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POLYNOMIAL ASYMPTOTIC STABILITY  OF
DAMPED STOCHASTIC DIFFERENTIAL EQUA TIONS

JOHN A. D. APPLEBY AND DANA MACKEY

Abstra ct. The paper studies the polynomial corvergenceof so-
lutions of a scalar nonlinear It stochastic di eren tial equation

dX(t) = f(X(0)dt+ (t)dB(t)

where it is known, a priori, that limy; X (t) = 0, a.s. The in-
tensity of the stochastic perturbation is a deterministic, con-
tinuous and square integrable function, which tends to zero more
quickly than a polynomially decaing function. The function f
obeyslimy, ¢sgn)f (x)5jxj = a, for some > 1,anda> 0. We
study two asymptotic regimes: when tends to zero su cien tly
quickly the polynomial decéay rate of solutions is the sameasfor the
deterministic equation (when 0). When decas more slowly,
a weaker almost sure polynomial upper bound on the deca rate
of solutions is established. Results which establish the necessiy
for to decay polynomially in order to guarantee the almost sure
polynomial decay of solutions are also proven.

1. Intr oduction

Many authors have cortributed to the study of nonexponertial rates
of decg to equilibrium of solutions stochastic di erential equations.
The polynomial stability in particular has beenthe subject of much
study, in Mao [7, 8], in Liu and Mao [5, 6] and in Liu [4].

In theseworks, the authors principally conceirate upon establishing
upper boundson the almost surerate of corvergenceof solutions. The
equationsconsideredare, in general,nonautonomousequationswhich
are quasilinearin the state variable. The categoriesof equation studied
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include those in which there are strong time-dependencein the drift,
or in which the di usion coe cient decass polynomially in time.

As is well known from the theory of ordinary di erential equations,
slower-than-exponertial rates of deca to equilibria canalsoariseif the
restoring force closeto the equilibrium is weak (viz., there is no lead-
ing order linear term at the equilibrium). This phenomenonhas been
examinedin the stochastic casealso, by e.g.,Zhangand Tsoi [12, 13].
In their work, examplesare given of stochastic di erential equations
which cornvergeto equilibrium at a polynomial rate by virtue of the
nonlinear form of the drift and di usion coe cien ts closeto the equilib-
rium. Other interesting papersin which almost surely globally asymp-
totically stable solutions of stochastic delay di erential equationsare
found are[11, 10],in which the equationsstudied have general(includ-
ing polynomial) nonlinearities.

In this work, we attempt to determinethe exact almost surerate of
deca for a classof scalardi usion equationswherethe drift term is
purely state-dependen, andthe intensity of the stochastic perturbation
is deterministic. To obtain polynomial stability in this classdoesnot
require that the perturbation be polynomial: merely that it decass
more quickly than somepolynomial function. Therefore, polynomial
asymptotic stability can arise even in the presenceof, for example, a
noise perturbation which diminishesexponertially quickly. Thus, the
principal medanism responsible for the slow corvergenceof solutions
is the nonlinear form of the drift term closeto the equilibrium.

More precisely we showv that exact polynomial rates of decay canbe
recoveredin the casewherethe nonlinearity in the drift is responsible
for the polynomial convergenceof solutions, and when the intensity of
the di usion term decass to zero su ciently quickly. In caseswhere
the noise term decas more slowly, it is still possibleto establish a
polynomial rate of deca of solutions, but the bound on rate of deca
is related to the rate of decg of the stochastic perturbation only. Fi-
nally, we establisha type of converseresult: roughly, we show that if
the solutions of the stochastic di erential equation are polynomially
asymptotically stable almost surely, the noiseperturbation must decy
more quickly than somepolynomial function.
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We prove theseresults by expressingthe solution of the stochastic
di erential equation asthe sum of a random function independer of
the solution, and the solution of a perturbed random di erential equa-
tion whose solution is cortinuously di erentiable. Since the rate of
decyg of the perturbation can be shavn to be the samefor almost all
paths, the asymptotic behaviour of this random di erential equation
can be determined by studying the rate of decg of a perturbed de-
terministic equation. Consequetly, a signi cant part of the paper is
dewoted to proving results on the deca rate of solutions of determinis-
tic equations. We beliewe theseresults may be of independen interest:
moreover, we are unaware of the existenceelsewheren the literature
of results of the form required here.

A physical motivation for studying this work comesfrom the prob-
lem of simulated annealing. Work on the almost sure stability of dif-
fusion processesnodelling annealing has beendone, for example, by
Chan [2], and Chan and Williams [3]. In thesepapers, necessaryand
su cient conditions for the global almost sure stability of a classof
scalar and multidimensional stochastic di erential equationswere es-
tablished. The classof equationsstudiedin this paperisincludedin the
works mertioned above by theseauthors. Someliterature concerning
the annealingproblem is referredto in [2] also.

In future work, we hope to study the rates of deca of solutions of
generalnonlinear stochastic equations,and alsoto apply thesemethods
to study the asymptotic deca/ properties of solutions stochastic func-
tional di erential equationswith fading external stochastic perturba-
tions. Moreover, asthe annealingtheory holdsin the nite dimensional
case,we would expect to be ableto extend our analysisto study nite
dimensionalequations.

2. Preliminaries

We rst establishsomestandard notation. As usual,let X __y denote
the maximum of x; y 2 IR and x”y the minimum. The sigrum function
will be denotedby sgn, wheresgn) = 1 for x > 0, sgnx) = 1 for

X < 0andsgnk) = 0for x = 0.
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Denote by C(1;J) be the spaceof cortinuous functions from | to
J, and CY(1;J) be the correspnding spaceof all functions with con-
tinuous derivatives. Denote by L(IR*) the spaceof all measurable
real-valued functions which are integrable on IR* and by L?(IR*) all
squareintegrable functions on IR* .

Letf 2 C(IR;IR) and 2 C(IR*;IR)\ L?(IR*). Furthermore, let f
be locally Lipschitz cortinuous.

Let 2 IR. Let ( ;F;(FB(t)): o;IP) be a complete ltered proba-
bility space,and B = fB(t); FB(t);0 t< 1g be a one-dimensional
standard Brownian motion onit. The ltration (F B(t)); ¢ is the nat-
ural Itration for standard Brownian motion, viz., FB(t) = fB(s) :
0O s tg.

Under these hypotheses,there exists a cortinuous adapted process
X which is a strong solution, up to an explosiontime T, > 0, of the
It stochastic di erential equation

(2.1) dX(t) = f(X(1)dt+ (t)dB(t)

relative to B, with initial condition , viz. X obeys

Z Z,

(2.2a) X(t) = f(X(s)) ds+ (s) dB(s); 0 t< Tg
0 0

(2.2b) X (0) =
Here, asis cornvertional, the explosiontime T, is de ned by

Te= Iim T,
n'l
whereT, = infft > 0:jX (t)] = ng.
In orderto ensurethat Te(! ) = 1 for almostall samplepaths! 2
and that almost all solutions corvergeto zeroast! 1 (viz.,

(2.3) tI'ilm X({t!)=0; 12 o

wherelP[ o] = 1), the following hypothesesonf and wereimposed

in Chan and Williams [3].
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Theorem 2.1. Letf be a locally Lipschitz continuous function with

(2.4a) f strictly increasingon IR;
(2.4b) |'I{’n f(x)=1; IIilm f(x)=1
(2.4c) f(0) = 0

and suppse is a continuous function suchthat
(2.5a)
is decreasingon [0;1 ); (0) is nite and (t)! Oast! 1:

Then, there is a unique strong solution of (2.1) on [0;1 ), almost
surely. If, moreover,

(2.5b) Jim (t)? log(t) = O;
then (2.3) also holds.

In the following, we will merely assumethat
There is a unique strong solution of (2.2) on [0; 1 )

(2.6) ,
which obeys(2.3)

noting all the time that the hypotheses(2.4), (2.5) suce to ensure
(2.6).

Our interest hereis to establish necessaryand su cient conditions
for all solutionsof (2.1) to convergeto zeroat a polynomial rate. This
notion of almostsure polynomial stability wasintroducedby Mao in [7]
for solutions of nonautonomousnonlinear stochastic di erential equa-
tions.

De nition  2.2. The processX is almostsurely polynomially stable if
there exists a deterministic > 0, sud that

. logjX (1)
lim supgji()J ;o as:

111 logt

To establishthis polynomial stability we will needto imposea decy
condition on the fading intensity of the stochastic perturbation , as
well as a condition on the behaviour of f closeto zero. Before we do
this, we establishthe rst main result of this paper, which does not

rely on assumptionsof this type.
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3. Str ucture of Solutions of (2.2)

In this sectionwe prove that ead realisation of the processX canbe
decompmsedinto the solution of a perturbed random di erential equa-
tion (which has its solutionsin C(IR*;IR)) and a random function
which is independert of the processX . Determining the asymptotic
behaviour of almost all realisationsof X (in other words, the almost
sure asymptotic behaviour of X)) then reducesto studying the asymp-
totic behaviour of (a) a perturbed ordinary di erential equation, and
(b) a processwhoseasymptotic behaviour can be understood by using
the law of the iterated logarithm for cortinuoustime martingales.

3.1. Representation of solutions of (2.1).

Theorem 3.1. Supmsef is a locally Lipschitz continuous function
which oleys (2.4c) and

(3.1a) f2CH ;) forsome > O0:

Let be a continuous function with

(3.1b) 2 L*(IR");
and suppse that X, the solution of (2.1), okeys (2.6). Then, there
existsan almost sure set suchthat, for all ! 2,
(3.2) X)) =x@t!)+U!);, t 0O
where

yA 1 VA t
(33) Ut!)= (s)dB(s) (s)dB(s) ()

0 0 7
1

= (s)dB(s) (!);

t

and x( ;! ) is the solution of

(3.4) x1)= fx@r)+ot!);, t 0

whicholeysx(t;!)! Oast! 1 ,andg(;!) isacontinuousfunction
which satis es

(3.5) jo(t i =t (iU L)
EJQTDE, Proc. 7th Coll. QTDE, 2004No. 2, p. 6



for all t > T(!), with obeying
(3.6) ) x@h)o ju!)i

In advanceof proving this result, we make somecommerts.
Firstly, the asymptotic behaviour in the casewhen

(3.7) fq0)=0

is false is not consideredin this work. Resultsin this direction for the
linear equationare well-known and have beenstudied by many authors.
An accourt of theseresults on linear equationsin the narrow senseis
available in e.g.,Mao [9].

Secondly the reformulation of the solution of (2.1) in Theorem 3.1
has certain advantages;if an almost sure estimate on the rate of deca
of U can be obtained, the problem reducesto studying the asymptotic
behaviour of the function x in (3.4), a problemwhich, owing to the fact
that it is de ned pathwise,canessenhally be studied usingthe methods
of the theory of deterministic ordinary di erential equations. Howe\er,
the study of the asymptotic behaviour of X through x and U must be
achieved by studying the asymptotic behaviour of the randomfunctions
x(;1), U(;!) foreatr ! in an almost sureset. This is becausex(t),
U(t) are not F B(t)-measurablerandom variables as x(t;! ), U(t;!)
depend on the valuesof the Brownian motion B on [t; 1 ). Hence,Xx,
U are not stochastic processesvhich are adaptedto the ltration FB,
and sothe realisationst 7! X (t;! ) must be studied through the one-
parameter families of functionst 7! x(t;!), t 7! U(t;!) rather than
through \realisations" of x and U.

Proof of Theorem 3.1. Introducethe process
YA t

Y(O)=  (s)dB(9):
0

By (3.1b) and the martingale corvergencetheorem, there exists an
almost sure set ;, and a FB(1 )-measurablerandom variable Y ,
sud that

i 1) = |

tI!|1m Yt!)=Y (1)

forall! 2 ;. Dene 01 (s)dB(s) := Y on . Therefore,for eath

I 2 4, the function t 7! U(t;!) introducedin (3.3) is well-de ned.
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Next, considerthe processZ givenby Z(t) = X (t) Y (t) which is well
dened forall! 2 o, the almostsuresetin (2.6). Therefore
yA t

Z(t) = f (X (s)) ds; t O
0

Sincef and X are cortinuousfunctions, t 7! Z(t) isin C((0;1 ); IR)
and obeys

Zqt)y = f(zZ(@)+ Y(1):; t O
Next, let
2=f1 2 4: tI'ilm X(t;!)=0; tIlilm Y(t;!) existsg:

By (2.6), (3.1b), this is an almost sure subsetof ;. Hence,for eah
I 2 5 the random function t 7! x(t;! ) given by

x(GE1)y=2Z@!)y+yY (1)y=X(!)+ U;!)
is well-de ned. By (3.3), limy; U(t;!) = Oforall! 2 ; and thus
x(t;1)! Oast! 1 forall! 2 ,. Sinceeat patht 7! Z(t;!) isin

CY((0;1);IR), the function t 7! x(t;! ) isin C((0;1 );IR) for! 2 ,
and

(3.8) xqt; 1) = f(xE!)+U!); t o
De ne
gt ) =fx(!) fxEH)+u!): t O

Then, ast 7! U(t;!) is cortinuous for all ' 2 ,, t 7! g(t;!) is
cortinuous,and sot 7! x(t;! ) obeys(3.4).

By (3.1a), foreah ! 2 ,, thereexistsT(! ) > 0 sud that, for all
t>T()

X< o gx()+ U )j<

becausex(t;!')! O,U(t;!')! Oast! 1 forall! 2 ..

Now, supposethat U(t;!) 0. Then, by the meanvalue theorem,
foreatit > T(!), thereexists (t;!) 2 [x(t;!);x(t;!)+ U(t;!)] sud
that

gt 1) = f(x(t )+ Ut 1)) fx(t1)=fY (t!1)UL!)
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sojg(t;!)j = jf Y (t;1))jju(t;!)j. If, onthe other hand, U(t;! ) < 0,
the mean value theorem again implies that for eath t > T(! ), there
exists (t;!) 2 [x(t;!)+ U(t; ! ); x(t; ! )] sud that

gt !)=f(x(t!) fxwH)+uUg!)= fLE))UE!):

Thusjg(t; ! )j = if A (t!))jju(t;!)j. In ead case,we have jx(t;!)
(t; )] juU(t; ) aswell. Hence(3.5), (3.6) are true, and thus all the
claims posited in the statemen of the theorem hold.

In the theorem above, it follows that (t;!)! Oast! 1 for
all ' in an almost sure set. Therefore, as (3.7) holds throughout, it
followsthat g(t; ! ) tendsto zeromore quickly than the X -independen
random function t 7! U(t;! ). Therefore,the size of the perturbation
in (3.4) is boundedby the sizeof U. Thus, if a deterministic function

:IR* ! IR" canbe found sothat

PR
(3.9) jim sup/ S
t11 (1)
for all ! in an almost sure set, it follows that
(D B
(3.10) tI!|1m o 0:

The e ect of this is to reducedramatically the complexity in studying
the equation (3.4). In fact, the parameterisation of solutions of (3.4)
by I becomegedundart whenconsideringasymptotic behaviour, soit
is now su cien t to study the asymptotic behaviour of the deterministic
ordinary di erential equation

(3.11) x{) = fxE)+ot); t O

whereit is known that x(t) ! Oast! 1 ,andthe cortinuousfunction
g decas more quickly to zerothan somegiven function . We will
turn to the study of sud perturbed deterministic ordinary di erential
equationsin the next section.

The question now arises: can sud a function be found in (3.9)?
This is not only important in helping to determine the asymptotic
behaviour of X directly (through the represetation of X in formula

(3.2)), but alsoindirectly (through the asymptotic behaviour of the
EJQTDE, Proc. 7th Coll. QTDE, 2004No. 2, p. 9



solution of (3.4)). The function requiredis

(3.12) (t) = P 2(t)loglog (t) %;
where Z .
(3.13) (t)= (s)?ds:

t
Lemma 3.2. Supmse is a continuous function olkeying

(3.14a) (t)y>0forallt O

(3.14b) (t)>Oforallt O

Then, with , dened in (3.12), (3.13), U dened in (3.3) okeys
(3.9).

A more generalversion of Lemma 3.2, together with a proof, is to
be found in [1], also submitted to theseProceedings.

The hypotheseq3.14a)is natural: in the casewhere(3.14a)doesnot
hold (i.,e. (t) Ofor all t > Ty) the stochastic di erential equation
(2.1) reducesto the trivial separabledi erential equation

Xqt) = F(X(); t>To

whereonly the initial condition X (Ty) is random. On the other hand,
the condition (3.14b) (which eviderly implies (3.14a))is a purely tech-
nical restriction, which we hope to remove in later work.

3.2. Hyp otheses on f and ; Statement of the Main Results.

Finally, we mertion the hypotheseson f; usedin this paper which
dealspeci cally with the polynomial asymptotic behaviour of solutions
of (2.1). We always requiref to obey

Thereexist > 1,a> 0 sud that
3.15
(3.15) im LX) sgn&) _
x! 0 jXJ
and to satisfy the following condition

There exists > 0 sud that

Z
3.16 1
(3.16) = inff >0: s (s)’ds= 1g :
0
In (3.16), in the casethe setis empty, we dene = 1. This case

arises,for example,if (t) = e '. We preferto imposethe hypothesis
EJQTDE, Proc. 7th Coll. QTDE, 2004No. 2, p. 10



(3.16) rather than a stronger pointwise polynomial bound on , asit
is sucient to establishthe a.s. polynomial asymptotic stability of
solutions of (2.1). Moreover, as we later prove, the integral condition
(3.16) is alsonecessaryif the solution is to be almost surely polynomi-
ally stable.

On occasion,we will requestthat f obeysa strongerrestriction than
(3.15), namely

There exists > 1, a> 0 sud that

(317) jim ) _
xt ojxj 1
Oncexf (x) > O0forx 2 ( ; ), (3.17) implies (3.15).

The condition (3.15) ensuresthat f (x) behaveslike x asx # 0.
Howewer, when is not a rational number, x is not well de ned for
X < 0. Therefore, in order to maintain symmetry, we extend f to
behavelike j xj asx" 0.

The presenation of symmetry is a crucial hypothesisin the existence
of a well-de ned decy rate. If the exponert in (3.15) had di erent
valuesfor x < 0 and x > 0, the decg rate obsened would depend on
whether the solution approated zero from above or belov. However,
in the presenceof a stochastic perturbation, it is not clear whether
the solution would necessarilybe non-oscillatory (that is, whether it
ultimately approadesthe equilibrium from one side).

We will require a consequencef (3.16) in the next section.

Lemma 3.3. Let > land > 0begivenby (3.15)and (3.16). If

(3.18) >

1 > 1

then, for all ! 2 |, an almost sure set, we have
(3.19a) tI!ilm tTTuU(!)=0;
(3.19b) tI!ilm t1gt;!)=0;
where U, g are de ned by (3.3) and (3.5).

Proof. Sincef 2 C( ; ) and (3.15) holds, f 40) = 0. By (3.5) and

the fact that (t;!)! Oast! 1, (3.19a)implies (3.19b). As to
EJQTDE, Proc. 7th Coll. QTDE, 2004No. 2, p. 11



(3.19a), note that Lemma 3.2 implies that
(3.20) lim T (1)2=0
assuresthe result. To prove (3.20), rst obsene that for any 2

(= 1»)
|

3.21 )y —; 0

(3.21) () oz
R

where | = 01 (L+ s)?> (s)?ds< 1, and| is nite on accourt of

(3.16). Now let " > 0 be any number sud that

(3.22) —7 1 <1 "

wherethe existenceof sucd an" is guararteed by (3.18). Since ( t) #0

ast! 1 ,wehave (t)<e ©forallt> T,. Hencethereis
. loglo
inf glogy

- >0
y2[e®;1 ) y

C =

such that, forallt Ty,

O~ (1) oglog(( 1) * © (0

Now, (3.21) and (3.23) give

(3.23)

1 0
1+1)2@ N2 B

12 2 1
- 1 ol
St C

s0(3.22) yields (3.20).

We now state the rst main result on asymptotic stability in the
paper.

Theorem 3.4. Supmsethat f is a locally Lipschitz continuous func-
tion which oleys (2.4c), (3.1a), (3.15), and let be a positive and
continuous function which okeys (3.1b) and (3.16).

If X, the strong solution of (2.1) okeys (2.6), and and , the
expnentsin (3.15) and (3.16), respctively, are related by (3.18), and
a is the constant de ned in (3.15), then there is a random variable L
which assumesither the valuesO or [a(  1)] ¥ ), suchthat

1

(3.24) lm 73X @j= L as.
EJQTDE, Proc. 7th Coll. QTDE, 2004No. 2, p. 12



By Theorem 3.1, Lemma 3.3 and the precedingdiscussion,we see
that Theorem3.4is a direct consequencef the following result.

Theorem 3.5. Supmsethat f is a locally Lipschitz continuous func-
tion which okeys (2.4c), (3.1a), (3.15) and g is a continuous function
which oleys

(3.25) lim t 2 g(t) = 0;

where > 1is the expnentin (3.15). Let x be the unique continuous
solution of (3.11)on [0;1 ). If

(3.26) x(t)! Oast! 1

and a is the constantde ned in (3.15), thenthere is a constantL which
assumesither the valuesO or [a(  1)] ¥ P, suchthat

(3.27) lim t=1jx(t)j = L:

The proof of Theorem 3.5 is the subject of the next section. Before
we turn to that proof, let us re ect on the hypothesesof Theorem 3.5
and then Theorem 3.4.

The hypothesis(3.26), which ensureshe existenceof asymptotically
stable solutions of (3.11) wheng(t) ! Oast! 1 ,isonewhich can
be veri ed in many cases. To take a concreteexample, considerthe
problem

xAt) = asgn(x()ix(Di + g9t); t>0;

whereg(t) ! Oast! 1; wenow shov that x(t) ! O ast !
1 . Perusal of the explanation belon revealsthat a nearly idertical
argumert su ces for the problem xYt) = f (x(t)) + g(t), whenf isa
cortinuous, odd, and increasingfunction, with f (0) = O.

As can be seenin the proof of Lemma4.1 below, x obeys

D.jx()j  ajx(t)j +jg()j; t>0

Next, for every " > 0 thereis a T(") > 0 sud that jg(t)] < " for
t> T("). Hence

D.jx(0)  ax(t) +" t>T("):
EJQTDE, Proc. 7th Coll. QTDE, 2004No. 2, p. 13



If x(t) = ax(t) +",t> T("), and X(T(")) = 1+ jx(T("))j, then
x(@)j x(t) fort T("). Thus
"=
|II‘tI!11$Uij(t)j tI!llm X(t) = 3 ;
soletting " #0 provesthat x(t)! Oast! 1.

We now return to discussTheorem 3.4. When f is a cortinuous
function satisfying (2.4c), (3.15) for some > 1, all nontrivial asymp-
totically stable solutions of the deterministic version of equation (2.1)
(or, equivalertly, the unperturbed versionof (3.11)) obey (3.27) with
L=T[a( 1)] ¥ . Therefore,accordingto (3.18), whenthe decay
rate of the noiseintensity is su ciently fast (and so the sizeof the
stochastic perturbation vanishessu cien tly quickly), the asymptotic
behaviour of the deterministic and stochastic equationsis the same.

We make two commerts in relation to this here. First, the result
is unsurprising in one respect: if the perturbation vanishesquickly
enoughwe should expect to recover the asymptotic behaviour of the
unperturbed problem. Howewer, given that almost all realisations of
X are almost everywhere nondi erentiable, it is perhaps surprising
that we should recover a C* (1;1 ) decy rate (t ¥ 1) for almost
all paths. Second,Theorem 3.4 states that the deterministic decy
rate is recorered when (3.18) holdsi.e., > = 1). Later in this
paper, under the hypothesis (3.17), we shav that there appears to
be a transition from the deterministic asymptotic regime to a new
asymptotic regimewhen = 1=( 1).

4. Pr oof of Theorem 3.5

We divide the proof of Theorem 3.5 into three steps. Each of these
stepswill be givenin alemmabelow. The stepsare:
Step 1. We show that

1
4.1 li 1 -
(4.2) msupt (]
Step 2: Given Step 1, we establishthat either
(4.2) I|m t 1]X(t)j =0or I|m supt 1]X(t)j = m
EJQTDE, Proc 7th Coll. QTDE, 2004No. 2, p. 14



Step 3: In the casethat

lim supt ™1 jx(t)j = t
nSUpLT L jx(t] = oy
we show that
(4.3) lim ¢~ 1 jx(t)j = L
' ti1 J = a( 1)

Lemma 4.1. (Step 1) Condition (4.1) holds.

Proof. Introducethe function a:IR* ! IR,

8
f(x(t)) . .
ghm . XO>0

(4.4) an = _a x(t) = O;

f(x(t)) . .
o X)) <0

Then a is a cortinuous function which obeyslimy; a(t) = a, sincef
obeys(3.15) and x obeys(3.26). Thus, (3.11) can be written as

(4.5) xqt) = a(t) sgnk(t)) jx(1)j + g(t):

Indeed, we note that there existst; > 0 sud that a(t) > 0 for all
t > t,. Next, note that Theorem3.5is trivially true for the casewhere
x(t) = Ofor all t suciently large, sowe assumeto the cortrary, that
x(t) 6 0 on someinterval [T;1 ). In this case,we can chooset > t;
sud that jx(t )j > O.

Next, we seeka comparisonequationfor x. Fix t > t and suppose
x(t) > 0. Then, asx isin C1(IR*;IR), x(s) > Ofor all s 2 [t; t + h), for
h su ciently small. Hence,by (4.5)

Z t+h Z t+h
jx(t+h)j  jx()j= a(s)jx(s)j ds+ g(s)ds
t 1
Z t+h V4 t+h
a(s)jx(s)j ds+ jo(s)j ds:

t t

Sincet 7! jg(t)j, t 7! a(t), t 7! jx(t)j are cortinuous,letting h #0

(4.6) D.jx(t)j  a®)jx(®)] +jg)j; t t
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wherewer x(t) > 0. In the samemanner, for a xed t > t where
x(t) < 0, (4.5) yields
Z t+h VA t+h
x(t+h)j jx(0)j = a(s)jx(s)j ds g(s) ds
t t
Z i+h Z tih
a(s)jx(s)j ds+ jo(s)jds

t t

S0 (4.6) holdsin the casex(t) < 0. Finally, if x(t) = 0, we have
x(t+h)j jx()j x(t+h) x(t)

D.jx(t)j = lim sup lim sup
ht 0% h ht 0% h
The cortinuity of the modulus gives
ixqt)j = lim x(t+h) x(®) _ lim sup x(t+h)  x(®) .
h! O+ h h ot h

Thus asf (x(t)) = 0O,

D.jx(i  xY0i=17 fx(®)+a®)i=jg®i= a®ix®j +igt)

and so (4.6) holdswhenx(t) = 0,t > t . Therefore (4.6) holds for all
t t.
Next, considerthe initial value problem

Xqt) = atx(t) +jgt)j; t>t;

4.7 X(t) = jx(t)j+ L

(4.7) has a unique cortinuous solution on (t ;1 ) and, by the com-
parison principle, jx(t)] x(t), t t . We now obtain a bound on
the solution of (4.7) by consideringthe unperturbed version of (4.7),
namely

W= at ©; t t;
(t)=jx(t)j+ L
Then X(t) (t), t t . The asymptotic behaviour of the solution of

(4.8) is easilyobtained by quadrature, noting that a(t) ! aast! 1.
Indeed

(4.8)

(4.9) lim s () = = 1 5 .
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Therefore,asX(t) (1), (4.9) and (3.25) imply

0 Iim supjg(t)J lim supjg(t)J = lim supw

=0
t11 X(t) t11 (1) t11 tLl (t)

solimy;  g(t)gx%x(t)] = 0. Hence,(4.7) implies

xqt) _
ol ox

asa(t)! aast! 1 . Integration now gives

1 e
a( 1)
Sincejx(t)j] X(t), we have established(4.1).

. AN
tI!|1mt iX(t) =

Lemma 4.2. (Step2) (4.2) holds.

Proof. Let L = (a( 1)) ¥ Y. According to (4.1), there exists
O Lo L sudthat

1

(4.10) lim supt™ 1jx(t)j = Lo:
th

If Lo = 0, we havethe rst part of (4.2). Supposenow that Lo 2 (O;L).
Then for every " 2 (O;L  Lg) thereis Ty(") > 0 sud that

tx()] Lo+ " t Tu(*):

R
By (3.25), it follows that tl jo(s)j dsis well de neg forallt 0, and
moreover, ast™ 1jx(t)j (Lo+ ") , we have that tl a(s)jx(s)j dsis
well de ned for everyt 0. By (3.26), (4.5), we have

Z 1 Z 1
x(t) = a(s)sgn(x(s))jx(s)j ds+ g(s) ds;
t t
SO
Z 1 Z 1
(4.11) t TIjx(t)] t T ja(s)jjx(s)j ds+t 1 jo(s)j ds:
t t

Next, for every " 2 (0; a), thereis To(") > 0 sud that ja(t)j < a+ " for

all t > To("). Now, let " 2 (0;a” (L Lo)) and T(") = Ta(") _ To(").
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Then for t > T("), by (4.11), we have
Z, Z,

sIjx(s)] ds(a+ ")+t 1T  jg(s)jds
t § 1 Zl t
(a+ ") Lo+ ") ( 1+t"T  g(s)ds:

t

tIjx(t)j toT

Therefore,

Lo = limsupt 1jx(t)j (a+")(Lo+") ( 1)

Letting " #0vyieldsLy aLg( 1), soLo L. But this cortradicts
Lo < L. Thusin (4.10), eitherLy = Oor Lo = L, asneededn (4.2)

Lemma 4.3. (Step 3) Condition (4.3) holds.

Proof. Fix C 2 (0;L) and choose" > 0 su ciently small, sothat

<. aC
o<"< — 1.
C +2 1
This implies
(4.12) Cl+aC +" C +2 1 <O

Sincelimy; a(t) = aandlimy; t = Yjg(t)j = 0, it follows that
there exists To(") > 0 sud that a(t) < a+ " andt < Vjg(t)j < "
for all t > To("). Also, sincelim sup,; t¥ Yjx(t)j = L, there exists
T,(") > 0 and a sequencdt,), 1 with lim,; t, =1 sud that

to jX(tn)j > C(1+ ") 3

forall t, > T,("). This madepossibleby the factthat L > C(1+") =1,
Now, chooseT (") to be the smallestmentber of this sequencevhich

is greaterthan To(") soT(") > To(") and

1

(4.13) TE)Y Tjx(T(")j> C(L+ ")
Let To(") = "T (") and de ne

(4.14) XL(t)= C(t+ Ty(") ~°

forallt T(").
Note that jx(T("))j > 0. Consider rst the casewhenx(T(")) > O.

In this case(4.14) and (4.13) imply that x(T(")) > x_(T(")).
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Then, asT(") > To("), fort > T(") we have
X (1) + a(t) sgrixc (D))xc (1) + jg(b)j

=@+ T S alnC + (T T o)

#
<) = Svq@ene —T(")T+(-;l(") 1
SUFTY) T T+ (a+)C o+ (L)

1

< (t+ Ty (M) 1 c 1+ (a+")C +"2 1 <0

since" 2 (0;1) and " obeys(4.12). Therefore,if x(T(")) > 0, jx(t)j =
x(t) > x, (t) forall t > T(").
Now supposethat x(T(")) < 0. Then, letting z(t) = x(t), we get
Z(t) = a(t)sgn(z(t)jz(t)j  o(t); t>T("):
Note by (4.13) that we have
T(")"Tz(T(") > C(L+ ") ~T:

Dening z (t) = x.(t) fort T("), we seethat z(T(")) > z (T("))
and

() < atsgnz ()z () job)i;
forall t > T("). Therefore,we have

O0<z(t)<z(t)= x(1) = jx(®)j:

Hencejx(t)] > x (1), t  T(").
Therefore,in both caseswe have jx(t)j > x,_(t) forallt T(") and
it follows easily that

i inf t1jx(t)j C:
Letting C " L yieldsliminfu; t 1jx(t)j] L and hence
tI!|1m t 1x(t)) = L;

by the secondpart of (4.2).
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Remark 4.4. In the theoremabove, both the casesvhereL = OandL =
(a( 1)) Y can be realised, even when the order of magnitude
of the perturbation remainsthe sameast ! 1 . Indeed, the initial
value problem

1
x9(t) = sgnxa(t) xa(t)2 —2—5; t>0;

X]_(O) =1

obeysall the hypothesesof the theoremand hasthe unique solution

2

x(t)—}t+1 :
=5 p—é ;

forallt 0. Clearly, this solution satis es
tI!|1m tx,(t) = 0;

so, for this problem, L = 0.
On the other hand, the unique solution of the initial value problem

yi = y(1)? (1+lt)3; t> 0,
y(0)=1

can be expressedn terms of Besselfunctions and can easily be showvn
to satisfy

tI'ilm ty(t) = 1
Moreover, it can be showvn that y(t) > 0 for all t > 0. Hencethis
solution also satis es the initial value problem
1
x3(t) = x2(t)*sgni(t)) m; t> 0
X2(0) = 1:

We have thus obtained an examplewhereL = (a( 1)) ¢ Y as
for this problema = 1 and = 2. Note that in both examplesthe
initial condition is the sameand the perturbation hasthe samedeca
rate, i.e.
Jim t3g(t) = 1
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Remark 4.5. It is always possibleto get an arbitrarily fast rate of deca
for the solution of

x{t) = f(x(t) +gt); t>0
X(0) = Xo;

provided that the perturbation hasthe appropriate form and rate of de-
cay. Indeed,arate of deca d(t) canbe obtained, whered 2 C([0;1 ))
and obeysd(0) = 1 and % I Oast! 1. The last condition im-
pliesthat d decgs to zerofasterthan any exponertial function. If the

perturbation is
g(t) = xodt) + f (xod(t))
then limy;  -28_ = x, and the solution of the initial value problem is

dq(t)
x(t) = xod(b).

5. Asymptotic Behaviour of (2.1) with slowly decaying
Noise

We now considerthe asymptotic behaviour of (2.1) whenthe inten-
sity of the stochastic perturbation fadesmore slowvly. First, we note
that the perturbation U decass at a polynomial rate of at least

Lemma 5.1. Let > land > O begivenby (3.16). If

(5.1) —1;
then U de ned by (3.3) oleys

- logju(t; !)j :
(5.2) Ilrtrrlsup iogt ;

forall! 2 |, an almostsure set.

Proof. Let 0 < < |, and note that the estimates(3.21), (3.23) still
hold. Let T{, C- > 0 be asdened in Lemma 3.3, where" > 0 is
su cien tly small. Hencefor t > Ty,

; 1t

2 1

()= 2C. (t) 2C. A+2a

Therefore |
. t
lim sup Ogg( ) @a ":
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Letting " #0, andthen " gives

Finally, as(3.9) holdsfor a.a. ! in an almost sure set,

SR
lim supilc}gju(t’ )l = lim supIOg (©
t11 logt t11 logt

thus proving (5.2).

The next result establisheghe rate of decgy of equation(3.11) when
the perturbation g is boundedby a slowly decging polynomial.

Lemma 5.2. Supmsef is alocally Lipschitz continuousfunction which
okeys (2.4c), (3.15). Let = 1), whee > 1is the exmpnent
in (3.15), and let g be a continuous function which okeys

. logjg(t)]
(5.3) Ilrtr!llsup logt

Let x be the unique continuous solution of (3.11)on [0;1 ). If x okeys
(3.26), then

. logjx(t)j
(5.4) Ilrtr?lsup gt

Proof. Equation (3.11) can be written as

xt) = a(t)sgnix(t)ix(t)i +g(t); t 0

whereais cortinuousandlimy; a(t) = a. Thusa(t) > a=2fort > T
Next, for all " 2 (0; ) thereis TX") > O sudh that t > TX") implies
jgt)i <t *z. Now, let TY") = infft > Ty(") _ T 1:x(t) 6 Og.
If the setis empty, the result is proven, as the result is trivially true
in the casex(t) = Oforallt > T, _ TP 1. Supposethe setis not
empty. Then there exists T,(") > TX") sud that jx(T,("))j > 0. Let
x = x(To(")). If X(To(")) = x- and

Xqt) = a)jx(t)j +jot)i; t  Ta");

then jx(t)] Xx(t) fort  T,("), where, of course,the function X is

uniquely determined.
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Since = 1), for every" > 0, we have "< = 1),so0
0> " — 1.Since > 1,thereexistsM > 1 sud that

(5.5) gM To") | MxeTo(") " > 1
Finally, we de ne

Xu(t) = M x- t To");

T2(")
sothat x,(T2(")) = Mx-. SinceM > 1, xy(To(")) > x(T2(")). For
t> To(") > 1, (5.5) implies

{'=2 gM %To(") " ——MxTy(") t s

Thus, for t > T,("),

gM To") 't 7 MxTy(") Tt T st tr
sogiving the estimate
X2(t) + a(t)sgn@()ixu(] = MxTo()—t — + L)
t « "
+ a(t)M Xx.
® T2(")

a " "
> M x.To(") "t *
M X To()
Mx Tt !

>t 2> jg(b)j:
Therefore, x, obeysthe di erential inequality
xa(t) > at)sgn(xu(t)ixu(t)i +jg®i; t  Taof");
Xu(T2(")) > X(T2(")) > O

Sincexy(T2(")) > X(T2(")) > 0, either x,(t) > X(t) forallt  T,("), or
asX and x, are C!, there exists T > T,(") sud that x,(t) > x(t) for
To(") t<T,0<x(T)=X(T ). Supposesudh a nite T exists.
Thenx{T ) x%T ), sowe have

X{T )= a(T )sgn((T )ix(T )i + jg(T )j

= a(T )sgnixu(T Dixu(T )i+ jo(T )j:
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Therefore

xa(T)  XAT )= aT )sgn(T )ixu(T )i +jo(T )i < xq(T );

which is a cortradiction. Therefore x,(t) > x(t) for all t > T,(").
Hence

XM xu(t) = Mx- t T("):

t .
T2(") ’
Hence _ _

im Sup|OgJX(t)J
t11 logt
Letting " # 0 now givesthe result.

Lemmas5.1 and 5.2 enableus to prove rst a result on the decy
rate of solutionsof (2.1).

Theorem 5.3. Supmsethat f is a locally Lipschitz continuous func-
tion which okeys (2.4c), (3.1a) and (3.15). Let be a positive and
continuous function which okeys (3.1b) and (3.16).

If X, the strong solution of (2.1) oleys(2.6) and and , the exm-
nentsin (3.15) and (3.16), respctively, are related by (5.1), then

(5.7) lim sup 29X (O

-, a.s.
t11 logt

Proof. According to Lemma 5.1, U( ;! ) obeys (5.2). By (3.5), and
(5.2) the function g( ;! ) obeys

: logjg(t; ! )]
5.8 | ==t
8) 'TlsUp logt

By Lemma5.2 and Theorem 3.1, the function x( ;! ) de ned by (3.2),
and which obeys(3.4), obeys

- logjx(t; ! )]
5.9 I — —:
(5.9) |rtr!115up logt
Hence,by (5.8) and (5.9), (3.2) implies
(el
im SuplogJX (1) .
111 logt

since > 1. In all the above ! is in an almost sure set, so (5.7)

holds.
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Taking the resultsof Theorems3.1and 5.3together suggestghat the
solution of (2.1) decygs at a polynomial rate of at least 1= 1) for

2 (— 1 )andat arate ofat least = for 2 (0; —]. Howewer,
with a slightly strongerhypothesisonf , it is possibleto show that the
decy rate of 1=( 1) can be extendedto the interval 2 (Ll; 1)
and the rate on the interval 2 (0; ;] can be improved from =
to .

To obtain thesere ned estimateson the deca rate requiresa dif-
ferert approad), and we outline this method rst before proving the
results.

The main thrust of this ideais to apply Lemmas5.1 and 5.2 suc-
cessiely to the equation (3.4), ead time improving the estimate on
the polynomial rate of deca/ of solutionsof (3.4). The improvemert is
possiblebecausehe perturbation g in (3.4) is of the form

jg(®i = it L )i

and, dueto (3.6),] (t)j jx(t)j+ jU(t)j. Thusan a priori estimateon
the rate of deca/ of is known. Thereforeasthe polynomial behaviour
of the function f °is known closeto zero (as prescrited in (3.17)), a
bound on the decy rate of f { (t)) can be estimated, and so a more
rapid rate of deca of g can be established. Due to Lemma 5.2, this
ensuresthat a faster rate of decgy of x can be estimated, and this in
turn, enablesa fasterrate of decg of g to be established.Cortinuing in
this mannerwe can determinethe optimal rate of decg of the solution
of (3.4), and hencethat of (2.1).

Lemma 5.4. Let f be locally Lipschitz continuous and okey (2.4c),
(3.1a), (3.15) and (3.17). Let be a positive and continuous function
which oleys (3.1b) and (3.16). Let! 2 , an almost sure set and
X(;!) be the function de ned by (3.2) which okeys x(t;!) ! 0 as
t! 1. 1I1f and , theexmnentsin (3.15) and (3.16), respectively,
satisfy the inequality

(5.10)

< —
1 1

then the following hold:
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()

: logjx(t;!)j
(5.11) I|Tlsup logt
(i) Supmsethereis ¢ = suchthat
- logjx(t; ! )] :
(5.12) “T1SUp logt Co:
Then one of the following holds:
@ lfco> 45 — , then
(5.13) Mntiﬂxan)j:Lu)
whee L(!) is eitherO or [a(  1)] ¥ .
b) Ifco L& — , then
PR
(5.14) jim sup XL (Dot

t11 logt
Proof. Part (i) (or (5.11)) holdsby (5.9) in Theorem5.3. To prove part
(i), suppose(5.12) holds, wherecg = . Then (3.6) implies
JED) 1@t x@h)i+x ) jult )+ jx )i
soit follows that

- logj (t;!)i
limsup——= N,
n sup logt (™ )
by Lemma5.1 and equation (5.12). Since (t;!')! Oast! 1, by
(3.17), we have

lim supw
t11 logt
=( 1 IiTlsUpW ( D" ):

Therefore,accordingto Lemmab5.1 and (3.5),
P
logjlg(t"—n f( Do + g

(5.15) lim sup "
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If co , ™ = s0(5.10)and (5.15) imply

. logjg(t; ! )]

I — = et

|Tlsup logt s 1
Hence(3.25) holdsfor g( ;! ) and we may apply Theorem3.5to x( ;! )
(which is the solution of (3.4)) to conclude(5.13).

If > cp> Ll — (which is possibleas (5.10) is true), then

"™ = ¢y so(b.10)and (5.15) yield

im Suplogjg(t; D)j («

t11 logt

e+ )< 1

As in the caseabove, (5.13) is true. Hencewe have establishedalter-
native (a).

ifco L — , (5.10) impliescy < socg” = ¢y and we
have
. logjg(t; ! )i
lim sup————= N+ ) =
N SUP = ogt (( ot )
Hence = 1). We may now apply Lemmab5.2to x(;!), the

solution of (3.4), to give (5.14).

Lemma 5.4 dealswith the casewhen the noise perturbation fades
reasonablyquickly. The next result achievesthe correspnding e ect
when the deca rate of the noiseperturbation is slower.

Lemma 5.5. Let f be locally Lipschitz continuous and okey (2.4c),
(3.1a), (3.15), (3.17). Let be a positive and continuousfunction which
oleys (3.1b) and (3.16). Let! 2 , an almostsure setand x( ;!)
be the function de ned by (3.2) whichokeysx(t;!)! Oast! 1 . If

and , the expnentsin (3.15) and (3.16), respctively, satisfy the
inequality

(5.16) =

then the following hold

() (5.11)is true.
(i) Supmsethere is ¢y = suchthat (5.12) holds. Then one of

the following is true:
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@) If ¢ then

: logjx(t;!)j
(5.17) Ilrtr!113up logt

(b) If o< , then (5.14) holds.

Proof. The proof of Part (i) is the sameasthat of Lemmab5.4, part (i).
To prove Part (ii), note rst that the estimate (5.15) still holds for g.

Let ¢ .theng”™ = ,soby (5.15),
Ly
lim SUDM =
t11 logt
Then (5.16) implies = 1). We may now apply Lemmab5.2to

x(;!), the solution of (3.4), to give (5.17). This establishespart (a).
As to part (b), supposecy < . Thency”™ = ¢y, so(5.15) implies

. logjg(t; ! )j

| =L ASRE]

|rtr!11$up logt ((
Then,ascy < and(5.16)holds, °< ,so %< = 1). Wemay
now apply Lemma5.2to x( ;! ), the solution of (3.4), to give (5.14).
This establishespart (b) of the result.

Do+ )= ©

We now apply Lemmas5.3, 5.4 iteratively to prove the following
result.

Lemma 5.6. Let f be locally Lipschitz continuous and okey (2.4c),
(3.1a), (3.15), (3.17). Let bea positive and continuousfunction which
oleys (3.1b) and (3.16). Let! 2 |, an almostsure setand x( ;! ) be
the function de ned by (3.2) whichokeysx(t;!)! Oast! 1.

() If and (the expnentsin (3.15) and (3.16), respctively)
are related by (5.10), then (5.13) holds.
@i) If and arerelated by (5.16), then (5.17) holds.

Proof. De ne the sequence(c,), o as follows: let g = -, CG+1 =
—Yc,+ -, n 0. Then

1
Ciert = ——( G);, n O

soc," asn! 1.
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Considercase(i), where -1; < —. By Lemma5.4(ii), we can
then seethat if

. logjx(t;!)j
limsup——= ;
111 P logt &
then
S 1
G 1 1
implies (5.13) and
1
G 1 1
implies
: logjx(t; ! )]
limsup———= :
o1 p |Ogt Cn+l
Note howewer, that becausec, " asn! 1, for ewery"” > 0thereis
an N- 2 IN sud that cy. > ". Now,as > ( 1) 1, there exists
"> Osud that > - +"—* Thus
> "> !
- 1 1

Hence(5.13) holds and Part (i) hasbeenestablished.

Consider now Part (ii), where Ll By Lemma 5.5(ii), since
¢, < forall n 2 IN, we seethat, if
. logjx(t;!)j
| 9N /) .
|rtr!11$up logt Cn;
then
: logjx(t; ! )]
I _— i1
|rtr!115up gt Cn+1
Therefore,for all n 2 IN,
. logjx(t;!)j
I —_— ;
|rtr!11$up logt Cn
Letting n! 1,asc, " , we have (5.17) and Part (ii) has been

established.

We now have all the elemens to prove a result when (5.1) holds,

under the strongerassumptionthat f obeys(3.17).
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Theorem 5.7. Supmsethat f is a locally Lipschitz continuous func-
tion and oleys (2.4c), (3.1a), (3.15), (3.17). Let be a positive and
continuous function which olkeys (3.1b) and (3.16). Let X be the strong
solution of (2.1) which okeys (2.6).

() If and , the exmpnentsin (3.15) and (3.16), respctively,
are related by (5.10) then there is a randomvariable L, which
assumeseither of the valuesL = Oor L = [a(  1)] ¥( Y,

suchthat
(5.18) lim tTIjX ()j= L; as.
@i) If and arerelated by (5.16) then
(5.19) Iir&sup% ; a.s.

Proof. To prove Part (i), note by Lemma5.6 that the function x( ;!)
obeys (5.13) for all ! in an almost sure set, and Lemma 5.1 implies

that
. logjU(t; ! )] 1
I —=i < -
|rtr!11$up logt 1’
since(5.10) holds. Therefore

1

(5.20) tI!ilm tTju(; )= 0:

By (5.13), (5.20), (3.2), for all I in an almost sure set we have

IiTlsupt%jX(t; )j lim sup Tjx(E )]+t TjUE )] = L();

and

Iiminftile(t; )i lim inf X))t IjUE!)) = L();

wherel is the random variable from Lemma5.4. Hence,(5.18) holds.
As to the proof of Part (ii), usingLemmab.6,we seethat the function

X(;!) obeys(5.17) for all ! in an almost sure set. Hence(3.2) and
Lemmab.1limply that

PN
im SuplogJX (1)

111 logt '

for all ! in an almost sure set, which is (5.19).
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It is interesting to note that the polynomial decg rate of solutions
is %A ; thereforethe decy ratesas approadﬁes% from above,
and when approachesil from below, are equal, sothe estimateson
the decy rates match as the problem passesfrom the \small noise”
parameter region to the \large noise" parameter region. It appears,
moreover,that = 1= 1)isthe critical case.In view of the improved
estimatesavailable through Theoremb5.7it is reasonablgo askwhether
the deca rate in the \large noise"regioncould againbe improved, and
whether the size of this parameter region could be further reduced.
Although we cannot prove that these results are optimal, numerical
simulations appearto con rm, for the problemwith f (x) = asgn)jxj

and (t)= (1+t) G*)( >1,a>0, > 0),that wehave

lim supM ;o a.s.
t11 logt
for 2 (0; %], while for 2 (-%5;1),
. 1 1

m X Oi=

6. Necessity of condition (3.16)for Pol ynomial Stability

By Theorem 3.1 and Theorem5.3 we have shown that it is su cien t
for to obeycondition (3.16)in order for solutionsof (2.1) to be almost
surely polynomially stable. We now shaw that a condition of the form
(3.16) is alsonecessaryto ensurealmost sure polynomial stability.

Theorem 6.1. Supmsethat f is a locally Lipschitz continuous func-
tion and oleys (2.4c¢), (3.1a), (3.15). Let be a positive and continu-
ous function which okeys (3.1b) and supmse X is the strong solution
of (2.1) which okeys (2.6).

Consider the statements: 5
1

(6.1) Thereis > Osuchthat = inff > 0: t> (t)?dt= 1g ;
0

and

(6.2) Thereis > 0 suchthat lim supw
t11 logt

Then
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(i) (6.1) implies (6.2), whee = 7 -

(i) If > 1, (6.2) implies (6.1), with | AL ),

Proof. Part (i) followsdirectly from Theorem3.1and Theorem5.3. We
concelrate on the proof of (ii). Using integration by parts on (2.1)

and rearranging, we have
t

(A+s) (s)dB(s)=(1+1t) X(t) X(0)
6.3) ° Z . Z .

(L+s) X(s)ds+ (1+ s) f(X(s))ds;
0 0

wherewe choose 2 (0; ~ ( 1)). By (6.2)
im SupIog(l + 1) X (1))
t11 logt
sothe rst two terms on the righthand side of (6.3) have a nite limit
ast! 1 ,almostsurely Since(6.2) implies

1 .
im Suplog(l + 1) X ()]

111 logt
it followsthat (1+t) X (t)j 2 L}(IR") a.s. Hencethe third term on
the righthand side of (6.3) hasa nite limit ast! 1 , almost surely.

<0 a.s:

1 < 1 a.s:

By (3.15), (6.2) and < 1, we have
. log(1+ t) jf (X (1)j
Ilrtr?lsup log(1 .1 ,
L log jf (X (1))j=X ()] logjX ()]
= fim sup og@+ 0 TogL+ 1)
< 1 a.s.

Therefore (1 + t) jf (X (t))j 2 L(IR*), a.s. Thus, the fourth term on
the righthand side of (6.3) hasa nite limit ast! 1 , almost surely.
Sinceall the terms on the righthand side of (6.3) have nite limits as

t! 1, almostsurely we have that
Z t
(6.4) tI'ilm (1+s) (s)dB(s) existsa.s.
: 0
and the limit is a.s. nite. This in turn implies that

Zl
(1+8)? (s)’ds< 1:
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Thus (6.1) holdswith > 2 (0; " ( 1)), or ~( 1),
asrequired.
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