Therefore, the sizeof the perturbation
in (3.4) is boundedby the sizeof U. Thus, if a deterministic function
� : IR+ ! IR+ can be found so that

(3.9) lim sup
t !1

jU(t; ! )j
� (t)

= 1

for all ! in an almost sureset, it follows that

(3.10) lim
t !1

g(t; ! )
� (t)

= 0:

The e�ect of this is to reducedramatically the complexity in studying
the equation (3.4). In fact, the parameterisationof solutions of (3.4)
by ! becomesredundant whenconsideringasymptotic behaviour, so it
is now su�cien t to study the asymptotic behaviour of the deterministic
ordinary di�erential equation

(3.11) x0(t) = � f (x(t)) + g(t); t � 0;

whereit is known that x(t) ! 0 ast ! 1 , and the continuousfunction
g decays more quickly to zero than somegiven function � . We will
turn to the study of such perturbed deterministic ordinary di�erential
equationsin the next section.

The question now arises: can such a function � be found in (3.9)?
This is not only important in helping to determine the asymptotic
behaviour of X directly (through the representation of X in formula
(3.2)), but also indirectly (through the asymptotic behaviour of the
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solution of (3.4)). The function � required is

(3.12) � (t) =
p

2�( t) loglog�( t) � 1;

where

(3.13) �( t) =
Z 1

t
� (s)2 ds:

Lemma 3.2. Suppose� is a continuous function obeying

�( t) > 0 for all t � 0;(3.14a)

� (t) > 0 for all t � 0:(3.14b)

Then, with � , � de�ned in (3.12), (3.13), U de�ned in (3.3) obeys
(3.9).

A more generalversion of Lemma 3.2, together with a proof, is to
be found in [1], alsosubmitted to theseProceedings.

The hypotheses(3.14a)is natural: in the casewhere(3.14a)doesnot
hold (i.e. � (t) � 0 for all t > T0) the stochastic di�erential equation
(2.1) reducesto the trivial separabledi�erential equation

X 0(t) = � f (X (t)) ; t > T0

whereonly the initial condition X (T0) is random. On the other hand,
the condition (3.14b) (which evidently implies (3.14a)) is a purely tech-
nical restriction, which we hope to remove in later work.

3.2. Hyp otheses on f and � ; Statemen t of the Main Results.
Finally, we mention the hypotheseson f ; � used in this paper which
dealspeci�cally with the polynomial asymptotic behaviour of solutions
of (2.1). We always require f to obey

There exist � > 1, a > 0 such that

lim
x! 0

f (x) sgn(x)
jxj �

= a
(3.15)

and � to satisfy the following condition

There exists 
 > 0 such that


 = inf f � > 0 :
Z 1

0
s2� � (s)2 ds = 1g :

(3.16)

In (3.16), in the casethe set is empty, we de�ne 
 = 1 . This case
arises,for example,if � (t) = e� t . We prefer to imposethe hypothesis
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(3.16) rather than a stronger pointwise polynomial bound on � , as it
is su�cient to establish the a.s. polynomial asymptotic stabilit y of
solutions of (2.1). Moreover, as we later prove, the integral condition
(3.16) is alsonecessaryif the solution is to be almost surely polynomi-
ally stable.

On occasion,we will requestthat f obeysa strongerrestriction than
(3.15), namely

There exists � > 1, a > 0 such that

lim
x! 0

f 0(x)
jxj � � 1

= � a:
(3.17)

Oncexf (x) > 0 for x 2 (� � ; � ), (3.17) implies (3.15).
The condition (3.15) ensuresthat f (x) behaves like x � as x # 0.

However, when � is not a rational number, x � is not well de�ned for
x < 0. Therefore, in order to maintain symmetry, we extend f to
behave like �j xj � as x " 0.

The preservation of symmetry is a crucial hypothesisin the existence
of a well-de�ned decay rate. If the exponent � in (3.15) had di�erent
valuesfor x < 0 and x > 0, the decay rate observed would depend on
whether the solution approached zero from above or below. However,
in the presenceof a stochastic perturbation, it is not clear whether
the solution would necessarilybe non-oscillatory (that is, whether it
ultimately approachesthe equilibrium from oneside).

We will require a consequenceof (3.16) in the next section.

Lemma 3.3. Let � > 1 and 
 > 0 be given by (3.15) and (3.16). If

(3.18) 
 >
�

� � 1
> 1

then, for all ! 2 
 � , an almost sure set, we have

lim
t !1

t
�

� � 1 U(t; ! ) = 0;(3.19a)

lim
t !1

t
�

� � 1 g(t; ! ) = 0;(3.19b)

where U, g are de�ned by (3.3) and (3.5).

Proof. Sincef 2 C1(� � ; � ) and (3.15) holds, f 0(0) = 0. By (3.5) and
the fact that � (t; ! ) ! 0 as t ! 1 , (3.19a) implies (3.19b). As to
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(3.19a), note that Lemma 3.2 implies that

(3.20) lim
t !1

t
2�

� � 1 � (t)2 = 0

assuresthe result. To prove (3.20), �rst observe that for any � 2
(� =(� � 1); 
 )

(3.21) �( t) �
I

(1 + t)2�
; t � 0

where I =
R1

0 (1 + s)2� � (s)2 ds < 1 , and I is �nite on account of
(3.16). Now let " > 0 be any number such that

(3.22)
�

� � 1
1
�

< 1 � ";

wherethe existenceof such an " is guaranteedby (3.18). Since�( t) # 0
as t ! 1 , we have �( t) < e� e for all t > T1. Hencethere is

C" = inf
y2 [ee;1 )

loglogy
y"

> 0

such that, for all t � T1,

(3.23)
� (t)2

2
= �( t) loglog(�( t)) � 1 � C" �( t)1� " :

Now, (3.21) and (3.23) give

1
2

t
2�

� � 1 � (t)2 � C" I 1� " 1
(1 + t)2� (1� " )� 2� (� � 1)

;

so (3.22) yields (3.20). �

We now state the �rst main result on asymptotic stabilit y in the
paper.

Theorem 3.4. Supposethat f is a locally Lipschitz continuous func-
tion which obeys (2.4c), (3.1a), (3.15), and let � be a positive and
continuous function which obeys (3.1b) and (3.16).

If X , the strong solution of (2.1) obeys (2.6), and � and 
 , the
exponents in (3.15) and (3.16), respectively, are related by (3.18), and
a is the constant de�ned in (3.15), then there is a random variable L
which assumeseither the values0 or [a(� � 1)]� 1=(� � 1), suchthat

(3.24) lim
t !1

t
1

� � 1 jX (t)j = L; a.s.
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By Theorem 3.1, Lemma 3.3 and the precedingdiscussion,we see
that Theorem3.4 is a direct consequenceof the following result.

Theorem 3.5. Supposethat f is a locally Lipschitz continuous func-
tion which obeys (2.4c), (3.1a), (3.15) and g is a continuous function
which obeys

(3.25) lim
t !1

t
�

� � 1 g(t) = 0;

where � > 1 is the exponent in (3.15). Let x be the unique continuous
solution of (3.11) on [0; 1 ). If

(3.26) x(t) ! 0 as t ! 1

and a is the constant de�ned in (3.15), then there is a constant L which
assumeseither the values0 or [a(� � 1)]� 1=(� � 1) , suchthat

(3.27) lim
t !1

t
1

� � 1 jx(t)j = L:

The proof of Theorem 3.5 is the subject of the next section. Before
we turn to that proof, let us re
ect on the hypothesesof Theorem 3.5
and then Theorem3.4.

The hypothesis(3.26), which ensuresthe existenceof asymptotically
stable solutions of (3.11) when g(t) ! 0 as t ! 1 , is one which can
be veri�ed in many cases. To take a concreteexample, consider the
problem

x0(t) = � asgn(x(t)) jx(t)j � + g(t); t > 0;

where g(t) ! 0 as t ! 1 ; we now show that x(t) ! 0 as t !
1 . Perusal of the explanation below reveals that a nearly identical
argument su�ces for the problem x0(t) = � f (x(t)) + g(t), when f is a
continuous,odd, and increasingfunction, with f (0) = 0.

As can be seenin the proof of Lemma 4.1 below, x obeys

D+ jx(t)j � � ajx(t)j � + jg(t)j; t > 0:

Next, for every " > 0 there is a T(") > 0 such that jg(t)j < " for
t > T("). Hence

D+ jx(t)j � � ajx(t)j � + "; t > T("):
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If x0(t) = � ax(t) � + ", t > T("), and x(T(")) = 1 + jx(T(")) j, then
jx(t)j � x(t) for t � T(" ). Thus

lim sup
t !1

jx(t)j � lim
t !1

x(t) =
� "

a

� 1=�
;

so letting " # 0 provesthat x(t) ! 0 as t ! 1 .
We now return to discussTheorem 3.4. When f is a continuous

function satisfying (2.4c), (3.15) for some� > 1, all nontrivial asymp-
totically stable solutions of the deterministic versionof equation (2.1)
(or, equivalently, the unperturbed version of (3.11)) obey (3.27) with
L = [a(� � 1)]� 1=(� � 1) . Therefore,accordingto (3.18), when the decay
rate of the noiseintensity � is su�cien tly fast (and so the sizeof the
stochastic perturbation vanishessu�cien tly quickly), the asymptotic
behaviour of the deterministic and stochastic equationsis the same.

We make two comments in relation to this here. First, the result
is unsurprising in one respect: if the perturbation vanishesquickly
enoughwe should expect to recover the asymptotic behaviour of the
unperturbed problem. However, given that almost all realisationsof
X are almost everywhere nondi�erentiable, it is perhaps surprising
that we should recover a C1 (1; 1 ) decay rate (t � 1=(� � 1)) for almost
all paths. Second,Theorem 3.4 states that the deterministic decay
rate is recovered when (3.18) holds i.e., � > 
 =(
 � 1). Later in this
paper, under the hypothesis (3.17), we show that there appears to
be a transition from the deterministic asymptotic regime to a new
asymptotic regimewhen � = 1=(
 � 1).

4. Pr oof of Theorem 3.5

We divide the proof of Theorem 3.5 into three steps. Each of these
stepswill be given in a lemma below. The stepsare:

Step 1: We show that

(4.1) lim sup
t !1

t
1

� � 1 jx(t)j �
�

1
a(� � 1)

� 1
� � 1

:

Step 2: Given Step 1, we establishthat either

(4.2) lim
t !1

t
1

� � 1 jx(t)j = 0 or lim sup
t !1

t
1

� � 1 jx(t)j =
�

1
a(� � 1)

� 1
� � 1

:
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Step 3: In the casethat

lim sup
t !1

t
1

� � 1 jx(t)j =
�

1
a(� � 1)

� 1
� � 1

we show that

(4.3) lim
t !1

t
1

� � 1 jx(t)j =
�

1
a(� � 1)

� 1
� � 1

:

Lemma 4.1. (Step 1) Condition (4.1) holds.

Proof. Introducethe function a : IR+ ! IR,

(4.4) a(t) =

8
>><

>>:

f (x(t))
jx(t )j � ; x(t) > 0;

a; x(t) = 0;

� f (x(t))
jx(t )j � ; x(t) < 0:

Then a is a continuous function which obeys lim t !1 a(t) = a, sincef
obeys(3.15) and x obeys(3.26). Thus, (3.11) can be written as

(4.5) x0(t) = � a(t) sgn(x(t)) jx(t)j � + g(t):

Indeed, we note that there exists t �
1 > 0 such that a(t) > 0 for all

t > t �
1. Next, note that Theorem3.5 is trivially true for the casewhere

x(t) = 0 for all t su�cien tly large, sowe assume,to the contrary, that
x(t) 6� 0 on someinterval [T; 1 ). In this case,we can chooset � > t �

1

such that jx(t � )j > 0.
Next, we seeka comparisonequation for x. Fix t > t � and suppose

x(t) > 0. Then, asx is in C1(IR+ ; IR), x(s) > 0 for all s 2 [t; t + h), for
h su�cien tly small. Hence,by (4.5)

jx(t + h)j � jx(t)j =
Z t+ h

t
� a(s)jx(s)j � ds+

Z t+ h

t
g(s) ds

�
Z t+ h

t
� a(s)jx(s)j � ds+

Z t+ h

t
jg(s)j ds:

Sincet 7! jg(t)j, t 7! a(t), t 7! jx(t)j � are continuous, letting h # 0

(4.6) D+ jx(t)j � � a(t)jx(t)j � + jg(t)j; t � t �

EJQTDE, Proc. 7th Coll. QTDE, 2004No. 2, p. 15



wherever x(t) > 0. In the same manner, for a �xed t > t � where
x(t) < 0, (4.5) yields

jx(t + h)j � jx(t)j =
Z t+ h

t
� a(s)jx(s)j � ds �

Z t+ h

t
g(s) ds

�
Z t+ h

t
� a(s)jx(s)j � ds+

Z t+ h

t
jg(s)j ds

so (4.6) holds in the casex(t) < 0. Finally, if x(t) = 0, we have

D+ jx(t)j = lim sup
h! 0+

jx(t + h)j � jx(t)j
h

� lim sup
h! 0+

�
�
�
�
x(t + h) � x(t)

h

�
�
�
� :

The continuity of the modulus gives

jx0(t)j = lim
h! 0+

�
�
�
�
x(t + h) � x(t)

h

�
�
�
� = lim sup

h! 0+

�
�
�
�
x(t + h) � x(t)

h

�
�
�
� :

Thus as f (x(t)) = 0,

D+ jx(t)j � jx0(t)j = j � f (x(t)) + g(t)j = jg(t)j = � a(t)jx(t)j � + jg(t)j

and so (4.6) holds when x(t) = 0, t > t � . Therefore(4.6) holds for all
t � t � .

Next, considerthe initial value problem

x0(t) = � a(t)x(t) � + jg(t)j; t > t � ;

x(t � ) = jx(t � )j + 1:
(4.7)

(4.7) has a unique continuous solution on (t � ; 1 ) and, by the com-
parison principle, jx(t)j � x(t), t � t � . We now obtain a bound on
the solution of (4.7) by consideringthe unperturbed version of (4.7),
namely

� 0(t) = � a(t)� (t) � ; t � t � ;

� (t � ) = jx(t � )j + 1:
(4.8)

Then x(t) � � (t), t � t � . The asymptotic behaviour of the solution of
(4.8) is easilyobtained by quadrature, noting that a(t) ! a as t ! 1 .
Indeed

(4.9) lim
t !1

t
1

� � 1 � (t) =
�

1
a(� � 1)

� 1
� � 1

:
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Therefore,asx(t) � � (t), (4.9) and (3.25) imply

0 � lim sup
t !1

jg(t)j
x(t)�

� lim sup
t !1

jg(t)j
� (t)�

= lim sup
t !1

t
�

� � 1 jg(t)j
�

t
1

� � 1 � (t)
� � = 0

so lim t !1 g(t)=jx(t)j � = 0. Hence,(4.7) implies

lim
t !1

x0(t)
x(t)�

= � a;

as a(t) ! a as t ! 1 . Integration now gives

lim
t !1

t
1

� � 1 x(t) =
�

1
a(� � 1)

� 1
� � 1

:

Sincejx(t)j � x(t), we have established(4.1). �

Lemma 4.2. (Step 2) (4.2) holds.

Proof. Let L = (a(� � 1))� 1=(� � 1). According to (4.1), there exists
0 � L0 � L such that

(4.10) lim sup
t !1

t
1

� � 1 jx(t)j = L0:

If L0 = 0, we have the �rst part of (4.2). Supposenow that L 0 2 (0; L).
Then for every " 2 (0; L � L 0) there is T1(" ) > 0 such that

t
1

� � 1 jx(t)j � L0 + "; t � T1(" ):

By (3.25), it follows that
R1

t jg(s)j ds is well de�ned for all t � 0, and

moreover, as t
�

� � 1 jx(t)j � � (L0 + ") � , we have that
R1

t a(s)jx(s)j � ds is
well de�ned for every t � 0. By (3.26), (4.5), we have

� x(t) =
Z 1

t
� a(s)sgn(x(s)) jx(s)j � ds+

Z 1

t
g(s) ds;

so

(4.11) t
1

� � 1 jx(t)j � t
1

� � 1

Z 1

t
ja(s)jj x(s)j � ds+ t

1
� � 1

Z 1

t
jg(s)j ds:

Next, for every " 2 (0; a), there is T2(" ) > 0 such that ja(t)j < a+ " for
all t > T2(" ). Now, let " 2 (0; a ^ (L � L 0)) and T(") = T1(" ) _ T2(" ).
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Then for t > T("), by (4.11), we have

t
1

� � 1 jx(t)j � t
1

� � 1

Z 1

t

1

s
�

� � 1

s
�

� � 1 jx(s)j � ds(a + ") + t
1

� � 1

Z 1

t
jg(s)j ds

� (a + ")(L0 + ") � (� � 1) + t
1

� � 1

Z 1

t
g(s) ds:

Therefore,

L0 = lim sup
t !1

t
1

� � 1 jx(t)j � (a + ")(L 0 + ") � (� � 1):

Letting " # 0 yields L 0 � aL �
0 (� � 1), so L0 � L . But this contradicts

L0 < L. Thus in (4.10), either L 0 = 0 or L0 = L, asneededin (4.2) �

Lemma 4.3. (Step 3) Condition (4.3) holds.

Proof. Fix C 2 (0; L) and choose" > 0 su�cien tly small, so that

0 < " <
C

� � 1 � aC�

C � + 2
�

� � 1

_ 1:

This implies

(4.12) �
C

� � 1
+ aC� + "

�
C � + 2

�
� � 1

�
< 0:

Sincelim t !1 a(t) = a and lim t !1 t � =(� � 1) jg(t)j = 0, it follows that
there exists T0(" ) > 0 such that a(t) < a + " and t � =(� � 1) jg(t)j < "
for all t > T0(" ). Also, sincelim supt !1 t1=(� � 1) jx(t)j = L, there exists
T2(" ) > 0 and a sequence(tn )n� 1 with limn!1 tn = 1 such that

t
1

� � 1
n jx(tn )j > C(1 + ") � 1

� � 1

for all tn > T2(" ). This madepossibleby the fact that L > C(1+ ") � 1
� � 1 .

Now, chooseT(") to be the smallestmember of this sequencewhich
is greater than T0(" ) so T(") > T0(" ) and

(4.13) T(")
1

� � 1 jx(T(")) j > C(1 + ") � 1
� � 1 :

Let T1(" ) = "T (") and de�ne

(4.14) xL (t) = C (t + T1(" )) � 1
� � 1

for all t � T(" ).
Note that jx(T(")) j > 0. Consider �rst the casewhen x(T(")) > 0.

In this case(4.14) and (4.13) imply that x(T(")) > xL (T(")).
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Then, as T(") > T0(" ), for t > T(") we have

x0
L (t) + a(t) sgn(xL (t))xL (t)� + jg(t)j

= (t + T1(" )) � �
� � 1

�
�

C
� � 1

+ a(t)C � + (t + T1(" ))
�

� � 1 jg(t)j
�

< (t + T1(" )) � �
� � 1

"

�
C

� � 1
+ (a + ")C � + "

�
T(") + T1(" )

T(")

� �
� � 1

#

< (t + T1(" )) � �
� � 1

�
�

C
� � 1

+ (a + ")C � + " (1 + ")
�

� � 1

�

< (t + T1(" )) � �
� � 1

�
�

C
� � 1

+ (a + ")C � + " 2
�

� � 1

�
< 0;

since" 2 (0; 1) and " obeys(4.12). Therefore, if x(T(")) > 0, jx(t)j =
x(t) > xL (t) for all t > T(").

Now supposethat x(T(")) < 0. Then, letting z(t) = � x(t), we get

z0(t) = � a(t)sgn(z(t)) jz(t)j � � g(t); t > T("):

Note by (4.13) that we have

T(")
1

� � 1 z(T(")) > C(1 + ") � 1
� � 1 :

De�ning zL (t) = xL (t) for t � T(" ), we seethat z(T(")) > zL (T("))
and

z0
L (t) < � a(t)sgn(zL (t))zL (t)� � jg(t)j;

for all t > T("). Therefore,we have

0 < zL (t) < z(t) = � x(t) = jx(t)j:

Hencejx(t)j > xL (t), t � T(" ).
Therefore, in both caseswe have jx(t)j > xL (t) for all t � T(" ) and

it follows easily that

lim inf
t !1

t
1

� � 1 jx(t)j � C:

Letting C " L yields lim inf t !1 t
1

� � 1 jx(t)j � L and hence

lim
t !1

t
1

� � 1 jx(t)j = L;

by the secondpart of (4.2). �
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Remark 4.4. In the theoremabove,both the caseswhereL = 0 andL =
(a(� � 1))� 1=(� � 1) can be realised,even when the order of magnitude
of the perturbation remains the sameas t ! 1 . Indeed, the initial
value problem

x0
1(t) = � sgn(x1(t)) x1(t)2 �

t + 1p
2

� 1
4

�
t + 1p

2

� 4 ; t > 0;

x1(0) = 1

obeysall the hypothesesof the theoremand has the unique solution

x1(t) =
1
2

�
t +

1
p

2

� � 2

;

for all t � 0. Clearly, this solution satis�es

lim
t !1

tx 1(t) = 0;

so, for this problem, L = 0.
On the other hand, the unique solution of the initial value problem

y0(t) = � y(t)2 �
1

(1 + t)3
; t > 0;

y(0) = 1

can be expressedin terms of Besselfunctions and can easily be shown
to satisfy

lim
t !1

ty(t) = 1:

Moreover, it can be shown that y(t) > 0 for all t > 0. Hence this
solution alsosatis�es the initial value problem

x0
2(t) = � x2(t)2 sgn(x2(t)) �

1
(1 + t)3

; t > 0;

x2(0) = 1:

We have thus obtained an examplewhere L = (a(� � 1)) � 1=(� � 1) , as
for this problem a = 1 and � = 2. Note that in both examplesthe
initial condition is the sameand the perturbation has the samedecay
rate, i.e.

lim
t !1

t3g(t) = � 1:
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Remark 4.5. It is always possibleto get an arbitrarily fast rate of decay
for the solution of

x0(t) = � f (x(t)) + g(t); t > 0

x(0) = x0;

provided that the perturbation hasthe appropriate form and rate of de-
cay. Indeed,a rate of decay d(t) canbe obtained,whered 2 C1([0; 1 ))
and obeys d(0) = 1 and d(t)

d0(t ) ! 0 as t ! 1 . The last condition im-
plies that d decays to zerofaster than any exponential function. If the
perturbation is

g(t) = x0d0(t) + f (x0d(t))

then lim t !1
g(t)

� d0(t ) = x0 and the solution of the initial value problem is
x(t) = x0d(t).

5. Asymptotic Behaviour of (2.1) with slo wl y deca ying
Noise

We now considerthe asymptotic behaviour of (2.1) when the inten-
sity of the stochastic perturbation fadesmore slowly. First, we note
that the perturbation U decays at a polynomial rate of at least � 
 .

Lemma 5.1. Let � > 1 and 
 > 0 be given by (3.16). If

(5.1) 
 �
�

� � 1
;

then U de�ned by (3.3) obeys

(5.2) lim sup
t !1

logjU(t; ! )j
logt

� � 
 ;

for all ! 2 
 � , an almost sure set.

Proof. Let 0 < � < 
 , and note that the estimates(3.21), (3.23) still
hold. Let T1, C" > 0 be as de�ned in Lemma 3.3, where " > 0 is
su�cien tly small. Hencefor t > T1,

� (t)2 � 2C" �( t)1� " � 2C"
I 1� "

(1 + t)2� (1� " )

Therefore

lim sup
t !1

log� (t)
logt

� � � (1 � " ):
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Letting " # 0, and then � " 
 gives

lim sup
t !1

log� (t)
logt

� � 
 :

Finally, as (3.9) holds for a.a. ! in an almost sureset,

lim sup
t !1

logjU(t; ! )j
logt

= lim sup
t !1

log� (t)
logt

� � 
 ;

thus proving (5.2). �

The next result establishesthe rate of decay of equation(3.11) when
the perturbation g is boundedby a slowly decaying polynomial.

Lemma 5.2. Supposef is a locally Lipschitz continuousfunction which
obeys (2.4c), (3.15). Let � � � =(� � 1), where � > 1 is the exponent
in (3.15), and let g be a continuous function which obeys

(5.3) lim sup
t !1

logjg(t)j
logt

� � � :

Let x be the uniquecontinuous solution of (3.11) on [0; 1 ). If x obeys
(3.26), then

(5.4) lim sup
t !1

logjx(t)j
logt

� �
�
�

:

Proof. Equation (3.11) can be written as

x0(t) = � a(t)sgn(x(t)) jx(t)j � + g(t); t � 0

wherea is continuousand lim t !1 a(t) = a. Thusa(t) > a=2 for t > T 00
1 .

Next, for all " 2 (0; � ) there is T 0
1(" ) > 0 such that t > T0

1(" ) implies
jg(t)j < t � � + "

2 . Now, let T0
2(" ) = inf f t > T1(" ) _ T00

1 _ 1 : x(t) 6= 0g.
If the set is empty, the result is proven, as the result is trivially true
in the casex(t) = 0 for all t > T1 _ T00

1 _ 1. Supposethe set is not
empty. Then there exists T2(" ) > T0

2(" ) such that jx(T2(" )) j > 0. Let
x" = x(T2(" )). If x(T2(" )) = x" and

x0(t) = � a(t)jx(t)j � + jg(t)j; t � T2(" );

then jx(t)j � x(t) for t � T2(" ), where, of course,the function x is
uniquely determined.
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Since� � � =(� � 1), for every " > 0, we have � � " < � =(� � 1), so
0 > � � " � � � "

� � 1. Since� > 1, there exists M > 1 such that

(5.5)
a
2

M � x �
" T2(" )� � " �

� � "
�

M x" T2(" )
� � "

� � 1 > 1:

Finally, we de�ne

xu(t) = M x"

�
t

T2(" )

� � � � "
�

; t � T2(" );

so that xu(T2(" )) = M x" . SinceM > 1, xu(T2(" )) > x(T2(" )). For
t > T2(" ) > 1, (5.5) implies

t "=2

�
a
2

M � x �
" T2(" )� � " �

� � "
�

M x" T2(" )
� � "

� t � � " � � � "
� � 1

�
> 1:

Thus, for t > T2(" ),

a
2

M � x �
" T2(" )� � " t � � + " �

� � "
�

M x" T2(" )
� � "

� t � � � "
� � 1 > t � � + "

2 ;

so giving the estimate

x0
u(t) + a(t)sgn(xu(t)) jxu(t)j � = M x" T2(" )

� � "
� t � � � "

� � 1 �
� (� � " )

�

+ a(t)M � x �
"

�
t

T2(" )

� � (� � " )

>
a
2

M � x �
" T2(" )� � " t � � + "

�
� � "

�
M x" T2(" )

� � "
� t � � � "

� � 1

> t � � + "
2 > jg(t)j:

Therefore,xu obeysthe di�erential inequality

x0
u(t) > � a(t)sgn(xu(t)) jxu(t)j � + jg(t)j; t � T2(" );

xu(T2(" )) > x(T2(" )) > 0:
(5.6)

Sincexu(T2(" )) > x(T2(" )) > 0, either xu(t) > x(t) for all t � T2(" ), or
as x and xu are C1, there exists T � > T2(" ) such that xu(t) > x(t) for
T2(" ) � t < T � , 0 < xu(T � ) = x(T � ). Supposesuch a �nite T � exists.
Then x0(T � ) � x0

u(T � ), so we have

x0(T � ) = � a(T � )sgn(x(T � )) jx(T � )j � + jg(T � )j

= � a(T � )sgn(xu(T � )) jxu(T � )j � + jg(T � )j:
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Therefore

x0
u(T � ) � x0(T � ) = � a(T � )sgn(xu(T � )) jxu(T � )j � + jg(T � )j < x0

u(T � );

which is a contradiction. Therefore xu(t) > x(t) for all t > T2(" ).
Hence

jx(t)j � xu(t) = M x"

�
t

T2(" )

� � ( � � " )
�

; t � T2(" ):

Hence

lim sup
t !1

logjx(t)j
logt

� �
� � "

�
:

Letting " # 0 now givesthe result. �

Lemmas5.1 and 5.2 enableus to prove �rst a result on the decay
rate of solutionsof (2.1).

Theorem 5.3. Supposethat f is a locally Lipschitz continuous func-
tion which obeys (2.4c), (3.1a) and (3.15). Let � be a positive and
continuous function which obeys (3.1b) and (3.16).

If X , the strong solution of (2.1) obeys (2.6) and 
 and � , the expo-
nents in (3.15) and (3.16), respectively, are related by (5.1), then

(5.7) lim sup
t !1

logjX (t)j
logt

� �


�

; a.s.

Proof. According to Lemma 5.1, U(�; ! ) obeys (5.2). By (3.5), and
(5.2) the function g(�; ! ) obeys

(5.8) lim sup
t !1

logjg(t; ! )j
logt

� � 
 :

By Lemma 5.2 and Theorem3.1, the function x(�; ! ) de�ned by (3.2),
and which obeys(3.4), obeys

(5.9) lim sup
t !1

logjx(t; ! )j
logt

� �


�

:

Hence,by (5.8) and (5.9), (3.2) implies

lim sup
t !1

logjX (t; ! )j
logt

� �


�

;

since � > 1. In all the above ! is in an almost sure set, so (5.7)
holds. �
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Taking the resultsof Theorems3.1and 5.3togethersuggeststhat the
solution of (2.1) decays at a polynomial rate of at least � 1=(� � 1) for

 2 ( �

� � 1; 1 ) and at a rate of at least � 
 =� for 
 2 (0; �
� � 1]. However,

with a slightly strongerhypothesison f , it is possibleto show that the
decay rate of � 1=(� � 1) can be extendedto the interval 
 2 ( 1

� � 1; 1 )
and the rate on the interval 
 2 (0; 1

� � 1] can be improved from � 
 =�
to � 
 .

To obtain thesere�ned estimateson the decay rate requiresa dif-
ferent approach, and we outline this method �rst before proving the
results.

The main thrust of this idea is to apply Lemmas5.1 and 5.2 suc-
cessively to the equation (3.4), each time improving the estimate on
the polynomial rate of decay of solutionsof (3.4). The improvement is
possiblebecausethe perturbation g in (3.4) is of the form

jg(t)j = jf 0(� (t)) j jU(t)j

and, due to (3.6), j� (t)j � jx(t)j + jU(t)j. Thus an a priori estimateon
the rate of decay of � is known. Thereforeasthe polynomial behaviour
of the function f 0 is known closeto zero (as prescribed in (3.17)), a
bound on the decay rate of f 0(� (t)) can be estimated, and so a more
rapid rate of decay of g can be established. Due to Lemma 5.2, this
ensuresthat a faster rate of decay of x can be estimated, and this in
turn, enablesa faster rate of decay of g to beestablished.Continuing in
this mannerwe candeterminethe optimal rate of decay of the solution
of (3.4), and hencethat of (2.1).

Lemma 5.4. Let f be locally Lipschitz continuous and obey (2.4c),
(3.1a), (3.15) and (3.17). Let � be a positive and continuous function
which obeys (3.1b) and (3.16). Let ! 2 
 � , an almost sure set and
x(�; ! ) be the function de�ned by (3.2) which obeys x(t; ! ) ! 0 as
t ! 1 . If � and 
 , the exponents in (3.15) and (3.16), respectively,
satisfy the inequality

(5.10)
1

� � 1
< 
 �

�
� � 1

;

then the following hold:
EJQTDE, Proc. 7th Coll. QTDE, 2004No. 2, p. 25



(i)

(5.11) lim sup
t !1

logjx(t; ! )j
logt

� �


�

:

(ii) Supposethere is c0 � 
 =� suchthat

(5.12) lim sup
t !1

logjx(t; ! )j
logt

� � c0:

Then one of the following holds:
(a) If c0 > 1

� � 1

�
�

� � 1 � 

�

, then

(5.13) lim
t !1

t
1

� � 1 jx(t; ! )j = L(! )

where L(! ) is either 0 or [a(� � 1)]� 1=(� � 1) .

(b) If c0 � 1
� � 1

�
�

� � 1 � 

�

, then

(5.14) lim sup
t !1

logjx(t; ! )j
logt

� �
(� � 1)c0 + 


�
:

Proof. Part (i) (or (5.11)) holdsby (5.9) in Theorem5.3. To prove part
(ii), suppose(5.12) holds, wherec0 � 
 =� . Then (3.6) implies

j� (t; ! )j � j� (t; ! ) � x(t; ! )j + jx(t; ! )j � jU(t; ! )j + jx(t; ! )j;

so it follows that

lim sup
t !1

logj� (t; ! )j
logt

� � (c0 ^ 
 );

by Lemma 5.1 and equation (5.12). Since� (t; ! ) ! 0 as t ! 1 , by
(3.17), we have

lim sup
t !1

logjf 0(� (t; ! )j
logt

= lim sup
t !1

�
logjf 0(� (t; ! ))=j� (t; ! )j � � 1j

logt
+ (� � 1)

logj� (t; ! )j
logt

�

= (� � 1) lim sup
t !1

logj� (t; ! )j
logt

� � (� � 1) (c0 ^ 
 ):

Therefore,accordingto Lemma 5.1 and (3.5),

(5.15) lim sup
t !1

logjg(t; ! )j
logt

� � f (� � 1) c0 ^ 
 + 
 g :
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If c0 � 
 , c0 ^ 
 = 
 so (5.10) and (5.15) imply

lim sup
t !1

logjg(t; ! )j
logt

� � � 
 < �
�

� � 1
:

Hence(3.25) holds for g(�; ! ) and we may apply Theorem3.5 to x(�; ! )
(which is the solution of (3.4)) to conclude(5.13).

If 
 > c0 > 1
� � 1

�
�

� � 1 � 

�

(which is possibleas(5.10) is true), then

c0 ^ 
 = c0 so (5.10) and (5.15) yield

lim sup
t !1

logjg(t; ! )j
logt

� � (( � � 1)c0 + 
 ) <
� �

� � 1
:

As in the caseabove, (5.13) is true. Hencewe have establishedalter-
native (a).

If c0 � 1
� � 1

�
�

� � 1 � 

�

, (5.10) implies c0 < 
 so c0 ^ 
 = c0 and we

have

lim sup
t !1

logjg(t; ! )j
logt

� � (( � � 1)c0 + 
 ) =: � � :

Hence� � � =(� � 1). We may now apply Lemma 5.2 to x(�; ! ), the
solution of (3.4), to give (5.14). �

Lemma 5.4 deals with the casewhen the noise perturbation fades
reasonablyquickly. The next result achieves the corresponding e�ect
when the decay rate of the noiseperturbation is slower.

Lemma 5.5. Let f be locally Lipschitz continuous and obey (2.4c),
(3.1a), (3.15), (3.17). Let � be a positive and continuousfunction which
obeys (3.1b) and (3.16). Let ! 2 
 � , an almost sure set and x(�; ! )
be the function de�ned by (3.2) which obeysx(t; ! ) ! 0 as t ! 1 . If
� and 
 , the exponents in (3.15) and (3.16), respectively, satisfy the
inequality

(5.16) 
 �
1

� � 1
;

then the following hold

(i) (5.11) is true.
(ii) Supposethere is c0 � 
 =� suchthat (5.12) holds. Then one of

the following is true:
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(a) If c0 � 
 then

(5.17) lim sup
t !1

logjx(t; ! )j
logt

� � 
 :

(b) If c0 < 
 , then (5.14) holds.

Proof. The proof of Part (i) is the sameasthat of Lemma5.4, part (i).
To prove Part (ii), note �rst that the estimate (5.15) still holds for g.

Let c0 � 
 . then c0 ^ 
 = 
 , so by (5.15),

lim sup
t !1

logjg(t; ! )j
logt

� � � 
 =: � � :

Then (5.16) implies � � � =(� � 1). We may now apply Lemma 5.2 to
x(�; ! ), the solution of (3.4), to give (5.17). This establishespart (a).
As to part (b), supposec0 < 
 . Then c0 ^ 
 = c0, so (5.15) implies

lim sup
t !1

logjg(t; ! )j
logt

� � (( � � 1)c0 + 
 ) =: � � 0:

Then, asc0 < 
 and (5.16) holds, � 0 < � 
 , so � 0 < � =(� � 1). We may
now apply Lemma 5.2 to x(�; ! ), the solution of (3.4), to give (5.14).
This establishespart (b) of the result. �

We now apply Lemmas 5.3, 5.4 iterativ ely to prove the following
result.

Lemma 5.6. Let f be locally Lipschitz continuous and obey (2.4c),
(3.1a), (3.15), (3.17). Let � be a positive and continuousfunction which
obeys (3.1b) and (3.16). Let ! 2 
 � , an almost sure set and x(�; ! ) be
the function de�ned by (3.2) which obeysx(t; ! ) ! 0 as t ! 1 .

(i) If � and 
 (the exponents in (3.15) and (3.16), respectively)
are related by (5.10), then (5.13) holds.

(ii) If � and 
 are related by (5.16), then (5.17) holds.

Proof. De�ne the sequence(cn )n� 0 as follows: let c0 = 

� , cn+1 =

� � 1
� cn + 


� , n � 0. Then


 � cn+1 =
� � 1

�
(
 � cn ); n � 0

so cn " 
 as n ! 1 .
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Considercase(i), where 1
� � 1 < 
 � �

� � 1. By Lemma 5.4(ii), we can
then seethat if

lim sup
t !1

logjx(t; ! )j
logt

� � cn ;

then

cn >
1

� � 1

�
�

� � 1
� 


�

implies (5.13) and

cn �
1

� � 1

�
�

� � 1
� 


�

implies

lim sup
t !1

logjx(t; ! )j
logt

� � cn+1 :

Note however, that becausecn " 
 as n ! 1 , for every " > 0 there is
an N" 2 IN such that cN " > 
 � " . Now, as 
 > (� � 1)� 1, there exists
" > 0 such that 
 > 1

� � 1 + " � � 1
� . Thus

cN " > 
 � " >
1

� � 1

�
�

� � 1
� 


�
:

Hence(5.13) holds and Part (i) hasbeenestablished.
Consider now Part (ii), where 
 � 1

� � 1. By Lemma 5.5(ii), since
cn < 
 for all n 2 IN, we seethat, if

lim sup
t !1

logjx(t; ! )j
logt

� � cn ;

then

lim sup
t !1

logjx(t; ! )j
logt

� � cn+1 :

Therefore,for all n 2 IN,

lim sup
t !1

logjx(t; ! )j
logt

� � cn :

Letting n ! 1 , as cn " 
 , we have (5.17) and Part (ii) has been
established. �

We now have all the elements to prove a result when (5.1) holds,
under the stronger assumptionthat f obeys(3.17).
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Theorem 5.7. Supposethat f is a locally Lipschitz continuous func-
tion and obeys (2.4c), (3.1a), (3.15), (3.17). Let � be a positive and
continuousfunction whichobeys (3.1b) and (3.16). Let X be the strong
solution of (2.1) which obeys (2.6).

(i) If � and 
 , the exponents in (3.15) and (3.16), respectively,
are related by (5.10) then there is a random variable L, which
assumeseither of the valuesL = 0 or L = [a(� � 1)]� 1=(� � 1) ,
suchthat

(5.18) lim
t !1

t
1

� � 1 jX (t)j = L; a.s.

(ii) If � and 
 are related by (5.16) then

(5.19) lim sup
t !1

logjX (t)j
logt

� � 
 ; a.s.

Proof. To prove Part (i), note by Lemma 5.6 that the function x(�; ! )
obeys (5.13) for all ! in an almost sure set, and Lemma 5.1 implies
that

lim sup
t !1

logjU(t; ! )j
logt

� � 
 < �
1

� � 1
;

since(5.10) holds. Therefore

(5.20) lim
t !1

t
1

� � 1 jU(t; ! )j = 0:

By (5.13), (5.20), (3.2), for all ! in an almost sureset we have

lim sup
t !1

t
1

� � 1 jX (t; ! )j � lim sup
t !1

�
t

1
� � 1 jx(t; ! )j + t

1
� � 1 jU(t; ! )j

�
= L(! );

and

lim inf
t !1

t
1

� � 1 jX (t; ! )j � lim inf
t !1

�
t

1
� � 1 jx(t; ! )j � t

1
� � 1 jU(t; ! )j

�
= L(! );

whereL is the random variable from Lemma 5.4. Hence,(5.18) holds.
As to the proof of Part (ii), usingLemma5.6,weseethat the function

x(�; ! ) obeys (5.17) for all ! in an almost sure set. Hence(3.2) and
Lemma 5.1 imply that

lim sup
t !1

logjX (t; ! )j
logt

� � 
 ;

for all ! in an almost sureset, which is (5.19). �
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It is interesting to note that the polynomial decay rate of solutions
is � 1

� � 1 ^ 
 ; thereforethe decay rates as
 approaches 1
� � 1 from above,

and when 
 approaches 1
� � 1 from below, are equal,so the estimateson

the decay rates match as the problem passesfrom the \small noise"
parameter region to the \large noise" parameter region. It appears,
moreover, that 
 = 1=(� � 1) is the critical case.In view of the improved
estimatesavailable through Theorem5.7it is reasonableto askwhether
the decay rate in the \large noise" regioncould againbe improved, and
whether the size of this parameter region could be further reduced.
Although we cannot prove that these results are optimal, numerical
simulations appearto con�rm, for the problemwith f (x) = asgn(x)jxj �

and � (t) = (1 + t) � ( 1
2 + 
 ) (� > 1, a > 0, 
 > 0), that we have

lim sup
t !1

logjX (t)j
logt

� � 
 ; a.s.

for 
 2 (0; 1
� � 1], while for 
 2 ( 1

� � 1 ; 1 ),

lim
t !1

t
1

� � 1 jX (t)j =
�

1
a(� � 1)

� 1
� � 1

; a.s.

6. Necessity of condition (3.16) f or Pol ynomial St ability

By Theorem3.1 and Theorem5.3 we have shown that it is su�cien t
for � to obeycondition (3.16) in order for solutionsof (2.1) to bealmost
surely polynomially stable. We now show that a condition of the form
(3.16) is alsonecessaryto ensurealmost surepolynomial stabilit y.

Theorem 6.1. Supposethat f is a locally Lipschitz continuous func-
tion and obeys (2.4c), (3.1a), (3.15). Let � be a positive and continu-
ous function which obeys (3.1b) and supposeX is the strong solution
of (2.1) which obeys (2.6).

Consider the statements:

(6.1) There is 
 > 0 suchthat 
 = inf f � > 0 :
Z 1

0
t2� � (t)2 dt = 1g ;

and

(6.2) There is � > 0 suchthat lim sup
t !1

logjX (t)j
logt

� � � ; a.s.

Then
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(i) (6.1) implies (6.2), where � = 1
� � 1 ^ 


� .
(ii) If � > 1

� , (6.2) implies (6.1), with 
 � � ^ (� � � 1).

Proof. Part (i) followsdirectly from Theorem3.1and Theorem5.3. We
concentrate on the proof of (ii). Using integration by parts on (2.1)
and rearranging,we have

Z t

0
(1 + s) � � (s) dB(s) = (1 + t) � X (t) � X (0)

�
Z t

0
� (1 + s) � � 1X (s) ds+

Z t

0
(1 + s) � f (X (s)) ds;

(6.3)

wherewe choose� 2 (0; � ^ (� � � 1)). By (6.2)

lim sup
t !1

log(1 + t) � jX (t)j
logt

� � � � < 0; a.s.;

so the �rst two terms on the righthand sideof (6.3) have a �nite limit
as t ! 1 , almost surely. Since(6.2) implies

lim sup
t !1

log(1 + t) � � 1jX (t)j
logt

� � � 1 � � < � 1; a.s.;

it follows that (1 + t) � � 1jX (t)j 2 L1(IR+ ) a.s. Hencethe third term on
the righthand side of (6.3) has a �nite limit as t ! 1 , almost surely.
By (3.15), (6.2) and � < � � � 1, we have

lim sup
t !1

log(1 + t) � jf (X (t)) j
log(1 + t)

= lim sup
t !1

"

� +
log

�
jf (X (t)) j=jX (t)j �

�

log(1 + t)
+ �

logjX (t)j
log(1 + t)

#

� � � � � < � 1; a.s.

Therefore (1 + t) � jf (X (t)) j 2 L1(IR+ ), a.s. Thus, the fourth term on
the righthand side of (6.3) has a �nite limit as t ! 1 , almost surely.
Sinceall the terms on the righthand side of (6.3) have �nite limits as
t ! 1 , almost surely we have that

(6.4) lim
t !1

Z t

0
(1 + s) � � (s) dB(s) exists a.s.

and the limit is a.s. �nite. This in turn implies that
Z 1

0
(1 + s)2� � (s)2 ds < 1 :
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Thus (6.1) holds with 
 > � 2 (0; � ^ (� � � 1)), or 
 � � ^ (� � � 1),
as required. �
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