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Abstract

Polynomial di eren tial equations showing chaotic behavior are inves-
tigated using polynomial invariants of the equations. This tool is more
e ectiv e than the direct method for proving statements like the one: the
Lorenz equation cannot be transformed into an equation which would be
a massaction type kinetic model of a chemical reaction.
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1 Intro duction

There is a considerableinterest in whether or not real chemical systemscan
exhibit chaos[2, 18, 19|, be it understood in any senseusually used.

As the overwhelming majority of chaotic polynomial di erential equations
cannot be consideredas chemical kinetic models, the questionis still open: are
realistic models of chemical reactions able to exhibit chaotic behavior? As a
contribution to the answer to this question Toth and Hars [27] investigated
orthogonal transforms of the Lorenz equation and of a model by Ressler. Here
we presert a more e ective method to obtain similar results which is basedon
the use of algebraicinvariants.

Let us supposewe have a complex chemical reaction with a nite number (M)
of chemical speciesX 1; X 2;:::X v and supposethere are a nite number (R) of
reaction steps. The reaction can be displayed as:

X X
(m; r)Xm y (m; r)Xm (r=12::R) (2)

m=1 m=1

This paper is in nal form and no version of it will be submitted for publication
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The positive real numbers k; are the reaction rate coe cients , and the non-
negative integers (m;r) and (m;r) are the stoichiometric coe cients. The
usual massaction type deterministic model of the reaction aboveis a polynomial
di erential equation:

R Y
Ym = (M) (min)k oy, (m=1200M) 0 (2)
r=1 p=1

where the dependen variables are the concerrations of species(ym = [Xm])
and the independert variable is the time.

Equation (2) is the induced kinetic di er ential equation of reaction (1). Ki-
netic di erential equationsare polynomial di erential equations. But not every
polynomial di erential equation can be consideredas being induced by a reac-
tion. Let us considerthe Lorenz equation [8]:

x= (x )
y=rx y xz| (;br2R")
z=xy bz

This equation is not a kinetic one asit contains the term . Sudch aterm is
said to expressnegative cross-e ect asit expresseghat y decreasesn a process
in which it doesnot take part. (A mathematical de nition will be presened in

the next section.) This characteristic property of kinetic di erential equations
has beenusedto study kinetic gradient systems[24], to designoscillatory reac-
tions [26], to obtain necessaryconditions for oscillation [17], or for the Turing

instability [22, 23] etc.

Another quite well-known nonkinetic, polynomial di erential equation is the
Resslerequation [12]:

X=X Xy Yy
y=x?> ay (ajbic;d2 R")
Z=bx cz+d

Toth and Hars [27] investigated the question whether there exist orthogonal
transformations to speci ¢ nonkinetic models (e.g. the Lorenz and the Ressler
equation) which transform these modelsinto kinetic ones. They had shown by
lengthy calculations with the coe cien ts that no transformation of the form
MA (where M is an orthogonal and A is a positive de nite diagonal trans-
formation) transforms the Lorenz equation into a kinetic one, and there exists
no universal transformation to a similar model by Resslertransforming it to a
kinetic equation at all the valuesof the parameters. This result can be achieved
much easierby using algebraic invariants.

Many interesting polynomial di eren tial equationsshowing other typesof ex-
otic behavior, like oscillation (the harmonic oscillator, the Van der Pol oscillator)
or pattern formation (Turing's example, [28, p. 42{43]) are also nonkinetic in
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the sensede ned above, and methods have beenproposedto eliminate negative
Cross-e ects.

Why would it be usefulto transform chaotic equationsinto kinetic onesand
which arethe methodsto achievethis goal? The answersto the rst questionare
obvious: Having kinetic equationsone can construct (at least, formal) chemical
reactions with a given type of exotic behavior. Another advantage would be a
small cortribution to the structural characterization of polynomial di eren tial
equations with chaotic behavior. The characterization would re ect behavior
under certain transformations: under linear, nonsingular, orthogonal ones.

As an answer to the secondquestion we mertion two methods. Samardzija
et al. [16] proposedthe following transformation. First, the stationary point
would be transformed into the rst orthant of the state space,and then the j th
right hand side would be multiplied by the jth variable. The equation obtained
in this way will really becomea kinetic equation as it will be a polynomial
equation of the Kolmogorov type: y; = y;f; y; (j = 1,2;:::;M): Scott [18,
p. 125{126] acceptsthe transformation proposed by Samardzija et al. as a
chemical model for the harmonic oscillator and for the Lorenz equation. Al-
though the qualitativ e resenblance of the solutions of the two models to each
other is quite good in this case,the method in general gives a model which
hasdi erent eigervaluesof the Jacobianat the equilibrium point. (Contrary to
the expectation of Peng et al. [9] who say that 'the transform doesnot alter
the qualitativ e features of a particular model, thus allowing known dynamical
featuresto be applied to a corresponding chemical system.") To excludethis, an
additional condition should be met, which has, by the chance, happenedin the
special casesinvestigated in [16]. A criticism from the chemical side has been
expressedby Gyergyi and Field [4, p. 48], who say that the resulting models
contain more autocatalytic stepsthan found in any known chemical system.

Another method has originally been proposedby Korzukhin, improved by
Farkas and Noszticzius [3], and reinvernted by Poland [10]. The method re-
lies heavily upon chemical intuition, although the results can be supported by
mathematical proofs basedupon singular perturbation [29]. The essencss to
construct a chemical reaction whose quasi steady state approximation is the
given original (nonkinetic) di erential equation.

In this paper we apply the theory of algebraicinvariants of di erential equa-
tions [20] to study the e ect of transformations. We are looking for polynomial
invariants which take on values di erent from that taken on by any kinetic
di erential equation. If such an invariant has beenfound the transformations
corresponding to this invariant cannot transform the given equation into a ki-
netic one. Application of algebraic invariants is an especially powerful method
becauseas large equations can be treated by this method as we wish. We will
show an example of coupled models with a negative value of such an invariant
which can only be nonnegative for coupled kinetic di erential equations.

The structure of our paper is as follows. Sec. 2 preseris the fundamenal
de nitions and statemerts connected with algebraic invariants of polynomial
di erential equations. Sec. 3 applies algebraic invariants to obtain negative
results similar to the onesobtained before. In caseswhere it is not impossible
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we try to nd linear transformations to transform nonkinetic equations into
kinetic onesin Example 7. Finally, we discussthe possibledirections of further
investigations.

2 Algebraic Invariants

Let us considerthe following di erential equation (we usethe upper index to
denote the coordinates):

y=a+ ay+ 8,y Y+t 8, Y Y 2Y? 5 (3)
i=1 ji=1j2=1 IEEERSEE
or to useEinstein's summation cornvertion:
YOS g, YYERY (sl = L2Zinng gy, 2R (4)
12
where := f0;1;:::;Dg with somenonnegative integer D; is the degree of the
right hand side.

De nition 1 (Negativ e cross-e ect) Let us rewrite equation (4) in sucha
way that all the summandsare di er ent monomials of the variables, and let us
denote the new coe cients by a}l::j! : Then, equation (4) is said to contain a
negative cross-e ect if there exists a} < Osuchthat :9 ji :jk = I

Theorem 1 ([5]) A polynomial di er ential equation can be considerd as the
massaction type deterministic model of a chemial reaction if and only if it does
not contain terms expressingnegative cross-e ect.

Remark 1 This de nition and theorem have been genealized for nonpolyno-
mial equationsin [23].

X
[ = B, 970009 (r i =L gL 2R): 0 (5)
12

The relation between the coe cien t tensors of equation (4) and (5) can be
expressedas
b= B(a;q) (6)

where B denotesthe polynomial function to expressb using a and q.

Let GL(n;R) := fg 2 R" ";det(q) 6 Og be the generl linear group of
linear, invertible transformations, and let Q  GL(n; R) be a subgroup with
respect to multiplication of transformations.
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De nition 2 (P olynomial invariant) Let us denote the set of all possible

coe cients byA:=R" R" " R" " (where the last product consists

of D + 1 factor). The polynomial | : A! R is said to be a polynomial invariant

of equation (4) under the group Q, if there existsa functional (called multiplier)
Q! Rfor whichl(B(a;q) = (g)l(a) (g2 Q; a2 A) holds.

De nition 3 (Absolute/relativ e invariant) If (g) = 1 for all g2 Q then
| is an absolute invariant, otherwisel is a relative invariant.

De nition 4 We will also use the following groups:

Orthogonal group O(M;R)=fg2 R" "; od'
Special orthogonal group ~ SO(n;R) = fq2 R" "; qq'

lg
I; det(q) = 1g:

Remark 2 In referenae to GL; O and SO we can state the following relation-
shipSO O GL:

De nition 5 (Reducible polynomial invariant) A polynomial invariant is
said to be reducible if it is a polynomial of polynomial invariants of lower degree.

De nition 6 (Generating system) The set of polynomial invariants B is
said to be a generating systemif all the polynomial invariants of eguation (4)
under Q can be obtainal as a polynomial of the elementsof the set B:

Example 1 Let us consider the following (linear) system
y=ay  ( =flgij=12a 2R):
A genegting systemof invariants of the systemalove under Q = GL is
l1(a) = al + a3 = tr(a)

I2(a) = tr(a?)
I3(a) = tr(a%)

(15 is reducibleas tr(a®) = tr(a?)tr( a) %tr( a)(tr2(a) tr(a?)))

andthus I3 = Il %Il(lf 1)
I4(a) = 1 (reducible

Consauently f11; 1,9 is a geneating system. [20, Thm. 2.6]
A possibly more familiar geneating systemis formed from ftr(a), det(a)g usel
to determine the qualitative behavior of the origin.

De nition 7 (Minimal generating system) The genegating systemB is said
to be minimal, if no elementsof it can be discarded without destroying the gen-
erating property.
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As no elemerns of the set fl1;1,g can be discarded without destroying the
generating property, it is a minimal generating system.

De nition 8 (Signature) The componentsof the signaturetensor"” is de ned
in the following way:

8
2 1 if (p1;p2;:::pn) is an evenpermutation of (1;2;:::n);
"PLP2:iPn = o 1 if (p1ipziiiipn) is an odd permutation of (1;2;:::n);
0 if therearei;j 2 (1;2;:::n) suchthati 6 j butp = p;:
(7

"P1P2:=Pn js not de ned if py;p2;:::pn are not from the rst n positive integers.

De nition 9 (Alternation,  generalized alternation)  Letusstart from the
tensor (a%;27:}%) and let us multiply it with a signature tensor (*12/37=In+1) (n+
1 1) and let us apply Einstein's convention of summing for identical indices
to obtain the tensor (427", ;) in the following way:

jpigi i Alti2iik ) 2) 3 el -
TS PRI  H H T
Then, tensor b is obtained by alternation from the tensor a with respect to the
lower indices. One can do the same with upper indices. If lower and upper
indices are taken as well, then b is obtained by generalizedalternation from the

tensor a:

Example 2 By alternation we get a} "I = al (here n = 1), wheras generalized
alternation givesusa/"! = a} af (heren = 2).

De nition 10 ((Generalized) complete contraction) If a tensor has the
same number of upper and lower indices, then one can form pairs from upper
and lower indices and making them equal, afterwards one can apply Einstein's
summation convention for identical indices. This processis saidto be a complete
contraction. If pairs are formed from indices no matter whete the indices are,
the processis said to be a generalizedcomplete contraction.

Example 3 The trace is obtained by complete contraction, as tr( a}) =a.

Theorem 2 ([20]) A base of polynomial invariants of equation (4) under the
group GL (n; R) (under O(n; R)) can be obtained by alternation followed by com-
plete contraction (by genearlized alternation followed by geneslized complete
contraction) of the indices of the products of the coe cient tensors.

Let us considerthe equation
yy=ady +d yy G ; =212:::5n): (8)
This equation is a special caseof (4) with the conditions:

=fL2g (ijuj2 i) = L2n):
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A minimal generating system of polynomial invariants of not more than the
second degree of this equation is:

I, = a GL 1
I, = af"P SO =2
l3=a,"" GL =1
I,=aa GL 2
Is=aa @] 3
lg = afjag"P's SO =4
I, = afa, "P¥ SO =3
lg = agaf "P¥' SO =3
lg = aPad "PIr SO =3
lp=a a O 3
lp=a a 0] 2
lp,=a a o 2
l.,3=a a o 2
liu,=a a @) 2
l15 = ap ad "pa SO =2
l1g = af ag "PI"s SO =4

The rst column contains the sign of the invariant and the invariant itself, where
" is the signature tensor de ned above. The second column shaws the sign of
the group under which the given invariant is really invariant. The third column
contains the dimension of the equation which the invariant is related to.

Example 4 If the dimension of the equation is not suitable, 1, is not invariant.
We will examine part of a concrete model (Boissonade, De Kepper [1]) and | 5:

The original model is:
y= X 'y

As |5 only dependson the coe cients of rst degree we examine only the fol-

lowing maodi e d equation:
X=X 9
y= x y
1 q
), then

Let us chaose a linear orthogonal transformation g2 O: If q= }
2

N[~

©

is its inverse matrix and A is the coe cient matrix of the equation (
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the new transformed equation is:

AS lgog = *+k*+2 2andly, = 1:562%* 1:875% + 1:5625 2 0:75k
0:75 + 1:252 and:9 2 R constant suchthat I, = Isorigs I's is not
invariant. (I, and I, are resgctively |5 in caseof the equation (9) and of
the transformed equation.)

3 Application of Algebraic Invariants

In this sectionwe test in the caseof seweral concretenonkinetic models with at
least two variables whether the negative cross-e ect can be transformed out of
them. First of all we o er someremarks.

1. Let usstart with model (8), and its (orthogonal or nonsingular) transform
g=0y +0 99 (;; =L2::n): (10)

2. Orthogonal or regular invariants are looked for which take on dierent
valueswhen calculated from the coe cien ts of (8) and from those of (10).
One can only know the sign of the invariants aswe know only the general
form of the transformation hencethe exact numerical value of the invari-
ants are unknown. Therefore, those invariants are looked for which take
on valuesof di er ent sign when calculated from the coe cien ts of (8) and
from those of (10). In this casewe can tell that there are no (orthogonal
or nonsingular) transformations which transform the negative cross-e ect
out of the nonkinetic di erential equation.

3. In this paper we examine second degree, at most 4 variable equations
and investigate the polynomial invariants of not more than seconddegree.
(Should the model cortain terms of the degreehigher than two, it causes
no problem asthe coe cien ts of the ith degreeterms in the transformed
equation only depend on the ith degreeterms in the original one. There-
fore, theseinvariants are invariants of equations corntaining higher degree
terms too.)

4. Theinvariants1,;13;14; 145 and |5 arenot related to 3 variable equations,
so they cannot be usedfor equationsin 3 variables. If we are interested
in 4 variable equations, we might try to uselg or 1,4. 15 only corntains
nonnegative coe cien ts in the caseof kinetic dierential equations, its
sign, however, can be negative or positive aswell. 1,5 can also be positive
or negative.

5. I, and|,; are polynomials of coe cien ts irr elevant from the point of view
of negative cross-e ect (seeDe nition 1), they cannot be usedeither.
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6. The invariants I 5;1,,; 1,3 are sumsof squares,therefore they are nonneg-
ative for all possiblecoe cien ts.

7. The sign of the invariants I ;;1g;1g;110; 114 iS NOt unambiguously de ned
(evenit is known that they are calculated from the coe cien ts of a kinetic
di erential equation), that is why they generally cannot be usedeither.

8. The signof the absoluteinvariant | , is alwaysnonnegative when calculated
from the coe cien ts of a kinetic di erential equation as

i\2 X K 4
ly= (&) + & a;
i=1 ik =1j6k

thus |, might be appropriate. But only sudh equations should be consid-
ered in which negative cross-e ects are manifested in rst degreeterms,
asl, is a polynomial of linear terms. (Therefore e.g. the Lorenz equation
cannot be investigated by this invariant.) Nonnegativity of 1, however
does not imply the absenceof negative cross-e ect, seee.g. Example 6
and Example 7 below.

Let us considerthe following four variable model.

Example 5 ([14])

y=Xx+oy+w (11)
z= 3+ Xz
W= Z|+ 1W
- 2 20
L 37
47 200

I, being negative, the equation cannot be transformed into a kinetic di er ential
equation.

The table below contains the value of |, for a seriesof models. As it can be
seenfor somevalues of the parameters, it can have a negative sign, therefore
for these values of the parameters (which form an open set in the parameter
space) the models cannot be transformed into kinetic di erential equations.
(The boxed term(s) here and below show(s) the negative cross-e ect.) Nothing
can be said about other parts of the parametersspace.
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No.

Equations

ls

Reference

E

z
X + ay
b cz+ xz

a2+ c2 2

[18, p. 94],[11 13]

Xy
y
bx cz+d

x
i
Q

x

1+ a2+ 2b

(6]

axl y bz
x+ 1:1

c1 z2)(x+vy)

4

a’+(c 1?2 2 2bc

(6]

Ly z]
X + ay

b cz+ xz

a2+ 2 b

(6]

ax| z| xy

| x|+ by+ cz

b+ exz+ fx

az+ P 2f

(6]

Ly 2]
X
aly] y*) bz

(6]

NSO ING ISP ING IS PXINGRS P INGRS XN X ING RS <

(z X ly
I'x+ (z )Y
+z +"zx8

+ %3

22+ 2 212

[7],[18 p. 244]

8

X
Yy

2+ 20 2K

(1]

Let us remark, that models 6 and 7 contain negative cross-e ects in
degreeterms, too, but the negative cross-e ect manifested in the rst

terms are usedonly.
Finally, let us considera model obtained by (linear) di usional coupling from
two smaller models.

second
degree

Example 6 Addingw = 0to the model 6 from the table above and then coupling
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this eguation and the four variable model of Example 5 gives

X3 = y1 z1+DhL(X2 X1)

y1i = X1+ Dfh(y2 yi1)

zz = alyr y) bz+ Dz z)
wi = 0+ Dj(w. wi)

X2 = Y2 Zx+Di(x1 X2)

1
Y2 = Xzt oy2t Wt D3.(y1 Y2)
Z, = 3+X:2,+D3(z1 2)
1 1
Wp = SZot oW+ D3 (Wi Wy):
P ) ) P ) P )
Asly = 4+2 [ DDy + [ (Dp)?+ L (Dhy)?+ 2bDF, + 17 +

$D%, + s=+ D%, + 1, therefore depending on the value of the di usion coe cients
this expressioncan be made nonnegative, without a e cting terms which express
negative cross-e ects.

Remark 3 Obviouslymodelswith a nonnegative value of |, coupled with linear
diusion resultin a model with a nonnegative value of 1 ,: As |, only depends
on the coe cients of linear terms, nonlinear di usion could also be allowed.

Let us considerthe following hypothetical model.

Example 7 (2 variable predator-prey system.)

X = ax+ CXy (12)
y=dy ex] fxy

Here we nd that I, = a® + d? + 2bewhich is always nonnegative. This means
that the value of | , does not excludethe possibility that (12) can be transformed
into a kinetic di er ential equation. Calculating the eigenvaluesof the coe cient

matrix of the linear part it turns out that they are both real (one negative, one
positive). Therefore, turning to the Jordan-form of the linear part we receive
a linear part without negative cross-e ects. This argument holds for all such
linear parts whoseeigenvaluesare real. (This is not the caseif wetreat e.g. the
model of the harmonic oscillator.) But in each single case we should study the
e ect of this transformation on the nonlinear terms. In the presentcaselet us

intr oduce the new variablesby the de nition: =u!? § ; where U is the

matrix of the eigenvetors of . A straightforward calculation shows

b
d
that negative cross-e ects do appear in the second degree terms.
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4 Discussion and perspectiv es

As a part of a possible structural approad to chaotic and kinetic di eren tial
equations we investigated if it was possibleto transform out negative cross-
e ects from chaotic nonkinetic equations. It turned out that the investigations
can greatly be simpli ed by the useof somealgebraic invariants. By this more
powerful method we have found a new seriesof nonkinetic models which cannot
be transformed into kinetic ones,at least not for an open set in the parameter
space.We alsothink that the useof other invariants may provide similar results
for other models, and for other qualitativ e properties [17], as well.

Another approach to extend the results and methods of [27] would be to
automatize the calculations, i.e. to carry out the transformations and the proof
of insolvability of the emerginginequalities by a mathematical program package.
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5 Notation
a;b;c;d;e;f;k; ;
D%z; sz; sz; Di‘z
D%l; Dgl; Dgl; Dgl

T
(m;r)

(m;r)

ab

ili'zii:i‘k . qli'g:::i[ )
allJziiill’ 1n+1 Jn+3 ]1

tr (a)
"pLP2:iPn

B
| T
[P PO

Corresp onding authors

coe cien ts in di erential equations

di usion coe cien ts in the rst coupled system

di usion coe cien ts in the secondcoupled system

coe cien ts of the Lorenz-equation

the stoichiometric coe cien t of the m-th chemical species
of the reactarts in the r-th reaction

the stoichiometric coe cien t of the m-th chemical species
of the products in the r-th reaction

the m-th chemical species

the concerration of the m-th chemical species

the i-th variable of a di erential equation

the coe cien t of yityiz :::yi' in the i-th equation in a model
the generallinear, orthogonal, special orthogonal group

a subgroup of GL; O or SO

a linear transformation

coe cien t tensors

elemen of coe cien t tensors

trace of the tensor a

signature tensor

generating system

invariants of an equation

invariants of the equationy! = aly +ad y vy

;5 =212::1;n)
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