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On Stability for NumericalAppraximationsof Stachastic
Ordinary Di erential Equations
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Abstract

Stochastic ordinary dieren tial equations (SODE) represert physical phenomena driven by
stochastic processes. Like for deterministic dieren tial equations, various numerical schemes are
proposed for SODE (see references). We will consider seweral concepts of stability and connection
betweenthem.
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1 Intro duction

We considerthe stochastic initial value problem (SIVP) for the It ordinary di erential equations(SODE)
given by

xo
dX (t) = a(t; X (t))dt + b (X (t)dw(t); for0 t<+1; X(t)2R; 1)
j=0
where
a:[0;+1) R! R;g:[0;+1) R! R; X(0)=x (2R);

where W; (t) is one-dimensional Brownian motion, 1 | m. Let F; denote the increasing family
of -algebras(ltration) generatedby the Brownian motion W;(s);s t: Details about this stochastic
object and corresponding calculus can be found in [1, 6].

It is known that in deterministic models we considerparameterswhich are completely known, though
in the original problem one often hasinsu cien t information on parameter values. Thesemay uctuate
due to some external or internal 'noise’, which is random- at least appearsto be so. In sudc a way
we move from deterministic problemsto stochastic problems (stochastic ordinary di erential equations
(SODE)). Explicit solutions are not usually known for equation (1), sothey must be solved numerically
so we have to do a qualitativ e investigation on the boundednessand stability of their solutions. In the
literature there are someworks on that topic sud as|[2, 4, 5, 8].

In this paper, we shall be interested in obtaining stability properties for numerical approximations
of strong solutions of SODE. The conceptsof numerical stability in the quadratic mean-squaresense,
stochastical numerical stability, asymptotical numerical stability in the quadratic mean-squaresense,
asymptotical stochastical numerical stability are introduced. This paper is organized as follows: in
Section 2 we de ne stability conceptsfor SODE, though in Section 3 we analysestability properties for
numerical approximations of SODE, Section 4 is dewoted to the asymptotic stability properties for the
same. In Section 5 we illustrate our results for geometric Brownian motion and Ornstein-Uhlenbed
process.
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2 Stabilit y for SODE

We consideran It equation (1) with a steady solution X;  0: This meansthat a(t; 0) = by (t; 0) = 0; 1
j  m holds. X ':0(t) meansthat X ':%(tg) = 0:

k k denotesan Eucledeannorm in RY; or this is equivalent to absolute value in R.

The following de nitions are due to Hasminski:

De nition 2.1 The steady state solution X ©:°(t) 0 of the equation (1) is said to be sto chastically
stable if forany > Oandty O

lim P(supk X'"Xo(t)k )= 0:
Xo! 0 t to
De nition 2.2 The steady state solution X ©:°(t) 0 of the equation (1) is said to be sto chastically
asymptotically  stable if, in addition to being stochastially stable,
lim P( lim kX"*o(t) k= 0)= 1:
Xo! O tr +1

Notice, that in view of the 0-1 law the above probability is either equalto 1, or to O.
For the general SODE (1) Kloedenand Platen (cf. [7]) gave the following de nition:

De nition 2.3 The steady state solution X '©:°(t) 0 of the equation (1) is stable in the pth mean if
for
(8 >0)(8to>0); (9 = (to; )>0)

suchthat
E k X'toXo(t) kP<

for all t tg and k xg k<

De nition 2.4 The steady state solution X ':%(t) 0 of the equation (1) is asymptotically stable in
the pth mean if in addititon, there existsa = (tg) suchthat

tIIir;nl E k X Xo(t) kP= 0 for all k xqo k<

The most frequertly used casep = 2 is called the mean-squarecaseand in sequelwe focus our
investigation to mean-squarestability.
We supposethat the equation (1) has a unique, mean-squarebounded strong solution X (t):

3 Numerical Stabilit y

Doing numerics for SODE it meansthat we have to de ne discretization.

The most usual deterministic time discretization of a bounded time interval [0; T]; T > 0 is of the
form 0= tp < t; < ::: < ty = T; whereN is a natural number. The dierences , = th+1 t, are
de ned as step sizes.

We recall the de nition of the generaltime discretization from [7]: for a given maximum step size

2 (0; o) we de ne atime discretization

() =fna:n=01:::0
as a sequenceof time instants f , : n = 0;1;:::g which may be random, satisfying
0= o< 1< i: < N<:1:<+1;
Sgpf n+1 nd

n < +1
w.p.1for allt 2 R"; where n.; is F _-measurablefor each n = 0;1;2;::: and n; is de ned as follows
ng=maxfn=20;1;:::: , to

Here we give the de nition of a time discrete approximation asin [7].
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Denition 3.1 We shal say that a right continuous with left hand limits processY = (Y (t);t 0)is
a time discrete approximation of the solution of equation (1) with maximum stepsize 2 (0; o) if it is
basel on a time discretization ( ) suchthat Y( ) is F, measurableand Y( n+1) can be expresse
asa function of Y( 0);Y( 1);::5;Y(n); 0; 15755 ny n+1 @anda nite numberr of F ., measurable

In the sequelY, always denotesthe approximation of X (t,) using a given numerical scheme with
maximum step size : The most simplest form of the discretization is an equidistant discretization. We
will omit the superscript if there is no confusion.

The used label Const is independert of and it may depend on T. In the sequelConst always
denotesconstarts of this property.

Let the generalmulti-dimensional one-stepschemefor a given time discretization be de ned as

Yoer = Yot (n;Yaer; Yo Zmasiii Zng ) 2
Here Z,.1;:::;Zn, are stochastic variables depending on  and measurablewith respectto F ,, eval-
uated at points of the partition t,;m = n;n+ 1. Function is de ned by
Xt Xt xt
= pifhegi+ 2 2jfnejat it K ki Fre g +
j=0 j=0 j=0

Zn;l O;lfn;l+ N Zn;r O;rfn;r;
where fisji = fi(tnsj;Yasj);fneii = fi(tasj; Ya+;); and functions f;;f; depend on functions a; by ;j =

To this end let
(tn; Yo 3Zm1iiiZar )
be de ned implicitly by
(tni¥Yn: ZmniiniZog ) = (g + Yo Yoo (ZnaiiiiiZg ) (3)
The one-stepformula (2) can then be written as
Yn+e1 = Yn + (tn;Yn; n;Zn;l;:::;Zn;r): (4)

We have seeral concepts of the stability for numerical approximations of SODE. The concept of
stochastical numerical stability is de ned in [7].

Denition 3.2 LetY denotesa time discrete approximation (i. e. numerical solution) with an maxi-
mum stepsize > 0; starting attime Oat Y, , ¥ denotesthe correspnding approximation (constructed
using the samedriving Brownian path) starting at time 0 at 90 : We shal saythat a time discreteY is
sto chastically numerically stable for a given stochastic di er ential equation if for any nite interval
[0; T] there exists a positive constant o suchthat for every > 0 andevery 2 (0; o)

lim sup P(kY,, Y,k )=0

kY, ¥,k 00t T

0

In paper [5] there was establishedthe connections,which guarantee numerical stability, namely, the
next theorem was proven.

Theorem 3.3 (Sto chastical numerical stabilit y) Supmsethat the time discretization is equidistant
with stepsize and the increment function a one-stepapproximation

Yner = Yo+ (ta;Ya; i ZnaiiiiZny) (5)
of the SODE (1) satis es

(EKE( (tn;Yn: Zn1iii5Znr)  (tni ¥ iZnaiiiiZng )iFy, ) KOZ
Const (E(kY, %hkHZ ; (6)
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(EK (tn;Yn; 3Zn1ii5Znr) (0% 5ZnmasiiiiZng) (7)

Const (EkY, ¥.k)7 7

wher Y, and ¥, be two numerical approximation of the equation (1) of the form (8) and having initial
valuesY, and Yo: respectively.
Then a one-stepapproximation (Y) is stochastially numerically stable.

Namely, it meansthat the conditions (9) and (10) imply continuous dependenceof initial valuesin
probabilit y.
The next De nition is givenin [2].

Denition 3.4 LetY denotesa time discrete approximation (i. e. numerical solution) with a maxi-
mum stepsize > 0; starting attime Oat Y, , ¥ denotesthe correspnding approximation (constructed
using the samedriving Brownian path) starting at time 0 at 90 : We shal saythat a time discrete Y is
numerically stable in the quadratic mean-square sense for a given stochastic di er ential equation
if for any nite interval [0; T] there exists a positive constant  suchthat for every > O thereis a
= (; o)andevery 2 (0; o)
EkY, ¥, K

then

)/

EKY, Y, K

holds for every positive integersn;  N:

This meansthat numerical approximations contin uously depend on initial valuesin mean-squaresense.

Remark 3.5 If we examine our proof of the Theorem 3.6 given in paper [5], we notice that (using the
samenotions as there) there was proven the next estimation

D(t)= sup E(kY,, ¥, k®) ConstEkY, ¥, k8;0 t T:
0 st

Now, using the de nition alovewe notice that we actually provethe numerical stability in the quadiatic
mean-squae Sense.

Theorem 3.6 (Numerical stabilit y in mean-square sense) Supmsethat the time discretization is
equidistant with stepsize  and the increment function  a one-stepapproximation

Yn+1 = Yn + (tn;Yn; ;Zn;l;:::;zn;r) (8)
of the SODE (1) satis es
(EKE( (tn;Yn: Zn1ii5Znr)  (tni¥n 3ZnaiiiiiZoe )iFe,) KAZ
Const (E(kYn Yak®)?Z ; ©)

(EKk (tn;Yn: 5Zn1ii:5Zne) (s 3ZnmasiitiZny) (10)

1

Const (E kY, Yhk)? 7;
wher Y, and ¥, be two numerical approximations of the equation (1) of the form (8) and having initial

valuesY, and Yo: respectively.
Then a one-stepapproximation (Y ) is numerically stablein the quadmtic mean-squae sense.
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4 Asymptotical Numerical Stabilit y

As in deterministic case the numerical stability in the quadratic mean-squaresensefor one-stepnumerical
approximations does not tell us how to pick an appropriate step size : We will investigate someother
conceptsbhecauseof that.

We notice the propagatederror of a numerically stable schemewhich is theoretically still under cortrol,
may in fact, becomesounrealistically large asto make approximation uselesgor somepractical purposes.

As an example in the caseof the simulation of the rst exit times we do not know the appropriate
time interval in advance. Becauseof that we needto control the error propagation for an arbitrarily
large interval, namely, for an interval [to;+1 ): The conceptof asymptotic stochastic numerical stability
is de ned in [7].

De nition 4.1 We shal saythat a time discrete approximation Y is asymptotically  sto chastically
numerically stable for a given stochastic ordinary di er ential equation if it is stochastially numerically
stableand there exists a positive constant 5 suchthat for each > 0and 2 (0; ,)

lim lim P(sup kY, ¥, k )=0
Ot T

¥ k oT! +1

kY, o

where we have usal the samenotation asin De nition (3.2).

De nition 4.2 We shal say that a time discrete approximation Y is asymptotically = numerically
stable in the quadratic mean-square sense for a given stochastic ordinary di er ential equation if
it is numerically stablein the quadmatic mean-squae senseand there exists a positive constant 5 such
that for each > 0and 2 (0; )

lim lim E( sup kY, ¢ K=o
EkY, ¥, k2! oT! +1 (0 tp.r nt ne K%

where we have usal the samenotation asin De nition (3.2).

Theorem 4.3 A time discrete approximation Y  which is asymptotically numerically stable in the
guadmatic mean-squae senseis asymptotically stochastically numerically stable.

Pro of of Theorem Using Chebysevinequality we get

E (su KY, Y k2
P(sup kY, Y, k ) (SuPo ¢ — Nt ):
0Ot T

and using the de nition for asymptotical numerical stability in quadratic mean-squaresensewe will easily
prove asymptotical stochastical numerical stability property. 2

Here we give a fundamertal theorem on the asymptotic numerical stability in the quadratic mean-
sguaresense:

Theorem 4.4 (Asymptotic numerical stabilit y in the quadratic mean-square sense) Supmse
that the time discretization is equidistant with step size  and the increment function  of a one-step
approximation
Yn+1 = Yn + (tn;Yn; ;Zn;l;:::;zn;r) (11)
of the SODE (1) satis es
EC (thsX 5Znasii5iZne ) (tesYs 5Zn1s 000 Zny )iF,)
= G0 x )y 12)
Ek (tn;X Zn1ii5Znr) (Y5 Zm1iiii;Zng) K2 (13)
Ca() kx yk%

where x and y are real numbers from R and C;() and Cy() real continuous functions depending on
; and it may depend on x and y: If there exists 5 > O suchthat for all 2 (0; 5) the next inequality

0<1+2Ci() +Ca) <1

is valid, then a one-stepapproximation (Y ) is asymptotically numerically stablein the quadmtic mean-
squae sense.
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Pro of of Theorem In the proof of the theorem we usethe next theoremwith a,() = (1+ 2Cy() +
Ca()) ":2

Remark 4.5 We notice that C,() must be positive constant but for the validity of the condition alove
we need that C;1() be negative constant.

Theorem 4.6 Supmsethat the time discretization is equidistant with stepsize : LetY denotesa time

discrete approximation (i. e. numerical solution) starting at time 0 at Yo, Y denotesthe correspnding

approximation (constructed using the samedriving Brownian path) starting at time 0 at Yo: If there exists
o suchthat for every 2 (0; o)

EkY, Yak® a() EkYy Yok?

P
for everyn = 0;1;2;:::; where ay() is continuous and positive function of  suchthat ;:10 an() =
b() convegesandfa,() :n=0;1,2;:::; 2 (0; o)gis boundal then a time discrete approximation

Y is asymptotically numerically stablein the quadmatic mean-squae sense.

Pro of of Theorem We notice the validity of the next relation:

E(sup kY, Yo, K?) EkY, Ynkd
0ot T n=0

Now, we takelimit asT! +1 ,so

lim lim E( sup kYp, o, K?)
EkYo Yok2! oT! +1 0t T
Xl
lim E(kY, Ynk?)
EkYo Yok2! 0 _q
Xl
lim an() E(kYo Yok

EkYo Yok2! 040
Using the conditions of the Theorem we get

|
)1

lim E(kYo Yok)? a,() =0
EkYo Yok2! 0 n=0

We needto prove the numerical stability in the quadratic mean-squaresenseof the time discrete approx-
imation (Y) under this condition. p

Using the well-known relations from the convergenceof the ;:10 an() wegetthat limn, +1 an() =
0 and the existenceof the constart K > 0 such that ja,() j< K forall n= 0;1;2;:::. We estimate

sup E(kYn, o k) E(kYo $oK?f sup an () g
Ot T Ot T

K E(kYy Yok

For every > Othereisa = (; o)andevery 2 (0; o)
EkYy Yok?
then
EkY, Y K

holds for every positive integersn;  N:
Now the numerical stability in the quadratic mean-squaresensefor (Y) is proved. 2
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5 Examples
Example 5.1 As an example(cf. eg. [9]), let us consider the one-dimensional stochastic equation

dX (t) = X(t)dt+ X (t)dw(t); X(0) = xo;t O0; (14)
where and are complexnumbers.

The exact solution of (14) is
|
, !
X(t)=exp ( 7)'[“‘ W (t) Xo;

which is sometimescalled geometric Brownian motion. It hasthe secondmomert
EjX ()% = exp(2Re( ) + ] j*)t)jxoj:

Schurz [9] and Saito and Mitsui [8] shavedthat the zerosolution of the equation (14) is asymptotically
mean-squarestable if and only if
2Re( )+ j?<0;

as we can seethe form of the secondmomert of X (t).
Generally, in the vector case,when we apply a numerical scheme (Y,) to the equation (14) and take
the mean-squarenorm, we obtain a one-stepdi erence equation of the form

E K Yns1 k2= R(K)E k Y, KZ; (15)

where = andk= —:
Y. Saito and T. Mitsui in their work [8] called the function R( ;k) as the stability function of the
scheme. In this caseE k Y, k?! Oasn! +1 i

iR( ;Kj< 1
They gave the next de nition in their work [8]:
De nition 5.2 The schemeis said to be M S-stable for thosevaluesof — and k satisfying
jR(CKi< & (16)
The setR given by . .
R=1f( ;k):JR( ;k)j< 19
is analogously called the domain of MS-stability of the scheme.
Consider the recursive form of one-stepschemesgivenin [8]
Yoir = Yo+ (tn;Yn, ZnaiiiiiZng )
We notice that in that casethe incremert function is linear, so
(t;Yo: 3Zm1si5Znr ) (ns¥ns 5ZnaiinZog) = (Yo Yai 1ZnasiinZog):
It means
Yorr Yas1 = Ya ot (tniYe 00 (Zn1iiiiiZng):

Then the next equation -
EkVYns Ynsr K2= R(CKEKY, YK

is valid, wherethe function R( ;K) is the sameasin the caseof MS-stability. The condition jR( ;k)j < 1
for MS-stability using theorem 4.6 guaranteesthe asymptotical numerical stability in quadratic mean-
squaresense. It meansthat any MS-stable one-stepapproximation is asymptotical numerical stable in
guadratic mean-squaresense which implies asymptotical stochastical numerical stabilit y.
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Example 5.3 As weknowfrom the theory of ODE, the numerical stability conditions of one-stepmethals
for deterministic di er ential equations does not tell us how to pick an appropriate stepsize . Because
of that we consider a class of test equations. These are the complex-value linear di er ential equations

dx _ «
dt ’
with = . +1i j:
Usually, the one-stepnumerical approximations with Re( ) < 0 in the recursive form

Yne1 = G( ) Ya

is given.
We shall call the set of complex number with Re( ) < Oand jG( ) j < 1 the region of absolute
stability of the scheme.

De nition 5.4 We shal saythat a numerical metha is A-stableif its region of absolutestability contains
all of the left half of the complex plane, that is all with Re( )< 0and > O:

In stochastic case, we will consider the same complex-valued linear di erential equations with an
additiv e noise
dX (t) = X (t)dt+ dwW(t); a7)

where the parameter is complex number with real part Re( ) < 0 and W is a real-valued standard
Wiener process.
We have almost the samerecursive form asin the above case

Yner = G( ) Yn + Zp; (18)

for n = 0;1;2;::: where G is a mapping of the complex plane C into itself and Zy;Z;;::: are random
variable which do not dependon or Yop;Yy;:::
We have the samede nition of A-stabilit y asin deterministic case,namely

Denition 5.5 We shal call the set of complexnumbers with Re( ) < 0andjG( ) j < 1ltheregion
of absolutestability of the scheme(18).
If this region coincides with the left half of the complex plane, we say the schemeis A-stable.

The generalrecursive one-stepapproximation for a stochastic di erential equation
dX (t) = X (t)dt+ dw(t)
with areal constart ; < 0 hasan incremert function
(th;¥n: iZn) = G( ) Yo Yo+ Zn;

with E(Z,) = 0 and E(Z2) =
Now we estimate the conditions

E( (tn;Yns 5Zn) (¥ 5Za)iFe,) = (G( ) DY o)
Ek (tn;Yn: 5Zn)  (tn;%; 3Za)K2=(G( ) 12 EkYn Yok
Using this conditions we get
EkYoa Yo K= (@+2G( ) D+(G() DHNEKYs ¥ukd);
and now we get the condition
1+2(G( ) D+(G( ) 1)2?<1;

which implies jG( ) j? < 1; and it meansthat jG( ) j < 1: This condition is the sameasin the case
of A-stability. Our conclusionis that we have the condition which guarantees A-stabilit y and implies
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asymptotical numerical stability in quadratic mean-squaresenseand asymptotical stochastical numerical
stabilit y.
In the simpliest case, for the Euler-Maruyama scheme for the test stochastic ordinary di eren tial
equation
dXt = aXtdt+ dW(t),

we get the condition
0<(1+2a +a? ?)<1;

which givesus two condition, namelya < 0 and < 72: It meansthat for an asymptotical numerical
stability in quadratic mean-squaresensewe have the sameboundson step sizeasfor A-stabilit y for Euler-
schemeand A-stabilit y for Euler-Maruy ama scheme.
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