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Abstract

In this paper we give a su cien t condition to imply global asymptotic stability of a
delayed cellular neural network of the form

X X
xi() = dixi()+ G fOgM)+  bfOgE §)+uw; ot 0 i=1Linm
=1 =1
wheref (t) = %(jt+ 1j jt 1j). In orderto provethis stability result we needa su cien t
condition which guaranteesthat the trivial solution of the linear delay system

X X _
z(t) = aj z; (t) + bjz(t ) t 0 i=1::;n
j=1 j=1

is asymptotically stable independertily of the delays j .
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1 Intro duction

The notion of cellular neural networks (CNNs) was introduced by Chua and Yang ([5]), and
since then, CNN models have been used in many engineering applications, e.g., in signal
processingand especially in static image treatment [6]. As a generalizationof CNNs, cellular
neural networks with delays (DCNNs) were intro duced by Roska and Chua [14].
In this paper we study the asymptotic stability of the DCNN model described by the
system of nonlinear delay di erential equations
X X
xi(t)y = dixi(t)+ & f(x;(t)+ b f(x;(t )+ ui; t 0 i=1:::;n (11)
j=1 j=1
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Heren is the number of cells; x; (t) denotesthe potertial of the ith cell at time t; d; represerts
the rate with which the ith unit resetsits potential to the resting state when it is isolated
from other cellsand inputs; a; and b; denote the strengths of the jth unit on the ith unit
attime tandt j, respectively; j correspndsto transmissiondelay betweenthe ith and
jth cells;f denotesan output function; u; is an external input to the ith cell.

The stability of (1.1) and more general classesof DCNNs has beenintensively studied,
see,e.q., [2{[4], [11{[13], [15]{[18], and the referencestherein. We will assumethroughout
this paper that the output function f : R! R is de ned by

8
1 < 1 t>1;
f(t)=§(jt+ yojt )=t 1t 1 (1.2)
) 1; t< 1:

This function is widely usedin CNN and DCNN models.
In a recen paper Mohamad and Gopalsany ([13]) have shown using xed point method
that if f is de ned by (1.2) and

X
d > (ayj+ibjj), i=1L200m (1.3)
j=1

then (1.1) hasa unique xed point which is globally exponertially stable. In our Theorem 4
(seebelown) we show that the wealer assumption

X X
d a;i> jaijj+ jbj j; =120 (1.4)
Jj=§1i: j=1
together with another condition (see(3.11) below) implies the global asymptotic stability of
the unique equilibrium of (1.1). We alsoconjecture (seeConjecture 1 below) that assumption
(3.11) can be omitted, (1.4) itself, or even a wealer condition implies the global asymptotic
stability of the equilibrium.
We remark that condition (1.4) is equivalert to saying that the matrix K = (kj ) with
elemerns
K = di ai jhij;  ifi=j;
Yy Jaj) jbyj otherwise
is diagonally dominant and it has positive diagonal elemens. We recall that ann  n matrix
K = (kj ) is (row) diagonally dominant, if

. . X] . . -
jkiij > ikij J; i= 1
i=1;
j6i
Our condition (1.4) is similar to that given by Takahashiin [15], whereit was shown that
if dy = dy = = dy = landthen n matrix W = (wjj ) with elemens

ai 1 jbij; ifi=j;

WiT o jaj jbjj  otherwise
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is a nonsingular M-matrix (see de nition below), then ewvery solution of (1.1) tends to a
constart equilibrium, i.e., the systemis completely stable. Clearly, condition (1.4) implies
that di a; > jbijj, soin this caseW cannot bean M-matrix. Similarly, if W is an M-matrix,
then (1.4) can not hold, therefore the two conditions cover disjoint cases.We commert that
despite the similarities of the two conditions, the proof of our result requires a di erent
technique than that usedin [15. Our results were motivated by the monotone technique
we used in [9], where we studied the scalar version of (1.1) with f dened by (1.2), and
shaved that the scalar version of (1.4) implies the global asymptotic stability of the unique
equilibrium.

In Section 2 we give a su cien t condition which implies asymptotic stability of a linear
delay system for all delays. Sud stability is called absolute stability in the engineering
literature. We extend a known result [3] for the casewe use in Section 3 to prove our
stability results for (1.1). In Section 4 we give an exampleto illustrate the main result and
we formulate a conjecture to generalizethe result.

First weintro ducesomenotations. Let R, bethe setof positive real numbers. We usethe
relation x y (x <y, respectively) for vectorsx;y 2 R", if x; vyi (Xi < Vi, respectively)
foralli= 1;:::;n, wherex = (X1;:::;Xn)" andy = (y1;:::;yn)". We introducethe vectors

Forann n matrix B the symbol jBj denotesthe correspondingn  n matrix with ij th

We say that ann n matrix K is an M-matrix, if all of its diagonal elemerts are non-
negative, and its o -diagonal elemens are nonpositive, and all of its principal minors are
nonnegatiwe (see,e.g., [1], [3] or [7]). It is known (see,e.g., [1]) that if K is a nonsingular
M-matrix, thenx vy impliesK :x K 1ly.

Remark 1 Let K bea matrix such that the diagonal elemers of K are all positive and the
o -diagonal elemerts are all nonpositive. Then it is known (see,e.g., Theorem 2.3in [1]) that
if K is a diagonally dominant, then it is a nonsingular M-matrix, aswell. Moreover, K is a
nonsingular M-matrix, if and only if, there exists a positive diagonal matrix D suc that K D
is a diagonally dominant matrix. We note that there are 50 conditions listed in [1] which are
all equivalert to that a matrix is a nonsingular M-matrix.

2 Absolute Stabilit y of a Linear System

Considerthe autonomouslinear delay system

X x
zi(t) = aj z; () + bjz(t ); t O i=1::n (2.1)
i=1 j=1
where j; Ofori;j = 1;:::;n.
We put the coe cien ts to the n  n matrices A = (a; ) and B = (b ). For the matrix A
we assaiate the n  n diagonal matrix Ag = diag(ai1;az»;:::;ann), i.€., the diagonal part of
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A,andlet A1 = A Ag bethe o -diagonal part of A. Then with this notation, which we use
throughout this paper, we can rewrite A asA = Ag+ Aj;. Similarly, let Bg be the diagonal
part of B, and denoteB; = B  By.

In the casewhen A; = 0 and By = O the necessaryand su cien t condition for the
stability and asymptotic stability of (2.1) for all selectionof the delays j was establishedin
[10]. Following the methods of [10] this result was extendedin [3] for the special casewhen
only A; = 0, i.e., A is a diagonal matrix in (2.1), and B is an arbitrary matrix.

Theorem 1 (see Theorem 2.6 in [3]) SupmseA = Ag. Then the trivial solution of (2.1)
is asymptotically stablefor all delays j; O, if andonly if A jBj is an M-matrix and
A + B is a nonsingular matrix.

Note that in the casewhen B is a nonnegative matrix, this result follows from a more
generaltheorem in [7], where such result was proved for quasilinear delay di erential equa-
tions. In the casewhen B is a nonnegative matrix, Theorem 1 also follows from an other
generalization of it givenin [8], whereit was|§h01vn that if  0,(k=1;:::;p), Dk Oare
diagonal matrices for k = 1;:::;p such that Ezl D isinvertible, B+ are nonnegativen n

xP
u(t) = Dyu(t )
k=1

has a positive fundamenrtal solution, then the trivial solution of

xXP X
x(t) = Dix(t W+ Bx(t )
k=1 =1
is asymptotically stable for all q;:::; - 0, if and only if
xXP X
D B-
k=1 =1

is a nonsingular M-matrix.

We extend the su cien t part of Theorem 1 for the casewhich we will need later. We
assumeA 6 Ap , i.e., there are nonzero o -diagonal parts of A. The proof follows that of
Theorem 1 (seel3)).

Theorem 2 Supmse Ao jAij |jBjis a nonsingular M-matrix. Then the trivial solution
of (2.1) is asymptotially stablefor all delays j; O.
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Pro of Finding the solution of (2.1) in the form etv (v 6 0) leadsto the characteristic
eguation

apn+ bpe app+ bpe 12 ain + bppe
ap + bpie = ap+ pe 2 agn + ppe 2
det , , ] =0 (2.2
an1 + bye an2 + bhoe 2 an + bppe ™

of (2.1). It is known that the asymptotic stability of the trivial solution of (2.1) is equivalernt
to that all roots of (2.2) have negative real parts. Let be a root of (2.2), then is an
eigervalue of the matrix

ajp+ bpe * o app+ bpe 2 aip + bppe

a1+ bpie 2 ap+ bpe 2 ag + bppe
G()= } } . :

an1+ bhie " app+ bppe 02 ann + bhppe ™

Since Agp jAi1j |Bjis anonsingular M-matrix, it is known (see,e.g., Theorem 2.3 in [1])

there exist positive constarts 1;:::; n > 0 suc that
- - X.I - - - - -
( ai b)) > (ai+ibj) j; =L (2.3)
Jj=§li;
Let = diag( 1;:::; n). Then is nonsingular, therefore is an eigervalue of the matrix

1G( ), aswell. Thereforean application of Gersgorin'stheoremfor the matrix ~ 1G( )
yields

j & be 7] i “(ayj+ jbjjie 1))
for somei. Therefore for this xed i
Re( ) Re(@ +bie ")+ e+ jbyjje ®e )iy e

SupposeRe( ) 0. Then (2.3) yields

xXn
Re( ) i (ai+jbij) i+ | (jajj+ jbjj) j <0

which contradicts to the assumption, therefore Re( ) < 0 for all solutions of (2.2).
The proof implies immediately the next technical result.
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Corollary 3 If Ag jAij jBjis a nonsingular M-matrix, then A + B is nonsingular, as
well.

Pro of Let A and B satisfy the assumption, pick any j; 0 (i;j = 1;:::;n), and consider
the corresponding system (2.1). The proof of Theorem 2 shaws that v is a nonzeroconstart
solution of system(2.1) if and only if = 0is a solution of (2.2). But under this assumption
all solutions of (2.2) satisfy Re( ) < 0, therefore the only constart solution of (2.1) is the
zero solution. On the other hand, the constart v solutions of (2.1) satisfy (A + B)v = 0,
henceA + B is nonsingular.

3 Stabilit y of a Delayed Neural Network System

Supposen is a xed positive integer,

As in the previous section, we usethe notation A = Ap+ A4, where Ay is the diagonal part,
A1 is the o -diagonal part of A.
Considerthe DCNN model equations

X X
Xj(t) = dixi(t) + a f(x; (1) + by f(xj(t )+ ui; t 0 i=1:::;n (3.2
j=1 j=1

with the initial conditions

Xi(t) =" i(t); t2[ 0 i=21:0m (3.3)
wherer = maxf j :i;j = 1;:::;ng.
To (3.2) we ass@iate an auxiliary system. For agivenc > Oand ;: [ r;0]! R«

(i = 1;:::;n) considerthe system

X0 X0
yi(t) = diyi)+aif (yi()+  jagjf (yy())+  joif(yjt )+ca; t 0 i=1:::0n
J.=§1i: j=1

assaiated to (3.2), and the initial condition

vi(t) = i(t) t2[ ;0 i=1:::;n: (3.5)
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Lemma 1 Supmse(3.1). Let j: [ r;0]! Ry (i=1:::;n), c> 0, andletys;:::;yn be
the correspnding solution of (3.4)-(3.5). Then there existsM > 0 suchthat

0<yi(t) < M; t 0 i=1:::;n

enought 0. Supposethere existsi and T > 0 such that
yj(t)>0 fort2[ r;T);j=1::5;n and y(T)=0:
Then yi(T ) 0. On the other hand, (3.4) implies

X1 . . X1 - .
Yi(T) = jayif (v (M) +  jbiif (vj(T ) +c >0
j_=§1i: j=1

Fix i. To prove that y; is boundedfrom above, assumethat lim sup,;; Vi(t) = 1 . Then
there exists a monotone increasing sequence,, suc that

Iim ty =1 lim yi(tn) = 1 and  yi(tn) = maxtyi(t): t2 [ r;ta]o:

Thenyi(t, ) 0, which contradicts to the relations

X X0
Yi(tn) = diyvi(ta) + a@if (yi(ta)) +  Jagif (v (M) +  joyjf(yj(tn i) + G
jjzsli; J=1
X1 . . X" . .
dyi(ta) +  Jajj+  jhjj+ G
j:l J:l

< 0

for large enoughn.

Remark 2 It is easyto ched that the matrix D Ao jAij |Bjis adiagonally dominant
matrix with positive diagonal elemerts, if and only if

0<(D Ao jAij jBjL:

Lemma 3 Assume(3.1), D Ao JjAij jBjis adiagonaly dominant matrix, and
O<c< (D Ao jAi jBj1: (3.6)

Let ;:[ r;0]! R+ (i = 1:::;n), and let y(t) = (y1(t);:::;yn(t))T be the correspnding
solution of (3.4)-(3.5). Then

limy@)=(D Ao A [Bj) fe< L 3.7)
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Pro of It follows from Lemma 1 that
M = Iirtr!wlsupyi 9] m; = Iitr!nlinf yi (1)
are nite andm; 0. For a xed i there exists a sequence,, sud that
tan! 1 asn! 1; vilth) 0O, n=1;2:::; and nI!i{n yi(th) = Mj:
We may also assumethat

Iim yj(ta)=m; and  lim yj(t, )= my

of t, with this property. Then

0 nI!l{n Yi(tn)

X X
= Jlim o diyi(te) +aif (i(tn)) + jagif(yita)) + dbif (vilta ) *+ G
. J.jzsli; 1=t
X1 . . X-] . .
= diMi+aif (M) +  Jagjf (m)+  jbyjjf(my )+ ¢
j=1; j=1
j6i
X1 . . X-] . .
diMi + aif (Mi)+  jayjf (M) +  jby jf (Mj) + ai:
j=1; j=1
j6i
Thereforefor all i = 1;:::;
X] . . X] . .
G diM;  a;f (M) jag jf (Mj) jby jf (Mj)
i=1; j=1
j6i
. . X1 . .
diM;  aif (M;) jaij i J: (3.8)
i=1; j=1
j6i
SupposeM; 1 for somei. Then (3.8) implies
X.I . . X] . -
G di @ aj jajj j iy |
j=1; j=1
j6i
which cortradicts to assumption (3.6), which yields
X1 . . X1 . .
O<c<d aj jaij ] jbj j:
i=1; j=1

j6i
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Therefore0 M < 1for all i = 1;:::;n. This meansthere existst; > 0 such that fort t;
(3.4) is equivalert to the linear system

X] - - X] . -
yi(t) = ( di + ai)yi(t) + jaijjy; 1)+ jbyjyi(t )+ G t ot (3.9)
j_=§li; j=1

De ne
e=(D Ao jAij jB)) e

that 0 g M;<1,s00 e< 1. Introducingz(t)=y(t) e we canrewrite (3.9) as

X1 - - X-] - -
zi(t) = ( di + a)z(t) + jajjzi(t)+  jhjjz(t ), t ot (3.10)
j'zeli; j=1

SinceD Ao jAij |Bj is a nonsingular M-matrix by Remark 1, Theorem 2 yields the
trivial solution of (3.10) is asymptotically stable (independenly of the size of the delays),
therefore (3.7) holds.

Theorem 4 Assume(3.1), D Ag jAi1j |Bjis adiagonaly dominant matrix with positive
diagonal elements,and u is such that

juy< (D Ao JjA1 jBj)L: (3.11)
Then any solution x of (3.2)-(3.3) satis es

Jm x(t)= (D A B) Lu: (3.12)

Pro of Fix any initial functions : [ r;0]! R+ sud that
i(s)>j i(9); s2[ ;0] i=1;:0m;

andlet ¢ > juj besucththat c< (D Agp JjA1j jBj)1l. Let y denotethe solution of the
corresponding IVP (3.4)-(3.5). Sincey(0) > jx(0)j, relation jx(t)j < y(t) holdsfor su cien tly
smallt > 0. Supposethere existsi and T > 0 sud that

IXj (D)) < yj(1); t2[ ;T), j=21:05m and jxi(T)j = yi(T): (3.13)

It follows from Lemma 1 that jx;(T)j = vi(T) 6 0, therefore %jxi(t)j exists at T, and
L(ixi(Di)je=7 = xi(T) signx;(T). Hence

& Oy
X X
= dixi(T)+ & fOg(TN+  bfeg(T )+ ui signxi(T)
j=1 j=1
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X
= dipxi(Mi+ aif (xi(T)) + &y f(x;(T)) signxi(T)

i=1;
i6i

xXn
+ by f(xj (T i) signxi(T) + u; signx;(T)
=1
. - . - X] - - - - X] . - - -
< dijx(T)j+ aif (jx;(T)j) + jai it (x; (M + bt (x (T )i+
j_=§1i: j=1
X.I - - X] . -
divi(T) + & f (yi(T)) + jai jff (v (T +  jbyjf(y (T ) +c

j=1; i=1
j6i J

yi(T):

This contradicts to assumption (3.13), therefore jx;(t)j < yi(t) holdsfor allt > Oand i =
1;:::;n. Moreover, Lemma 3 yields

limy@®)=(D Ao A [Bj) le<1
holds, therefore there existst; > 0 sud that jx(t)j < 1L fort t;. Then (3.2) is equivalert to
X X
xi() = dixi(t)+ axp(t)+  byxt  g)+uw; ot ta
j:]_ j:]_

This implies (3.12) using an argumert similar to that in the proof of Lemma 3.

4 Examples

To illustrate our results considerthe two-dimensional DCNN model equations

xa(t) xa(t)  6f (xa(t)) + f(xa(t)) 3f(xa(t 1)+ F(x2(t 2)+us  (41)
X2(t) xa(t)  f(xa(t)) 3f(xz(t) fxat D)+ f(xt 2)+uy; (42

wheref is de ned by (1.2). It is easyto seethat

4 2

D Ao A Bi= , 3

is a diagonally dominant matrix. Therefore Theorem 4 yields that if ju;j < 2 and juyj < 1
then the trivial solution of this systemis asymptotically stable. In Figure 1 we have plotted
the two componerts of the solutions correspondingto u; = 1andu,; = 0:5 and to the initial
functions

() t+ 1 sin2t cost + 1 t3 2
) t 21 t+ 2 and 2cost 43
respectively.
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” ‘ ‘ ‘ ‘ — ‘ ‘ ‘ ‘ ‘
0 2 6 8 10 0 2 4 6 8 10
X2(t)

! X1 (t)
Figure 1. Case(ui;up) = ( 1;0:5):

We can obsene that all solutions tend to the unique equilibrium ( 0:0588240:2058) .
Note that the condition of Mohamad and Gopalsany (1.3) is not satis ed for (4.1)-(4.2),
and also the condition of Takahashi givesthe matrix

7 2
W‘24’

which is not an M-matrix. Therefore none of this two conditions can be applied for system
(4.1)-(4.2).

By cheding other input valuesoutside the region ju;j < 2 and juyj < 1 we obsened in
every caseswe tried all solutions tendedto the unique equilibrium (vq;v2)" of the system(not
necessansatisfying jvij; jvoj < 1). In Figure 2 we can seethe graphsof solutions of (4.1)-(4.2)
corresponding to (u1;up) = (3;5) and to the initial functions (4.3). We can obsene that all

solutions tend to the unique equilibrium (0:5;2)T.

2,
15
2,
l,
05 1
0,
05 0
1
1
15
2 ‘ ‘ ‘ ‘ o ‘ ‘ ‘ ‘ ‘
0 2 4 6 8 10 o 2 4 6 8 10
X1(t) X2(t)

Figure 2. Case(uz;uy) = (3;5):

Next we plotted the solutions corresponding to (up;up) = ( 8:5; 5:5) and to the initial
functions (4.3) in Figure 3. Again, all solutions tend to the unique equilibrium ( 1:5; 1:5)T.
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15
1
1
0
0.5
) of
05
-2
-1
3r
15}
4 ‘ ‘ ‘ ‘ Y ‘ ‘
0 2 4 6 8 10 0 2 4 8 10
xa(t) Xa(t)

Figure 3. Case(uz;up) = ( 85; 5:5):

Now changethe coe cient of f (xo(t  2)) in (4.1) to 4, i.e., considerthe system
xa(t) xa(t)  6f (xa(t)) + f(x2(t)) 3F(xa(t 1))+ 4f (xo(t 2))+ur (4.4)
xa(t) = xo(t) f(xa(t)) 3f(xa(t)) Fxa(t 1))+ F(xa(t 2))+ux  (4.5)

We plotted the solutions corresponding to (u1;u») = ( 6;4) and to the initial functions
(4.3) in Figure 4. As before,all solutionstend to the unique equilibrium, whichis ( 0:1;2:2)T

in this case.On the other hand,

L 4 5
D AO JAlJ JBJ: 2 3

is no longer a diagonally dominant matrix, but it is a nonsingular M-matrix.

15

0.5

05

15

1 6 8 0 “Zo 2 4
x1(t) _ X2(t)
Figure 4. Case(uy;up) = ( 6;4):
Therefore our numerical experiments on these and other systemssuggestthe following

conjecture.

Conjecture 1 Assume(3.1) and D Ay jA;j |jBj is a nonsingular M-matrix. Then
(3.2) hasa unique equilibrium for any input vector u, and any solution of (3.2) tendsto this

equilibrium.
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