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OSCILLA TION AND SPECTRAL PROPERTIES OF SELF-ADJOINT
EVEN ORDER DIFFERENTIAL OPERA TORS WITH MIDDLE
TERMS

ONDREJ DOSLY

Abstra ct. Oscillation and spectral properties of even order self-adjoint di eren tial
operators of the form

L= 27 O ey Y > 0w > o
w(t) |, o ’ ;

are investigated. A particular attention is dewvoted to the fourth order operators
with a middle term, for which new (non)oscillation criteria are derived. Someopen
problems and perspectives of further researd are discussed.

Dedicatedto ProfessorLaszb Hatvani on the occasionof his 60th birthday.

1. Intr oduction and preliminaries

In this cortribution we deal with oscillation and spectral properties of the even
order (formally) self-adjoirt di erential operator

_ 1 X k ky (k). .
1) L(y) := WO ( D r(®y , t2[T;1)
k=0

Note that one can investigatedi erential operator L under weaker assumptions(the
so-calledminimal integrability assumptions)that the functionsrg;:::;r, 1; % andw
are integrableon intervals [T; b) for every b> T. Howeer, the continuity assumption
is su cien tly generalfor our purpose.

First we recall some basic conceptsof the oscillation theory of the self-adjoirt

equationL(y) = 0, i.e. of the equation

X (k)
@) ( D n(ty® " =0
k=0
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The substitution

0 y 1 0P (DK Yry®)yk D 1
y° :
© . % 5 §; u:E@ (Fay™)0+ 1y 1y D §
y® D Fay™

transforms equation (2) into the linear Hamiltonian system
(4) x°= Ax + B()u; u= C(t)x ATu
with

B(t) = diag O;:::;O;% ; C(t)=diagfre;:::;rn 10
and (

1; j=i+Li=21::;n 1

A =
. 0 elsewhere.

In this casewe sa that the solution (x; u) of (4) is genented by the solution y of

Recallthat two di erent points t;;t, aresaidto be conjugaterelative to system(4)
if there existsa nontrivial solution (x; u) of this systemsud that x(t;) = 0= x(ty).
Consequetly, by the above mertioned relationship between(2) and (4), thesepoints
are conjugate relative to (2) if there exists a nontrivial solution y of this equation
sud that yO(ty) = 0= yO(t,), i = 0;1;:::;n 1. System (4) (and hencealso
equation (2)) is saidto be oscillatory if for every T 2 R there exists a pair of points
t;;to 2 [T;1 ) which are conjugaterelative to (4) (relative to (2)), in the opposite
case(4) (or (2)) is saidto be nonoscillatory. The equationL(y) = vy, i.e. the equation

X (k)
(5) ( 1)F r®y® ™ = w(t)y
k=0

is said to be conditionally oscillatory if there exists o > 0 sud that the equation

X K k) (K
(6) (1) r(t)y = w(t)y

k=0
is oscillatory for > o and nonoscillatoryfor < . If (6) is oscillatory (nonoscil-
latory) for every > 0, then equation (6) or (5) is said to be strongly oscillatory

(strongly nonoscilatory).
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A conjoinedbasis (X ;U) of (4) (i.e. a matrix solution of this systemwith n n
matrices X ; U satisfying X T(t)U(t) = UT ()X (t) andrank (X T;UT)T = n) is saidto
be the principal solution of (4) if X (t) is nonsingular for large t and for any other
conjoinedbasis(X ; U) sud that the (constart) matrix X TU UTX is nonsingular,
limy; X 1(t)X (t) = 0 holds. The last limit equalszeroif and only if

Z, 1
(7) Jim X Ys)B(s)XT Ys)ds = 0;
see[22]. A principal solution of (4) is determineduniquely up to a right multiple by a
constart nonsingularn n matrix. If (X; U) isthe principal solution, any conjoinedba-
sis(X ; U) sud that the matrix X TU UT X is nonsingularis saidto be a nonprincipal

on the wholeinterval [T;1 ). On the other hand, the left endpoint t = T is supposed
to be regular, i.e., given any Xo;Ug 2 R", the assaiated linear Hamiltonian system
(4) has a unique solution given by the initial condition x(a) = Xg, u(a) = Uug. The
spectral properties of the operator LZare investigatedin the Hilbert space

1

H= y: w(D)jy(1)j* < 1

T

The maximal di erential operator L nax generatedoy the di erential expressiorL (i.e.
Lmax(y) = L(y)) is the operator with the domain

the classof absolutely cortinuousfunctions. The minimal operator L i, is de ned as
the adjoint operator to the maximal operator, i.e., Lnin := (Lmax) - The domain of

ewery self-adjoirt extension(’ of the minimal operator L ,j, satis es
D(Lmn) D()  D(Lma)

It is known that all self-adjoirt extensionsof the minimal operator have the same
essetial spectrum, see[20, 21, 24).
In this paper we focusour attention to the following spectral property of the oper-

ator L.
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De nition 1. Operator L is said to have property BD if every self-adjoirt extension
of Lmin hasspectrum discreteand boundedbelow.

The link between oscillatory and spectral properties of the operator L is the fol-
lowing statemert.

Prop osition 1. Operator L has property BD if and only if the equationL(y) = vy
is strongly nonoscillatory.

The paper is organizedasfollows. In the next sectionwe recall somegeneralstate-
merts of oscillation theory of self-adjoirt equations(2). In Section3 we presen known
results concerningoscillation and spectral properties of oneand two-term di erential
operators. Section4 cortains new results{ oscillation and nonoscillation criteria for
fourth order di erential equationswith middle terms. The last sectionis dewoted to
remarks on the results of the paper and to the formulation of someopen problems.

2. Oscilla tion theor y of self-adjoint  equations

Our oscillation results are basedon the following variational principle.

Lemma 1. ([15]) Equation (2) is nonoscilatory if and only if there existsT 2 R
suchthat z " #
1 X

F(y;T;1):= )y (t)? dt>0
T k=0
for any nontrivial y 2 W"2(T;1 ) with compact supprt in (T;1 ).
In nonoscillation criteria, the following Wirtninger inequality is frequerily used.

Lemma 2. ([15]) Lety 2 W%2(T;1 ) havecompact supprt in (T;1 ) andlet M be
a positive di er entiablefunction suchthat Mqt) 6 O for t 2 [T;1 ). Then
L oytdie st MO o
MHDjy“dt< 4 - -y dt:
T T IMA)
We will needalso a statemert concerningfactorization of disconjugatedi erential
operators.

Lemma 3. ([2]) Supmsethat equation (2) possesses systemof positive solutions

Ya;:i1;Yan Satisfyingy; = o(yi+1), i = 1;:::;2n 1, ast! 1 . Then the operator L

given by (1) admits the factorization for larget

o o '00

1 1 @ 11y %

ao(t) au(t) " ag(t) an a(t) T au(t) aot)
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whele

Y2 0
Bo= Y & Y1 % W2(y1; 05 yi)

anda, = (8 a, 1) 1 W() beingthe Wronskian of the functions in brackets.

Oscillation criteria presered in this paper are basedon the following generalstate-
mert. This statemert concernsoscillation of the equation

(8 L(y) = M(y);
wherethe operator M is given by

A (k)
M@y)=  ( 1)f r(t)y®
k=0
with m2 f1;:::;n 1gandr(t) Ofor larget. Equation (8) is viewed as a pertur-
bation of (nonoscilatory) equation (2). The next proposition says, roughly speaking,
that (8) is oscillatory if the functions r; are su ciently positive, in a certain sense.
The proof of the next proposition can be found in [3, 4].

() We have
Z, oy #
(OO @)% dt=1: h:=cyi+ + CYn
k=0

(i) The previousintegral is convelgentand

: i keo F(t)(h®(s))? ds

T 'X LS)B(S)XT I(s)ds "¢

(9) lim sup

ti1

> 1

whete (X; U) is the solution of the linear Hamiltonian systemassaiated with

3. One and tw o-term differential opera tors

A typical method of the investigation of the spectral properties of the operator

L consistsin assuming(this assumptionis satis ed in many applications) that one
of the termsin L, say ( 1) r;(t)y") D for somej 2 f1;:::;ng, is dominart, in a
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certain sense,and then the operator L is viewed as a perturbation of the one-term
operator
(1) 0
L. = r:(t () :

i () w(t) i (Dy
This approat hasbeenused,e.qg.,in the papers[11, 16]. For this reasonweturn rst
our attention to one-termdi erential operators. We considerthe di erential operator
of the form

1y

— ny (M)
(10) )= gy TOY”
and the asseiated equation
(11) ( D"(r(®)y™®™ = w(t)y:

Basic results concerningproperty BD of oneterm di erential operators are based
on the following statemen, usually referredto asthe reciprocity principle, the proof
can be found e.g.in [1].

Prop osition 3. Equation (11) is nonoscilatory if and only if the so-alled reciprocal
equation (related to (11) by the substitution z = r(t)y™)

Zm M
= —z
w(t) r(t)

(12) ( 1"
is nonoscillatory.

Now we presen two oscillation criteria for equation (11) in caser(t) =t , i.e. we
considerthe equation

y (M

(13) (D" ty® = w(t)y;
where is areal constart.
R
Theorem 1. ([6,17]) Let 621;3;:::;2n 19, <2n 1, ! w(t)dt< 1,
Z 1

(14) M := lim supt®" ! w(s) ds

t11 t
and 0
a5 NI

a2n 1)

If M < 7. then (13) is nonoscilatory and if M > ~,. the this equation is oscilla-
tory.
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R
Theorem 2. ([6, 13]) Let 2 {1, 3;:::;22n 1g, ! w(t)t 1 odt< 1,
1

(16) K := limsuplgt  w(s)s* ! ds
t11 t
and
_[n(n m 1P o 2n 1
a7 n = 4 ;. m:= >

If K < . then (13)is nonoscilatory and if K > . then this equation is oscilla-
tory.

Note that the oscillation parts of the previoustheoremwereprovedin [13,17]under
the strongerassumptionM > 2n 1 )[(n 1) for 621;3;:::;2n 1g and
K>4, if 2f13;:::;2n 1g. In the form presened in Theorems1, 2 (with the
improved value of the oscillation constart) these criteria were proved in the recen
paper [6].

Considernow the di erential operator

(18) )= ( 1t ry™ @,
The reciprocal equation of the equation I{y) = y is the equation
1
oyt zm ™M= = o
(D" tz ok
Applying the previous oscillation and nonoscillation criteria to this equation we get
the following necessaryand su cient condition for property BD of I For = 0 this

is the classicalcondition of Tkachenko [15] (su ciency) and of Lewis [18] (necess¥).
For 621;3;:::;2n 1g, < 2n 1, this condition is formulated in [17]. The case
211,3;:::;2n  1gistreatedin [13.

Theorem 3. Operator I"has property BD if and only if
i) 6Z13:::;2n 1gand

Zl
lim t>" 1 ds _ 0;
(1 STC)
(i) 2f1;3;:::;2n 1gand
1 2n 1
lim | =0
Jim gt : © ds=0

Obsenethat if M = . in (14) resp.K = . in (16), Theorems1 and 2 do not
apply. A typical exampleof a function w for which this happensis
w(t) = tZ:; ;oo =(@n 1 )N 6XL3::2n g
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with 7. given by (15), resp.

w(t)y= —% 2f13:::2n  1g
®) t2n Ig®t J
This fact wasa motivation for the researbt of the papers[5, 9, 10]wherethe equations
(19) ( )" tym" tz:—;y: w(t)y; 6X1;3:::;2n 1g;
and
20 " tym T y=wit)y; 2fL3::52n g
(20) ()" ty o Igzty (y g

were investigated. In the next criteria equations(19) and (20) are viewed as a per-
turbation of the equations

(21) ( D" tym" tz:—;y= 0, 6X1;3:::;2n 1g;
and
(22) ( D"t yM™ : o n;lg—zty: 0} 211,3:::;2n g

In the easiercase 6Z1;3;:::;2n 1g we have obtained the following result.

Theorem 4. ([6,8,9]) Let 6X1;3;:::;2n 1g,
1
N = limsuplgt  w(s)s™ ' ds
t11 t

and

in #

(23) o k(n 1 292 X 1

4n @1 2k)2

If M < ~,. then (19) is nonoscillatory and if M > ~,. then this equationis oscilla-
tory.

Note that similarly to the casetreated in Theorem 1, the oscillation part of the
previoustheoremwas proved in [5, 9] under the strongerassumptionM > 4~,. and
this assumptionis weakenedto the form as preserned in Theorem4 in [8] using the
method introducedin [6].

In the moredicult case 2 f1;3;:::;2n 1g we have not beenableto nd a
\unifying" limit which \separates" oscillatory and nonoscillatory equations, but we
proved the following result.

Theorem 5. Let 2f1;3;:::;2n 1g.
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@) If
yA 1
(24) w(t)s® 1 Igsds=1;
then (20) is oscillatory.

(ii) If the second order equation

2n 1
(25) (tlgtu9°+ W(t)t4 9t = o

is nonoscillatory, then (20) is also nonoscilatory. In particular, (20) is non-

oscillatory provided
Z 1

tI!ilm lg(lg t) w(s)s

t

The casewhen we consider two-term di erential operators can be regarded as
a model of the situation when not only one term is dominart in the dierential
operator L given by (1), but two terms are dominart. One term is again a term

( 1) ri(t)yw ) for somej 2 f1;2;::::ng and the secondone s the term ro(t)y.
This leadsthen to di erential equationsof the form
( 1Y (r;(®)y)0) + ro(t)y = w(t)y
and equations(19) and (20) are just of this form.
Theorems4 and 5 give the following condition_s for property BD of the operators

1o gsds< .

h i
1 n :
= n (n) n; . s TR .

(26) C(y) : —W(t) (D" ty o y 6X1;3:::;2n 1g;
and

1 n .
27 Cy) = — ( 1) t y™ 0y 2f1:3::::2n  1g:
(27) $%) WO >ty & Ig? Y n 1g

The result given in the next theoremis new, it is not given in the above mertioned
referenceg9, 10]. Howewer, aswe will see this statemen follows easilyfrom Theorems
4 and 5.

Theorem 6. Letthedi er ential operators C and " be givenby (26), (27), resgctively.
() Let 62Z1;3;:::;2n 1g, thenC hasproperty BD if and only if

1
(28) lim gt w(s)s™ * ds= 0
: t
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(i) Let 2f1;3:::;2n  1g. If [ hasproperty BD then
Z 1

(29) w(t™ ' lgtdt< 1 :

Conversely,if
z 1
(30) lim Ig(ig t) w(s)s™ 1 Igsds= O

t

then ' has property BD.

Proof. (i) Let 62f1;3;:::;2n 1g. Note that if R w(t)t 1 dt = 1, then
the equation C(y) = vy is (strongly) oscillatory by Proposition 2 sincethe function
y = t®=— is cortained in the principal systemof solution of the equation C(y) = 0.
Hence,C cannot have property BD by Proposition 1.

Supposenow that C has propertyZBD and the limit (28) is not zero,i.e.

1
Iinnlsuplgt w(s)s™ ! ds=">0:
t! t

Hence,for > %~ we have

Z,

lim suplgt w (S)s
t1l t

2n 1 dS> ~n:

and thus equation (19) with w (t) instead of w(t) is oscillatory. This meansthat
this equation is not strongly nonoscillatory and this cortradicts to Proposition 1.
Conversely supposethat (28) holds. Then for every > 0
z 1
lim Igt w(s)s™ ! ds=0< ~, :
' t
Hence, (19) is strongly nonoscillatory by Theorem 5 and C has property BD by
Proposition 1.
(i) Let 2 f1;3;:::;2n  1g. If  has property BD and the integral in (29) is
divergen, i.e., 7
1

w(bt® 1 Igtdt=1 ;

then the equation C(y) = y is oscillatory by Theorem5, a cortradiction with Propo-
sition 1. Conversely if (30) holds, we have
1

tIlilm lg(lgt) w (S)s lgsds= 0< .
' tEJQTDE, Proc. 7th Coll. QTDE, 2004No. 7, p. 10
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which meansthat the secondorder equation

w (Dt T gt

=0
a, -

(tlgtud+

is nonoscillatory for every > 0.
Hence,by Theorem5, the equation '(y) = y hasthe sameproperty and hence
the operator [ has property BD by Proposition 1.

4. Four th order operators with a middle term

In this sectionwe preser new oscillation and nonoscillation criteria for the fourth
order di erential equation

(31) y®  (at)y9’+ pt)y = 0
wherethis equationis viewed as a perturbation of the Euler di erential equation

. yo 0
(32) L. (y):=y®™ z @Yo
We follow essetially the sameidea as in the papers [7, 8, 14], where two-term
di erential operators are investigated. Our ultimate aim is to study generalthree-
term di erential operatorsand equations

(33)  Lm =D oy VD™ ay™ ™+ pty = 0

with m 2 f1;:::;n 1g. Similarly to [7, 14], we \test" rst the situation in the most
simple caseof the fourth order equationin orderto seewhereare the main problems.
Then, solving theseproblemsin this simple case we are goingto \attac k" the general
three-term equation (33). This ideais applied in the caseof two-term operators in
[8].

We start with an elemetmary statemert concerningthe fourth order Euler equation
(32).

Lemma 4. Let g Equation (32) is nonoscilatory if and only if
1 4
34 + - = 0O:
(34) 4 9
If = g %1 then this equation possessesa fundamental systemof solutions
(35) yi=tz ™ y,=tz ys=trlgt; ys= it
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q

whee ~ = g + . Moreover, the di er ential operator L. admits Polya's factor-
ization
. ( o dfd o
(36) L, =5 tv7 2 e 2 ;
t2 t2
and we have
V4 1 @ 2 yA 1 ( 0 () 2
y%? + y_2 y—4 di= 2z g 2 dt
T t t T 12

for everyy 2 W22(T; 1 ) with compact supprt in (T;1 ).

Pro of. We will prove that (32) is nonoscillatory for ; satisfying (34); oscillation
of (32) if this inequality is violated will be proved later as a consequencef a more
generalresult.

By the Wirtinger inequality givenin Lemma 2,

Z Z
1 1 @ 1 2 1 @ 1 2
1
y%2dt + Y_ gt Y dt > + = Y_ gt Y_dt

T Tt Tt 4 1 2 7 Tt

9 1 1 y2
> -+ = — dt:

4 4 ot

Hence,(32) is nonoscillatory by Lemma 1 if (34) holds.

Now supposethat equality in (34) holds, i.e.,
1 4
+Z - =0
(37) i 9 0

We look for a solution of (32) in the form y(t) = t . Substituting into (32) we obtain
( DC 20 3 ( 3 =0

The substitution = 3 corverts the last equationinto the equation
9 1 9
2 2 2 — N
= = = =0
4 4 4
q
If (37) holds, this equation hasthe roots 3, = Oand 34 = + g = ~ and

this meansthat (35) is really a fundamerial systemof solutions of (32).

In order to prove the factorization formula (36), it su ces to apply Lemma 3 with
y1 = t2 and Yo = t3 - Finally, multiplying (36) by y, integrating the obtained
equationfrom T to 1 , and usingintegration by parts, we get the last formula stated

in Lemma4.
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Next, we study oscillation and nonoscillation of the equationL . (y) = p(t)y in the
critical case(37).

Theorem 7. Supmsethat (37) holdsand p(t) O for larget.

(i) If the second order equation

t°p(t)

(38) (u9’+ —

u=20

is nonoscillatory, then the equation

y° °

(39) yo o2

@Y = p(t)y

is also nonoscillatory. In particular, (39) is nonoscilatory provided p(t)
°_ for larget and

g7t
Z1 2
(40) lim 1g(ig t) t p(s) T s’lgsds< e
(i) If
VA 1
(41) p(t) o t*igtdt=1 ;

then (39) is oscillatory.

Pro of. We skip details of the proof sinceit is similar to that of [7, Theorem1], where

thecase =0, = % is investigated. To prove the nonoscillation part (i), we use

Lemma4 and the Wirtinger inequality of Lemmaz2. Accordingto Lemmal, it su ces
to nd T 2 R sud that

Z 1 y(E y2 Z 1
(42) y2+ I dt p(t)y?dt > 0
T t2 t T

EJQTDE, Proc. 7th Coll. QTDE, 2004No. 7, p. 13



for every nontrivial y 2 W22(T;1 ) with compact support in (T;1 ). We have by
Lemma4
2 yA 1
Yt (t)y? dt
t2 t4 T P
0 J 2 Z,
- ~ Y 2

= tt 2 ot % dt p(t)y? dt

T tz T

Z 1 y 02 Z 1 2

~ ot = dt t3p(t)

tz2 T

3
@ t E)gt) u2 dt,

|<

dt

—t
N|W

whereu = ;. Sincethe secondorder equation (38) is nonoscillatory, the last integral

is positive for every u 2 WH2(T; 1) with compactsupport in (T;1 ) if T is su-
ciertly large.Hence,(42) holds which meansthat (39) is nonoscillatory To prove the
su ciency of (40) for the nonoscillationof (38) we rewrite this equationinto the form

(t 0)0 tgp(t) 1

u-+
4t Igzt ~2 4t lg*t
The transformation u = P Igtv transforms the last equation into the equation (see,
e.g.,[23])

~2  t3Igt
0 - N

By the classicalHille nonoscillation criterion, the equation

(r()x9%+ c(t)x = 0

R
with c(t) O, ! c(t)dt< 1 and L Yt)dt = 1 is nonoscillatory if
Z t Z 1 1
(44) lim r (s)ds o(s)ds < =:
til ¢ 4

Now, applying Hille's nonoscillation criterion to (43) givesjust (40).

In the proof of (i), let T 2 R be arbltra% andts > t, > t; > to > T (thesevalues
will be speci ed later). Denote h(t) = Igt, let f 2 C2[to;t1] be any function
satisfying f (tg) = 0= f qto), f (t1) = h(tl) f At1) = hqt,), and let g be the solution
of equation (32) satisfying

(45) g(t2) = h(ta); go(tz) = hqt2); g(ts) = 0= glty):
TDE, Proc. 7th Coll. QTDE 2004No. 7, p. 14



De ne the function y 2 W2%2(T; 1 ) with compactsupport in (T;1 ) asfollows:

and denote

By a direct computation, we have

8
% 0; t  to;
f (1), to t 1y
y(t)=_ h(t); t; t ty
g(t); t, t s
0, t s
Zih i
K := f o2 t—zf‘2 Gt p(t) f2 dt:
to
th h(E
h?+ —  _h? dt
" 2 4
3 5+ 2 e dt
= — + + — + + | lt .
2( 1)Igt; 8 . tigt K+olg "tz ;

ast, !

1 , whereK is a real constart.

Computing the integral

F (g tats) =

Z,,
gOQ+ t Zg@ t 492 dt,

t2

denoteby ; the solution of the linear Hamiltonian system(further LHS) asseiated
with (32) generatedby the solution g, and let i = :1‘0 . Then,
Z,,
F(Q;tyt3) = u'B(t)u+ x'C(t)x dt
to
Z,
= u'(x% Ax)+ x"C(t)x dt
t
2 t 7 ,
= u'x tz + xT  u® ATu+ C(t)x dt
t2
= u'(t2)x(to):
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Let (X;U) bethe principal solution of the LHS assaiated with (32), i.e., this solution
is generatedby y; = t3 -, Yo = t3. Then we have

Z,, Z,, 1
x(t) = X(t) X 1BXT lds X IBXT tds X (ty)n(ty);

t t2

Z, Z, 1
ut) = U@r) X BXT tds XT k1) X BXT tds X Yto)h(ty);

t t2
(seee.qg.[2] or [7]) and hence

Z, 1
uT(t2)x(tz) = AT ()X T *(t2) X BXT tds X H(t)f(ty)

AT (t2)U(t2) X H(t)N(t):

Since(X; U) is the principal solution, the rst term on the right-hand side of the last
expressiontendsto zeroast;! 1 (t, being xed). Concerningthe secondterm, by
a direct computation similar to that in [7],

M ()U(EX () = 2 ( + Digte+ K + o)

ast,! 1, whereK is a positive real constart.
Summarizingthe above computations
Z
5+2 2 dt
8  tlgt

Foitit) K+ 5( +Digty+
z .,
+ K + 0o(1) qH)t3lgtdt
t1
Z ., 1
+ AT ()X T (ty) X IBXT tds X (tp)h(ty)

t2

g( + 1)lgt, + K + o(1) :

Now, let t, > t; be sud that the following conditions are satis ed:

R
@ & db) gren tlgtdt> K+ K+ L

(b) the sumof all termso(1) (ast,! 1) islessthan 1.
Let t3 > t, be sud that

Z ., 1
A(t)X T (ty) X BXT 'ds X (t)h(ty) < K:
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For t,; t3 chosenin this way we have
F(y;T;1) K (K+K+1D)+K K+K+1 O
Therefore, equation (39) is oscillatory by Lemma 1.

Substituting p(t) = T in the previousstatemert we have the folowing statemert.

Corollary 1. The equation

(iv) y° °
y i t_4y = my
with 2 + 2 = 0 is nonoscilatory if and only if 2 =2 22
The next corollary completesthe proof of Lemmad.
Corollary 2. If % + % < 0 then (32) is oscillatory.
Proof. Let" > Obesuhthat 2 +21 ( ")= 0anddenote~= ". Then

(32) can be written in the form

L.-(y) = @Y

The function p(t) = "t “# obviously satis es (41), so(32) is oscillatory.

Now we will deal with the equation
o O

(46) YOy oy

which will be viewed again as a perturbation of (32).
Theorem 8. Supmsethat (37) holds.
(i) If 2 t2q(t) > O for larget and the second order equation

2qt) ,° 3

(47) t 1 — 5ot

_ 0
2 q(t)pt u=0

is nonoscilatgyy, then (46) is also nonoscillator)b_ln particular, (46) is non-
oscillatory if =t (=2 t2q(t)) ldt=1, (q(t) t)° O for larget, and
Z t 1 P_ o 2
(48) Jim s }(~* $’q(s) lds sz q(s) s < 5
' t
(i) If g(t) Ofor larget and
1 4~2
(49) lim suplgt g(s)sds> —
t11 t 9
then (47) is oscillatory.
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Pro of. (i) To prove nonoscillation of (46) we will useagain Lemmas1, 2 and the
factorization of the operator L. givenin Lemma4. We have
1 yCE y2 1
y%? + T dt q(t)y® dt
T
Z 4 ( 00 2 Zy
= g s L dt q(t)y® dt

t2q(t 1 3t p_ o
?g) m"‘j - q(t) 2

I
Il\)

~—+

=

(50)

whereu =t %yzand we have us%dthe identity
1 1 0
q(t)y®dt = t3g(t)u® §t5 q(t)pt u? dt
T T 2
which holds for every y 2 W¥2(T;1 ) with compact support in (T;1 ). Sincethe
equation (47) is nonoscillatory, the integral (50) is positive by Lemma 1 and this
implies, againby Lemma 1, that (46) is nonoscillatory as well.
(i) We useProposition 2, part (i) with L = L. , M(y) = (qt)y9°andc= e =
(0;1)T. Lety, = t3 =, y,=t5 and
0 0
- Y1 Y2 . — y2o% 2 y9e %
X (t) = ;. U(t) = 1t 2 0t
M= ¥y ® yP° y2°
Then ’Lj is the principal solution of LHS assaiated with (32) and by a direct com-
putation, we have
t 1 Z t 1 2
c’ X BXT 'ds «c¢= X BXT 'ds = —(1+ o))
2,2 lgt
ast! 1 .Hence(9) becomes
g ‘1
2 s)sds
lim sup# > 1
ti1

)
gt

and this inequality is equivalert to (49).
Corollary 3. Letq(t) = Tt Then (46) is oscillatory for > % and it is nonoscil-
latory for < %2
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5. Remarks and Comments

(i) The last Corollary revealsa typical phenomenonin the application of the vari-
ational principle in the oscillation theory of even order self-adjoirt di erential equa-
tions. Using Theorem 8, we are not able to decidethe oscillatory nature of (46) with
q(t) = e if is between~—92 and %. We already mertioned this phenomenonin
Section3, e.g.,equation (13) with 2 f1;3;:::;2n 1g wasoriginally proved (using
a variational principle) to be nonoscillatory if the upper limit K given by (16) is less
than ,. =4 and oscillatory if K > . , i.e., oscillation constart is four-times bigger
than the nonoscillation constart. In [6] we deweloped a method which enablesus to
remove this gapandto provethat the \righ t" oscillation constart equalsthe nonoscil-
lation one (compareTheorem4 and the commern below this theorem). Howeer, this
method doesnot apply (at least, not directly) to the perturbation in a middle term
and it is a subject of the presen investigation how to modify this method to be ap-
plicable alsoto this case.We conjecturethat (46) is oscillatory if the upper limit in
(49) is > %2 i.e., that the oscillation constant is actually four times lessthan stated
in Theorem 8.

(i) As we have already mertioned before, our ultimate goalis to study perturba-
tions in middle terms of generalself-adjoirt, even order, di erential equationsand
operators. Herewe study fourth order equationsin order to \recognize" the main dif-
culties. Concerninga higher order extensionof our results, considerthe 2n-th order
Euler-type self-adjoirt equation

(k)

n ) (M Xt k y®
(51) L=ty "+ (D% m—x =0
k=0

with  62Z1;3;:::;2n 1g, where ¢;:::;Vv, 1 arerealconstarts. Basedon the results
of the of the previoussection,we conjecturethat there existsa \critical hyperplane”

(52) oot ¥ ni1n1=
where o;:::; , 1, are real constarnts, sut that (51) is nonoscillatory for =
o0;..:;N, 1) situated \ab ove" this hyperplane(i.e. holdsin (52) instead of equal-

ity) and oscillatory in the opposite case.Then, similarly to the fourth order case,one
may investigate the equation of the form

Loy)=( D" qyy™ ™; m2fo::;n 1g

asa perturbation of (51).
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(i) It is known ([10, 13|, comparealso Theorem?2) that if 2 f1;3;:::;2n 1g,

the equation
(n)
(D" ty® =y

is no longer conditionally oscillatory (in fact, it is strongly oscillatory, in cortrast to
the case 62f1;3;:::;2n 1g), and to get a conditionally oscillatory equation we
needto considerthe equation
53 "ty W=y
(53) ()" ty - Y

Now, let us look for an equation with middle terms which is a natural extension
of (53). We conjecture (again basedon the computationsfor fourth order equations)
that sud an extensionis the equation

X 1 kW
(54) Cw = (D ty” P T Gy
k= +1
X ) y(® ()
‘o t2n 2 |g t
where = 2"% We also conjecture that one can nd a \critical hyperplane” of

the form (52) for this equation aswell, and that this hyperplane\separates" oscilla-
tory and nonoscillatory equations(54). Having proved sud a result, similarly to the
previousremark and alsoto Theorem5, we can investigateoscillation of the equation

Cy)=( )™ qoy™ ™ m2fo::n g

with = ( o;:::; n 1) onthe critical hyperplane,viewed asa perturbation of (54).
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