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BOUNDS FOR VANDERMONDE TYPE DETERMIN ANTS OF ORTHOGONAL
POLYNOMIALS

GERHARD SCHMEISSERT

Abstract. Let (Pn)nen, be a system of monic orthogonal polynomials. We establish upper and lower esti-
mates for determinants of the form

Pn(z1) ... Ppyr—1(z1)
Va(z1,...,2) = det :

Pn(z) ... Pn+k‘—1(zk)

For the proofs, we have to study the monic orthogonal system (P,[[““])neNU obtained by inserting the polynomial
w(zx) = Hﬁzl(x — z,) as a weight into the inner product defining (Pr)nen,. We also express the recurrence
formula for (Prlf”] )nen, in terms of Vandermonde type determinants.
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1. Intr oduction and statementof results. First we wantto introducesometerminol-
ogy for orthogonabolynomials referringto [1, 2, 7] for standardesults.

We denoteby anm-distribution, thatis, anon-decreasingoundedunction : R —
R which attainsin nitely mary distinctvaluesandis suchthatthemoments

1
n ::/ x™d (x) (n € Nyp)

1
exist. Thenthereexistsauniquelydeterminedsequencef polynomials
Po(2); P1(2); it Pa(2); it
calledthesequencef monic orthogonal polynomials with respectto d (x); with thefollow-

ing properties:
(i) eachP,, isamonicpolynomialof degreen;

(i) (Pp;Pm) = ﬁ P.(X)P,,(x)d (x)=0 for m# n:
For ary polynomialf , we de ne thenorm

(L.1) = (f "ol d (X)>1/2

andintroducethenumbers

(1.2) n = [IP? (n € No):

Thesystem(P,,) .2, Satis esarecurrencdormula

(1.3) Pn(X) = (X— n)Pn 1(X) = » 1Pn 2(x) (N eN);
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whereP 1(x) =0;Po(x) =1; (= 1;and

(1.4) oot /l P2 (x)d (x) and ,= —"— (neN)
1

n 1 n 1

se€[7, §3.2].
It is known thatthe polynomialsP,, (n € N) have only realzeros.Denotingby J,, the
smallesinterval containingthe zerosof P,,, we introducethe n-th distance function

(1.5) do(2) == min{|z— | : €J,} (z€C):
Sincethezerosof consecutie orthogonabolynomialsinterlace we have

di(z) > da(2) > - > du(2) > -+ > |92]:

In this paperwe wantto estimatethefollowing generalized/andermondéype determi-
nants:

P.(z1) Ppy1(z1) 0 Pagr 1(z1)
(1.6) Vo (z1;::0,28) = det : : :

Pn(zk) Pnt1(zi) 00 Prir 1(zk)
It is easily seenthat Vy(z1;:::;z;) is equalto the classicalVandermondeleterminantof
Zy;::1; Zk: In fact,eachpolynomialP,,, maybewritten as

m 1
Pn(2) = 27+ Y CuuPu(2);
=0
with certainconstants,,,,. Hence,if we addto eachcolumnin (1.6) anappropriatdinear
combinationof its predecessor@gnddoit rst for the lastcolumn,thenfor thelastbut one
andsoon,we nd that

1z, :o0ozZf !
(1.7)  Vo(zi;iiiizg) = det| @ : = H (zj — z):
1z, o lez 1 1 6<j k
Thereis nosimpleexplicit formulafor V,,(z1;:::; zx) whenn > 1, andthereforewe are

interestedn boundsfor thesedeterminants.
It is usuallynot a big problemto nd someupperboundfor a determinantFor sale of
completenessye presenthefollowing result.

k
(1.8)  |Va(zi;iinz)| < | ononato nak 1H( n+k(Z5) — n(zj)) :
j=1

where

2 (PL@Pw 1@ ~Pu@PS (1))  ifzeR

1 ) C\\Y{Pm(Z)Pm 1(7)}

m 1 Sz

m(2) = (m € N):

ifze C\R



ETNA

Kent State University
etna@mcs.kent.edu

154 G. SCHMEISSER

Moreover, for any z € C;

2

. P,.(z P,.(2) |I?
(1.9 min m(2) < a(2) < max m(@) |,
m 11w m|Z—=X, m 11 p m|Z—=X,
where X1;:::;X,, are the zeros of P,,.

Lowerestimatedor determinantin generabndfor our Vandermondéypedeterminants
in particulararemuchmoredelicate.We shallestablisha lower boundfor the modulusof

(1.10) Vit1(Z13::1524) |

Vo(z1;:00;2k)
Usedrepeatedlyfor n; n — 1; n — 2; ::: andcombinedwith (1.7), it allows usto estimate
[Vit1(z1; 005 z,)| for n € No from belon. Herewe admitthatsome(or all) of the points
Z1;:::;Z, maycoalesceln this casewe de ne thequotient(1.10 by continuouscontinua-
tion. More preciselyif z;, = z;, = --- = z;,, thenwe replacethe polynomialsin thej ;-st,

j2-nd,...,]je-throwin (1.6) by their rst, second,.., "-th derivative.
As usual,we shalldenoteby | x| thelargestinteger not exceedingx. We arenow ready
for presentinghe mainresult.

THEOREM 1.2. Let (P,,)n2n, be a sequence of monic orthogonal polynomials with as-
sociated intervals J,,, constants ,,, and distance functions d,, (n € N) as specified in (1.2)—
(1.95. Let w(x) = H’;Zl(x — z;) be a real polynomial which has no zero in J,, pi/2c41-
Denote by m; and ms the number of zeros (counted according to their multiplicities) in the
left and the right component of R\ J,, bx/2c+1, respectively, Define

0 if m; and m, are both even,
m := 1 if exactly one of the numbers m; and m- is odd,
2 if my and m, are both odd,

and ~ := (k — m)=2: Suppose that
Onibry2cr1(Z5) > 1 (4 =L:5Kk);
with r > 0: Then, for the determinants (1.6),

m Z s )
- —Z(,-) e 31

L

(1.11)

Remark 1. Notethatm = 0 if w(x) doesnot changesignon R. Furthermorewhen
m = 0, thentheright-handsideof (1.11) remainspositive evenif r — 0. Therefore(1.11)
holdswith a positive lower boundevenif w(x) haszerosonJ,, p;/2c+1 providedthattheir
multiplicities areevenandm = 0. However, if w(x) changesignon J,,  pi/2¢+1, thenthe
left-handsideof (1.11) mayvanish,andsowe cannothave a non-trivial lower bound.

Theproofof Theoreml.2will shav that(1.11) canbere ned by workingwith individual

Remark 2. At the conferencan Inzell (3rd Workshop OrthogonalPolynomials,Ap-
proximation,andHarmonicAnalysis', April 2000), Michael Skrzipekgave a lectureon the
inversionof Vandermondéype matricesof orthogonabpolynomials. Theoreml.2 includesa
sufcient conditionfor invertibility.
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Remark 3. The proof of Theoreml.2 restson repeatedapplicationof Lemmas2.2 and
2.3givenin § 2 below. In the proofsof theselemmasall considerationsirebasedon equa-
tions. It is only atthe endthata lower boundis deducedrom a meanvalue. We canaswell
deduceanupperboundfrom thatmeanvalueandestablishaninequalityanalogougo (1.11),
but in the oppositedirection. More precisely we canproceedasfollows. Analogouslyto
(1.5, wede ne

Dn(z) = max{|z— |: €J,} (zeC):
Then
Di1(z) < D2(2) < --- < Dyp(z) < -
Now supposéhatin the situationof Theoreml.2, we have
Doibk/2c1(z)) <R (= L:ink):

Then,for thedeterminant$1.6),

(1.12)

VAN
< —Z<J) nte jR¥:

Remark 4. Exceptfor trivial casesjnequality(1.11) is not sharp.In view of Remark3
and an analysisof the proofsgiven below, we nd thatthe precisionof (1.11) dependson
thelengthof J,, i /2c41: If thisinterval is relatively small,thenthe estimate(1.11) is quite
accuratelf J,, | py/2c4+1 IS unboundedsn — oo, then(1.11) will belessaccuratevhenn is
large,but it will be non-trivial nevertheless.

sively asreal singlesandpairsof conjugatesThereforethe locationof thesepoints,relative
to oneanotheris not crucialfor theaccurag of (1.11). This maybesurprisingsince,onthe
left-handsideof (1.11), thenumeratoandthe denominatotendto zeroastwo of the points

If in Theoreml.2 the hypothesison w(x) holdsfor somen € N; thenit automatically
holds for all smallerindicesn, andm and” do not changewhenn is reduced. This al-

employing (1.7).
COROLLARY 1.3. Suppose that in the statement of Theorem 1.2 the hypothesis on w(x)
holds for some n € N. Then, introducing the polynomials

4 <
v(X) = Z(j)wxzj ( =0:::5n);

j=0 v

we have

v=0 1 i<j k

n
2 rm(n""l) H U_H H |Zi — Zj :
v=0 v

1 i<j k
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For the proof of Theoreml.2, we shallemploy anotherorthogonakystemwhich reveals

Letw(x) = H’;Zl(x — z,) bearealpolynomialwhich is non-ngyative on therealline.
Thenthereexistsa uniquelydeterminedsequencef monicorthogonalpolynomials

(1.13) Pé“’](z); Pl[w](z); i P(2); i

with respectto w(x)d (x): We want to distinguishall the quantitiesassociatedvith this
systemfrom thoseassociateavith (P,,).2n, by attachinga superscripfw]. Thus

= [ " (P00 Wi d (0
1

JTis thesmallesinterval containingthezerosof P andd!®’ (2) isthedistanceof z from
J bl

In 1858already Christofel hadobsered(in the casewhere (x) = x) that
(1.14) W)PI(x) = (~1)* (n € No);
se€[7, § 2.5], wheretheresultis givenfor general .

Whenw(x) changessign on the realline, thenw(x)d (x) may not be an admissible
differentialfor de ning aninner productin the spaceof polynomials. But if w(x) is non-

negatve onJ,, | pi/2c41; thenw(x)d (x) is admissiblefor the subspacé,, consistingof all
polynomialsof degreeat mostn. In fact,for ary f ; g € P,,; theintegral

1 -
(1.15) /1 f 0w d (%)

canbecalculatechy meanf the Gaussiamuadraturdormula[ 7, § 3.4]whosenodesarethe
zerosof P, py /2c+1; andsowe needonly therestrictionof w to J,,, p /2c41: Thuswe nd
that(1.15 de nesaninnerproducton P,, andthatthe polynomials

(1.16) Pl”l(z); PI")(2); :::; PI¥)(2);

asgivenby (1.14), form an orthogonalbasisfor P,,: Moreover, if the supportof d (x) is
containedn aninterval J (suchaninterval is calledaninterval of orthogonality) andw(x) is
non-ngyatveon J, then(1.14) de nesanin nite sequencef orthogonapolynomials.

If, in the previous paragraphw(x) is non-positve on J,, ;. 2c+1 (respectiely, on
J), thenthe polynomials(1.16) (respectiely, thosein (1.13 with unrestrictedn), exactly
as de ned by (1.14), form a sequenceof monic orthogonalpolynomialswith respectto
—w(x)d (x):

In orderto establistthe recurrencdormulafor the systen(P,[Lw])ng N, We needa mod-

i cation of thedeterminantd/,,(z;;:::;z;). We denoteby V, (z1;:::; zx) thedeterminant
obtainedrom V,,(z1; :::; z;) by replacingtheindex n of the polynomialsin the rst column
by n — 1, thatis,

Pn 1(z1) Pnyi(z1) 0 Pagr 1(z1)

Pn 1(zk) Pnsi(zr) 0 Pagr 1(zk)
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THEOREM 1.4. Let (P,)n2n, be @ monic orthogonal system satisfying a recurrence
formula

P.(X) = (x—= )Pn 1(X) = 5 1Pn 2(X) (neN)

with P 1(x) = 0and Py(x) = 1: Let J be an interval of orthogonality, and suppose that
w(x) = Hle(x — z;) is a real polynomial that does not change sign on J. Then

(1.18) Pl = (x— [Pl g — [PlMheg  (nen)

with P[wll(x) =0 Po[w](x) =1;and

Vi 1(z1500152k) Vn(z1:01525)
[w] Vig1(Z15::0026) Vi 1(205201325)

(1.20) W=

Notethat ([)w} is notneededcandmaythereforebe arbitrarily de ned.

While (1.19 and (1.20 give explicit representationeor [ and [, Gautschi[3]
proposedanalgorithmfor arecursve computatiorof thesequantities.However, asfar asthe

computatioerthepolynomiaIsP#“}(x) is concernedSkrzipek] 6] pointedoutthatthe useof
therecurrencdormula(1.18 mayhave disadwantagesHe proposedanalternatve approach.

[w]

In [5], we have proved several inequalitiesfor ;" and ||P7[{”]||; see[5, Lemmas3-

inequalitiesaresharp.

2. Lemmas. Continuingin usingthenotationsof § 1, we shallprove thefollowing aux-
iliary results.

LEMMA 2.1. Let P, and P, be consecutive monic orthogonal polynomials, and

denote by x1;:::;X,41 the zeros of P, 1: Then
Pn(Z) n+1 .
2.1 —_— = h ,>0 =1:::n+1
(2.1) e ; — where ( n+ 1)
and
n+1
(22) Z I 1:
v=1

Proof. For (2.1), se€[7, p. 47, Theorem3.3.5]). Multiplying bothsidesof the equation
in (2.1) by z andlettingz — oo, we readilyconcludethat(2.2) holds. O

LEMMA 2.2. Let N e Nand w(x) = x — with € R\ Jy1. Then

(2.3) Il e 3
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and

(2.4) W= ada ()
forn=0;:::;N

Pn
@5) WPl = Pra() - el e (= 0in
Now letxy;:::; X1 bethezerosof P,,; in increasingorder Then
Pn+1( )

w(x,)PI(x,) = — Pn(X.) ( = L::n+ 1)

Pn()

SincethepolynomialsP,, andP,,,; aremonicandtheir zerosinterlace we have
(2.6) sgnP,(x,) = (="t v  ( =1::n+ 1)
Takinginto accounthatw(x) doesnotchangesignonJ .1, we nd that

Pn+1() =1

sgnP[“I(x,) = (-1)" ”sgnm

Hencethe zerosof P,[lw] andP,,,; interlace andthisimplies(2.3).

dependingnthesignof w(x) onJy.1: In ary case,

pelf " (PEI00) weo d ()
1

Substituting(2.5) into theright-handside,we readily nd that

= \ /  WRPIIOP. 00 d ()]
1

(2.7) w) =

Pn+1( ) ‘ .
Pu() |

Now, by Lemma2.1,

‘ P.O) | _ 1 1
Pn+1() - minl v n+1| _Xl/| - dn+1( ),

andso(2.4) followsfrom (2.7). O
While in LemmaZ2.2 w(x) waslinear, we now establisha correspondingesultfor a
guadration(x).
LEMMA 2.3. Let N € Nand w(x) = (X — 1)(X — 2), where either » = | or
1, 2 € R\JN+2. Then

(2.8) Wl c 3, (n=0:N):
If, in addition, ; and 5 do not lie in different components of R \ J 42, then

(2.9) wh> g+ adi( 1) dei(2)  (N=0;::N):
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Proof. We shall prove the lemmaunderthe additionalhypothesighat ; # 5. An
extensionto ; = 5 will beachiezed by continuouscontinuation,aswe have explainedin
theparagrapHollowing (1.10).

Usingthenotation(1.17), we deducerom (1.14) by Laplaceexpansion(with respecto
the rst row) of thedeterminantn the numeratothat

Viti( 15 2) V(1 2)
2.10) wx)PM(x)y = Inti b Zp yy  Indlt L 2 p 6y 4 P, o(X):
( ) ( ) n ( ) Vn( 1; 2) ( ) Vn( 1; 2) +1( ) +2( )
Now let x1;:::;X,+1 beagainthe zerosof P,,;1 in increasingorder It follows from the

recurrencdormula(1.3) andfrom (1.4) that

Poia(X,) = ——HP.(x,) (= L::;n+ 1)

n

Hence(2.10) gives

W(XV)P,[;“U](XV) = Pn(XV) <V\7;+(1(1.1;2)2) _ n+1) ( =1:::n+ 1):
[w]

The term in parenthesemust be differentfrom zerosinceP,,* would have n + 1 zeros

otherwise. Recalling(2.6), we easily concludethat the zerosof P,[f”] and P, interlace.
This shavsthat(2.8) holds.

Now we wantto estimate ,[Z“”] from below. Clearly

1 9 1
P [ (Pl00) wead (0 = [ weoRI0gP.00d (0):
1 1
Substituting(2.10 into theright-handside,we readily nd that

Vint1( 15 2)
2.11 [w] = nﬂi:
( ) " V(15 2)

Employing therecurrencdormula(1.3), we obtainthat

. _ Pri1( 1) Pnya( 1)
Vig1( 15 2) = det( Prri( 2) Paga( 2) >

- det( Pot1( 1) (1= a12)Puyi( 1) = nr1Pul( 1) )
Pn+1( 2) ( 2 n+2)Pn+1( 2) - n+1pn( 2)

= ( 2 — 1)Pn+1( )Pnt1( 2) + e V(15 2):

n

Hence(2.11) mayberewrittenas

[w] — (2= 1)Pnr1( 1)Pryi( 2) .
(212 = ot o Vol 11 2) '

UsingLemma?2.1 for a partialfractiondecompositiorof P,,=P,, 1, we nd that

Va(i2)  _ Pa() Pala) _ % v .
Pl P () Poc( ) Pona() - L2 1);( = X)(2—%,)
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Since 1, and , areeithera pair of conjugatezerosor a pair of real zeroslying in the same
componenbf R\ J x 2, we seethatthelastsumis ameanvalueof positiveterms.Therefore

Vn( 1 2) < 1 .
(2= D)Pngr1( )Pns1( 2) = dng1( 1)dnsa( 2)

Combiningthis estimatewith (2.12), we obviously obtain(2.9). 0

3. Proofsof the resultsin § 1.
Proof of Proposition 1.1. LetA = (a,,) beamatrixin C* ™. Then,by aninequality
of Hadamard4, p. 418, Theoreml13.5.3]appliedto thetranspos®f A,

n n 1/2
|detA| < H( |aW|2> :
1

p=1 \v=

This estimatecan be generalized.If D € C™ ™ is a non-singulardiagonalmatrix with

1/2

v

k n+k 1 1
(81) |Va(ziiiniz) < | nons1r ntk 1 H < Z |Pu(zj)|2>
j=1

v=n

By the Christofel-Darbouxformula(see[7, p. 43,(3.2.3)and(3.2.4)])

m 1 (PO@Pw 1) ~Pu@P, ()  if zeR;

1 _ m 1
Y = P.@f = 1 Pu(@Pm 1(2) = Pu(@Pm 1(2)

v=0 Y — if zeC\R:
m 1 Z—7Z

But thisis thequantity ,,(z), de nedin Propositionl.1. Thus(3.1) gives(1.8).
Employing LemmaZ2.1, we canavoid the distinctionbetweerrealandnon-realz in the

de nition of ,,(2). In fact,let xy;:::;x,, bethe zerosof P,,,, andlet ;:::; ,, bethe
coefcients in the partialfractiondecompositiorof P,,, 1=P,,, accordingo Lemma2.1
If z € R, then

m 1 m(z): P%(Z)Pm 1(Z)—Pm(Z)P7% 1(2)

d Pm 1(2)

-PL(2) @z P

PLDY. s

pn=1

m

Pm(2)]* Y ——;

=11z =Xu
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andif z € C\ R, then

Pm(Z)Pm 1(7) B Pm(z)Pm 1(2)

m 1 m(2)= T
='P:£2' (% zé? )
= P2’ ;ZT

Hencefor ary z € C,
Pu(2) |,
Z—Xy,

m(Z) = L Zu

m 1 =1

which gives(1.9) atonce. O

Proof of Theorem 1.2. Firstwe notethat

(3.2)

In fact,using(1.14), we seethat

= i/ (P,[;ﬂ](x))Qw(x)d ()] = i/ WP (9P, () d (x)

Now, expandingthe determinaninsidethe integral with respecto the rst row andpaying
attentionto the orthogonalityof the systerr(Pn)ng N, » We readilyobtain(3.2).

In view of (3.2), we haveto estimate “J from belaw. For this we canuseLemmas2.2
and 2.3 repeatedlytaking advantageof the obvious fact that the operationof attachinga
superscripfw] is multiplicative in the following sense.If w = uv; then P,[Z“”] = (P,E“])[v]

and,consequently [ = ( [*h!.
Obviously, we mayfactorthe polynomialw as

W(x) = p(X)qu(X) - - e(x);

wherep is a monic real polynomial of degreem suchthat,if m = 2, thenthe zerosof p
lie in differentcomponent®f R \ J,,  pi/2c4+1, andwhereqy (= 1;:::;) aremonicreal
polynomialsof degreetwo, eachhaving eithera pair of conjugataerosor apairof realzeros
lying in the samecomponenof R \ J,,pr/2c41. In particulay eachqy(x) is positive for
X € Iy ybk/2c+1
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Applying Lemma2.2 m times,we readily seethat
Ph>rm (= 0::;n+0):
Now we de ne wy(x) := p(x) and
Wa(X) = p)au(x)---an(x) (= L)

We claim that

(3.3) ' =
( =0:;7 =00+ — )

Theinequalityfor dB’“J (2) is aneasyconsequencef Lemmas2.2 and2.3 Theinequality

[wal

for " maybeprovedby inductionon asfollows.
Let ; and 5 bethezerosof g\, 1. UsingagainLemma2.3, we concludethat

[qx+1] w w w
froel = ((p) T = Il Bl Gy dilC)

> b Todd, () gt ( 2)
> e e

Now theinductionhypothesisippliesandgives

A

A
[wal ¢ [walp2 > ¢ m () st P2+ <> Ly r2t2
v+1 v = Z i +14+X J;O j +XA g

J=0

A
=1l oAt Z{(J)+ (j _1)} viat1 1+ ul’2’\+2]
j=1

A+1

m u +1 27 .

r E i vHAF1 GET
Jj=0

This completegheproofof (3.3).
Finally, noting thatw(x) = w,(x), and combining(3.2) and(3.3), we readily obtain
(1.11. O

Proof of Theorem 1.4. Letsgnw(x) =: " forx € J. Itisclear, from thegeneratheoryof
orthogonapolynomials thatarecurrencéormulaof theform (1.18 holds,where,according
to (1.4),

" 1 2
w| — [w]
(3.4) = [ x(PIe0) wead 0o
and
[w]
(3.5) [w] =
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forn € N:
¢From(3.2) andthediscussiorof thein uence of thesignof w (seeg 1), we know that
Vig1(Z10075 Zk)
3.6 [w] = n(_q)k  Zntl n € No);
(36) WY Ny (e

which gives(1.20 atonce.
A veri cation of (1.19 is moresophisticatedln view of (1.14), we maywrite

Prn 1(X)  Pa(xX) it Ppir 1(X) .
. 2 Po 1(z1) Pa(zi) it Pagw 1(z1) | (—2)*xP "L (x)
X (P7[L ]1()()) W(X)= det . . o . m
Pn 1(zk) Pu(zi) i Payr 1(Z)
By theorthogonalityof the system(P,,) .2 n,, We have
l .
w 0 if > 2;
/ XP, 14 (0P (0 d (%) = { =1
1 n )

Hence,whenwe expandthe determinantwith respectto the rst row and calculate L
accordingo (3.4), we nd that

w) — (=1 [ Vo(zi;::5z) 1 [w] o V(i) .
" [w] |V, 1(z1;::028) ) XPu 1 ()P, (0 d (X) "V, 1(zi;iinze) |
(3.7)

Next, we have to calculatethe integral on theright-handside. By therecurrencdormulafor
thesystem(P,,) .2 n,; We have

XPn l(X) = Pn(x)+ nPn I(X)+ n 1Pn 2(X):
Thisimpliesthat

1 1
(3.8) /1 P, 1OPML0d (X) = nn 1 F n s /1 P, 2(x)PM (x)d (x):

It remaingo calculatetheintegralontheright-handside. For this, we proceedasfollows.
By (1.19),

WP, (x) = (~1)F

Multiplying both sidesby Pr[lw]l(x), expandingthe Vandermonddype determinantin the
numeratoywith respecto the rst row, andintegratingwith respectod (x); we obtain

0° / " WP P (0 d () =
1

V, (z1;::05z) 1 [w] V, 1(z1;::172)
o[ f, Pe0PEwd 00 g
andso
! V., (z1;::052k)
[w] - n 1\£1 k
(3.9) [P atophe0d G0 = g

Finally, combining(3.6)—(3.9), we arriveat (1.19. d
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