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A MULTIGRID ALGORITHM FOR SOLVING THE MULTI-GR OUP,
ANISOTROPIC SCATTERING BOLTZMANN EQUATION USING FIRST-ORDER
SYSTEM LEAST-SQUARES METHODOLOGY

B. CHANG AND B. LEEY

Abstract. This paperdescribesa multilevel algorithm for solving the multi-group,
anisotropicscatteringBoltzmannequationformulatedwith a rst-order systemleast-squares
methodologyA P, h nite elementiscretizationis used.Theresultinganglediscretiza-
tion of this P, approachdoesnot exhibit the so-called‘ray effects, but this discretization
leadsto a large coupledsystemof partial differentialequationsor the spatialcoefcients,
and, on scalingthe systemto achieve betterapproximation.the systemcoupling depends
stronglyonthematerialparametersAway from thethick, low absorptve regime,arelatively
robustmultigrid algorithmfor solvingthesespatialsystemswill be described For thethick,
low absorptve regime, where an incompressibleelasticity-like equationappearsan addi-
tive/multiplicative Schwarz smoothegivessubstantiamultigrid improvementover standard
nodalsmoothers.Ratherthanusing higherorderor Raviart-Thomas nite elementspaces,
which leadto complicatedmplementationpnly low-order, conforming nite elementsare
used.Numericalexamplesllustratingalmosth independentonvergenceratesandlocking-
freediscretizatioraccurag will begiven.
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1. Intr oduction. LetR S? E betheCartesiaproductof aboundedlomainR ~ <3;
theunit sphereS?; anda boundednon-neativeinterval E: Thetime-independerBoltzmann
transportequationis

z z
[ r+ «(GE)] (x ;E)=  dE® d %¢(x%E°t E; 9 (x% %E9
(1.2) +q(x; ;E) (x; ;E)2R S? E
with boundarycondition
(1.2) (x; JE)=9(x; ;E) n <0 x2@R:

This equationmodelsthe transportof particlesthroughaninhomogeneoumedium.In par
ticular, the Boltzmannequationis well known to modelthetransporiof neutrons/photondn
thiscase, istheangularux, . and s arerespectrely the mediums total andscattering
cross-section§ 5 = s Is the absorptiorcross-section)q is the externalsource,and
E is theenengy of theparticles.Theintegral sourcetermdescribeshe scatteringof particles
into differentdirectionsandenegies.

Unfortunately solving the linear Boltzmannequationis dif cult: standardnumerical
schemesan be inaccurateand computationallyinef cient.  For example, the popularS,
anglediscretizationcollocationin angle,[14]) produceghe so-calledray effectswhich pol-
lute thenumericalsolution. This pollution canbeviewedmathematicallyas“contamination”
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from apoorly chosennite elementspaceor theanglecomponenbdf thediscretization-i.e.,
collocationin angleis equivalentto discretizationwith deltabasisfunctions,which form a
poor approximatingbasisset. Fortunately a P, discretizationwhich usesa betterapproxi-
matingbasisset(i.e., sphericaharmonics) eliminatestheseray effects. But solvingfor the
expansioncoefcients or “Im moments”is dif cult. The coefcients couplestrongly with
eachother creatinga strongly coupledsystemof partial differentialequationg PDE's); nu-
merical algorithmsfor solving such strongly coupledsystemsare dif cult to develop. In
this paper novel algorithmsfor solving this coupledsystemare presented.In particular a
multigrid algorithmfor solvingthe P, discretizatiorof the linear Boltzmannequationusing
a rst-order systemleast-square@~OSLS)methodology[17]) is describedThe authorsare
unawvareof ary publishedwork or existing codeghatsolvethefull FOSLSP,, equationsn a
multilevel fashion.

This paperis anextensionof theresearchieportedn [9]. In thatpapera preconditioned
conjugategradientiterationwith ablockdiagonalpreconditionewasusecdto solvethesystem
of P, equations.Eachblock of this preconditionedescribeonly a singlediagonallm-Im
coefcient coupling,but de ned over the whole spatialdomainratherthanthe full Im-1%m°
coupling. Thus,successiely invertingeachblock of this preconditionercorrespondso suc-
cessvely solvingonly thelm-Im scalarPDE over the whole spatialdomain. The numerical
resultspresentedn that papercon rm the non-scalibility of this algorithmwith respecto
boththe numberof sphericaharmonictermsandthe numberof spatialnodesusedin thefull
discretization.This non-scalibilityre ects this schemes inability to handlethe strongintra-
andintermomentcoupling.

In this papertwo algorithmsthatameloriatesomeof the momentcouplingarepresented.
Onealgorithmconsistof amultigrid schemdor thespatialcouplingof the P, discretization.
Here, the unknavns are updatedmoment-wiserst andthenspatial-wise. In this way, for
a Gauss-Seidetelaxationscheme at eachspatialnodein turn, every momentis updated
beforegoingto the next spatialnodesothatthefull momentcouplingis consideredta x ed
node. Physically sincethe Boltzmannequationdescribeghe balancingof particletransfer
by solving for all the momentsat a spatialnode rst, this relaxationsomeavhat enforcesa
local balancingof particletransferat eachspatialnode. Onemay alsousea preconditioned
conjugategradientiteration with a block diagonalpreconditioneithat describeshe full 1-1
(i.e., momentdm-Im°with I m;m® ) intra-momentoupling. Eachof the diagonal
blocks can be solved with a few cycles of this multigrid schemerestrictedonly to the |-
momentblock. Comparingthe corvergenceratesof this preconditionedconjugategradient
schemeandthe above multigrid schemewill exposethe relative strengthof the intra- and
inte-momentcouplingin the P, equations.

A systemprojectionmultilevel algorithm usingthe above Gauss-Seidetmootherper
formswell for parameteregimesthatarethick andsubstantiallyabsorptve. In thethick, low
absorptveregime,or so-calledregion 3, the 1-1 momentsystenresemblestime-dependent
incompressibleslasticity equation. The problemswith this latter equationare well known:
e.g.,possible nite elementiocking andproblematicdivergence-freeearnullspacecompo-
nentsthat impedestandardmultigrid performance([3], [11], [21], [27]). For this incom-
pressibleequation,higherorderor Raviart-Thomas nite elementspacesare often usedto
eliminatelocking. ThesespaceslsomayinducediscreteHelmholtzdecompositionswhich
in turn, may implicitly improve multigrid performancd([3], [11], [21], [22]). But a closer
look at the 1-1 systemrevealsthat the correspondingsystemoperatorbehaes more like
(I rr ): Locking evenfor low-orderconforming nite elementsnow doesnot appeato
be assevereasin the incompressibleelasticity case. However, divergence-freeerror com-
ponentsarestill problematicfor standardnultigrid solvers. Theseerrorcomponentganbe
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highly oscillatoryyet unafectedby standarchodalsmoothers But sincethesecomponents
are essentiallylocal circulations([7], [21]), effective smoothersexist. In particular multi-
plicative/additve Schwarzsmootherghatsimultaneouslypdateall unknavnsin thesupport
of thesdocalcirculationscaneffectively dampoutthesesrrorcomponentsWe will usethese
smoothersn themultigrid solver.

This paperproceedsasfollows. In section2, a brief presentatiorof the notationand
functionalsettingusedthroughouthis paperis given. In section3, asummaryof the FOSLS
theorydevelopedin [17] for the mono-enegetic, isotropic scatteringBoltzmanequationis
reviewed. This theoryshawvsthatlocally away from the materialinterfaces by appropriately
scalingthe systemof PDE's, the second-ordemomentcoupling essentiallydescribeshe
wholecoupledsystemof PDE's. Thisfactwill beusedto developour numericalschemeslin
sectiond, theP, h nite elementdiscretizatiorfor the FOSLSformulationis developed.
The systemof PDE's is explicitly describedandfrom this description,onecanobsenre the
dif culties in region 3. In section5, a multigrid schemas describedor the mono-enegetic,
isotropicscatteringcase.Multigrid componentgrelaxationandcoarsegrid correction),and
methodsof homogenizatiorof the ne grid materialand scalingcoefcients will be exam-
ined. In subsectiorb.1, an algorithmic extensionto the full multi-group, anisotropicscat-
tering casewill be given. Section6 presentssomenumericalresults. Computationakcal-
ing studiesfor the mono-enegetic, isotropic scatteringcasewill be presentedor both the
multigrid and preconditionedtonjugategradientschemes.For the multigrid schemethese
resultsshonv good scalibility with respecto the numberof spatialnodesand linear growth
with respecto the numberof moments.For the preconditionecconjugategradientscheme,
theseresultsshav mild non-scalibilitywith respecto the numberof spatialnodesandlinear
growth with respectto the numberof moments. This differencesignalsa spatially smooth
inte-momentcoupling error modethat is not handledby the latter scheme.Section6 also
will presenimultigrid anddiscretizationconvergenceresultsfor region 3 problemsandfor a
full multi-group,anisotropicscatteringproblem. Theselatter results,togethemwith the ana-
lyis in Section4, indicatethat locking may not be severefor realistic Boltzmanntransport
problems.

2. Notation. Webrie y presensomeof thenotationandfunctionalsettingusedthrough-
outthis paper First, for any non-ngativeintegers; letH $(R) denoteheusualSoboler space
of orders de ned overR andwith normdenotedby k ks (cf. [1]). Fors = O; theL?(R)
is denotedby k kg: Whenit is obviousthatthe normis de ned over R; subscriptR will
be omitted. Occasionallywe will have needof a generaHilbert spaceX . Its normwill be
denotedby k ky :

Furthernotationsandde nitions areneededor the FOSLSfunctional. This functional
involvesanL? termde nedoverR  S?: We denotethis normby k kr. : Thisfunctional
is alsode ned overthe Soboler space

n 0
Vi= v2L*R S): St rv; rv, +(Tvvg <1
with norms
kvki == St rvi rv. +(TvVg
and
zZ Z
kvkg, = kvkg + Tjnjd d:
@ n <O

Here,S ! andT arelinearoperatorghatessentiallyacton theangularvariableof afunction

(x;)
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To analyzethe P, equationswe will derive severalrelationsinvolving the normalized
sphericaharmonics

Yo = am Pi:m (COS ) cosm m O

™7 an Pi.jmj(cos ) sinjmj  m < 0;
where

S
@+ (1 jmj)!
am = =
2 (1+ mo)(I+ jmj)!

where and arerelatedto by = (sin cos; sin sin; cos ); andwherep; isthe

Im%h associated egendrepolynomial([15]). To notationallysimplify thesederivations we
will usethe Dirac bra-ket notation([20]). Consideringthe linear vectorspacegeneratedy
f Yim 9im ; vectorelementy),, will bedenotedby

jlm > the ket vector:
Its dualvectoris denotedcby
< Imj the bra vector:

GivenalinearoperatorA actingonketjlm >; theL?() innerproductbetweemjim > and
< 1%mY is denoted

< 1MYAjim > :

Finally, sincef Y\m gm forms a completeorthonormalset, we note that the completeness

property
X
| = jlm >< Imj
Im

holds.

3. Theory. For self-containmentye review someof theexisting theoryfor the FOSLS
formulationof (1.1)-(1.2). Exceptfor the scalingoperatorfor anisotropicscatteringwhich
wascommunicatedo usby T. Manteufel ([18)]), theseresultswerederivedin ([17]).

Theoryfor the FOSLSformulationof (1.1)-(1.2) hasbeendevelopedonly for themono-
enegetic, isotropicscatteringform of the Boltzmannequation. This simpli ed form of the
Boltzmannequationis obtainedby assuminghe approximateenegy separatibilityof and
takingatruncated_egendreseriesexpansionof ¢ ([14]):

(i) (x; ;E) f(E) 9%%;); Eg < E < Egs1; 9= 1, ;N; wheref isa
normalizationfunctionand
Eg+1
9(x;) = dE (x; ;E);
EQ

(ii)

%

sx%E! E®& °)=_ s O 9

1
5 +1

=‘ s:j(XO;E;EO) ij() ij( 0);

=1
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wherep; is thej %h LegendrepolynomialandY; n is thej m%h sphericaharmonic
([14], [15], [20)).
A simple calculationthen shaws that (1.1) becomesa systemPDE for the group ux es
9(x; ) with matrix operator

0 h
L P oip P onp
t jm sj 'Jm jm sj t]m jm s jm
P 10 h 11 11 P
Pim r+ g im s Pim im s Pim

Here, the superscriptsn the cross-sectioroefcients denotetheg  g° enegy groupcou-
pling, andP; , is thesphericaharmonicprojectionontoY; m : In particlar for asingleenegy
groupandisotropicscattering s; = 0; j = 1, ; M), supressinghesuper/subscriptshe
boundaryalueproblemis

(3.1) [ r+ I Pl (x;) = q (x;) 2R S?
' (x;) = g X2@;n <0
wherethe scatteringermis
Z
P (x;) = (x;) d:
SZ

For simplicity, we will assumehatR is of unit diameter
In the FOSL Sformulationof (3.1), the Boltzmannoperatotis rewritten with theabsorp-
tion cross-section

L:= r+ (I P)+ 4P
3.2) = r +T,;
whereT := (I P)+ ,P:Now introducingthe scalingoperator
8
5 | ¢ 1 region1: thin

S= 5 I P)+ P ¢+ 1land , % region2: thick with absorption
«(! P)++P  land » -+ region3: thick with litle absorption
with inverse
8
3 (0 PY+P t 1
st=_210 P)+LP  land » =+
L@ P)+ P ¢ land o L
(3.3) =c(l P)+ P
the space-angl&OSLSformulationis to minimizethe scaledeast-squareinctional
Z Z
2 - - .
BAHF(;g0:= S (L o +2 ( o oin jdd
R; @ n <0

over an appropriateSoboles space.Note that becausef the boundaryintegral in the least-
squaregunctional,thein o w boundaryconditionneednotbeenforcecbnthis Soboler space.
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thin thick with little absorption

1 2 3 4

S
t

FiG. 3.1. Parameterregimesde nedby scalingopemtor S.

The appropriateSobole spaceis V: It wasshavn in [17] that F is equivalentto the
V, normoverV: Thus,functional

F(;0000= st r 3 r _ +S!T; r _ +8' r ;T
’ Z Z
+(T ;T )r +2 jn jd d
@R n <0
is equivalentto

kke,= St r i 1 o (T e + in jd d:
@R n <0
Thatis, the rst-orderterms S 1T ; r and St r T

R;
by thesecond-ordeterm S * r ; r

R; -
Minimizing F overV is effectively solvingthevariationalequation
zZ Z

S ojLw . +2 wjn jd d
oz & n o<

(@S Lw)r, +2 gwjn jd d
@R n <0

r aremajorized

a( ;w):

(3.5)

for all v 2 V: Becausef thenormequialence pneessentiallyneedgo developaneffective
solver or preconditionefor thediscretesystemcorrespondingo the bilinearform
z Z
bviw):= St rv; rwe +(Tviwlg, + vwjn jd d:
' @R n <0

A scalablesolutionmethodfor the minimizationof theleast-squarefinctionalwill requirea
scalablesolverfor this lattersystem.

For the multi-group, anisotropicscatteringcase the FOSLSformulationis generalized
by usingthe scalingoperator

. X
S z=ocl + G P
j=0
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8
E | q ¢ 1
Li+ —s _op > 1and ( 0)
- AT oG w0 n ¢ tooso) T
3 N 1.
- P——tl + . P] t > 1and( t 5;0)< —.

t x+(1 %)% t

in (3.4) ([19)).

4. SphericalHarmonic-h (P, h) Finite ElementDiscretization. Two of theadwan-
tagesof a FOSLSformulationarethatit leadsto symmetricpositive-de nite linear systems,
andthatit is endavedwith acomputablea posteriorierrormeasurg[8]). For the Boltzmann
equation,the symmetricpositive-de nitenessallows suchef cient linear systemsolversas
multigrid andpreconditionedonjugategradientschemeso beusedonthe P, discretization
of the FOSL Svariationalform, andthe a posteriorierrormeasurdeadsto good,simplelocal
grid re nement strat@ies. Indeed,standardGalerkin P, discretizationsof the Boltzmann
equationleadto non-symmetridinearsystemghataredif cult to solve ef ciently, andstan-
dardGalerkinP,, discretizationglo not naturallyleadto simplecomputablesrror measures.
Thereareef cient Petros-Galerkinformulationsof the S, discretizationput this discretiza-
tion suffersfrom theray effectin thethin regionandin thick regionswhenthesources close
to the pointsof obsenation (e.g.,pointsalongthe boundary).Neverthelessthe P, FOSLS
methodis not immunedfrom problemsitself, aswill be shown later But evenwith these
dif culties, the P, FOSLSmethodis a schemehatcanhandleall parameteregimes,with
theabove attractve FOSLSfeatures.

TheP, discretizatiorconsistsof takingatruncatedsphericaharmonicexpansionof the
angular ux:

(x;) N (X))
XX
(4.1) = im (X)Yim () -

1=0 m= 1

The | 's arethe momentsor generalized-ourier coefcients. We will consideronly the
mono-enegetic,isotropicscatteringproblem. Substituting y into bilinearform a( ; ); and
testingit againstv(x)Yiomo() ;1= 0;:::;N andm® = 1%:::;1% a semi-discretizatioris
obtained Now becausé® actsonly ontheangularvariable we have

[ Plim(X)Yim () = tm QU P)Yim ()] ;

andso, T andS ! simply projectthe zero and non-zeromomentsdifferently. Moreover,
becausef the V; norm equivalence to analyzethis semi-discretesystem,only the zeroth-
orderandsecond-ordetermsneedto be considered.
For the zeroth-ordeterm,sinceT actsonly ontheangularvariable we have
X
(4.2) (T N;VYIO;mO)R; = < YmjTi¥im > ( m; Vg

Im

where< jAj > isthebra-ket notationfor the angularinner productwith operatorA acting
onketj >; andwhere( ; )r is the spatialinnerproductover R: For thesecond-ordeterm,
we have

) XX X )
S rnN; I VYjomo R S iYim mi 5 j YiomoV R:
i=1 j=1 Im
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X X X

4.3) < Yimj iSt jiYiomo> (imi Vgt

i=1 j=1 Im

Here,i andj denotespatialdifferentiation.Notethatthe sparsitypatternof the second-order
stiffnessmatrixdepend®nboththespatialdifferentiationoperatorandthemomentcoupling
createdhrough

< Yimj iS ! ijI°m°>:

Considerthe diagonallm-Im elementof < Y j ;S * iiYiomo > : This elementcanbe
viewedasafull 3 3tensordescribinghe“diffusive” interactionof moment |, with itself.
Viewed thisway, < Yimj iS ! jjYiomo > isa(N + 1)2 (N + 1)? block matrix of
3 3 tensorswith eachlm-19m° tensordescribingthe spatialanisotroy couplingbetween
m and jomo: Fortunately this block matrix of tensorhassomestructure.To seethis, the

completenesproperty

X

jYioomoo >< Yjoopo0f = |
100 00

of sphericaharmonicq[20]) is needed Applying this identity twice, we have
X

< Ymj iS 1jY|oomoo>< Yioomooj jjYiomo >
R x
= < Y|mj in|ootmooo>
| 00y 00| 00, 000

< Yjooqn 009 S 1jY|00moo >< Yjoonoo] ijYiomo > :

< Y|mj i S ! ijI°m0>

ButS ! simplyscalegheketjY,omo > by

C1 1996 0
Cy [90= 0

(cf., equation(3.3)). The orthogonalityof sphericaharmonicghenimplies

. . _ C1 100000 00y 000 1996 0
< Yjooqn 004 S 1JY|00m°°>_ Ci :000 mr:oo 00= o
andso,
X
(4.4) < Yimj S 1 jiYiomo > = Cloomoo < Yim ] ijYioanoo >< Yjoomooj jjYjomo >;
00 00

wherecjoomo = ¢ if | 6 0andcgy = ¢,: Moreover, it canbeshavn that
< Yl"mj inf‘m >6 0

only whenf' = I 1 Thus,< Yimj iS ? i iYiomo > is a weightedproductof two block
tridiagonalmatriceswhich impliesthatit is block pentadiagonalln fact, further properties
of sphericaharmonicsshav thatthis block pentadiagonainatrix is nonzeroonly whenl =

[0 2: Hence,the even and odd momentsdecouplein the second-ordeterm. Figure 4.1
illustratesthis structurefor N = 4; wherethe™ ' blocks are the non-zeroblock entries
andthe small diagonalblocksarethe Im-Im 3 3 tensors. Finer structureof this block
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FiG. 4.1. Intra-momentouplingstructue with diagonallm-Im blodcks.

pentadiagonamatrix canbe found by usingadditionalpropertiesof the sphericaharmonics
(with respecto m).

Now, assumea nite elementdiscretizationof the spatialcomponent. Using the test
functionb (x)Yiomoe() ; wherefb g is abasissetfor the spatial nite elementspace the
second-ordetermbecomes

XX X X
< Ymj iS Y jiYiomo> (b ;b j)R m =
i=1 j=1 Im " #
X xX¥ X X X
(4.5) Cloomo < Yim ] ijYjomoo >< Yioomoo jjYjomo >
i=1 j=1 Im 100m 00

(bi 5B )R im;

Here,if b at spatialnode is the standardhat function, then . is the value of the
Im momentat that node. Using the structureof < Yj,j iS ! iiYiomo >; the structure
of the full discretesecond-ordeterm is also block pentadiagonatith total sizeM (N +
1)> M(N + 1)?> whereM is the numberof spatialnodes. Correspondindo each3 3
tensorof < Yinj iS ! jiYiomo > isanM M submatrixdescribinghediscretizedspatial
couplingof momentim to 1%m% Alternatively, assumingR to be tessalatednto tetrahedral
elementsand assumingf b g to be trilinear nite elementsthe second-ordeterm canbe
re-orderedo have a 27 block stripe structurecorrespondingo the 27 point stencil of the
spatialdifferentiationoperator Eachblock on ary stripegivesthe< Yimj iS 1 jjYiomo >
couplingat a spatialpoint. Suchorderingis betterfor computation.

Sincebilinearform by( ; ) alsocontainsg(4.3), aneffective solver or preconditionemust
be ableto efciently invert this complicatedlinear system. However, for someparameter
regimes,amoresophisticatedpatialdiscretizatioranda non-standardhultigrid schemenay
be needed.A problemarisesbecausescalingcoefcients ¢; andc, may differ by ordersof
magnitude.Thus,on onehand,the scalingoperatoreadsto the correctasymptotidimiting
equationin theseregimes([16], [17]), but on the other a complicateddiscretizationand
multigrid schememayberequired.

To seethescalingproblem from (4.4), we seethatonly thel®® m©= 0-0columnandrow
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Oof < Yimj ijYiomoo > and< Yiomooj jjYiomo >; respectrely, arescaledbypﬁ: All other
rows andcolumnsarescaledoy = C;: Because< Yimj ijYioomoo > and< Yioamooj jjYjomo >
areblocktridiagonalandbecause& Y,nj iS *! i1 Yiomo > is nonzerconly whenl®= | 2;
thenonly diagonaimomentblocksl-I = 0-0Oandl-I = 1-1of thesecond-ordetermcancontain
c; scaledterms.In particular for regions1, 2, and3 respectiely, theseblocksare

1
arr 0
30 1 6 a=1c=1
5 1Elr
" . #
rr r 0 C_l.c_ 1
1 1 1 1= — 0= —
0 5,.— 3.t I t a
and
" . #
rr r O C_l.C_
i _t 1 1= — L2 = t
0 5, — st T t

([17]). Block -l =0-0is Laplaciansoposeso problems However, block|-I = 1-1 contains
thegrad-dv operatonrr ; whosenullspaceconsistsof divergence-fredunctions.In partic-
ular, in region 3 andregion 2 when land , it; sincethe 1-1 block is majorized
by the grad-div operator divergence-freeomponentsreateproblemsfor standardterative
solvers.

Theseproblemsremainevenwhenboththe zerothandsecond-ordetermsof b( ; ) are
consideredNow the diagonalblocksin regions2 and3 are

1 #
al 0T 0
4.6 ;
(4.6) 0 R S s
and
" #
24l %r r 0
0 th s Tt @ I
Thesedivergence-freecomponentsare approximateeigenfunctionsof the |-l =1-1 block

correspondingo eigervalue :
To furtherexposethe dif culties of the 1-1 block, onecancompareit to a semi-discrete
form of atime-dependerincompressiblelasticityequation:

[el  _—  mr Ju =f inR
(4-8) u =0 on@
withc= O(1= t) and 1: Not only do divergence-fre@rrorcomponentsomplicatethe

systemsolver, but alsothe locking effect degradesuniform discretizationcorvergencewith
respecto ([4], [5], [6]). Assumingconformingpiecavise linear nite elementsand full
H 2-regularity, this non-uniformitycanbe anticipatedrom the usualerrorestimate

(4.9) ku u"k: C( )hkuks

with constantC( ) dependenbn : But to examinelocking more precisely let ag be a
continuousgoerciebilinearform de ned overaHilbert spacex (i.e., kvkz  ap(V;V)
kvki 8v 2 X),letB : X ! L2 beacontinuousmapping.andconsidettheweakequation

ag(u ;v)+ (Bu ;Bv) = (f;v) 8v2X:
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Locking occursoverthe nite elementspaceX " if

(4.10) X"\ N(B) = f0g
andif
(4.11) kvnkx  C(h)kBV'k gvh 2 xM:

For (4.9, X = H?(R)\ HE(R);
ag(u ;v) = (ru ;rv)+ (cu;v);

andB = r : Conditions(4.10-(4.11) guaranteehatfor any x edh andsufciently large
; thereisav 2 H?(R)\ H}(R) satisfying

[cl rrJv="f,

suchthattherelative erroris boundedbelow by a constanindependenof h :
v v

Following thetechniquen [6], onecanshaw thatv is divergence-freavith kvk; > 0: Hence,
sincethe solution of (4.8) becomesnore incompressibleas a function of ; discretization
corvergencewill notbeuniformin :

Note that for a divergence-fredunctionv with nonzeroH 1-norm, f, is nonzeroand
independendf : Using(4.9) and(4.12), we have

jV th]_ CZC( )thkz

(4.13) ¢ kfy k kfy k '

whereC, independentf : From(4.13, we seethatthe severity of locking canbereduced
if kfy k dependsimilarlyon asC( ) does.

Now considerthe 1-1blockin (4.7) or (4.6) when ; X 1:In eithercasepnehas
theapproximatdorm ’

a2l _ cir o u 2(cll crr ) _u
(4.14) = f = fy:

Sincea FOSLSP, formulationof (3.1) leadsto a “displacement”formulation of (4.14),
ag(u;v) = (r u;r v) andBu = (ciu;cr u)t:

(ru;rv)+ 2[(cu;v) + (cor u;r V)] = (fy;v):
Also, usinglinear nite elementswe have (4.9) with
(4.15) c(yH &

Clearly, (Bu; Bv) correspondso ascaledH (div) normof u; andhenceN (B) = f0g; and
consequently, mustdependon ?2: Indeed,from (3.5), the righthand-sideassociateavith
the1-1blockis

t
f= Er Coo + lower order  terms;
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whereqg is thezeroth momentof the externalsourced: For neutronicproblemskr dook =
O(1) ([13)], [16]) in theregion 3. Thus,

(4.16) f, = C3 2f
Substituting(4.19-(4.16 into (4.13, we have

ju uMj;  Cp 2hkuk,
kfuk Cs Zkfk
_ C4hkuk2_

T kk

(4.17)

But, eventhough(4.14) and(4.16) imply thatu approximatelysatis es
[l corr Ju = Csf;

the upperboundin (4.17) doesnot imply uniform convergence. Considerthe casewhen
u = (ut;u?;ud) satisi esary of thefollowing conditions:

8
2 3 - 2
< uyx+uzx _O( t)
u>]<'y + uzy = O( tZ)
ug +ug; = O( )

For thisu; kuk, canbeO( 2):

5. A Multigrid Algorithm. The solution procedureinvolves minimizing F over an
appropriatesubspacef V: To accomplishthis, a Rayleigh-Ritz nite elementmethodis em-
ployedin the spatialdiscretization.Let T, be atriangulationof domainR into elementsof
maximallengthh = maxfdiam(K) : K 2 Tng;andletV" bea nite dimensionasubspace
of V having theapproximatiorproperty

it kv V'kir  Chkvkag

forallv2 H?(R) L?(S?) :TheP, h nite elementspacds then

( N )
W= W2V = i () Yim ()
1I=0 m= |
Thediscretene grid minimizationproblemis
Find § 2 V! suchthat
F( R;q0) = min F(W;q0):
( NI O) o, (W69
Equivalently, the discreteproblemis
Find § 2 V! suchthat
z Z
a( ivi) = gs vy, +2 _oviinjd d
n <

forall vy 2 V{I:
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(Althoughoneactuallysolvesfor themoments ! ; wewill notmake this notationaldistinc-
tion in thealgorithm.)

A standardprojectionmultilevel schemefor solving either discreteproblemis fairly
straightforvard. Let

Tom 1 Tom 2p Ton  Th
beaconformingsequencef coarseningsf triangulationT;,; let
Vit \VARVARERVAL

beasetof nesteccoarsegrid subspacesf V,} ; the nest subspaceandlet
. n_ o
B! = lj;lm
beasuitable(generallylocalin spacepasissetfor V,& : (For example,H;,m = b Yim ; where
b is thestandargiecaviselinearhatfunction.) Givenaninitial approximation { onlevel
j; thelevelj relaxationsweepconsistof thefollowing cycle
foreach = 1;2;::;M;; (M; beingthenumberof spatialnodesongrid j )
foreachhm;0 | N; | m |;
h h 4 bj

N N im

where is choserto minimize

(5.1) F L+ bl a0

SinceF | + b];lm ; ;g isaquadratidunctionin ; thislocal minimizationprocesss
simple,andis, in fact,a Gauss-Seidédteration. Moreover, notethattheloopsrangeover the
momentsrst sothatall momentsareupdatedat a x ed spatialnodebeforegoing onto the
next spatialnode. Note alsothatthe searchdirectionmayinvolve morethanoneelementof
Bl : For suchsubspacéteration,denotingthe directionby b ; onethenneedso nd  that
minimizes

F L+ b;gg:
A goodchoicefor bl is thesubset
fOYm :0 | N; I m |, xedg

whichresultsin a block Gauss-Seidaterationthat simultaneouslyupdatesall the moments
atnode :

Now, givena ne grid approximation [ onlevel 1, thelevel 2 coarsegrid problemis
to nd acorrection &' suchthat

h 2h. o . h oh. oy
F N+ 8309 = mn F g +Vv:g0:
vh2v2

Having obtainedhis correction, [ is updatedaccordingo

h h
N N
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Applying this procedureaecursiely yieldsa multilevel schemeén the usualway.

Away from the thick diffusive regime andfor homogeneoumaterial,this multigrid al-
gorithm hasthe usualoptimal multigrid ef ciency. But for inhomogeneousaterialseven
in thethin diffusive regime,whenthe materialandscalingcoefcients have ne-scalestruc-
ture,thecomputationakf ciency of thisalgorithmdegradesij.e., to preserethese ne-scale
structureson the coarsegrid, ne-scale computationis neededon the coarserevels. For a
matrix-freeimplementationthe total costof this ne-scale coarsegrid computationis not
nominal. For this reasonthesecoefcients shouldbe homogenizedo coarse-scaleesolu-
tion andthenusedon the coarsegrid. Coarsegrid calculationsnow canbe performedwith
coarse-scaleomputation.

Assumingthat the coefcient jumps are grid-alignedon the nest grid, a simple ho-
mogenizatiormethodthatcanbe appliedis anaveragingprocessFor example,the material
andscalingcoefcients canbe arithmeticallyand harmonicallyaveragedyrespectrely ([2],
[10], [19, [23)): if fqp, ng; fq ng; andf . "g arethe coefcients in disjoint elements

f jhgjr:l ongrid h; andif the coarsegrid element 2" is composeaf theagglomerate

2h h.

=[ja |5

then
r
(5.2) Cm: 2n = H
j:l cIm; Jh
1 X
(5.3) t 2h = — tn
r i=1 i
1 X
(5.4) a o = = a

Here,harmonicaveragingis moresuitablefor thescalingcoefcients because¢hey contrilbute
to thediffusiontensorg[10]).

But oneshouldnotethatusinghomogenizedoefcients oncoarsegridsleadsto aviola-
tion of a projectionmultilevel principle. Eachcoarsegrid problemcorrespondso a different
minimizationproblem(i.e., non-nestedilinearforms). Thus,acoarsegrid correctionnow is
notanoptimalsubspaceorrectionto the ne grid problem.In particular for rapidly varying
coefcients, it is possiblefor a coarsegrid correctionfrom a very coarsdevel to completely
pollute the ne grid solution. Thus, more sophisticatechomogenizatiorschemesnay be
neededor complicatedphysics.

A sophisticatedechniqueis also neededfor region 3. Recall that the algebraically
smootherror in this regime is predominantlycontrolledby the divergence-freesrror com-
ponentsof the 1-1 block. Sincethesecomponentscan be geometricallyoscillatory the
smoothemust eliminate the highly oscillatory ones. But since divergence-fredunctions
areintrinsically vectorquantitiesthatarerepresenteevell only over the union of severalel-
ements,a point/nodalsmootheris not sufcient. Rather following [3], [11], and[21], an
additive/multiplicatve Schwarz smoothershouldbe used.This block smoothemustresole
the smallestrepresentableirculation, or local divergence-fredunctions. Hence,the direc-
tionsb’ for this smoothehave smallspatialsuppporsothattheblock solversin arelaxation
sweepinvolve only smalllinearsystemdor only the 1-1 block.

We now have a well-de ned multigrid algorithmfor all parameteregimesandfor in-
homogeneoumaterial.Usinganappropriatadirectionin therelaxation,onemayhandlethe
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localintra- andinte-momentcouplingwell. Onecanalsorestrictthis multigrid algorithmto
thel-I blocksto producea block preconditionerUnlike the preconditionedescribedn [9],
thispreconditioneconsidershefull intra-momentoupling.By comparingheperformances
of this preconditione@onjugategradientmethodandthe multigrid algorithmde ned overall
Im-1%mP coupling,onemay be ableto deducethe natureof the intra- andinter-momentcou-
pling in the P,, equations.

5.1. An Algorithm for the Multi-Gr oup, Anisotropic Scattering Equation. In sec-
tion 3, we saw that (1.1) canbe semi-discretizednto a block systemwith mono-enegetic,
anisotropicscatteringequationsalongthe diagonal.Eachof thesediagonalequationsanbe
solvedwith eitherthemultigrid or preconditionedonjugategradientalgorithmsdescribedn
theprevioussection.Thus,oneobtainsaschemédor solvingthefull multi-group,anisotropic
scatteringBoltzmannequatiorby usinganouterblock Gauss-Seidéterationoverthegroups.
For theimportantdown-scatteringproblemsn photon/neutrompplicationdi.e., particlescan
be scatterednly into lower enegy groups),this block iterationbecomesa backsolve. For
generakcatteringsincethe differentialoperatoranajorizethe integral projectionoperators,
the block systemis diagonallydominant,and so, this block Gauss-Seideiteration should
performwell.

6. Numerical Experiments. The abore P, h nite elementdiscretizationof the
FOSLSformulationwasimplemented.Angle integralsinvolving sphericalharmonicswere
computedusing analyticalformulas,andthe spatialmomentswere discretizedwith piece-
wise trilinear functionson rectangulasolids. We conductedhreesetsof experiments.The

rst setexaminesthe scalabilityof our codefor region 1 and?2 problems.We considerboth

scalabilitywith respectto the spatialmeshsize and scalability with respectto the number
of processorsised. The secondsetof experimentsexaminesregion 3 problems. Sinceour
codedoesnot have a parallelimplementatiorof our multiplicative Schwarz smootheronly
scalibility with respecto the spatialmeshsizéas consideredHowever, we alsoexaminedis-
cretizationcorvergenceto illustrate locking-freeerror for region 3 problems. Finally, the
third setof experimentsexaminesa full multi-group, anisotropicscatteringproblem. Both
multigrid corvergenceratesanddiscretizatiorerrorareconsidered.

i) Regionsl and 2 Scaling Studies. Thegoalin theseexperimentsds to investigatescalabil-
ity with respecto the numberof spatialnodesandsphericalharmonicsandscali-
bility with respecto the numberof processorsOnly the mono-enegetic,isotropic
scatteringequationvasconsideredincesolvingthediagonalequationsn the semi-
discretemulti-group, anisotropicscatteringproblemis the major taskin the block
Gauss-Seideiteration describedin Section5.1 Also, only homogeneousnate-
rial wasconsideredResultsfor the testsuite Kobayashproblems([12]) involving
inhomogeneoumaterialwith largejumpswill be presentedn afuture paper Con-
vergenceratesfor thesebenchmarlproblemsarevery similar to the ratespresented
here. For the currentexperimentsthe sourcetermsweretaken to be zeroandthe
initial guesswas randomfor all moments. V (1; 1) cycleswith “nodal moment”
Gauss-Seidetelaxationwere usedin the multigrid and preconditionedconjugate
gradientschemesFor the latter schemepnly onecycle wasperformedin the pre-
conditioningsolve. The stoppingcriterionwas

pF( n;0,0) pF( n 1:0;0)

" F( 90,0

<10 "

Resultsaretatulatedin Tables6.1and6.2.
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| Region | N | h [ #Procs| #Unks/Proc]| Iter | Time |

1| 1/32 1 143 748 9 279
1| 1/64 8 137,313 9 261
1| 1/128 64 134168 9 267
1| 1/256| 512 132,614 9 270
3 | 1/16 1 78,608 20 511
1 3| 1/32 8 71,874 20 472
3| 1l/64 64 68; 656 20 495
3 | 1/128| 512 67,084 20 534

6 | 1/16 8 30; 092 41 | 1,493

6 | 1/32 64 27,514 43 | 1;607

6 | 1/64 512 26,282 45 | 1;743

6 | 1/128| 512 205,444 47 | 10,191
1 1/32 1 143748 10 [ 313
1| 1/64 8 137,313 10 294
1| 1/128 64 134,168 10 296
1| 1/256| 512 132 614 10 302
3 | 1/16 1 78,608 14 359
2 3| 1/32 8 71,874 15 356
3| 1l/64 64 68; 656 17 413
3 | 1/128| 512 67,084 19 467
6 | 1/16 8 30,092 19 698
6 | 1/32 64 27,514 24 903

6 | 1/64 512 26; 282 29 | 1,142

6 | 1/128| 512 205 444 30 | 6;320

TABLE 6.1
V-cycleresults-region1: = :1and = :05,region2: t = 10and , = 5.

From Table6.1, we seethatthe numberof iterationsfor the region 1 caseis about
constantash is re ned. Thus,in region 1, the multigrid algorithmappeargo be
scalingwell spatially However, the numberof iterationsincreasedinearly asthe
numberof sphericalharmonictermsis increasede.g.,9 iterationsfor N = 1 but
20 iterationsfor N = 3). This growth shouldnot be surprisingsincethe size of
the systemPDE grows quadraticallyin N: This corvergencegrowth also reveals
several propertiesof the momentcoupling. First, the slower but spatially scaled
convergenceratefor N = 3 indicatesthatrelaxationis not effective on somehigh
frequencie®f thesystemPDE.(If theslowly convergingcomponentsveresmooth,
thenthe corvergenceratewould not scalewith h:) Sincenodal Gauss-Seidethkes
accounbf thefull couplingatanode thesemoment-couplindnighfrequenciesnust
“spreadout” spatially A block Gauss-Seidehatinvolvesthe momentsover more
spatialnodesmaygive betterscaling.

Note that a smoothfrequeng coupling may also be creepingin asthe numberof
sphericalharmonicss increasedasindicatedby the slightincreasean iterationsas
hisre nedfor N = 6: This smoothfrequeng couplingis alsomorepronouncedn
region2 problemsasindicatedby thelogarithmicgrowth in thenumberof iterations
ashisre ned.

Furtherfeaturesof the momentcoupling can be deducedrom the preconditioned
conjugataggradientresults.Theoverallincreasén iterationcountsre ectsthe“strength”
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| Region | N [ h [ #Procs| #Unks/Proc]| Iter |

1] 1/32 1 143,748 17
1| 1/64 8 137,313 18
1| 1/128 64 134,168 18
1| 1/256| 512 132614 18
3| 1/16 1 78,608 31

1 3| 132 8 71,874 32
3| 1/64 64 68; 656 33
3 | 1/128| 512 67,084 34
6 | 1/16 8 30; 092 59
6 | 1/32 64 27,514 60
6 | 1/64 512 26,282 63
6 | 1/128| 512 205 444 65
1] 1/32 1 143748 | 42
1| 164 8 137:313 || 54
1| 1/128 64 134,168 60
1| 1/256| 512 132614 62
3| 1/16 1 78,608 19

2 3| 1/32 8 71,874 23
3| 1/64 64 68; 656 26
3 | 1/128| 512 67,084 29
6 | 1/16 8 30,092 29
6 | 1/32 64 27,514 41
6 | 1/64 512 26; 282 52
6 | 1/128| 512 205,444 53

TABLE 6.2
Pcgwith 1V (1; 1) preconditioning+egion1: = :1and 5 = :05,region2: = 10and 5 = 5.

of theintermomentcouplingsincethesecouplingsarenothandledwvell with ablock
diagonalpreconditionethat considersonly the intra-momentouplings. However,
the peculiarbehaiour for N = 1 in region 2 is dif cult to explain. For N = 1;
the momentscouple only throughthe boundaryfunctional. Thus, this boundary
couplingmaybe strongetthanexpected.

Processoscalabilityis bestobsenedin region 1 results.As theratio of unknonvns
per processois keptroughly constantthe time takento performthe sameamount
of computationshouldbe roughly constant. This canbe obsenedin region 1 for
N = 1;3; wherethenumberof iterationsremainsconstantsh is re ned- e.g.,for
N = 3; with the numberof unknavns/processoroughly 70,000,the overall run
timeis roughly 500 seconddor eachre nement.

i) Region3. Theabove multigrid schemeperformspoorly; theasymptoticcorvergencerate

approacheg. Thus,to handlethe problematicdivergence-freerrorcomponentsa
multiplicative Schwarz smoothelis usedon the 1-1 moments.The block solvesin

thissmoothesimultaneouslyipdatehe1-1 momentsatthe27 nodescomprisingan
eightelementagglomerate Table 6.3 talulatessomeresults. Sincethe asymptotic
corvergencerateincreasedrom .58 for N=1 to .68 for N=3, the corvergencerate
againdepend®nthe numberof sphericaharmonicterms.
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| h |Rate]
1/16 | 0.36
1/32 | 0.56
1/64 | 0.56

1/16 | 0.48
1/32| 0.64

1/64 | 0.68
TABLE 6.3
V (1; 1) corvergenceratesfor region3: ¢ = 10and , = 0:001:

W wWWwllkerk Rz

To investigatdocking, we considerthe boundaryvalueproblem

(6.1) [ r+ ¢ Pl (x;) = g (x;) 2[01P S?

(x;) = x2@013 n <0
with exactsolution

sin(2 x)sin(2 x)sin(2 z) I<N=2
0 =2

and , = 0:005 Relatve V! andH?! normsof the errorin " andrelative H !
normof theerrorin ( 1. ;; 1.5; 1.,)! aregivenin Table6.4. Thetheoryin [17]
guaranteesnly orderh corvergencen theV !; ascon rmed by theresultsin Table
6.4- ash is halved,theerrorin theV?! normis halvedalso.Notethatirrespectve of
themagnitudeof ; ash is halved,thediscretizatiorerrorin ( . ; %.o; 1.))%in
theH ! normdecreaseabout60%. Sincethis accurag improvements independent
of ¢; weseelocking-freeerror.

L h [ Vi | H® [HRII]
1716 | 1.11e-1] 1526-1] 1.61e-1
10 || 1/32 | 5.49e-2| 6.33¢-2| 6.51e-2
1/64 | 2.74e-2| 2.93e-2| 2.96e-2
1716 | 1.09e-1| 1.77e-1] 1.92e-1
50 || 1/32 || 5.45e-2| 7.05e-2| 7.43e-2
1/64 | 2.73e-2| 3.15e-2| 3.24e-2
1716 | 1.09e-1| 1.826-1] 1.98e-1
100 | 1/32 || 5.44e-2| 7.43e-2| 7.90e-2

1/64 || 2.73e-2| 3.39e-2| 3.55e-2
TABLE 6.4

Locking-free discretization error for region 3 problems: = 10;50;100, and 4 = 0:005 V1! is the

V1 norm of the total error; H1 is the H1 norm of the total error, and H 1:1-1 is the H 1 norm of the error in

h - h . h \t
(1; 1 1,00 1;1)'

iii) Multi-gr oup, Anisotropic Scattering. The last experimentexaminesthe discretization
errorfor atwo-group,anisotropicscatteringoroblem:
( P, hp 0o

[ r+e P19 = 0 fo ¥R Y+ ino1f s
g -0 n <0 x2@o;1P
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W= oos 0 ¥= o5 ¥= 11
t= f=100
and
sin(2 x) sin(2 y)sin(2 z)

| <
| =

: N
exactsolution: = o N
Thisis adown-scatteringproblem.Table6.5 shovs the multigrid corvergencerates
for eachenegy group. Again, theseratesre ect spatialscaling,and growth with
respecto the numberof sphericaharmonicterms.Also, from Table6.6, againash

is halved,theV 1 normof theerroris alsohalved. Thus,we seeorderh discretization

accurag.
[ Group[[N | h [ lter]

3 1/32 13
3 1/64 13

1 3 | 1/128| 13
6 | 1/32 16
6 1/64 18
6 | 1/128 | 18
3 1/32 13
3 | 1/64 13

2 3 | 1/128| 13
6 | 1/32 16
6 1/64 18
6 | 1/128 | 18
TABLE 6.5

V (1; 1) corvergenceratefor multigroup,anisotopic scatteringproblem.

[Group| h [[N=3][N=6|
1/32 || 3.88e-2| 3.37e-2
1 1/64 || 1.89e-2| 1.63e-2
1/128 || 9.39e-3| 8.08e-3
1/32 || 3.88e-2| 3.38e-2
2 1/64 || 1.89e-2| 1.63e-2
1/128 || 9.39e-3| 8.08e-3

TABLE 6.6
RelativeV 1 normof error for multigroup, anisotopic scatteringproblem.

7. Conclusion. In this paperwe presentedwo systemmultigrid algorithmsfor solving
theanisotropicscattering@oltzmannequatiorformulatedasa FOSLSminimizationproblem.
Usedin theinnerloop of ablock-groupGauss-Seidéteration,eitheralgorithmsgivesan ef-

cient solver for mary importantmulti-group, anisotropicscatteringBoltzmannequations.
Morever, usinga multiplicative Schwarzsmootheiinsteadof anodalGauss-Seidedmoother
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we are ableto getan ef cient algorithmfor the region 3 1-1 block. Becauseof the favor-
able scalingof this time-depedenincompressibleelasticity-like problem,locking seemgo
belesssererethanasin thecaseof generaincompressiblelasticityproblems Numericalre-
sultsdemonstratéhatlocking doesnot occurevenfor low-order, conforming nite elements.
Othernumericalresultsdemonstrat¢hatthesenew multigrid algorithmsscalebetterthanthe
PCGiterationexaminedin [9] for region 1 and2 problems.However, numericalresultsalso
indicatethatthehighermomentouplethroughhigh frequeng modes.To handletheseerror
modesbetter moresophisticatedmoothersieedto be designedThis is the topic of current
research.
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