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BOUNDSFOR VANDERMONDE TYPE DETERMIN ANTS OF ORTHOGONAL
POLYNOMIALS �

GERHARD SCHMEISSER†

Abstract. Let (Pn)n∈N0
be a system of monic orthogonal polynomials. We establish upper and lower esti-

mates for determinants of the form

Vn(z1, . . . , zk) := det







Pn(z1) . . . Pn+k−1(z1)
...

...
Pn(zk) . . . Pn+k−1(zk)






.

For the proofs, we have to study the monic orthogonal system (P
[w]
n )n∈N0

obtained by inserting the polynomial

w(x) :=
∏

k

ν=1(x − zν) as a weight into the inner product defining (Pn)n∈N0
. We also express the recurrence

formula for (P
[w]
n )n∈N0

in terms of Vandermonde type determinants.

Key words. Vandermonde type determinants, orthogonal systems, polynomial weights, inequalities.
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1. Intr oduction and statementof results. First we want to introducesometerminol-
ogy for orthogonalpolynomials,referringto [1, 2, 7] for standardresults.

We denoteby � anm-distribution, that is, a non-decreasingboundedfunction� : R →
R whichattainsin�nitely many distinctvaluesandis suchthatthemoments

� n :=
∫ 1

�1
xn d� (x) (n ∈ N0)

exist. Thenthereexistsauniquelydeterminedsequenceof polynomials

P0(z); P1(z); : : : ; Pn(z); : : : ;

calledthesequenceof monic orthogonal polynomials with respect to d� (x); with thefollow-
ing properties:

(i) eachPn is amonicpolynomialof degreen;

(ii) 〈Pn; Pm〉 :=
∫ 1

�1 Pn(x)Pm(x) d� (x) = 0 for m 6= n:

For any polynomialf , we de�ne thenorm

‖f ‖ :=
(∫ 1

�1
|f (x)|2 d� (x)

)1/2

(1.1)

andintroducethenumbers


 n := ‖Pn‖
2 (n ∈ N0):(1.2)

Thesystem(Pn)n2 N0
satis�esa recurrenceformula

Pn(x) = (x − � n)Pn� 1(x) − � n� 1Pn� 2(x) (n ∈ N);(1.3)
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whereP� 1(x) ≡ 0; P0(x) ≡ 1; � 0 = 1; and

� n =
1


 n� 1

∫ 1

�1
xP 2

n� 1(x) d� (x) and � n =

 n


 n� 1
(n ∈ N);(1.4)

see[7, § 3.2].
It is known that thepolynomialsPn (n ∈ N) have only realzeros.Denotingby Jn the

smallestinterval containingthezerosof Pn, we introducethen-th distance function

dn(z) := min
{

|z − � | : � ∈ Jn

}

(z ∈ C):(1.5)

Sincethezerosof consecutiveorthogonalpolynomialsinterlace,wehave

d1(z) ≥ d2(z) ≥ · · · ≥ dn(z) ≥ · · · ≥ |=z| :

In this paper, wewantto estimatethefollowing generalizedVandermondetypedetermi-
nants:

Vn(z1; : : : ; zk) := det







Pn(z1) Pn+1(z1) : : : Pn+k� 1(z1)
...

...
...

Pn(zk) Pn+1(zk) : : : Pn+k� 1(zk)






:(1.6)

It is easily seenthat V0(z1; : : : ; zk) is equalto the classicalVandermondedeterminantof
z1; : : : ; zk: In fact,eachpolynomialPm maybewrittenas

Pm(z) = zm +
m� 1
∑

µ=0

cmµPµ(z);

with certainconstantscmµ. Hence,if we addto eachcolumnin (1.6) an appropriatelinear
combinationof its predecessors,anddo it �rst for the lastcolumn,thenfor the last but one
andsoon,we �nd that

V0(z1; : : : ; zk) = det







1 z1 : : : zk� 1
1

...
...

...
1 zk : : : zk� 1

k






=

∏

1� `<j� k

(

zj − z`

)

:(1.7)

Thereis nosimpleexplicit formulafor Vn(z1; : : : ; zk) whenn ≥ 1, andthereforeweare
interestedin boundsfor thesedeterminants.

It is usuallynot a big problemto �nd someupperboundfor a determinant.For sake of
completeness,wepresentthefollowing result.

PROPOSITION 1.1. Let z1; : : : ; zk ∈ C: Then, with the preceding notations,

|Vn(z1; : : : ; zk)| ≤




 n
 n+1 · · · 
 n+k� 1

k
∏

j=1

(

� n+k(zj) − � n(zj)
)





1/2

;(1.8)

where

� m(z) :=















1

 m� 1

(

P0
m(z)Pm� 1(z) − Pm(z)P 0

m� 1(z)
)

if z ∈ R

1

 m� 1

·
=
{

Pm(z)Pm� 1(z)
}

=z
if z ∈ C \ R

(m ∈ N):
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Moreover, for any z ∈ C;

1

 m� 1

min
1� µ� m

∣

∣

∣

∣

Pm(z)
z − xµ

∣

∣

∣

∣

2

≤ � m(z) ≤
1


 m� 1
max

1� µ� m

∣

∣

∣

∣

Pm(z)
z − xµ

∣

∣

∣

∣

2

;(1.9)

where x1; : : : ; xm are the zeros of Pm.

Lowerestimatesfor determinantsin generalandfor ourVandermondetypedeterminants
in particulararemuchmoredelicate.We shallestablisha lowerboundfor themodulusof

Vn+1(z1; : : : ; zk)
Vn(z1; : : : ; zk)

:(1.10)

Usedrepeatedlyfor n; n − 1; n − 2; : : : andcombinedwith (1.7), it allows us to estimate
|Vn+1(z1; : : : ; zk)| for n ∈ N0 from below. Herewe admit that some(or all) of thepoints
z1; : : : ; zk maycoalesce.In this case,we de�ne thequotient(1.10) by continuouscontinua-
tion. More precisely, if zj0 = zj1 = · · · = zj`

, thenwe replacethepolynomialsin thej 1-st,
j 2-nd, . . . , j `-th row in (1.6) by their �rst, second,. . . , `-th derivative.

As usual,we shalldenoteby bxc thelargestintegernot exceedingx. We arenow ready
for presentingthemainresult.

THEOREM 1.2. Let (Pn)n2 N0
be a sequence of monic orthogonal polynomials with as-

sociated intervals Jn, constants 
 n, and distance functions dn (n ∈ N) as specified in (1.2)–
(1.5). Let w(x) =

∏k
j=1(x − zj) be a real polynomial which has no zero in Jn+bk/2c+1.

Denote by m1 and m2 the number of zeros (counted according to their multiplicities) in the
left and the right component of R \ Jn+bk/2c+1, respectively, Define

m :=







0 if m1 and m2 are both even,
1 if exactly one of the numbers m1 and m2 is odd,
2 if m1 and m2 are both odd,

and ` := (k − m)=2: Suppose that

dn+bk/2c+1(zj) ≥ r (j = 1; : : : ; k);

with r > 0: Then, for the determinants (1.6),

∣

∣

∣

∣

Vn+1(z1; : : : ; zk)
Vn(z1; : : : ; zk)

∣

∣

∣

∣

≥
r m


 n

∑̀

j=0

(

`
j

)


 n+`� j r 2j :(1.11)

Remark 1. Note that m = 0 if w(x) doesnot changesign on R. Furthermore,when
m = 0, thentheright-handsideof (1.11) remainspositive evenif r → 0. Therefore(1.11)
holdswith a positive lower boundevenif w(x) haszeroson Jn+bk/2c+1 providedthat their
multiplicities areevenandm = 0. However, if w(x) changessignon Jn+bk/2c+1, thenthe
left-handsideof (1.11) mayvanish,andsowe cannothaveanon-trivial lowerbound.

Theproofof Theorem1.2will show that(1.11) canbere�ned byworkingwith individual
boundsr j insteadof r suchthatdn+bk/2c+1(zj) ≥ r j for j = 1; : : : ; k:

Remark 2. At the conferencein Inzell (3rd Workshop`OrthogonalPolynomials,Ap-
proximation,andHarmonicAnalysis', April 2000),MichaelSkrzipekgave a lectureon the
inversionof Vandermondetypematricesof orthogonalpolynomials.Theorem1.2 includesa
suf�cient conditionfor invertibility.
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Remark 3. Theproof of Theorem1.2 restson repeatedapplicationof Lemmas2.2 and
2.3 givenin § 2 below. In theproofsof theselemmas,all considerationsarebasedon equa-
tions. It is only at theendthata lower boundis deducedfrom a meanvalue.We canaswell
deduceanupperboundfrom thatmeanvalueandestablishaninequalityanalogousto (1.11),
but in the oppositedirection. More precisely, we canproceedasfollows. Analogouslyto
(1.5), we de�ne

Dn(z) := max
{

|z − � | : � ∈ Jn

}

(z ∈ C):

Then

D1(z) ≤ D2(z) ≤ · · · ≤ Dn(z) ≤ · · · :

Now supposethatin thesituationof Theorem1.2, we have

Dn+bk/2c+1(zj) ≤ R (j = 1; : : : ; k):

Then,for thedeterminants(1.6),

∣

∣

∣

∣

Vn+1(z1; : : : ; zk)
Vn(z1; : : : ; zk)

∣

∣

∣

∣

≤
Rm


 n

∑̀

j=0

(

`
j

)


 n+`� j R2j :(1.12)

Remark 4. Exceptfor trivial cases,inequality(1.11) is not sharp.In view of Remark3
andan analysisof the proofsgiven below, we �nd that the precisionof (1.11) dependson
thelengthof Jn+bk/2c+1: If this interval is relatively small,thentheestimate(1.11) is quite
accurate.If Jn+bk/2c+1 is unboundedasn → ∞, then(1.11) will belessaccuratewhenn is
large,but it will benon-trivial nevertheless.

Theproof of Theorem1.2 will show that thepointsz1; : : : ; zk canbe involvedsucces-
sively asrealsinglesandpairsof conjugates.Thereforethelocationof thesepoints,relative
to oneanother, is not crucial for theaccuracy of (1.11). This maybesurprisingsince,on the
left-handsideof (1.11), thenumeratorandthedenominatortendto zeroastwo of thepoints
z1; : : : ; zk approacheachother.

If in Theorem1.2 thehypothesison w(x) holdsfor somen ∈ N; thenit automatically
holds for all smaller indicesn, and m and ` do not changewhen n is reduced. This al-
lowsusto deducethefollowing lowerestimatefor |Vn+1(z1; : : : ; zk)| by iterating(1.11) and
employing (1.7).

COROLLARY 1.3. Suppose that in the statement of Theorem 1.2 the hypothesis on w(x)
holds for some n ∈ N. Then, introducing the polynomials

� ν (x) :=
∑̀

j=0

(

`
j

)


 ν+`� j


 ν
x2j (� = 0; : : : ; n);

we have

|Vn+1(z1; : : : ; zk)| ≥ r m(n+1)
n
∏

ν=0

� ν (r )
∏

1� i<j� k

|zi − zj |

≥ r m(n+1)
n
∏

ν=0


 ν+`


 ν

∏

1� i<j� k

|zi − zj | :
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For theproofof Theorem1.2, weshallemploy anotherorthogonalsystemwhich reveals
why thedeterminantsVn(z1; : : : ; zk) areof interest.

Let w(x) =
∏k

j=1(x − zν) bea realpolynomialwhich is non-negativeon thereal line.
Thenthereexistsauniquelydeterminedsequenceof monicorthogonalpolynomials

P [w]
0 (z); P [w]

1 (z); : : : ; P [w]
n (z); : : :(1.13)

with respectto w(x)d� (x): We want to distinguishall the quantitiesassociatedwith this
systemfrom thoseassociatedwith (Pn)n2 N0

by attachinga superscript[w]. Thus


 [w]
n :=

∫ 1

�1

(

P [w]
n (x)

)2

w(x) d� (x);

J [w]
n is thesmallestinterval containingthezerosof P [w]

n , andd[w]
n (z) is thedistanceof z from

J [w]
n :

In 1858already, Christoffel hadobserved(in thecasewhere� (x) = x) that

w(x)P [w]
n (x) = (−1)k

Vn(x; z1; : : : ; zk)
Vn(z1; : : : ; zk)

(n ∈ N0);(1.14)

see[7, § 2.5],wheretheresultis givenfor general� .
Whenw(x) changessign on the real line, thenw(x)d� (x) may not be an admissible

differentialfor de�ning an inner productin the spaceof polynomials. But if w(x) is non-
negativeonJn+bk/2c+1; thenw(x)d� (x) is admissiblefor thesubspacePn consistingof all
polynomialsof degreeat mostn. In fact,for any f ; g ∈ Pn; theintegral

∫ 1

�1
f (x)g(x)w(x) d� (x)(1.15)

canbecalculatedby meansof theGaussianquadratureformula[7, §3.4]whosenodesarethe
zerosof Pn+bk/2c+1; andsowe needonly therestrictionof w to Jn+bk/2c+1: Thuswe �nd
that(1.15) de�nesaninnerproductonPn andthatthepolynomials

P [w]
0 (z); P [w]

1 (z); : : : ; P [w]
n (z);(1.16)

asgiven by (1.14), form an orthogonalbasisfor Pn: Moreover, if the supportof d� (x) is
containedin aninterval J (suchaninterval is calledaninterval of orthogonality) andw(x) is
non-negativeonJ , then(1.14) de�nesanin�nite sequenceof orthogonalpolynomials.

If, in the previous paragraph,w(x) is non-positive on Jn+bk/2c+1 (respectively, on
J ), then the polynomials(1.16) (respectively, thosein (1.13) with unrestrictedn), exactly
as de�ned by (1.14), form a sequenceof monic orthogonalpolynomialswith respectto
−w(x)d� (x):

In orderto establishtherecurrenceformulafor thesystem(P [w]
n )n2 N0

; we needa mod-
i�cation of thedeterminantsVn(z1; : : : ; zk). We denoteby V �

n (z1; : : : ; zk) thedeterminant
obtainedfrom Vn(z1; : : : ; zk) by replacingtheindex n of thepolynomialsin the�rst column
by n − 1, thatis,

V �
n (z1; : : : ; zk) = det







Pn� 1(z1) Pn+1(z1) : : : Pn+k� 1(z1)
...

...
...

Pn� 1(zk) Pn+1(zk) : : : Pn+k� 1(zk)






:(1.17)
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THEOREM 1.4. Let (Pn)n2 N0
be a monic orthogonal system satisfying a recurrence

formula

Pn(x) = (x − � n)Pn� 1(x) − � n� 1Pn� 2(x) (n ∈ N)

with P� 1(x) ≡ 0 and P0(x) ≡ 1: Let J be an interval of orthogonality, and suppose that
w(x) =

∏k
j=1(x − zj) is a real polynomial that does not change sign on J . Then

P [w]
n (x) = (x − � [w]

n )P [w]
n� 1(x) − � [w]

n� 1P [w]
n� 2(x) (n ∈ N)(1.18)

with P [w]
� 1 (x) ≡ 0; P [w]

0 (x) ≡ 1; and

� [w]
n = � n + � n� 1

V �
n� 1(z1; : : : ; zk)

Vn� 1(z1; : : : ; zk)
− � n

V �
n (z1; : : : ; zk)

Vn(z1; : : : ; zk)
;(1.19)

� [w]
n = � n

Vn+1(z1; : : : ; zk) Vn� 1(z1; : : : ; zk)
(

Vn(z1; : : : ; zk)
)2 (n ∈ N):(1.20)

Notethat� [w]
0 is notneededandmaythereforebearbitrarilyde�ned.

While (1.19) and (1.20) give explicit representationsfor � [w]
n and � [w]

n , Gautschi[3]
proposedanalgorithmfor a recursivecomputationof thesequantities.However, asfarasthe
computationof thepolynomialsP [w]

n (x) is concerned,Skrzipek[6] pointedoutthattheuseof
therecurrenceformula(1.18) mayhavedisadvantages.Heproposedanalternativeapproach.

In [5], we have proved several inequalitiesfor 
 [w]
n and ‖P [w]

n ‖; see[5, Lemmas3–
5]. They imply further inequalitiesfor Vn(z1; : : : ; zk) andits modi�cations. Someof these
inequalitiesaresharp.

2. Lemmas. Continuingin usingthenotationsof §1, weshallprovethefollowing aux-
iliary results.

LEMMA 2.1. Let Pn and Pn+1 be consecutive monic orthogonal polynomials, and
denote by x1; : : : ; xn+1 the zeros of Pn+1: Then

Pn(z)
Pn+1(z)

=
n+1
∑

ν=1

� ν

z − xν
where � ν > 0 (� = 1; : : : ; n + 1)(2.1)

and

n+1
∑

ν=1

� ν = 1:(2.2)

Proof. For (2.1), see[7, p. 47,Theorem3.3.5]).Multiplying bothsidesof theequation
in (2.1) by z andlettingz → ∞, we readilyconcludethat(2.2) holds.

LEMMA 2.2. Let N ∈ N and w(x) = x − � with � ∈ R \ JN+1. Then

J [w]
n ⊂ Jn+1(2.3)
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and


 [w]
n ≥ 
 ndn+1(� )(2.4)

for n = 0; : : : ; N :

Proof. By (1.14),

w(x)P [w]
n (x) = Pn+1(x) −

Pn+1(� )
Pn(� )

Pn(x) (n = 0; : : : ; N ):(2.5)

Now let x1; : : : ; xn+1 bethezerosof Pn+1 in increasingorder. Then

w(xν )P [w]
n (xν ) = −

Pn+1(� )
Pn(� )

Pn(xν ) (� = 1; : : : ; n + 1):

SincethepolynomialsPn andPn+1 aremonicandtheir zerosinterlace,we have

sgnPn(xν ) = (−1)n+1� ν (� = 1; : : : ; n + 1):(2.6)

Takinginto accountthatw(x) doesnot changesignonJN+1, we �nd that

sgnP [w]
n (xν ) = (−1)n� ν sgn

Pn+1(� )
w(x1)Pn(� )

(� = 1; : : : ; n + 1):

Hencethezerosof P [w]
n andPn+1 interlace,andthis implies(2.3).

The polynomialsP [w]
0 ; : : : ; P [w]

N areorthogonalwith respectto ±w(x)d� (x), the sign
dependingon thesignof w(x) onJN+1: In any case,


 [w]
n =

∣

∣

∣

∣

∫ 1

�1

(

P [w]
n (x)

)2

w(x) d� (x)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ 1

�1
w(x)P [w]

n (x)Pn(x) d� (x)

∣

∣

∣

∣

:

Substituting(2.5) into theright-handside,we readily�nd that


 [w]
n = 
 n

∣

∣

∣

∣

Pn+1(� )
Pn(� )

∣

∣

∣

∣

:(2.7)

Now, by Lemma2.1,
∣

∣

∣

∣

Pn(� )
Pn+1(� )

∣

∣

∣

∣

≤
1

min1� ν� n+1 |� − xν |
≤

1
dn+1(� )

;

andso(2.4) follows from (2.7).

While in Lemma2.2 w(x) was linear, we now establisha correspondingresult for a
quadraticw(x).

LEMMA 2.3. Let N ∈ N and w(x) = (x − � 1)(x − � 2), where either � 2 = � 1 or
� 1; � 2 ∈ R \ JN+2. Then

J [w]
n ⊂ Jn+1 (n = 0; : : : ; N ):(2.8)

If, in addition, � 1 and � 2 do not lie in different components of R \ JN+2, then


 [w]
n ≥ 
 n+1 + 
 n dn+1(� 1) dn+1(� 2) (n = 0; : : : ; N ):(2.9)
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Proof. We shall prove the lemmaunderthe additionalhypothesisthat � 1 6= � 2. An
extensionto � 1 = � 2 will beachievedby continuouscontinuation,aswe have explainedin
theparagraphfollowing (1.10).

Usingthenotation(1.17), we deducefrom (1.14) by Laplaceexpansion(with respectto
the�rst row) of thedeterminantin thenumeratorthat

w(x)P [w]
n (x) =

Vn+1(� 1; � 2)
Vn(� 1; � 2)

Pn(x) −
V �

n+1(� 1; � 2)
Vn(� 1; � 2)

Pn+1(x) + Pn+2(x):(2.10)

Now let x1; : : : ; xn+1 be againthe zerosof Pn+1 in increasingorder. It follows from the
recurrenceformula(1.3) andfrom (1.4) that

Pn+2(xν ) = −

 n+1


 n
Pn(xν ) (� = 1; : : : ; n + 1):

Hence(2.10) gives

w(xν )P [w]
n (xν ) = Pn(xν )

(

Vn+1(� 1; � 2)
Vn(� 1; � 2)

−

 n+1


 n

)

(� = 1; : : : ; n + 1):

The term in parenthesesmust be different from zero sinceP [w]
n would have n + 1 zeros

otherwise. Recalling(2.6), we easilyconcludethat the zerosof P [w]
n andPn+1 interlace.

Thisshowsthat(2.8) holds.

Now we wantto estimate
 [w]
n from below. Clearly


 [w]
n =

∫ 1

�1

(

P [w]
n (x)

)2

w(x) d� (x) =
∫ 1

�1
w(x)P [w]

n (x)Pn(x) d� (x):

Substituting(2.10) into theright-handside,we readily�nd that


 [w]
n = 
 n

Vn+1(� 1; � 2)
Vn(� 1; � 2)

:(2.11)

Employing therecurrenceformula(1.3), we obtainthat

Vn+1(� 1; � 2) = det
(

Pn+1(� 1) Pn+2(� 1)
Pn+1(� 2) Pn+2(� 2)

)

= det
(

Pn+1(� 1) (� 1 − � n+2)Pn+1(� 1) − � n+1Pn(� 1)
Pn+1(� 2) (� 2 − � n+2)Pn+1(� 2) − � n+1Pn(� 2)

)

=
(

� 2 − � 1

)

Pn+1(� 1)Pn+1(� 2) +

 n+1


 n
Vn(� 1; � 2) :

Hence(2.11) mayberewrittenas


 [w]
n = 
 n+1 + 
 n

(� 2 − � 1)Pn+1(� 1)Pn+1(� 2)
Vn(� 1; � 2)

:(2.12)

UsingLemma2.1for a partialfractiondecompositionof Pn=Pn+1, we �nd that

Vn(� 1; � 2)
Pn+1(� 1)Pn+1(� 2)

=
Pn(� 1)

Pn+1(� 1)
−

Pn(� 2)
Pn+1(� 2)

=
(

� 2 − � 1

)

n+1
∑

ν=1

� ν

(� 1 − xν )( � 2 − xν )
:
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Since� 1, and� 2 areeithera pair of conjugatezerosor a pair of realzeroslying in thesame
componentof R\JN+2, weseethatthelastsumis ameanvalueof positiveterms.Therefore

Vn(� 1; � 2)
(� 2 − � 1)Pn+1(� 1)Pn+1(� 2)

≤
1

dn+1(� 1)dn+1(� 2)
:

Combiningthis estimatewith (2.12), we obviouslyobtain(2.9).

3. Proofsof the resultsin § 1.
Proof of Proposition 1.1. Let A = (aµν ) bea matrix in Cn� n. Then,by aninequality

of Hadamard[4, p. 418,Theorem13.5.3]appliedto thetransposeof A,

|det A| ≤

n
∏

µ=1

(

n
∑

ν=1

|aµν |
2

)1/2

:

This estimatecan be generalized. If D ∈ Cn� n is a non-singulardiagonalmatrix with
diagonalentriesd1; : : : ; dn; then det(D � 1AD ) = det A; andtherefore

|det A| ≤
1

|d1 · · · dn|

n
∏

µ=1

(

n
∑

ν=1

|aµνdν |
2

)1/2

:

Thisshows thatVn(z1; : : : ; zk) maybeestimatedas

|Vn(z1; : : : ; zk)| ≤




 n
 n+1 · · · 
 n+k� 1

k
∏

j=1

(

n+k� 1
∑

ν=n

1

 ν

|Pν (zj)|2
)





1/2

:(3.1)

By theChristoffel–Darbouxformula(see[7, p. 43, (3.2.3)and(3.2.4)])

m� 1
∑

ν=0

1

 ν

|Pν (z)|2 =















1

 m� 1

(

P0
m(z)Pm� 1(z) − Pm(z)P 0

m� 1(z)
)

if z ∈ R;

1

 m� 1

·
Pm(z)Pm� 1(z) − Pm(z)Pm� 1(z)

z − z
if z ∈ C \ R:

But this is thequantity� m(z), de�ned in Proposition1.1. Thus(3.1) gives(1.8).
Employing Lemma2.1, we canavoid thedistinctionbetweenrealandnon-realz in the

de�nition of � m(z). In fact, let x1; : : : ; xm be thezerosof Pm, andlet � 1; : : : ; � m be the
coef�cients in thepartialfractiondecompositionof Pm� 1=Pm accordingto Lemma2.1.

If z ∈ R, then


 m� 1� m(z) = P 0
m(z)Pm� 1(z) − Pm(z)P 0

m� 1(z)

= −P2
m(z)

d
dz

Pm� 1(z)
Pm(z)

= P2
m(z)

m
∑

µ=1

� µ

(z − xµ)2

= |Pm(z)|2
m
∑

µ=1

� µ

|z − xµ|
2 ;
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andif z ∈ C \ R, then


 m� 1� m(z) =
Pm(z)Pm� 1(z) − Pm(z)Pm� 1(z)

z − z

=
|Pm(z)|2

z − z

(

Pm� 1(z)
Pm(z)

−
Pm� 1(z)
Pm(z)

)

=
|Pm(z)|2

z − z

(

m
∑

µ=1

� µ

z − xµ
−

m
∑

µ=1

� µ

z − xµ

)

= |Pm(z)|2
m
∑

µ=1

� µ

|z − xµ|
2 :

Hencefor any z ∈ C,

� m(z) =
1


 m� 1

m
∑

µ=1

� µ

∣

∣

∣

∣

Pm(z)
z − xµ

∣

∣

∣

∣

2

;

whichgives(1.9) at once.

Proof of Theorem 1.2. Firstwe notethat

∣

∣

∣

∣

Vn+1(z1; : : : ; zk)
Vn(z1; : : : ; zk)

∣

∣

∣

∣

=

 [w]

n


 n
:(3.2)

In fact,using(1.14), weseethat


 [w]
n =

∣

∣

∣

∣

∫ 1

�1

(

P [w]
n (x)

)2

w(x) d� (x)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ 1

�1
w(x)P [w]

n (x)Pn(x) d� (x)

∣

∣

∣

∣

=

∣

∣

∣

∣

1
Vn(z1; : : : ; zk)

∫ 1

�1
Vn(x; z1; : : : ; zk)Pn(x) d� (x)

∣

∣

∣

∣

:

Now, expandingthedeterminantinsidethe integral with respectto the �rst row andpaying
attentionto theorthogonalityof thesystem(Pn)n2 N0

, we readilyobtain(3.2).

In view of (3.2), we have to estimate
 [w]
n from below. For this we canuseLemmas2.2

and 2.3 repeatedly, taking advantageof the obvious fact that the operationof attachinga

superscript[w] is multiplicative in the following sense.If w = uv; thenP [w]
n = (P [u]

n )
[v]

and,consequently, 
 [w]
n = (
 [u]

n )
[v]

:
Obviously, wemayfactorthepolynomialw as

w(x) = p(x)q1(x) · · · q̀ (x);

wherep is a monic real polynomialof degreem suchthat, if m = 2, thenthe zerosof p
lie in differentcomponentsof R \ Jn+bk/2c+1, andwhereqλ (� = 1; : : : ; `) aremonicreal
polynomialsof degreetwo, eachhaving eitherapairof conjugatezerosor apairof realzeros
lying in the samecomponentof R \ Jn+bk/2c+1. In particular, eachqλ(x) is positive for
x ∈ Jn+bk/2c+1:
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Applying Lemma2.2 m times,we readilyseethat


 [p]
ν ≥ 
 ν r m (� = 0; : : : ; n + `):

Now we de�ne w0(x) := p(x) and

wλ(x) := p(x)q1(x) · · · qλ(x) (� = 1; : : : ; `):

We claim that


 [wλ]
ν ≥ r m

λ
∑

j=0

(

�
j

)


 ν+λ� j r 2j and d[wλ]
ν (z) ≥ dν+m+λ(z)

(� = 0; : : : ; `; � = 0; : : : ; n + ` − � ):

(3.3)

The inequalityfor d[wλ]
ν (z) is aneasyconsequenceof Lemmas2.2 and2.3. The inequality

for 
 [wλ]
ν maybeprovedby inductionon � asfollows.
Let � 1 and� 2 bethezerosof qλ+1. UsingagainLemma2.3, we concludethat


 [wλ+1]
ν =

(


 [wλ]
ν

)[qλ+1]

≥ 
 [wλ]
ν+1 + 
 [wλ]

ν d[wλ]
ν+1(� 1) d[wλ]

ν+1(� 2)

≥ 
 [wλ]
ν+1 + 
 [wλ]

ν dν+m+λ+1(� 1) dν+m+λ+1(� 2)

≥ 
 [wλ]
ν+1 + 
 [wλ]

ν r 2 :

Now theinductionhypothesisappliesandgives


 [wλ]
ν+1 + 
 [wλ]

ν r 2 ≥ r m





λ
∑

j=0

(

�
j

)


 ν+1+λ� j r 2j +
λ
∑

j=0

(

�
j

)


 ν+λ� j r 2j+2





= r m




 ν+λ+1 +
λ
∑

j=1

{(

�
j

)

+
(

�
j − 1

)}


 ν+λ+1� j r 2j + 
 νr 2λ+2





= r m
λ+1
∑

j=0

(

� + 1
j

)


 ν+λ+1� jr 2j :

Thiscompletestheproofof (3.3).
Finally, noting that w(x) = w`(x), andcombining(3.2) and(3.3), we readily obtain

(1.11).

Proof of Theorem 1.4. Let sgnw(x) =: " for x ∈ J . It is clear, from thegeneraltheoryof
orthogonalpolynomials,thatarecurrenceformulaof theform (1.18) holds,where,according
to (1.4),

� [w]
n =

"


 [w]
n� 1

∫ 1

�1
x
(

P [w]
n� 1(x)

)2

w(x) d� (x)(3.4)

and

� [w]
n =


 [w]
n


 [w]
n� 1

(3.5)
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for n ∈ N:
¿From(3.2) andthediscussionof thein�uence of thesignof w (see§ 1), we know that


 [w]
n = "(−1)k
 n

Vn+1(z1; : : : ; zk)
Vn(z1; : : : ; zk)

(n ∈ N0);(3.6)

whichgives(1.20) atonce.
A veri�cation of (1.19) is moresophisticated.In view of (1.14), we maywrite

x
(

P [w]
n� 1(x)

)2

w(x) = det











Pn� 1(x) Pn(x) : : : Pn+k� 1(x)
Pn� 1(z1) Pn(z1) : : : Pn+k� 1(z1)

...
... : : :

...
Pn� 1(zk) Pn(zk) : : : Pn+k� 1(zk)











(−1)kxP [w]
n� 1(x)

Vn� 1(z1; : : : ; zk)
:

By theorthogonalityof thesystem(Pn)n2 N0
, we have

∫ 1

�1
xPn� 1+j (x)P [w]

n� 1(x) d� (x) =
{

0 if j ≥ 2;

 n if j = 1:

Hence,when we expandthe determinantwith respectto the �rst row and calculate� [w]
n

accordingto (3.4), we �nd that

� [w]
n =

"(−1)k


 [w]
n� 1

[

Vn(z1; : : : ; zk)
Vn� 1(z1; : : : ; zk)

∫ 1

�1
xPn� 1(x)P [w]

n� 1(x) d� (x) − 
 n
V �

n (z1; : : : ; zk)
Vn� 1(z1; : : : ; zk)

]

:

(3.7)
Next, we have to calculatetheintegral on theright-handside.By therecurrenceformulafor
thesystem(Pn)n2 N0

; wehave

xPn� 1(x) = Pn(x) + � nPn� 1(x) + � n� 1Pn� 2(x):

This impliesthat
∫ 1

�1
xPn� 1(x)P [w]

n� 1(x) d� (x) = � n
 n� 1 + � n� 1

∫ 1

�1
Pn� 2(x)P [w]

n� 1(x) d� (x) :(3.8)

It remainsto calculatetheintegralontheright-handside.For this,weproceedasfollows.
By (1.14),

w(x)P [w]
n� 2(x) = (−1)k

Vn� 2(x; z1; : : : ; zk)
Vn� 2(z1; : : : ; zk)

:

Multiplying both sidesby P [w]
n� 1(x), expandingthe Vandermondetype determinantin the

numerator, with respectto the�rst row, andintegratingwith respectto d� (x); we obtain

0 =
∫ 1

�1
w(x)P [w]

n� 2(x)P [w]
n� 1(x) d� (x) =

(−1)k
[

Vn� 1(z1; : : : ; zk)
Vn� 2(z1; : : : ; zk)

∫ 1

�1
Pn� 2(x)P [w]

n� 1(x) d� (x) − 
 n� 1
V �

n� 1(z1; : : : ; zk)
Vn� 2(z1; : : : ; zk)

]

;

andso
∫ 1

�1
Pn� 2(x)P [w]

n� 1(x) d� (x) = 
 n� 1
V �

n� 1(z1; : : : ; zk)
Vn� 1(z1; : : : ; zk)

:(3.9)

Finally, combining(3.6)–(3.9), we arriveat (1.19).



ETNA
Kent State University 
etna@mcs.kent.edu

164 G. SCHMEISSER

Acknowledgment. Theauthorwantsto thanktherefereefor his carefulreadingof the
manuscript.Partsof Remarks1–4andCorollary1.3 wereincorporatedin responseto ques-
tions raisedby him. He alsodrew attentionto the paperof Gautschi,whoseOberwolfach
lecturehadescapedtheauthor'smemory.

REFERENCES

[1] T. S. CHIHARA, An Introductionto OrthogonalPolynomials, Gordon & Breach, New York, 1978.
[2] G. FREUD, OrthogonalPolynomials, Pergamon Press, Oxford, 1971.
[3] W. GAUTSCHI, An algorithmic implementationof the generalizedChristoffel theorem,in Numerical Integra-

tion, G. Hämmerlin, ed., ISNM 57, Birkhäuser, Basel, 1982, pp. 89–106.
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