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Abstract

Stability and stabilization of time delay systems (even of the linear
ones) is again in the mainstream of the researdh. A most recert example
is the stabilit y analysis of feedbad control loops containing a rst order
controlled object with pure delay and a standard PID controller, thusgen-
erating a system with a seconddegree quasi-polynomial as characteristic
equation. Sincethe classicalmemoir of Cebotarev and Meiman (1949) up
to the more recert monographs by Stepan (1989) and Goredi et al (1989)
seweral approaches to this problem have been given, aiming to nd the
most complete Routh{Hurwitz type conditions for this case. In fact the
main problem is here a missing casein the original memoir of Cebotarev
and Meiman and its signi cance within the framework of the most recert
analysis of Goredki et al. The presert paper aims to a fairly complete
analysis of the problem combined with some hints for the nonlinear case
(Aizerman problem).

State feedbad stabilization based on Artstein reduction of a system
with input delay to a system without delay is also considered.
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1 State of the art

One of the most widely usedlinear model in processcortrol is that described by
the transfer function H(s)exp( s) , where H(s) is a strictly proper rational
function. If a state represenation of it is taken then we obtain the system

X = AXx + but ) B
y==c¢ X
or, equivalently
X = Ax + bu(t)
y=c xt ) @

The control problems for such systemsare obviously a ected by the time
delay. Along many decadesof control applications seweral approaches have
beenproposed,analyzed, tested and implemented in industry. We may cite two
typesof approacdes:

a) the use of classicalstandard PID cortrollers; such cortrollers were intro-
ducedfor delaylessprocessesnd the main problem to be solved is how to cope
with the de{stabilizing e ects of the delay;

b) compensator designusing \mo dern" (i.e. state spaceoriented) or \neo{
classical"(i.e. frequencydomain oriented) methods; we may cite herethe design
of the stabilizing state feedba& (combined with a suitable state obsener) or the
H! design.

The rst approadc is obviously connectedto the problem of Routh and
Hurwitz for quasi{polynomials. Starting from the classicalresults of Pontry agin
(1942) and Cebotarev and Meiman (1949) many attempts have beenperformed
to obtain simple conditions of stability, asclosedaspossibleto the necessarnand
su cien t ones,allowing a quick parameter choice. The results on this direction
are enclosedin sucth books asthe onesof Goredi (1970), Stepan (1989), Goredi
et al (1989). Worth mertioning that the problem is still actual: a group of most
recen engineeringpapers(G. J. Silva et al, 2001,20022003)0 er an algorithmic
approach to the parameter choice for the simplest, rst order system (1) i.e
with H(s) = K(Ts+ 1) ! combined in a \negative" feedbadk loop with a PID
controller with the transfer function H¢(s) = Kgr(1 + 1=(T;s) + Ty4s). This
structure leadsto the following characteristic equation

KKR(Ti+ s+ TgsP)e S+ s(l+Ts)=0 3)
i
for which the stability conditions may be found in the books cited above; as

mertioned, the papers of Silva et al o er a feasibleapproach basedon the very
rst results due to Pontry agin (1942).
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The secondapproac is only natural in the context of most recert devel-
opmert in mathematics of control. Within this approach we shall mertion a
single one which becomesmore and more popular (seee.g. the papers of the
CNRS{NSF Workshop \Adv ancesin Time Delay Systems" held in Paris, Jan-
uary 2003). This approac is somehav inspired by the Smith predictor but its
mathematical fundamentals are more recert. A rather simple transformation
due to Artstein (1982) reducesmany cortrol problems for systemswith input
delays to the same problems for delayless systems. Stability may be ensured
from the start by solving a nite dimensionalassignmei problem. The price to
be paid is the in nite dimensional structure of the compensator which require
an approximate implementation. As follows from seweral recernt papers (seethe
recent Workshop mentioned above), standard implementations lead to NFDE
(Neutral Functional Di eren tial Equations) involving an essetial spectrum be-
longing to the di erence operator assaiated to the equation (Hale and Verduyn
Lunel, 1993); sincethe designwas not meart to have the essetial spectrum in
the left half plane, the implementation is often de-stabilizing.

The presert paper deals with both these approaches. First the systems
having (3) as characteristic equation are considered; the problem is to nd
stability domains allowing simple choice of the parametersKg; T;; T4 in both
casesT > 0 and T < O (stable and unstable controlled process). We follow the
line of [1] combined with the results of [5]. This kind of results givesa hint to
the so{called Aizerman problem in the nonlinear case;in the caseof systems
with delay this problem is lessstudied (Raswan, 2002)[11.

Second,stabilization using the transform due to Artstein is implemerted us-
ing the technique of hybrid control (Halanay and Raswvan, 1977;Draganand Ha-
lanay, 1999): by using piecewiseconstart cortrol, a discrete nite dimensional
systemis assaiated; it is this systemwhich is stabilized and destabilization by
implementation is thus avoided. The resulting hybrid systemis stable provided
the discretization step is small enough.

2 Stabilit y inequalities for PID controllers

Consider the characteristic equation (3) for which the Routh{Hurwitz problem
(i.e. localization of its roots in the half plane <(s) < 0) is analyzed. The roots
of (3) coincide with the roots of

K KR(_I_i + 5+ Tgs?)exp( s=2)+ s(1+ Ts)exp( s=2) =
i
KKRgr

K K
?R+ (1 KKg)s+ (T KKgTg)s? sinh(s=2)=0 (4)

+ (1+ KKR)s+ (KKgrTq+ T)s?> cosh s=2) +

Intro ducing the new variable z = s=2 the characteristic equation becomes
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KKRr

2 4
+ Z(1+ KKRg)z+ —(KKgTy+ T)z* coshz +

KKgr

2 4 .
+=(1 KKg)z+ —(T KKgTg)z® sinhz=0 (5)
With the notations

p=KKgr; =

T _Taq . _ 2T
T_il d— [ (6)

the characteristic equation becomes

[pi+ (+ pz+ ?(1+ , g)z’]coshz+
[ pi+ U pz+ %1, ¢)Z%]sinhz=0 )

with the left hand side belongingto the classof quasi-polynomials

P(z) = (a22° + a1z + &) coshz + (1pz? + byz + by) sinhz (8)

which were consideredin the memoir of Cebotarev and Meiman[1] from the
point of view of the Routh{Hurwitz problem.

It is a well known fact that for polynomials the Routh{Hurwitz conditions
are expressedthrough a nite set of inequalities and this was shown to be true
for quasi-polynomials also, in the sensethat the solution is obtained after a
procedurewith a nite number of steps. With respect to this we would like to
mertion that in the cited above papers of Silva et al [6, 7, 8] the number of the
inequalities to be cheded is in nite but it is claimed that one can reduce this
number to a nite one and the procedureis somehav corvergert. We shall not
discussthe matter herebut rather focuseon the quasi-polynomial (8). To x the
ideaslet ap > 0. Then the following inequalities are necessaryfor localization
of the roots of (8) in the half plane <(s) < 0:

a1+b>>0;az+%+b1>0;az>0;bz>0 9

Further necessarnand su cien t conditions are obtained for solving the Routh{
Hurwitz problem. In [1] this is done using the Sturm approach. The analysisis
much simpli ed using the following results

Prop osition 1. (Theorem 5 in [1]) If all the zers of
V(z) = ay(cosz)z? + by(cosz)z apsinz
are real, then ag and a, havethe samesign.
Prop osition 2. (Theorem 5ain [1]) If all the zers of
Vi(z) = by(sinz)z? + ai(cosz)z + by sinz

are real, then by and b, havethe samesign.
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Theseresults are usedto eliminate somesign combinations of the coe cien ts
of (8); sincewe xed ag > 0 we have 2° = 32 sign combinations but after taking
into accourt the two propositions above only 4 of them are left as able to give
the required results. Theseare the so{called Casesl { IV of [1]

|l iby>0; a¢>0; ;>0 ; Il :lpy>0; a3<0;b<0;

10
Il :bpg>0; a1>0; by<0 ; IV:ilg>0; a3<0; b >0: (10)

On the other hand the quasi-polynomial (7) doesnot t these casessince
ag and by have opposite signs. The natural question would be : is always the
feedbak system composedof a rst order \plant" with time delay and a PID
controller unstable? The answer is negative since other methods of analyzing
stability say soand we may sendthe readerto various referencesincluding the
cited papers [6, 7, 8. What then about the classicalmemoir [1] ? An answer
will be givenin the next section.

3 The forgotten cases

A. Let usremark that Proposition 1 doesnot give anything new but an already
known necessarycondition a, > 0 (sinceag > 0 had been xed from the begin-
ning). Proposition 2 givesmore but is false We are going to prove this assertion
by contradiction. Our main tool will be asin most studies on quasi-polynomials
a result due to Pontry agin that we cite after Bellman and Cooke(1963)

Theorem 1. Letf (z;u;v) be a polynomial in z;u; v with real coe cients
X X
f(z;u;v) = z™ (M (u;v) (11)
m=0 n=0

where ' Sﬁ)(u; v) are homayen@us polynomials of degree n with respect to u and
v, with z"' $S)(u;v) the principal term and let

X3
®)(z)= ' (MW(cosz;sinz) (12)
n=0

If " issuch "+ {1)6 0, 8 2 R then f(z;cosz;sinz) hasonly real roots
i for suciently largeintegersk it hasexactly 4sk + r zeros within the band
2k +" <(z) 2k +".
Proof. Consider now the polynomial in Proposition 2 namely
g(z;u;v) = bpvz?+ ajuz + byv
hencer = 2; s= 1. Assumethat by and b, have opposite signsi.e. by < 0 since

we know from the necessaryconditions that b, > 0. Were Proposition 2 true we
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should nd at least one combination of the coe cien ts of Vi1(z) sud that this
quasi-polynomial had non-real roots. We write V;1(z) = 0 asfollows

(b hz?)sinz+ (a;cosz)z= 0 (13)

At its turn this equation may be written as

a1z
tan z Toj + 22 0 (14)
without loosingroots. Indeedwe migr}g havelost the imagirEtry roots {p joj=by
but these are not roots sincecoy { jlyj=p) = cosH |lpj=kp) 6 0. We
might have lost alsothe real roots + =2 of cosz = 0 but thesealso are not
roots of (13) sincesin( + =2)=( 1) 6 0. It followsthat the roots of (13)
and (14) coincide.

Let a; > Oto x the ideas;the LHS (left hand side) of (14) is odd hencethe
analysisfor z > Ois sucien t; if a; < 0 then we may considerthe casez < 0
and use the change of variable a;z = > 0. Denoting by (z) the rational
function a;z=(jloj + b,z?) we nd the properties

A i . ooy - (] bpZ?)
hence (z) hasa maximum correspondingto zy = P joj=k» namely

(M) = p—a—— > 0
bejboj + by

Consider now someinterval ( ;( + 1) ), 1; within sudh an interval one
may nd a single root of (14) located between and + =2, the sub-
interval wheretanz > 0. Sincetanz is monotonically increasingand (z) is
monotonically decreasingfor z > zy, the root will be givenby  +  where
f g Iis a positive bounded sequencetending monotonically to 0. We deduce
that there are always 2k 1 roots of (14) within the interval [ ;2k ] hence
there are other 2k 1 oneswithin the symmetric interval [ 2k ; ]. Within

the certral interval [ ; ] onemay nd the root z = 0 and possibly 2 other
ones,located between (0; =2]and [ =2;0) respectively. For the existenceof
theseroots we needto show that (z) > Qin the neighborhood of 0, z > 0; this
will follow from  %0) > 0; but  %0) = a;5koj 1> O provided a; + by > 0;
this last inequality has been assumedsinceit is a necessarycondition for the
location of the roots of (8) in C { see(9).

It follows that if the necessaryconditions hold then there are exactly 4k + 1
roots within the interval [ 2k ;2k ] whatever k > 0 would be. Let us consider
now the shifted interval [ 2k + "; 2k + "] with " > 0. Obviously if " > 0 is
small enoughall 4k + 1 roots still lie within this interval also. Let now k > 0 be
large enough,in order that ¢ < "; in this way the root of (14) from the interval
(2k ;(2k+ 1) ) will be\caught" within the shifted interval [ 2k + "; 2k + "]
for sucien tly large k > 0. Applying the result of Pontry agin i.e. Theorem 1
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we deducethat (14) hence(13) has only real roots in spite of our assumption
that by and b, have opposite signs. The assertionon falsity of Proposition 2 is
proved. O

We deducenow that the caseswith by < 0 cannot be eliminated from the
stability analysis. If we take into accourt the sign combinations for a; and by
we obtain four additional cases.But the casescorrespondingto by < 0,a; < 0
have to be eliminated according to the necessarycondition a; + by > 0 which
doesnot hold in these cases.We deducethat we have to consideradditionally
the following two cases

Vilpg<0;a,>0;b>0; VI :lp<0;a,>0;b<0: (15)

which are exactly the casesmentioned in [5]. We shall analyzethem separately

B. Any analysisis basedon courting the sign changesin the Sturm sequence
whose number has to be according to the results of Cebotarev and Meiman,
also 4k + 2. First of all we count those sign changesthat are independert of
the analyzed casehenceindependert of the fact that now by < 0. Substituting
z= 2 +" and neglectingthe higher order terms with respectto " we obtain,
asin the caseof the cited memoir [1]

V(2 +") a2 )*>0 ; W(2 +") bp(2 )*" >0
Vo( 2 + ") a2 ) ;0 Va( 2 +") pafayap"3 < 0

We deducethat the number of the signlosseson|[ 2k + "; 2k + "] where
k > Ois large and k" > 0 alsolarge will be

P( 2k +") P2k +")=2sgna (16)

We compute now the sign losses’; when crossingthe zeros  of sinz ,

the multiplier of V3(z) wherei = 1;2 accordingto the type of the root: i = 1

when the root is of the rst type and introducesa signgain ((; = 1) andi = 2

when the root is of the secondtype and introducesa signloss(; = 1). This
analysisis also independert of by hencewe keepthe result of [1]

X X
P( 2k +") P2k +") o= 4k + 2sgn ag a7)

C. The next multiplier in the Sturm sequencds given by

(z)=Acodz+ Bsin’zcosgz+ Csin'z (18)

and its zeroscourt in the sign lossesprovided they are real. Here

A= agaia; > 0; B = asby(aohy + azhn) (aoh,  a@zbo)® ; C = bbb, < 0

The zerosof the multiplier are real provided the zerosof A 2+ B+ C arereal.
Sincewe discussthe caseby < 0 and C < 0 this polynomial has always two real
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roots of opposite sign. Sinceonly the positive root counts we deducethat (18)
hastwo real roots (mod ). Following [1] we useinstead (18) the equation

Ctan*z+ Btan?z+ A= 0 (19)
with C < 0, A > 0. The biquadratic equation
C*+B2+A=0

hastwo real roots corresponding to the positivereal root of the assaiated second

degreeequation "
u S
B B % A
1.2 = =t - + —
2Cj Cj ICj
to which there correspond the roots of (19) namely
z;. = + 15 22 = 1, =0 1, 2 ::: (20)
and
E sS————
B A
= t - * = + —; 0< < =2 21
LT A 3 2Cji  iCi ' =)
Denoting » = 1 it follows that in ead interval ( ;( + 1) ) we nd 2
roots of (19) { or (18) { namely z;. = + 1 such that <z < + =2
andz,. = ( +1) 1= + 5 suc that + =2<2zp <( +1)

Generally speakingthesevaluesare not zerosof the quasi-polynomialsV; Vi; V,
of the Sturm sequenceconstructed according to [1] ; this happensonly if the
coe cien ts of (8) are subject to somevery special equalities{ which clearly are
\non-robust" and called \limit cases".

D. In the generalcasesthe signlosses; are determined by the behavior of
the ratio V,=V4 given by

Va(z) _ (anaz + bibytan®z)z  (agh, axhp)tanz

= 22
Vs(2) co?zsin®z(Ctan*z + Btan?z + A) (22)
whenz = i,i =212, =0; 1; :::If this ratio changesfrom to
+ then*; = +1 and z s called a root of V3 of 1st type; if the ratio changes
from+ to then’; = 1landgz iscalledaroot of 2nd type of Vs .

Consider rst the sign changesof the ratio's denominator. Usual cortin uity
argumerts show that when crossingz; the sign changesfrom + to  and when
crossingz, the changeis from to + .

As known from [1], the behavior of the numerator V,»(z) depends on eat
analyzedcase.

CaseV (bp < 0; a; > 0; by > 0). This caseis somehav alike Casel already
analyzedin [1] : the coe cien t of z in the numerator is positive for all z and the
freeterm of the numerator namely (agh, axhp)tanz = (aphy + agjlpj) tanz
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is negative for z; = + 1 and positive for z, = + 5 . We deducethe
following
a) for the roots z, = + , the numerator is positive for all 0 and
< 0 of modulus su cien tly small; if j j for < 0 increases,the term in z
decreasesand the numerator becomesnegative; a k, < 0 may be de ned from
the changeof the sign as satisfying the inequalities

(1@ + iy tan?(k, + 2))(ka + 2)
(agh, apho)tan(k. + ) > O

(amaz + i tan®((k; 1) + 2))((kz 1) + »2)
(o> ahp)tan((kz 1) + 2) < O

which lead after somesimple manipulation to

1 (2o abo)tan 1 _
a1 + iy tan? 4
1, 1 (aohr akp)tan

1
kg — +

ko+1 —+ =
2 ajaz + by tan? |
hence
1 (aphr ahp)tan i
ko= =+ = 23
? aap + bibptan® ;| (23)
b) for the rootsz; = + ; the numerator is positive for > 0 su cien tly
large and negative for < 0 and 0 sucien tly small; a ky > 0 may be
de ned from the changeof the sign, nally given by
k= La+ 1 (agh, ahp)tan , 1 (24)

aa + bibptan? |

In the following we shall court *; asfollows. We consideran interval
[ 2k + ™2k + "]with k> 0suciently largei.e. larger than maxfky; kg
and alsothan that k for which we showved that Proposition 2 wasfalse;" > 0 is

sudh that k" is still very largee.g." = k 7.

Now for the intervals ( ;( + 1) ) with ko, 1 we nd easily that
1 = +1, "2 = 1hencethe sumg 0. Fqg the intervals with k; ki 1
we deduce’; =1, = 1;2 hence t; ! i = 2(k1 ko). For ki we

deduceagain that the sum is zero. Therefore the real roots of (18) introduce
now 2(k; kz) sign changesand sincea; > 0 the overall number of the sign
changeswill be

N;i No=4k+ 2 2(k1 k2)

while the Pontry agin type result requiresN; N, 4k + 2. Therefore the
necessaryand su cien t condition will bek; ky; = 0i.e. k3 = ky. Using (23)
and (24) we deducethe necessaryand su cien t condition
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1 (aoh, ahp)tan , 1 1 (aok  aphp)tan

1
— + +1= — 25
ajap + iy tan® 1 aja; + iy tan® 1 (29)
or
1, 1 (b ahp)tan 1 _ 2 1 (aghp axkp)tan »
—+ = > = =+ = > (26)
aap + bhibptan® 5 aa + iy tan® 5

Equality (26) is exactly the one given without proof by Goredki [5].

CaseVI (bp < 0; a; > 0; by < 0) In this casethe coecient of z in the
numerator is positive for small z > 0 and decreaseon (0; =2) sinceby < 0.
To seethe signfor z= | we comparetan? ; which correspondsto the positive
root of the seconddegreeequation assaiated to (19) and (a;a2)=(bhb) which
makesthe coe cien t 0. We deduceeasily that

a;ap 2 a;dy a;ay 2

beb, +Bb1bz A blbz(aobz azbp)” > 0

hence (aiax)=(bip) > tan? ; . The coe cien t of z in the numerator is thus
positive in someneighborhood of the root z; where the sign changeis courted.
The free term of the numerator is as previously. We deducethat the analysis
coincideswith the previousone,k; and k, are determined as previously and the
stability conditions are as previously (25) and (26).

It follows that in this casethe formulae of Goredi [5], given without proof,
are not correct ; onemay supposethat they have beenobtained from a supposed
analogy of CaseVI and Caselll .

To end this section we shall consider (25) in some detail. From the well
known equality

iCj

Xle+ [ Xle= 1
valid for non-ertire x we obtain for (25)

11 (aoly ahp)tan

2 =0
aiay + bibptan® 4

hence
1, 1 (a0 ap)tan

1< — +
aja; + iy tan?

< (a0b &)tan 5 _
ajay + by tan? 4
But we already shawved that the denominator of the ratio above is positive, as
well as the numerator, while + 1< 0since0< ;< =2. It follows that
(25) is ful lled provided

<0

or

(aghy axhp)tan ; <
aja; + iy tan?

(27)
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4 Application to the caseof PID controllers and
the rst order object with time lag

As already mentioned, the problem of the stability inequalities in this applica-
tion, while classical,is again under researt[6, 7, 8]. A countable set of inequal-
ities is obtained, possibly converging to some nite domain in the parameter
space;the theoretical basis of this approac is given by the original paper of
Pontry agin[4 combined with someinteresting remarks on decoupling the con-
troller parameterswithin the set of inequalities.

Our approach will be the application of the inequalities of Cebotarev and
Meiman[1] from the complete set of cases,as done by Goredi[5]; additionally
we shall considerthe caseof the unstable object, as Silva et al [6, 7, 8] did.

A. Assume rst that the simplest caseof the controlled object { the stable
case,when the following conditions aretrue : K > 0, > 0, T > 0{ holds. If
we turn to the notations of (6) and (7) we deduce >0, ;> 0, 4> 0. By
forcing , i in (7) we obtain the characteristic equation

2
1+ — 1+ 1 24 —(1= p+ q)z? coshz+
i p i
1 2
1+ — 1 = z+ —(1=, ¢)z? sinhz=0 (28)
i p i
Obviously ag = 1> 0 but bh = 1 < 0 hencethe only casesto be applied
are V and VI, corresponding to by < 0 and just analyzed above. We start by
writing down the necessaryconditions as given by (9)

2
—(1+i) 1>0 ; —+}+—(1 i)>0;
i p i 2

2 2 P (29)
—(1=p+ ¢)>0 ; —(1=, a)>0:

To theseconditions we have to add other necessaryconditions that are more
engineering{like : stability for the delay free systemwhich ensuresstability for
small delays. We deducefrom (7) or (28)

f(1+i)>0::(1:p+ a)>0 (30)
i p i

But we have already mentioned that > 0, ; > 0, 4 > 0. Theseconditions
combined with (30) will give

1+1:p>0;1:p+ 4> 0;

but the fourth inequality in (29) implies them both i.e.
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1=p> ¢>0> minf 4;1g (32)

Remarkthat (31) imply ful Imen t of the third inequality of (29) which is nothing
more but secondinequality of (30). We haveto discussthe rst two inequalities
of (29).

The rst onewill give ; < (1+ 1= ,) while the secondone will require to
considertwo cases 1= , 1+ whenit is automatically ful lled and 1= 1+

Summarizing we obtain under the assumption of positive parametersfor the
controller that the following conditions are necessaryfor the location of the
roots of the characteristic equation in the LHS of C

d<l=p;maxf0;2 (1=p 1 )< ;i< (1+1=y) (32)

The expressionsconnectedwith (27) could be rather complicated from ana-
Iytical point of view. We give a single example. If 4 = 0is assumed{ i.e. aPlI
controller having only two parametersto be chosen{ then (27) readsas

2tan 1
_ < 33
i 1+1= ,+ (1 1= p)tan? ; ° (33)
where
1 2 2
tan 1= ——— =1+ — +(@1 1= (34)
11 1= pj p p P

It is interesting to remark that ; is not dependert of the delay; in fact the
only parameter to incorporate the delay is just . Therefore an estimate of the
delay for stability purposesis easyto perform; moreover an optimization could
be tried i.e. to nd sud a choiceof , and ; in order to maximize the upper
bound for

B. We shall considernow the unstable controlled object i.e. K > 0, > 0,
T < 0O;wededuce <0, <0, 4<0.

For the necessaryconditions we refer again to (28), where ag and by remain
the same. Since ; < Oweneedl= ,+ 3< 0, 1=, d < 0 which are con-
tradictory unless , < 0; this last condition would require intro ducing \p ositive
reaction" in the system;this will make the structure non-robusti.e. sensibleto
parameter perturbations. In fact this is one of the drawbadks of the classical
PID structure; in the papers of Silva et al [6, 7, 8] these aspects seemto be
neglected. The discussionbeing of pure engineering(technological) interest, we
do not insist on this subject any longer. Worth mentioning neverthelessthat
exactly such drawbacks lead the researdersto the advancedtechniquesthat we
summarized next.
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5 A nonlinear intermezzo: the Aizerman
problem

This problem hasa more than 60 yearslong history and it would be senseles$o
presert it here. Following Rasvan(2002) [11] we shall state it for systemswith
delay asfollows, starting from the simplest case. Given the time delay equation

X+ apx(t)+ aix(t )=0;, >0 (35)
the exponertial stability is ensuredprovided the following inequalities hold:
1+a >0 a <a < (a) (36)

where () is obtained by eliminating the parameter betweenthe two equali-
ties below

= ; = = (37)
tan sin
Sincetheseconditions contain the time delay sudh property is called delay-
dependent stability. If oneis interestedin exponertial stability conditions that
hold for any delay > 0, this property, called delay-indegndent stability is
ensuredprovided the simple inequalities

ap > 0; jaij < ap (38)

arefullled. It canbeshowvn [15that () > for > O hencethe fullment
of (38) implies the ful Imen t of (36).

As already mentioned previously Cebotarev and Meiman pointed out that,
accordingto Sturm theory, the Routh-Hurwitz conditions for quasi-polynomials
have to be expressedas a nite number of inequalities that might be transcen-
dertal. The detailed analysis performed in their memoir for the 1st and 2nd
degreequasi-polynomials showved two types of inequalities: one of them con-
tained only algebraicinequalities while the other contained also transcendenal
inequalities; the rst onescorrespond to stability for arbitrary values of the
delay while the secondonesput somelimitations on the valuesof > 0 for
which exponertial stability of the linear systeme.g. (35) holds. This systemand
conditions (36), (37) and (38) are good illustrations of this. The aspect is quite
transparent in the examplesanalysis performed throughout author's book [16]
aswell asthroughout the book of Stepan[2]. We may seeherethe di erence op-
erated betweenwhat will be called later delay-indepgendentand delay-degndent
stability.

Let usfollow the way of Barbashin [17] to intro ducea stability problemin the
nonlinear case: given system(35) for ap > O, if wereplae agx by ' (x) where
" (X)x > 0, the equilibrium at the origin of the nonlinear time delay system
should be glokally asymptotically stable provided

")y (39)
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for the delay-indegndent stability, or provided
")

—2 > max aj; 1 Yay ) (40)

in the delay-degndent case

We may view the above problem in a more general setting and state it as
follows

Problem Given the delay-(in)dependent expnential stability conditions for
sometime delaylinearized system, are they valid in the casewhenthe nonlinear
systemwith a sector restricted nonlinearity i. e. satisfying

'_2<'()<*2 (41)

is considered instead of the linear one, or havethey to be strengthene?

It is clearthat we have gatheredhereboth the delay-independert and delay-
dependen cases,thus de ning a stability problem in two di erent cases. This
problem is called Aizerman problem stated here as delay degendent (Aizerman
problem) and delay independent (Aizerman problem).

Consider, for instance, the delay independent Aizerman problem de ned
above, for system (35) replacedby

X + apx(t )+ (x(t)) =0 (42)

where' () > 0. Taking into account that (38) suggests' ( ) > jaij we
introduce a new nonlinear function

fC)="0) Jaj
and obtain the transformed system (via a sector rotation):
X+ jagjx(t) + ax(t )+ f(x(t) =0 (43)

For this systemwe apply the frequencydomain inequality of Popov for = =
+1 i.e. the inequality

Re(L+{! )H{')>0 8 0 (44)

Here 1
H = 4
()= o5 T+ ae © (45)

and the frequency domain inequality reducesto
12 (apsin! )! + jaj + a; cos! 0 (46)
which is ful lled provided the free Popov parameter is chosenfrom

0< jaij< 2 (47)
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(more details concerning manipulation of the frequency domain inequality for
time delay systemsmay be found in author's book [16]).

It follows that (43) is absolutely stable for the nonlinearities satisfying
f() >0ie '() > jaj 2 the just stated delay-independert Aizerman
problem for (35) and (42) has beenanswered positively.

We have intro duced this sectionin order to suggesthow the rather sophis-
ticated stability conditions from the linear caseswith delay could be usedin
interaction with Popov frequency domain inequality aiming to obtain results
concerning the problems of Aizerman for systemswith delay - an interesting
and useful sharpnessmeasurefor the su cien t stability conditions in the non-
linear case.

6 Stabilization by state feedback

In this sectionwe turn badk to system (1) which we want to stabilize by linear
state feedbad. Our main tool will be a state{control transform dueto Artstein
(1982)[9 that reduceslto a nite dimensionalone. In this casethe transform
is
Zy
z(t)y=x(t)+ e AUF Dput+ )d (48)

and leadsto the system

z=Az+e " but) (49)
The following equivalenceis valid

Prop osition 3. Let (x(t);u(t);t > 0) be a solution (admissible pair) for (1),
de ned by someinitial condition (Xo;Uuo()). Then (z(t);u(t);t > 0) with z(t)
de ned by (48) is a solution (admissiblepair) for the system(49) with the initial
condition zy = z(0). Conversely, let (z(t);u(t);t > 0) be a solution of (49)
de ned by someinitial condition zg. Then, given someug() denedon ( ;0)
and taking Z,

Xo = 2o e A0* Jpuy( )d (50)

the solution of (1) de ned by theseinitial conditions and by u(t);t > 0 is given
by Z,

x(t) = z(t) e AU dpyt+ )d (51)

The proof of this result is straightforward. Further we may apply various

control techniquesto (49) and seetheir correspondert when the inversetrans-

form (51) is applied[18, 19, 20, 21, 22]. We shall give below someof theseresults.
Let f be afeedbak vector suc that the control function u = f z is stabilizing
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for (49) i.e. the matrix A+ e A bf hasits eigervalueswith negative real parts.
Since

z=(A+e " bf )z (52)

is exponertially stable, the closedloop feedbak system

x(t) = o () + buit )
0

u(t) f e AU IBut+ )d =f x(t)

(53)

is alsoexponertially stable via the properties of (48). Remark neverthelessthat
the compensator described by the secondequation of (53) corntains an integral
that hasto be realized either as a device or as a programme. The standard
technique usedin many papers (e.g. the CNRS{NSF Workshop \Adv ancesin
Time Delay Systems" held in Paris, January 2003, mentioned previously) was
to approximate the integral. The result was a compensator described by a
di erence equation with a nite number of lumped time delays what givesto
the resulting feedba& model a neutral character (i.e. the equations have the
properties of the Neutral Functional Di eren tial Equations NFDE). Their main
feature is the essetial spectrum { the spectrum of the di erence operator. If
this spectrum is not inside the unit disk of the complex plane, the systemcould
be destabilized if perturbations of the delay are allowed { the system is non-
robust and fragile. Note that the discretization is not connectedto the essetial
spectrum and de-stabilization may be very possible. The role of the essetial
spectrum hasbeenpointed out by J. K. Hale at the above mentioned Workshop
and se\eral solutions have been proposed. our approad is somehav di erent
and will be preseried in brief.

The implementation of the designed compensator requires memorizing of
a trajectory segmen i.e. a set of data that has in nite size. The practical
implemertation is nite and basedon a suitable discretization. Following the
line of the paper of Halanay and Raswvan (1977)[19 and of the book of Dragan
and Halanay (1999)[13 we shall use piecewise constant control signals de ned
as follows

ut) = ux; k  t<(k+1); k=012 (54)
where = =N. For the system (1) we assiate the discretetime system
Xker = A( )Xk + b( Uk N (55)
where Z I
A()=¢€"; b()= fd b i=01 (56)
0

Let (Xxo;Uo()) bethe initial condition assaiated with (1). Sincethe discretized
systemis satis ed by xx = x(k ), x() being the solution of (1) with piecewise
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constart cortrol, it is only natural to choosethe discretized initial condition
(Xo;u%; = up( i );i=0;N). We may de ne
X1 )
ze=xc+  AC) MY DU (57)
N
which is the discrete analogueof Artstein transform and nd the assciate sys-
tem
Zesn = A()z+ A() Vb()ug (58)
It is worth mentioning that (57) might be obtained by writing (48) att = k
and computing the integral for piecewiseconstart control signals.
Let f be a stabilizing feedbadk for (58), i.e. issuchthat A( )+ A () Nb()f
hasits eigenvaluesinside the unit disk. We deducethat the compensator
X1 .
Uk = f Xk + f A( ) (N+j+1) b( )Uk+j (59)
N

is stabilizing for (58). On the other hand, if we considerthe closedloop system

+ = A + b
Xk+1 ( )Xle (Juk n (60)
ue = Fxe+  fFAC) NI b YUy
N
one may seethat this is a feedbak systemwith an augmerted dynamics:
Xker = AC)Xkt b()wi
Vst = Wi
61
W= (61)
ue = flxe+A() b()w+
+AC) M PbOwy Z+A() Vb(Owy ]
Sincew}! ' = ux 1 the corresponding initial condition is wy ' = u ; =
uo( ); further, wy 2= u 2= ug( 2), ,wWs=uo( (N 1)) v =

uo( N ). Obviously (61) is exponertially stable. This follows from the fact
that u = f z is exponertially stabilizing system (58) and making use of (57).
The result may be obtained also spectrally, asin [18].

The speci ¢ issueof the approadh lies exactly in the choiceof f asa stabiliz-
ing feedbad for the discrete-time system;it is asthe basicsystemis discretized,
transformed via the discrete analogueof the Artstein transform and stabilized;
the stabilization is performed over the discrete time system and, according to
[12, 13], the property holds for the hybrid system composedof the cortinuous
time cortrolled system and the discrete compensator that generatespiecewise
constart control signalsusing discrete-time state measuremets (samples), pro-
vided the sampling step is small enough. Obviously the size of the sampling
stepis still object of theoretical estimatesand simulation experimerts.
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7 Concluding remarks

We would like to point out a single but most important feature of our ap-
proach, feature that was con rmed also by simulation (neverthelessthe proofs
are rigorous and on a sound basis{ seeagain [12, 13]). Most implementation
approachesare basedon the discretization of the integral what leadsto contin-
uous time compensatorsdescribed by di erence equations henceto systemsof
neutral type with an essetial spectrum. Stability of such systemsrequire this
spectrum to be inside the unit disk which is not automatically ensured even by
a re ned(with the step small enough) discretization; consequetly suc systems
often de-stabilize being either non-robust or fragile. The introduction of a Low
PassFilter changesthe systeminto one of delayed type and may re-stabilize,
the price paid being another dimension augmertation.

The method of this paper makesa di erence in the sensethat a speci ¢ con-
trol is used{ the piecewiseconstart control. in this way a discrete-time system
is assaiated and it is this systemthat is stabilized; its augmerted dynamics re-
placesthe discretized integral term. Under these circumstancesthe closedloop
system (which is hybrid sinceit contains a contin uous-time cortrolled plant and
a sampled data compensator) is always stable provided the sampling step is
small enough[12, 13]. The small sampling step is helpful in stabilization from
another point of view also [12]: let f( ) be the stabilizing feedbak for the
discretized system. Using the asymptotic expansions[12] it is easily found that

f()=Ff+f1 +0()

wheref is a stabilizing feedbadk for the continuoustime system; one may use
for implementation with piecewiseconstant control the gain f instead of f( )
and the stability is presened provided is small enough.
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