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A MULTIGRID ALGORITHM FOR SOLVING THE MULTI-GR OUP,
ANISOTROPIC SCATTERING BOLTZMANN EQUATION USING FIRST-ORDER

SYSTEM LEAST-SQUARES METHODOLOGY �

B. CHANG AND B. LEE y

Abstract. This paperdescribesa multilevel algorithm for solving the multi-group,
anisotropicscatteringBoltzmannequationformulatedwith a �rst-order systemleast-squares
methodology. A Pn � h �nite elementdiscretizationis used.Theresultinganglediscretiza-
tion of this Pn approachdoesnot exhibit the so-called“ray effects,” but this discretization
leadsto a large coupledsystemof partial differentialequationsfor the spatialcoef�cients,
and, on scalingthe systemto achieve betterapproximation,the systemcoupling depends
stronglyonthematerialparameters.Awayfrom thethick, low absorptiveregime,a relatively
robustmultigrid algorithmfor solvingthesespatialsystemswill bedescribed.For thethick,
low absorptive regime, wherean incompressibleelasticity-like equationappears,an addi-
tive/multiplicativeSchwarzsmoothergivessubstantialmultigrid improvementoverstandard
nodalsmoothers.Ratherthanusinghigher-orderor Raviart-Thomas�nite elementspaces,
which leadto complicatedimplementation,only low-order, conforming�nite elementsare
used.Numericalexamplesillustratingalmosth� independentconvergenceratesandlocking-
freediscretizationaccuracy will begiven.

Keywords. Boltzmanntransportequation,�rst-order systemleast-squares,multigrid method.
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1. Intr oduction. LetR� S2 � E betheCartesianproductof aboundeddomainR � < 3;
theunit sphereS2; andabounded,non-negativeintervalE: Thetime-independentBoltzmann
transportequationis

[
 � r + � t (x ; E )]  (x; 
 ; E ) =
Z

dE0
Z

d
 0� s(x0; E 0 ! E ; 
 � 
 0) (x0; 
 0; E 0)

+ q(x; 
 ; E ) (x; 
 ; E ) 2 R � S2 � E(1.1)

with boundarycondition

 (x; 
 ; E ) = g(x; 
 ; E ) n � 
 < 0; x 2 @R:(1.2)

This equationmodelsthetransportof particlesthroughaninhomogeneousmedium.In par-
ticular, theBoltzmannequationis well known to modelthetransportof neutrons/photons.In
this case, is theangular�ux, � t and� s arerespectively themedium's total andscattering
cross-sections(� a := � t � � s is theabsorptioncross-section),q is theexternalsource,and
E is theenergy of theparticles.Theintegralsourcetermdescribesthescatteringof particles
into differentdirectionsandenergies.

Unfortunately, solving the linear Boltzmannequationis dif�cult: standardnumerical
schemescan be inaccurateand computationallyinef�cient. For example,the popularSn

anglediscretization(collocationin angle,[14]) producestheso-calledrayeffectswhichpol-
lute thenumericalsolution.Thispollutioncanbeviewedmathematicallyas“contamination”
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from a poorlychosen�nite elementspacefor theanglecomponentof thediscretization–i.e.,
collocationin angleis equivalentto discretizationwith deltabasisfunctions,which form a
poorapproximatingbasisset. Fortunately, a Pn discretization,which usesa betterapproxi-
matingbasisset(i.e., sphericalharmonics),eliminatestheseray effects. But solvingfor the
expansioncoef�cients or “ lm moments”is dif�cult. The coef�cients couplestronglywith
eachother, creatinga stronglycoupledsystemof partialdifferentialequations(PDE's); nu-
merical algorithmsfor solving suchstrongly coupledsystemsare dif�cult to develop. In
this paper, novel algorithmsfor solving this coupledsystemarepresented.In particular, a
multigrid algorithmfor solvingthePn discretizationof thelinearBoltzmannequationusing
a �rst-order systemleast-squares(FOSLS)methodology([17]) is described.Theauthorsare
unawareof any publishedwork or existingcodesthatsolvethefull FOSLSPn equationsin a
multilevel fashion.

Thispaperis anextensionof theresearchreportedin [9]. In thatpaper, apreconditioned
conjugategradientiterationwith ablockdiagonalpreconditionerwasusedto solvethesystem
of Pn equations.Eachblock of this preconditionerdescribesonly a singlediagonallm-lm
coef�cient coupling,but de�ned over thewholespatialdomainratherthanthe full lm-l 0m0

coupling.Thus,successively invertingeachblock of this preconditionercorrespondsto suc-
cessively solvingonly thelm-lm scalarPDEover thewholespatialdomain.Thenumerical
resultspresentedin that papercon�rm the non-scalibilityof this algorithmwith respectto
boththenumberof sphericalharmonictermsandthenumberof spatialnodesusedin thefull
discretization.This non-scalibilityre�ects this scheme's inability to handlethestrongintra-
andinter-momentcoupling.

In thispaper, two algorithmsthatameloriatesomeof themomentcouplingarepresented.
Onealgorithmconsistsof amultigrid schemefor thespatialcouplingof thePn discretization.
Here, the unknowns areupdatedmoment-wise�rst andthenspatial-wise.In this way, for
a Gauss-Seidelrelaxationscheme,at eachspatialnodein turn, every momentis updated
beforegoingto thenext spatialnodesothatthefull momentcouplingis consideredata �x ed
node. Physically, sincetheBoltzmannequationdescribesthebalancingof particletransfer,
by solving for all the momentsat a spatialnode�rst, this relaxationsomewhat enforcesa
local balancingof particletransferat eachspatialnode.Onemayalsousea preconditioned
conjugategradientiterationwith a block diagonalpreconditionerthat describesthe full l -l
(i.e., momentslm-lm0 with � l � m; m0 � l ) intra-momentcoupling. Eachof thediagonal
blockscan be solved with a few cycles of this multigrid schemerestrictedonly to the l-l
momentblock. Comparingtheconvergenceratesof this preconditionedconjugategradient
schemeandthe above multigrid schemewill exposethe relative strengthof the intra- and
inter-momentcouplingin thePn equations.

A systemprojectionmultilevel algorithmusingthe above Gauss-Seidelsmootherper-
formswell for parameterregimesthatarethick andsubstantiallyabsorptive. In thethick, low
absorptiveregime,or so-calledregion3, the1-1momentsystemresemblesatime-dependent
incompressibleelasticityequation.The problemswith this latter equationarewell known:
e.g.,possible�nite elementlocking andproblematicdivergence-freenear-nullspacecompo-
nentsthat impedestandardmultigrid performance([3], [11], [21], [22]). For this incom-
pressibleequation,higher-orderor Raviart-Thomas�nite elementspacesareoften usedto
eliminatelocking. ThesespacesalsomayinducediscreteHelmholtzdecompositions,which
in turn, may implicitly improve multigrid performance([3], [11], [21], [22]). But a closer
look at the 1-1 systemrevealsthat the correspondingsystemoperatorbehaves more like
(I � rr� ): Locking evenfor low-orderconforming�nite elementsnow doesnot appearto
be assevereas in the incompressibleelasticitycase. However, divergence-freeerror com-
ponentsarestill problematicfor standardmultigrid solvers. Theseerrorcomponentscanbe
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highly oscillatoryyet unaffectedby standardnodalsmoothers.But sincethesecomponents
areessentiallylocal circulations([7], [21]), effective smoothersexist. In particular, multi-
plicative/additiveSchwarzsmoothersthatsimultaneouslyupdateall unknownsin thesupport
of theselocalcirculationscaneffectively dampout theseerrorcomponents.Wewill usethese
smoothersin themultigrid solver.

This paperproceedsas follows. In section2, a brief presentationof the notationand
functionalsettingusedthroughoutthispaperis given.In section3, asummaryof theFOSLS
theorydevelopedin [17] for the mono-energetic, isotropicscatteringBoltzmanequationis
reviewed.This theoryshowsthatlocally away from thematerialinterfaces,by appropriately
scalingthe systemof PDE's, the second-ordermomentcouplingessentiallydescribesthe
wholecoupledsystemof PDE's. This factwill beusedto developournumericalschemes.In
section4, thePn � h �nite elementdiscretizationfor theFOSLSformulationis developed.
Thesystemof PDE's is explicitly described,andfrom this description,onecanobserve the
dif�culties in region 3. In section5, a multigrid schemeis describedfor themono-energetic,
isotropicscatteringcase.Multigrid components(relaxationandcoarsegrid correction),and
methodsof homogenizationof the �ne grid materialandscalingcoef�cients will be exam-
ined. In subsection5.1, an algorithmicextensionto the full multi-group,anisotropicscat-
tering casewill be given. Section6 presentssomenumericalresults. Computationalscal-
ing studiesfor the mono-energetic, isotropicscatteringcasewill be presentedfor both the
multigrid andpreconditionedconjugategradientschemes.For the multigrid scheme,these
resultsshow goodscalibility with respectto thenumberof spatialnodesandlinear growth
with respectto thenumberof moments.For thepreconditionedconjugategradientscheme,
theseresultsshow mild non-scalibilitywith respectto thenumberof spatialnodesandlinear
growth with respectto the numberof moments.This differencesignalsa spatiallysmooth
inter-momentcouplingerror modethat is not handledby the latter scheme.Section6 also
will presentmultigrid anddiscretizationconvergenceresultsfor region 3 problemsandfor a
full multi-group,anisotropicscatteringproblem.Theselatter results,togetherwith theana-
lyis in Section4, indicatethat locking may not be severefor realisticBoltzmanntransport
problems.

2. Notation. Webrie�y presentsomeof thenotationandfunctionalsettingusedthrough-
outthispaper. First,for any non-negativeintegers; let H s(R) denotetheusualSobolev space
of orders de�ned overR andwith normdenotedby k � ks;R (cf. [1]). For s = 0; theL 2(R)
is denotedby k � kR : Whenit is obvious that the norm is de�ned over R; subscriptR will
beomitted. Occasionally, we will have needof a generalHilbert spaceX . Its normwill be
denotedby k � kX :

Furthernotationsandde�nitions areneededfor theFOSLSfunctional. This functional
involvesanL 2 termde�ned over R � S2: We denotethis normby k � kR; 
 : This functional
is alsode�ned over theSobolev space

V :=
n

v 2 L 2(R � S2) :
�
S� 1
 � r v; 
 � r v

�
R; 
 + (Tv; v)R; 
 < 1

o

with norms

kvk2
V :=

�
S� 1
 � r v; 
 � r v

�
R; 
 + (Tv; v)R; 


and

kvk2
V1

:= kvk2
V +

Z

@R

Z

n �
 < 0
  jn � 
 j d
 d� :

Here,S� 1 andT arelinearoperatorsthatessentiallyacton theangularvariableof a function
 (x; 
) :
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To analyzethePn equations,we will derive several relationsinvolving thenormalized
sphericalharmonics

Ylm =
�

alm pl;m (cos� ) cosm� m � 0
alm pl; jm j (cos� ) sin jmj� m < 0;

where

alm =

s
(2l + 1)(l � jmj)!

2� (1 + � m 0)( l + jmj)!
;

where� and� arerelatedto 
 by 
 = (sin � cos�; sin � sin �; cos� ); andwherepl;m is the
lm0th associatedLegendrepolynomial([15]). To notationallysimplify thesederivations,we
will usetheDirac bra-ket notation([20]). Consideringthe linearvectorspacegeneratedby
f Ylm glm ; vectorelementYlm will bedenotedby

jlm > the ket vector:

Its dualvectoris denotedby

< lmj the bra vector:

GivenalinearoperatorA actingonket jlm >; theL 2(
) innerproductbetweenAjlm > and
< l0m0j is denoted

< l0m0jAjlm > :

Finally, sincef Ylm glm forms a completeorthonormalset, we note that the completeness
property

I =
X

lm

jlm >< lmj

holds.

3. Theory. For self-containment,wereview someof theexisting theoryfor theFOSLS
formulationof (1.1)-(1.2). Exceptfor thescalingoperatorfor anisotropicscattering,which
wascommunicatedto usby T. Manteuffel ([18]), theseresultswerederivedin ([17]).

Theoryfor theFOSLSformulationof (1.1)-(1.2) hasbeendevelopedonly for themono-
energetic, isotropicscatteringform of theBoltzmannequation.This simpli�ed form of the
Boltzmannequationis obtainedby assumingtheapproximateenergy separatibilityof  and
takinga truncatedLegendreseriesexpansionof � s ([14]):

(i)  (x; 
 ; E ) � f (E ) g(x; 
) ; Eg < E < Eg+1 ; g = 1; � � � ; N ; wheref is a
normalizationfunctionand

 g(x; 
) :=
Z E g +1

E g

dE  (x; 
 ; E );

(ii)

� s(x0; E ! E 0; 
 � 
 0) =
MX

j =0

� s;j (x0)pj (
 � 
 0)

=
MX

j =0

� s;j (x0; E ; E 0)
1

2j + 1

jX

m = � j

Yj m (
) Y j m (
 0);
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wherepj is thej 0th LegendrepolynomialandYj m is thej m0th sphericalharmonic
([14], [15], [20]).

A simple calculationthen shows that (1.1) becomesa systemPDE for the group �ux es
 g(x; 
) with matrixoperator
0

B
B
B
@

h

 � r + � 00

t �
P

j m � 0;0
s;j Pj m

i
�

P
j m � 0;1

s;j Pj m � � � �
P

j m � 0;N
s;j Pj m

�
P

j m � 1;0
s;j Pj m

h

 � r + � 11

t �
P

j m � 1;1
s;j Pj m

i
� � � �

P
j m � 1;N

s;j Pj m

...
...

...
...

1

C
C
C
A

:

Here,thesuperscriptsin thecross-sectioncoef�cients denotetheg � g0 energy groupcou-
pling,andPj m is thesphericalharmonicprojectionontoYj m : In particlar, for asingleenergy
groupandisotropicscattering(� s;j = 0; j = 1; � � � ; M ), supressingthesuper/subscripts,the
boundaryvalueproblemis

�
[
 � r + � t I � � sP] (x; 
) = q (x; 
) 2 R � S2

 (x; 
) = g x 2 @R; n � 
 < 0;
(3.1)

wherethescatteringtermis

P (x; 
) =
Z

S2
 (x; 
) d
 :

For simplicity, we will assumethatR is of unit diameter.
In theFOSLSformulationof (3.1), theBoltzmannoperatoris rewrittenwith theabsorp-

tion cross-section

L : = 
 � r + � t (I � P) + � aP

= 
 � r + T;(3.2)

whereT := � t (I � P) + � aP: Now introducingthescalingoperator

S =

8
>><

>>:

I � t � 1 region 1 : thin

� t (I � P) + � aP � t � 1 and � a � 1
� t

region 2 : thick with absorption

� t (I � P) + 1
� t

P � t � 1 and � a � 1
� t

region 3 : thick with little absorption

with inverse

S� 1 =

8
>><

>>:

(I � P) + P � t � 1
1
� t

(I � P) + 1
� a

P � t � 1 and � a � 1
� t

1
� t

(I � P) + � t P � t � 1 and � a � 1
� t

= c1(I � P) + c2P;(3.3)

thespace-angleFOSLSformulationis to minimizethescaledleast-squaresfunctional

F ( ; q; g) :=





 S� 1

2 (L  � q)







2

R; 

+ 2

Z

@R

Z

n �
 < 0
( � g)( � g)jn � 
 j d
 d�(3.4)

over an appropriateSobolev space.Note thatbecauseof theboundaryintegral in the least-
squaresfunctional,thein�o w boundaryconditionneednotbeenforcedonthisSobolev space.
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FIG. 3.1. Parameterregimesde�nedbyscalingoperator S.

The appropriateSobolev spaceis V: It wasshown in [17] that F is equivalent to the
V1� normoverV: Thus,functional

F ( ; 0; 0) =
�
S� 1
 � r  ; 
 � r  

�
R; 
 +

�
S� 1T ; 
 � r  

�
R; 
 +

�
S� 1
 � r  ; T  

�
R; 


+ (T  ; T  )R; 
 + 2
Z

@R

Z

n �
 < 0
  jn � 
 j d
 d�

is equivalentto

k k2
V1

=
�
S� 1
 � r  ; 
 � r  

�
R; 
 + (T  ;  )R; 
 +

Z

@R

Z

n �
 < 0
  jn � 
 j d
 d� :

Thatis, the�rst-order terms
�
S� 1T ; 
 � r  

�
R; 
 and

�
S� 1
 � r  ; T  

�
R; 
 aremajorized

by thesecond-orderterm
�
S� 1
 � r  ; 
 � r  

�
R; 
 :

Minimizing F overV is effectively solvingthevariationalequation

a( ; w) : =
�
S� 1L  ; Lw

�
R; 
 + 2

Z

@R

Z

n �
 < 0
 wjn � 
 j d
 d�

= (q; S� 1Lw)R; 
 + 2
Z

@R

Z

n �
 < 0
gwjn � 
 j d
 d�(3.5)

for all v 2 V: Becauseof thenormequivalence,oneessentiallyneedsto developaneffective
solveror preconditionerfor thediscretesystemcorrespondingto thebilinearform

b(v; w) : =
�
S� 1
 � r v; 
 � r w

�
R; 
 + (Tv; w)R; 
 +

Z

@R

Z

n �
 < 0
vwjn � 
 j d
 d� :

A scalablesolutionmethodfor theminimizationof theleast-squaresfunctionalwill requirea
scalablesolver for this lattersystem.

For themulti-group,anisotropicscatteringcase,theFOSLSformulationis generalized
by usingthescalingoperator

S� 1
2 = c1I +

MX

j =0

cj Pj
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=

8
>>>><

>>>>:

I � t � 1
1p
� t

I +
q

� s;j

� t ( � t � � s;j ) Pj � t > 1 and (� t � � s;0) � 1
� t

1p
� t

I +

s
(� t � 1

� t
) � s;j

� s; 0

� t

h
� t + (� t � 1

� t
) � s;j

� s; 0

i Pj � t > 1 and (� t � � s;0) < 1
� t

:

in (3.4) ([18]).

4. SphericalHarmonic-h (P n � h) Finite ElementDiscretization. Two of theadvan-
tagesof a FOSLSformulationarethat it leadsto symmetricpositive-de�nite linearsystems,
andthatit is endowedwith acomputablea posteriorierrormeasure([8]). For theBoltzmann
equation,the symmetricpositive-de�nitenessallows suchef�cient linear systemsolversas
multigrid andpreconditionedconjugategradientschemesto beusedon thePn discretization
of theFOSLSvariationalform, andtheaposteriorierrormeasureleadsto good,simplelocal
grid re�nement strategies. Indeed,standardGalerkinPn discretizationsof the Boltzmann
equationleadto non-symmetriclinearsystemsthataredif�cult to solveef�ciently , andstan-
dardGalerkinPn discretizationsdo not naturallyleadto simplecomputableerrormeasures.
Thereareef�cient Petrov-Galerkinformulationsof theSn discretization,but this discretiza-
tion suffersfrom therayeffect in thethin regionandin thick regionswhenthesourceis close
to thepointsof observation(e.g.,pointsalongtheboundary).Nevertheless,thePn FOSLS
methodis not immunedfrom problemsitself, aswill be shown later. But even with these
dif�culties, thePn FOSLSmethodis a schemethat canhandleall parameterregimes,with
theaboveattractiveFOSLSfeatures.

ThePn discretizationconsistsof takinga truncatedsphericalharmonicexpansionof the
angular�ux:

 (x; 
) �  N (x; 
)

=
NX

l =0

lX

m = � l

� lm (x)Ylm (
) :(4.1)

The � lm 's arethe momentsor generalizedFourier coef�cients. We will consideronly the
mono-energetic,isotropicscatteringproblem.Substituting N into bilinearform a(�; �); and
testingit againstv(x)Yl 0m 0(
) ; l0 = 0; :::; N andm0 = � l0; :::; l0; a semi-discretizationis
obtained.Now becauseP actsonly on theangularvariable,we have

[I � P ]� l;m (x)Ylm (
) = � l;m (x)[( I � P)Ylm (
)] ;

andso, T andS� 1 simply project the zeroandnon-zeromomentsdifferently. Moreover,
becauseof the V1 norm equivalence,to analyzethis semi-discretesystem,only the zeroth-
orderandsecond-ordertermsneedto beconsidered.

For thezeroth-orderterm,sinceT actsonly on theangularvariable,wehave

(T  N ; vYl 0;m 0)R; 
 =
X

lm

< Ylm jT jYlm > (� lm ; v)R ;(4.2)

where< �jAj� > is thebra-ket notationfor theangularinnerproductwith operatorA acting
on ket j� >; andwhere(�; �)R is thespatialinnerproductover R: For thesecond-orderterm,
we have

�
S� 1
 � r  N ; 
 � r vYl 0;m 0

�
R; 
 =

3X

i =1

3X

j =1

X

lm

�
S� 1
 i Ylm � lm;i ; 
 j Yl 0m 0vj

�
R; 
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=
3X

i =1

3X

j =1

X

lm

< Ylm j
 i S� 1
 j jYl 0m 0 > (� lm;i ; vj )R :(4.3)

Here,i andj denotespatialdifferentiation.Notethatthesparsitypatternof thesecond-order
stiffnessmatrixdependsonboththespatialdifferentiationoperatorsandthemomentcoupling
createdthrough

< Ylm j
 i S� 1
 j jYl 0m 0 > :

Considerthe diagonallm-lm elementof < Ylm j
 i S� 1
 j jYl 0m 0 > : This elementcanbe
viewedasafull 3� 3 tensordescribingthe“dif fusive” interactionof moment� lm with itself.
Viewed this way, < Ylm j
 i S� 1
 j jYl 0m 0 > is a (N + 1)2 � (N + 1)2 block matrix of
3 � 3 tensorswith eachlm-l0m0 tensordescribingthe spatialanisotropy couplingbetween
� lm and� l 0m 0: Fortunately, this block matrix of tensorhassomestructure.To seethis, the
completenessproperty

X

l 00m 00

jYl 00m 00 >< Yl 00m 00j = I

of sphericalharmonics([20]) is needed.Applying this identity twice,wehave

< Ylm j
 i S� 1
 j jYl 0m 0 > =
X

l 00m 00

< Ylm j
 i S� 1jYl 00m 00 >< Yl 00m 00j
 j jYl 0m 0 >

=
X

l 00m 00

X

l 000m 000

< Ylm j
 i jYl 000m 000 >

< Yl 000m 000jS� 1jYl 00m 00 >< Yl 00m 00j
 i jYl 0m 0 > :

But S� 1 simplyscalestheket jYl 00m 00 > by
�

c1 l006= 0
c2 l00= 0

(cf., equation(3.3)). Theorthogonalityof sphericalharmonicsthenimplies

< Yl 000m 000jS� 1jYl 00m 00 > =
�

c1 � l 00l 000� m 00m 000 l006= 0
c2 � l 000� m 000 l00= 0;

andso,

< Ylm j
 i S� 1
 j jYl 0m 0 > =
X

l 00m 00

cl 00m 00 < Ylm j
 i jYl 00m 00 >< Yl 00m 00j
 j jYl 0m 0 >;(4.4)

wherecl 00m 00 = c1 if l 6= 0 andc00 = c2: Moreover, it canbeshown that

< Y~l ~m j
 i jŶl m̂ > 6= 0

only whenl̂ = ~l � 1: Thus,< Ylm j
 i S� 1
 j jYl 0m 0 > is a weightedproductof two block
tridiagonalmatrices,which implies that it is block pentadiagonal.In fact, furtherproperties
of sphericalharmonicsshow that this block pentadiagonalmatrix is nonzeroonly whenl =
l0 � 2: Hence,the even andodd momentsdecouplein the second-orderterm. Figure 4.1
illustratesthis structurefor N = 4; wherethe `� ' blocks are the non-zeroblock entries
and the small diagonalblocksare the lm-lm 3 � 3 tensors. Finer structureof this block
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FIG. 4.1. Intra-momentcouplingstructure with diagonal lm-lm blocks.

pentadiagonalmatrix canbefoundby usingadditionalpropertiesof thesphericalharmonics
(with respectto m).

Now, assumea �nite elementdiscretizationof the spatialcomponent.Using the test
functionb� (x)Yl 0m 0(
) ; wheref b� g� is a basissetfor thespatial�nite elementspace,the
second-ordertermbecomes

3X

i =1

3X

j =1

X

lm

X

�

< Ylm j
 i S� 1
 j jYl 0m 0 > (b�;i ; b� ;j )R � lm;� =

3X

i =1

3X

j =1

X

lm

X

�

"
X

l 00m 00

cl 00m 00 < Ylm j
 i jYl 00m 00 >< Yl 00m 00j
 j jYl 0m 0 >

#

(4.5)

� (b�;i ; b� ;j )R � lm;� :

Here, if b� at spatialnode� is the standardhat function, then � lm;� is the value of the
lm momentat that node. Using the structureof < Ylm j
 i S� 1
 j jYl 0m 0 >; the structure
of the full discretesecond-orderterm is also block pentadiagonalwith total sizeM (N +
1)2 � M (N + 1)2 whereM is the numberof spatialnodes.Correspondingto each3 � 3
tensorof < Ylm j
 i S� 1
 j jYl 0m 0 > is anM � M submatrixdescribingthediscretizedspatial
couplingof momentlm to l0m0: Alternatively, assumingR to be tessalatedinto tetrahedral
elementsand assumingf b� g to be trilinear �nite elements,the second-orderterm can be
re-orderedto have a 27 block stripe structurecorrespondingto the 27 point stencilof the
spatialdifferentiationoperator. Eachblock onany stripegivesthe< Ylm j
 i S� 1
 j jYl 0m 0 >
couplingat a spatialpoint. Suchorderingis betterfor computation.

Sincebilinearform b(�; �) alsocontains(4.3), aneffective solver or preconditionermust
be able to ef�ciently invert this complicatedlinear system. However, for someparameter
regimes,amoresophisticatedspatialdiscretizationandanon-standardmultigrid schememay
beneeded.A problemarisesbecausescalingcoef�cients c1 andc2 maydiffer by ordersof
magnitude.Thus,on onehand,thescalingoperatorleadsto thecorrectasymptoticlimiting
equationin theseregimes([16], [17]), but on the other, a complicateddiscretizationand
multigrid schememayberequired.

Toseethescalingproblem,from(4.4), weseethatonly thel00� m00= 0-0columnandrow
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of < Ylm j
 i jYl 00m 00 > and< Yl 00m 00j
 j jYl 0m 0 >; respectively, arescaledby
p

c2: All other
rowsandcolumnsarescaledby

p
c1: Because< Ylm j
 i jYl 00m 00 > and< Yl 00m 00j
 j jYl 0m 0 >

areblock tridiagonalandbecause< Ylm j
 i S� 1
 j jYl 0m 0 > is nonzeroonly whenl0 = l � 2;
thenonly diagonalmomentblocksl-l = 0-0andl-l = 1-1of thesecond-ordertermcancontain
c2 scaledterms.In particular, for regions1, 2, and3 respectively, theseblocksare

�
� 1

3 r � r 0
0 � 1

5 � � 6
15 rr�

�
c1 = 1; c2 = 1;

"
� 1

3� t
r � r 0

0 � 1
5� t

� �
�

1
3� a

+ 1
15� t

�
rr�

#

c1 =
1
� t

; c2 =
1
� a

;

and
"

� 1
3� t

r � r 0

0 � 1
5� t

� �
�

� t
3 + 1

15� t

�
rr�

#

c1 =
1
� t

; c2 = � t

([17]). Block l-l = 0-0 is Laplacian,soposesnoproblems.However, block l-l = 1-1contains
thegrad-div operatorrr� ; whosenullspaceconsistsof divergence-freefunctions.In partic-
ular, in region 3 andregion 2 when� t � 1 and� a � 1

� t
; sincethe1-1 block is majorized

by thegrad-div operator, divergence-freecomponentscreateproblemsfor standarditerative
solvers.

Theseproblemsremainevenwhenboththezerothandsecond-ordertermsof b(�; �) are
considered.Now thediagonalblocksin regions2 and3 are

"
� a I � 1

3� t
r � r 0

0 � t I � 1
5� t

� �
�

1
3� a

+ 1
15� t

�
rr�

#

;(4.6)

and
"

� 2
a � t I � 1

3� t
r � r 0

0 � t I � 1
5� t

� �
�

� t
3 + 1

15� t

�
rr�

#

:(4.7)

Thesedivergence-freecomponentsare approximateeigenfunctionsof the l-l = 1-1 block
correspondingto eigenvalue� t :

To furtherexposethedif�culties of the1-1 block,onecancompareit to a semi-discrete
form of a time-dependentincompressibleelasticityequation:

�
[cI � � � � rr� ] u = f in R
u = 0 on @R

(4.8)

with c = O(1=� t) and� � 1: Not only dodivergence-freeerrorcomponentscomplicatethe
systemsolver, but alsothe locking effect degradesuniform discretizationconvergencewith
respectto � ([4], [5], [6]). Assumingconformingpiecewise linear �nite elementsandfull
H 2-regularity, this non-uniformitycanbeanticipatedfrom theusualerrorestimate

ku � uh k1 � C(� )hkuk2(4.9)

with constantC(� ) dependenton �: But to examinelocking more precisely, let a0 be a
continuous,coercivebilinearform de�ned overaHilbert spaceX (i.e., � kvk2

X � a0(v; v) �
� kvk2

X 8v 2 X ), let B : X ! L 2 beacontinuousmapping,andconsidertheweakequation

a0(u� ; v) + � (B u� ; B v) = (f ; v) 8v 2 X :
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Lockingoccursover the�nite elementspaceX h if

X h \ N (B ) = f 0g(4.10)

andif

kvhkX � C(h)kB vh k 8vh 2 X h :(4.11)

For (4.8), X = H 2(R) \ H 1
0 (R);

a0(u � ; v ) = (r u � ; r v ) + (cu; v);

andB = r � : Conditions(4.10)-(4.11) guaranteethat for any �x edh andsuf�ciently large
�; thereis a v 2 H 2(R) \ H 1

0 (R) satisfying

[cI � � � � rr� ] v = fv

suchthattherelativeerroris boundedbelow by a constantindependentof h :

C �
jv � vh j1

kfv k
:(4.12)

Following thetechniquein [6], onecanshow thatv is divergence-freewith kvk1 > 0: Hence,
sincethe solutionof (4.8) becomesmore incompressibleasa function of �; discretization
convergencewill notbeuniform in �:

Note that for a divergence-freefunction v with nonzeroH 1-norm, fv is nonzeroand
independentof �: Using(4.9) and(4.12), we have

C �
jv � vh j1

kfv k
�

C2C(� )hkvk2

kfv k
;(4.13)

whereC2 independentof �: From(4.13), we seethat theseverity of locking canbereduced
if kfv k dependssimilarly on � asC(� ) does.

Now considerthe1-1 block in (4.7) or (4.6) when� t � 1
� a

� 1: In eithercase,onehas
theapproximateform

�
c1� 2

t I � � � c2� 2
t rr�

�
u =

�
� 2

t (c1I � c2rr� ) � �
�

u

= � t f := fu :(4.14)

Sincea FOSLSPn formulation of (3.1) leadsto a “displacement”formulation of (4.14),
a0(u; v) = (r u; r v ) andB u = (c1u; c2r � u)t :

(r u; r v ) + � 2
t [(c1u; v) + (c2r � u; r � v )] = (fu ; v ):

Also, usinglinear�nite elements,wehave(4.9) with

C(� 2
t ) � � 2

t :(4.15)

Clearly, (B u; B v) correspondsto a scaledH (div ) normof u; andhenceN (B ) = f 0g; and
consequentlyfu mustdependon � 2

t : Indeed,from (3.5), the righthand-sideassociatedwith
the1-1 block is

f =
� t

3
r q00 + lower order � t terms;
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whereq00 is thezero'th momentof theexternalsourceq: For neutronicproblems,kr q00k =
O(1) ([13], [16]) in theregion3. Thus,

fu = C3� 2
t
~f :(4.16)

Substituting(4.15)-(4.16) into (4.13), wehave

ju � uh j1
kfu k

�
C2� 2

t hkuk2

C3� 2
t k~f k

=
C4hkuk2

k~f k
:(4.17)

But, eventhough(4.14) and(4.16) imply thatu approximatelysatis�es

[c1I � c2rr� ]u = C3
~f ;

the upperboundin (4.17) doesnot imply uniform convergence. Considerthe casewhen
u = (u1; u2; u3) satisi�esany of thefollowing conditions:

8
<

:

u2
yx + u3

zx = O(� 2
t )

u1
xy + u3

zy = O(� 2
t )

u1
xz + u2

yz = O(� 2
t ):

For thisu; kuk2 canbeO(� 2
t ):

5. A Multigrid Algorithm. The solution procedureinvolves minimizing F over an
appropriatesubspaceof V: To accomplishthis,a Rayleigh-Ritz�nite elementmethodis em-
ployed in thespatialdiscretization.Let Th bea triangulationof domainR into elementsof
maximallengthh = max f diam(K ) : K 2 Th g; andlet V h bea�nite dimensionalsubspace
of V having theapproximationproperty

inf
vh 2 V h

kv � vh k1;R � Chkvk2;R

for all v 2
�
H 2(R) � L 2(S2)

�
: ThePn � h �nite elementspaceis then

V h
N :=

(

vh
N 2 V h : vh

N =
NX

l =0

lX

m = � l

� h
lm (x)Ylm (
)

)

:

Thediscrete�ne grid minimizationproblemis
� Find  h

N 2 V h
N suchthat

F ( h
N ; q; g) = min

vh
N 2 V h

N

F (vh
N ; q; g):

Equivalently, thediscreteproblemis
� Find  h

N 2 V h
N suchthat

a( h
N ; vh

N ) =
�
q; S� 1Lvh

N

�
R; 
 + 2

Z

@R

Z

n �
 < 0
gvh

N jn � 
 j d
 d�

for all vh
N 2 V h

N :
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(Althoughoneactuallysolvesfor themoments� h
lm ; wewill notmakethisnotationaldistinc-

tion in thealgorithm.)
A standardprojectionmultilevel schemefor solving either discreteproblemis fairly

straightforward.Let

T2m � 1 h � T2m � 2 h � � � � � T2h � Th

bea conformingsequenceof coarseningsof triangulationTh ; let

V m
N � V m � 1

N � � � � � V 2
N � V 1

N := V h
N

bea setof nestedcoarsegrid subspacesof V 1
N ; the�nest subspace,andlet

B j =
n

bj
�;lm

o

beasuitable(generallylocal in space)basissetfor V j
N : (For example,bj

�;lm = bj
� Ylm ; where

bj
� is thestandardpiecewiselinearhatfunction.)Givenaninitial approximation h

N on level
j; thelevel j relaxationsweepconsistsof thefollowing cycle

� for each� = 1; 2; :::; M j ; (M j beingthenumberof spatialnodesongrid j )
for eachlm; 0 � l � N ; � l � m � l ;

 h
N   h

N + �b j
�;lm ;

where� is chosento minimize

F
�

 h
N + �b j

�;lm ; q; g
�

:(5.1)

SinceF
�

 h
N + �b j

�;lm ; q; g
�

is a quadraticfunctionin �; this local minimizationprocessis
simple,andis, in fact,a Gauss-Seideliteration.Moreover, notethattheloopsrangeover the
moments�rst so thatall momentsareupdatedat a �x edspatialnodebeforegoingonto the
next spatialnode.Notealsothat thesearchdirectionmayinvolvemorethanoneelementof
B j : For suchsubspaceiteration,denotingthedirectionby b j

� ; onethenneedsto �nd � that
minimizes

F
�
 h

N + � b j
� ; q; g

�
:

A goodchoicefor b j
� is thesubset

f bj
� Ylm : 0 � l � N ; � l � m � l ; � �xed g

which resultsin a block Gauss-Seideliterationthatsimultaneouslyupdatesall themoments
at node� :

Now, givena �ne grid approximation h
N on level 1, the level 2 coarsegrid problemis

to �nd a correction 2h
N suchthat

F
�
 h

N +  2h
N ; q; g

�
= min

v2h
N 2 V 2

N

F
�
 h

N + v2h
N ; q; g

�
:

Having obtainedthis correction, h
N is updatedaccordingto

 h
N   h

N +  2h
N :
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Applying this procedurerecursively yieldsa multilevel schemein theusualway.
Away from the thick diffusive regimeandfor homogeneousmaterial,this multigrid al-

gorithm hasthe usualoptimal multigrid ef�ciency. But for inhomogeneousmaterialseven
in thethin diffusive regime,whenthematerialandscalingcoef�cients have �ne-scalestruc-
ture,thecomputationalef�ciency of thisalgorithmdegrades;i.e., to preservethese�ne-scale
structureson the coarsegrid, �ne-scalecomputationis neededon the coarserlevels. For a
matrix-freeimplementation,the total costof this �ne-scalecoarsegrid computationis not
nominal. For this reason,thesecoef�cients shouldbe homogenizedto coarse-scaleresolu-
tion andthenusedon thecoarsegrid. Coarsegrid calculationsnow canbeperformedwith
coarse-scalecomputation.

Assumingthat the coef�cient jumps are grid-alignedon the �nest grid, a simple ho-
mogenizationmethodthatcanbeappliedis anaveragingprocess.For example,thematerial
andscalingcoef�cients canbe arithmeticallyandharmonicallyaveraged,respectively ([2],
[10], [19], [23]): if f clm;� h

j
g; f � t;� h

j
g; andf � a;� h

j
g arethecoef�cients in disjoint elements

f � h
j gr

j =1 ongrid h; andif thecoarsegrid element
 2h is composedof theagglomerate


 2h = [ r
j =1 � h

j ;

then

clm;
 2h =
r

P r
j =1

1
clm;� h

j

(5.2)

� t;
 2h =
1
r

rX

j =1

� t;� h
j

(5.3)

� a;
 2h =
1
r

rX

j =1

� a;� h
j
:(5.4)

Here,harmonicaveragingis moresuitablefor thescalingcoef�cients becausethey contribute
to thediffusiontensors([10]).

But oneshouldnotethatusinghomogenizedcoef�cients oncoarsergridsleadsto aviola-
tion of a projectionmultilevel principle.Eachcoarsegrid problemcorrespondsto a different
minimizationproblem(i.e.,non-nestedbilinearforms).Thus,acoarsegrid correctionnow is
notanoptimalsubspacecorrectionto the�ne grid problem.In particular, for rapidlyvarying
coef�cients, it is possiblefor a coarsegrid correctionfrom a verycoarselevel to completely
pollute the �ne grid solution. Thus, more sophisticatedhomogenizationschemesmay be
neededfor complicatedphysics.

A sophisticatedtechniqueis also neededfor region 3. Recall that the algebraically
smootherror in this regime is predominantlycontrolledby the divergence-freeerror com-
ponentsof the 1-1 block. Since thesecomponentscan be geometricallyoscillatory, the
smoothermust eliminatethe highly oscillatory ones. But sincedivergence-freefunctions
areintrinsically vectorquantitiesthatarerepresentedwell only over theunionof severalel-
ements,a point/nodalsmootheris not suf�cient. Rather, following [3], [11], and [21], an
additive/multiplicativeSchwarzsmoothershouldbeused.This block smoothermustresolve
thesmallestrepresentablecirculation,or local divergence-freefunctions. Hence,thedirec-
tionsb j

� for thissmootherhavesmallspatialsuppportsothattheblocksolversin arelaxation
sweepinvolveonly small linearsystemsfor only the1-1block.

We now have a well-de�ned multigrid algorithmfor all parameterregimesandfor in-
homogeneousmaterial.Usinganappropriatedirectionin therelaxation,onemayhandlethe
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local intra- andinter-momentcouplingwell. Onecanalsorestrictthis multigrid algorithmto
the l-l blocksto producea block preconditioner. Unlike thepreconditionerdescribedin [9],
thispreconditionerconsidersthefull intra-momentcoupling.By comparingtheperformances
of thispreconditionedconjugategradientmethodandthemultigrid algorithmde�nedoverall
lm-l0m0 coupling,onemaybeableto deducethenatureof theintra- andinter-momentcou-
pling in thePn equations.

5.1. An Algorithm for the Multi-Gr oup, Anisotropic Scattering Equation. In sec-
tion 3, we saw that (1.1) canbe semi-discretizedinto a block systemwith mono-energetic,
anisotropicscatteringequationsalongthediagonal.Eachof thesediagonalequationscanbe
solvedwith eitherthemultigrid or preconditionedconjugategradientalgorithmsdescribedin
theprevioussection.Thus,oneobtainsaschemefor solvingthefull multi-group,anisotropic
scatteringBoltzmannequationby usinganouterblockGauss-Seideliterationoverthegroups.
For theimportantdown-scatteringproblemsin photon/neutronapplications(i.e.,particlescan
bescatteredonly into lower energy groups),this block iterationbecomesa backsolve. For
generalscattering,sincethedifferentialoperatorsmajorizethe integral projectionoperators,
the block systemis diagonallydominant,andso, this block Gauss-Seideliterationshould
performwell.

6. Numerical Experiments. The above Pn � h �nite elementdiscretizationof the
FOSLSformulationwasimplemented.Angle integralsinvolving sphericalharmonicswere
computedusinganalyticalformulas,andthe spatialmomentswerediscretizedwith piece-
wise trilinear functionson rectangularsolids. We conductedthreesetsof experiments.The
�rst setexaminesthescalabilityof our codefor region 1 and2 problems.We considerboth
scalabilitywith respectto the spatialmeshsize,andscalabilitywith respectto the number
of processorsused.The secondsetof experimentsexaminesregion 3 problems.Sinceour
codedoesnot have a parallelimplementationof our multiplicative Schwarzsmoother, only
scalibility with respectto thespatialmeshsizeis considered.However, we alsoexaminedis-
cretizationconvergenceto illustrate locking-freeerror for region 3 problems. Finally, the
third setof experimentsexaminesa full multi-group,anisotropicscatteringproblem. Both
multigrid convergenceratesanddiscretizationerrorareconsidered.

i) Regions1 and 2 ScalingStudies. Thegoalin theseexperimentsis to investigatescalabil-
ity with respectto thenumberof spatialnodesandsphericalharmonics,andscali-
bility with respectto thenumberof processors.Only themono-energetic,isotropic
scatteringequationwasconsideredsincesolvingthediagonalequationsin thesemi-
discretemulti-group,anisotropicscatteringproblemis the major taskin the block
Gauss-Seideliteration describedin Section5.1. Also, only homogeneousmate-
rial wasconsidered.Resultsfor thetestsuiteKobayashiproblems([12]) involving
inhomogeneousmaterialwith largejumpswill bepresentedin a futurepaper. Con-
vergenceratesfor thesebenchmarkproblemsareverysimilar to theratespresented
here. For the currentexperiments,the sourcetermsweretaken to be zeroandthe
initial guesswas randomfor all moments. V (1; 1) cycles with “nodal moment”
Gauss-Seidelrelaxationwere usedin the multigrid and preconditionedconjugate
gradientschemes.For the latterscheme,only onecycle wasperformedin thepre-
conditioningsolve. Thestoppingcriterionwas

p
F ( n ; 0; 0) �

p
F ( n � 1; 0; 0)

p
F ( 0; 0; 0)

< 10� 7:

Resultsaretabulatedin Tables6.1and6.2.
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Region N h # Procs # Unks/Proc Iter Time

1 1/32 1 143; 748 9 279
1 1/64 8 137; 313 9 261
1 1/128 64 134; 168 9 267
1 1/256 512 132; 614 9 270
3 1/16 1 78; 608 20 511

1 3 1/32 8 71; 874 20 472
3 1/64 64 68; 656 20 495
3 1/128 512 67; 084 20 534
6 1/16 8 30; 092 41 1; 493
6 1/32 64 27; 514 43 1; 607
6 1/64 512 26; 282 45 1; 743
6 1/128 512 205; 444 47 10; 191
1 1/32 1 143; 748 10 313
1 1/64 8 137; 313 10 294
1 1/128 64 134; 168 10 296
1 1/256 512 132; 614 10 302
3 1/16 1 78; 608 14 359

2 3 1/32 8 71; 874 15 356
3 1/64 64 68; 656 17 413
3 1/128 512 67; 084 19 467
6 1/16 8 30; 092 19 698
6 1/32 64 27; 514 24 903
6 1/64 512 26; 282 29 1; 142
6 1/128 512 205; 444 30 6; 320

TABLE 6.1
V-cycleresults-region1: � t = :1 and� a = :05, region 2: � t = 10 and� a = 5.

FromTable6.1, we seethat thenumberof iterationsfor the region 1 caseis about
constantash is re�ned. Thus, in region 1, the multigrid algorithmappearsto be
scalingwell spatially. However, the numberof iterationsincreaseslinearly asthe
numberof sphericalharmonictermsis increased(e.g.,9 iterationsfor N = 1 but
20 iterationsfor N = 3). This growth shouldnot be surprisingsincethe sizeof
the systemPDE grows quadraticallyin N : This convergencegrowth also reveals
several propertiesof the momentcoupling. First, the slower but spatially scaled
convergenceratefor N = 3 indicatesthat relaxationis not effective on somehigh
frequenciesof thesystemPDE.(If theslowly convergingcomponentsweresmooth,
thentheconvergenceratewould not scalewith h:) SincenodalGauss-Seideltakes
accountof thefull couplingatanode,thesemoment-couplinghighfrequenciesmust
“spreadout” spatially. A block Gauss-Seidelthat involvesthemomentsover more
spatialnodesmaygivebetterscaling.
Note that a smoothfrequency couplingmay alsobe creepingin asthe numberof
sphericalharmonicsis increased,asindicatedby theslight increasein iterationsas
h is re�ned for N = 6: Thissmoothfrequency couplingis alsomorepronouncedin
region2 problems,asindicatedby thelogarithmicgrowth in thenumberof iterations
ash is re�ned.
Furtherfeaturesof the momentcouplingcanbe deducedfrom the preconditioned
conjugategradientresults.Theoverallincreasein iterationcountsre�ects the“strength”
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Region N h # Procs # Unks/Proc Iter

1 1/32 1 143; 748 17
1 1/64 8 137; 313 18
1 1/128 64 134; 168 18
1 1/256 512 132; 614 18
3 1/16 1 78; 608 31

1 3 1/32 8 71; 874 32
3 1/64 64 68; 656 33
3 1/128 512 67; 084 34
6 1/16 8 30; 092 59
6 1/32 64 27; 514 60
6 1/64 512 26; 282 63
6 1/128 512 205; 444 65
1 1/32 1 143; 748 42
1 1/64 8 137; 313 54
1 1/128 64 134; 168 60
1 1/256 512 132; 614 62
3 1/16 1 78; 608 19

2 3 1/32 8 71; 874 23
3 1/64 64 68; 656 26
3 1/128 512 67; 084 29
6 1/16 8 30; 092 29
6 1/32 64 27; 514 41
6 1/64 512 26; 282 52
6 1/128 512 205; 444 53

TABLE 6.2
Pcgwith 1 V (1; 1) preconditioning-region 1: � t = :1 and� a = :05, region 2: � t = 10 and� a = 5.

of theinter-momentcouplingsincethesecouplingsarenothandledwell with ablock
diagonalpreconditionerthatconsidersonly the intra-momentcouplings.However,
the peculiarbehaviour for N = 1 in region 2 is dif�cult to explain. For N = 1;
the momentscoupleonly throughthe boundaryfunctional. Thus, this boundary
couplingmaybestrongerthanexpected.
Processorscalabilityis bestobservedin region 1 results.As theratio of unknowns
perprocessoris kept roughlyconstant,the time takento performthesameamount
of computationshouldbe roughly constant.This canbe observed in region 1 for
N = 1; 3; wherethenumberof iterationsremainsconstantash is re�ned- e.g.,for
N = 3; with the numberof unknowns/processorroughly 70,000,the overall run
time is roughly500secondsfor eachre�nement.

ii) Region3. Theabovemultigrid schemeperformspoorly; theasymptoticconvergencerate
approaches1. Thus,to handletheproblematicdivergence-freeerrorcomponents,a
multiplicative Schwarzsmootheris usedon the1-1 moments.Theblock solvesin
thissmoothersimultaneouslyupdatethe1-1momentsat the27nodescomprisingan
eightelementagglomerate.Table6.3 tabulatessomeresults.Sincetheasymptotic
convergencerateincreasesfrom .58 for N=1 to .68 for N=3, the convergencerate
againdependson thenumberof sphericalharmonicterms.
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N h Rate

1 1/16 0.36
1 1/32 0.56
1 1/64 0.56
3 1/16 0.48
3 1/32 0.64
3 1/64 0.68

TABLE 6.3
V (1; 1) convergenceratesfor region 3: � t = 10 and� a = 0:001:

To investigatelocking,we considertheboundaryvalueproblem

�
[
 � r + � t I � � sP] (x; 
) = q (x; 
) 2 [0; 1]3 � S2

 (x; 
) = 0 x 2 @[0; 1]3; n � 
 < 0
(6.1)

with exactsolution

� lm =
�

sin(2� x) sin(2� x) sin(2� z) l < N = 2
0 l = 2;

and � a = 0:005: Relative V 1 andH 1 normsof the error in � h andrelative H 1

normof theerror in (� h
1;� 1; � h

1;0; � h
1;1)t aregiven in Table6.4. The theoryin [17]

guaranteesonly orderh convergencein theV 1; ascon�rmed by theresultsin Table
6.4- ash is halved,theerrorin theV 1 normis halvedalso.Notethatirrespectiveof
themagnitudeof � t ; ash is halved,thediscretizationerrorin (� h

1;� 1; � h
1;0; � h

1;1)t in
theH 1 normdecreasesabout60%.Sincethisaccuracy improvementis independent
of � t ; we seelocking-freeerror.

� t h V 1 H 1 H 1:1-1

1/16 1.11e-1 1.52e-1 1.61e-1
10 1/32 5.49e-2 6.33e-2 6.51e-2

1/64 2.74e-2 2.93e-2 2.96e-2
1/16 1.09e-1 1.77e-1 1.92e-1

50 1/32 5.45e-2 7.05e-2 7.43e-2
1/64 2.73e-2 3.15e-2 3.24e-2
1/16 1.09e-1 1.82e-1 1.98e-1

100 1/32 5.44e-2 7.43e-2 7.90e-2
1/64 2.73e-2 3.39e-2 3.55e-2

TABLE 6.4
Locking-free discretizationerror for region 3 problems: � t = 10; 50; 100, and � a = 0:005: V 1 is the

V 1 norm of the total error; H 1 is the H 1 norm of the total error, and H 1 :1-1 is the H 1 norm of the error in
(� h

1; � 1 ; � h
1;0 ; � h

1;1 ) t .

iii) Multi-gr oup, Anisotropic Scattering. The last experimentexaminesthe discretization
errorfor a two-group,anisotropicscatteringproblem:

(
[
 � r + � g

t I ]  g =
P 2

g=1

hP 2
j =0 � gg0

sj Pj  g0
i

+ qg in [0; 1]3 � S2

 g = 0 n � 
 < 0; x 2 @[0; 1]3
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� gg0

s0 =
�

8 0
8 8

�
; � gg0

s1 =
�

2 0
2 2

�
; � gg0

s2 =
�

1 0
1 1

�
;

� 1
t = � 2

t = 10:0;

and

exact solution : � g
lm =

�
sin(2� x) sin(2� y) sin(2� z) l < N

0 l = N
:

This is a down-scatteringproblem.Table6.5showsthemultigrid convergencerates
for eachenergy group. Again, theseratesre�ect spatialscaling,andgrowth with
respectto thenumberof sphericalharmonicterms.Also, from Table6.6, againash
is halved,theV 1 normof theerroris alsohalved.Thus,weseeorderh discretization
accuracy.

Group N h Iter

3 1/32 13
3 1/64 13

1 3 1/128 13
6 1/32 16
6 1/64 18
6 1/128 18

3 1/32 13
3 1/64 13

2 3 1/128 13
6 1/32 16
6 1/64 18
6 1/128 18

TABLE 6.5
V (1; 1) convergenceratefor multigroup,anisotropic scatteringproblem.

Group h N = 3 N = 6

1/32 3.88e-2 3.37e-2
1 1/64 1.89e-2 1.63e-2

1/128 9.39e-3 8.08e-3
1/32 3.88e-2 3.38e-2

2 1/64 1.89e-2 1.63e-2
1/128 9.39e-3 8.08e-3

TABLE 6.6
RelativeV 1 normof error for multigroup,anisotropic scatteringproblem.

7. Conclusion. In thispaper, wepresentedtwo systemmultigrid algorithmsfor solving
theanisotropicscatteringBoltzmannequationformulatedasaFOSLSminimizationproblem.
Usedin theinnerloopof ablock-groupGauss-Seideliteration,eitheralgorithmsgivesanef-
�cient solver for many importantmulti-group,anisotropicscatteringBoltzmannequations.
Morever, usingamultiplicativeSchwarzsmootherinsteadof anodalGauss-Seidelsmoother,
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we areableto get an ef�cient algorithmfor the region 3 1-1 block. Becauseof the favor-
ablescalingof this time-depedentincompressibleelasticity-like problem,locking seemsto
belessseverethanasin thecaseof generalincompressibleelasticityproblems.Numericalre-
sultsdemonstratethatlockingdoesnotoccurevenfor low-order, conforming�nite elements.
Othernumericalresultsdemonstratethatthesenew multigrid algorithmsscalebetterthanthe
PCGiterationexaminedin [9] for region 1 and2 problems.However, numericalresultsalso
indicatethatthehighermomentscouplethroughhighfrequency modes.To handletheseerror
modesbetter, moresophisticatedsmoothersneedto bedesigned.This is thetopic of current
research.
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