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TOWARDS ROBUST 3D Z-PINCH SIMULATIONS: DISCRETIZATION AND FAST
SOLVERS FOR MAGNETIC DIFFUSION IN HETEROGENEOUS CONDUCTORS.

PAVEL B. BOCHEVY2 JONATHAN J. HU#,
ALLEN C. ROBINSON®* AND RAYMOND S. TUMINARO*

Abstract. The mathematicaimodel of the Z-pinch is comprisedof mary interactingcomponents. One of
thesecomponentss magneticdiffusion in highly heterogeneoumedia. In this paperwe discuss nite element
approximationandfastsolutionalgorithmsfor this componentasrepresentethy the eddycurrentequations Our
emphasiss on discretizationghat matchthe physicsof the magneticdiffusion processn heterogeneousediain
orderto enablereliableandrobust simulationsfor even relatively coarsegrids. We presentan approactbasedon
theuseof exactsequencesf nite elemenspacesle ned with respecto unstructurechexahedralgrids. This leads
to algorithmsthat effectively capturethe physicsof magneticdiffusion. For the efcient solution of the ensuing
linear systemswe consideran algebraicmultigrid methodthat appropriatelyhandleshe nullspacestructureof the
discretizatiormatrices.
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1. Intr oduction. TheZ-pinchis atechniqueor generatindarge materialcompressions
andenepiesby generating cylindrical implosionusingfocusedmagneticeld enegy. Wire
arrayimplosions for example areusedto generatextremelylarge X-ray power pulseq 29].
Modeling requiresa multiphysicsapproachwhich mustinclude several interactingcompo-
nents.Componentarecoupledthroughinteractionsof forces,exchangeof eneny, etc. Our
immediateinterestis in developinga technologyfor Z-pinch modelingwhich falls within
the constraintsof an Arbitrary Lagrangian-EuleriafALE) modelingapproachinherentin
the framawork of the ALEGRA code[21, 19]. In this codevariousphysicscomponentgre
modeledand coupledusing operatorsplitting. Managingthe complexity of the fully cou-
pledmodelis mademoretractableby examiningeachcomponenseparatelyandensuringts
reliability. In this paperwe focuson magneticdiffusion representedby a subsetof the full
Maxwell's equationgeferredto asthe eddycurrentequations.

While nite elementanalysisof eddycurrentds arelatively well-studiedsubjectplacing
this problemin the context of Z-pinch simulationsbrings up somespeci ¢ modelingand
computationaissues Mostnotably conductingandnon-conductingegionsarenotseparated
by a well-de ned staticinterface. As a result,implementationof standardnethodsbased
on the useof differentmagneticpotentialsin conducting/noncondding regions,see[4, 3],
becomeprohibitively expensve (andcomple). Thisforcesconsideratiomf theeddycurrent
equationn a single, but highly heterogeneougonductorasthe only acceptablenodeling
choice.

For the nite elementanalysisof the ensuingproblemwith nodal spacesone canstill
formally adopta potentialapproactbasedon a vectormagneticpotentialA . Thedif culties
thatarisein this context stemfrom the needto gaugethe resultingboundaryvalueproblem,
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i.e.,augmentt by additionalequation@ndboundaryconditions.TheCoulombgauga A =
0 is hardto satisfynumericallyandmustbe addedmplicitly to theformulation. This creates
acascadingffect of addingmoreandmoreequationssee€[ 3]. Anotherchoiceis thelLorentz
gauge;see[14, 12, 13]. For heterogeneousonductorsthis gaugeleadsto nonsymmetric
weak equationsandis thusundesirable.Application of standarchodal spacesomplicates
imposition of tangentialand normal boundaryconditions,which are typical for the eddy
currentequations.

An alternatve to nodal approximationsof gaugedvector potentialequationss to dis-
cretizedirectlytheeddycurrentequationsisingexactsequencesf nite elemenspacesThe
rationalebehindthis approachs thatsuch nite elementspacesepresenapproximationof
a De Rhamcomplex that describeghe mathematicaktructureof Maxwell's equationssee
[5, 6]. Thesespaceshave the importantadvantageof providing naturaldegreesof freedom
for purpose®f implementingangentiaDirichlet boundaryconditions.

In this paperwe pursuetwo main objectves. The rst oneis to develop such nite
elementspace®n unstructuredhexahedralgridsandtesttheir usefor nite elementanalysis
of theeddycurrentmodelrelevantto theZ-pinch. Here,our mainfocusis onthedevelopment
of thediscretemodelandverifyingits delity to thephysicsof magnetiadiffusion. The nite
elementspacesreconsideredn section3 followedby the developmentof the fully discrete
equationsn sectiond. Theformulationis testedfor amodel2D problemin section6.

The secondobjective is to develop fast, scalablesolversfor the discreteeddy current
equations.Thesesolversmustaddresshe specialstructureof the linear systemsnherentin
theuseof theexact nite elementsequencesThey alsomustwork well for realisticvaluesof
the materialmodelingparametersThesevaluesmayvary over mary ordersof magnitudean
ahighly heterogeneousay. Althoughahierarchicafrid is availablein the ALEGRA frame-
work, restrictingapplicationmodelersto suchgridsis consideredo be unacceptableAs a
result,themainfocushereis onthedevelopmentandimplementatiorof a preciselydesigned
algebraiomultigrid methodwhich operateglirectly on theassemblediscretematrix.

Throughouthe paperbold faceis usedto denotevectorquantities.Thesymbolsi, j and
k standfor the Cartesiarcoordinatevectorsin R, equippedwith the Euclideannormk k,
while n andt denoteanoutward unit normal eld to a surfaceanda unit tangenteld (to a
curve),respectiely. ThesymbolsL2() andL?() denotethespace®f all squarentegrable
scalarandvectorfunctionson

2. The model problem. Theeddycurrentequationsareobtainedby neglectingthedis-
placementurrentin the full Maxwell equationsThis amountgo neglectinghigh frequeny
speed-of-lightime scaleelectromagnetiavavesin a conductingmedia. The modelproblem
consideredn this paperis thatof a singleconductingregion  in R® with non-constanton-
ductiity andpermeability . We assumehattheboundary of this region consistof two
disjointpartsdenotecby  and , respectiely. Furthermoreit is assumedhatthe conduc-
tivity andthepermeability aresinglevaluedboundechonvanishingfunctionsdepending
only onthespatialpositionx. No particularsmoothnessf the coefcients canbeassumed.
Forthemostpressingapplicationof interesthowever, is constantFurthermorewe assume
that

(2.1) 0< min (x) max 8X 2

(2.2) 0< min (x) max 8X 2
Thegoverningequationdor the electromagneticeld in  aregivenby

(2.3) r H=J in ;
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2.4 r E= — in ;

(2.4) a

(2.5) r B=0 in

(2.6) r J=0 in ;:

whereH is the magneticeld, J is the currentdensity E is the electric eld, andB is the
magnetic ux density Initial valuesof the magnetic ux densityB arerequiredto satisfy
(2.5). Theseelds areconnectedy the constitutve relations

(2.7) B= H;
(2.8) J= E:

Eq. (2.3 is Amperestheoremand(2.4) is Faradays law, while (2.8) is Ohm's law. System
(2.3-(2.6) mustbe closedby choosingappropriateboundaryconditions. Herewe consider
Typel conditions

(2.9 n E=n E, and n B=n B, on
andTypell conditions
(2.10) n H=n Hp and n J=n J, on

To deliverrobust,3D fully integratedZ-pinchcalculations,nite elementsimulationsof
theeddycurrentequationg2.3)-(2.6), (2.7)-(2.8) and(2.9)-(2.10 mustmeetcertainrequire-
ments. ¢ Fromthe modelingpoint of view, the main requiremenis to obtainhigh delity
simulationof themagneticeld diffusionin highly heterogeneousedia. This delity must
be maintainedboth attheideal MHD limit ! 1 , aswell asatthe highly diffusive limit

I 0. Furthermoreijt is desirableto advancethe magneticux densityin amannemwhich
maintainsr B = 0 atall time steps.Fromthe computationapoint of view, the demands
on scalabilityof the solversof the discretelinear systenfor realisticvaluesof the modeling
parametersScalabilityimpliesapproximatelyinearwork in thenumberof unknavnsto nd
ahigh quality solutionto thediscretdineareddycurrentsystem.Scalabilitywill bediscussed
in x5 andx6.2.

3. Approximation of De Rham's complex on hexahedra. In this sectionwe develop
exactsequencesf nite elementspace®n unstructurechexahedralandquadrilateragrids.
This choiceis dictatedby the ALEGRA computingframeawvork, which supportsALE hy-
drodynamicson arbitrary quadrilaterialand hexahedralgrids [19]. An intuitive methodfor
developing edgeand faceelementson arbitrary hexahedra(isoparametridoricks) was rst
given by vanWelij [28]. The vanWelij elementsare de ned directly in the computational
domainusingthe coordinatefunctionsof theinversemappingbetweerareferenceandcom-
putationalelements Herewe developa generalapproachhatfollows this ideaandincludes
theedgeelementof vanWelij asa specialcase For parallelepipedsr parallelogramsthese

nite elementsalsoincludethe well-known spacef NedelecBrezzi, Douglas,Fortin and
Marini, amongothers;see[10], [15], [17] and[18]. However, for generalhexahedralgrids
the elementaisedherearequite differentbecausehey do notform anaf ne family of nite

elementspaceg[8, p.72]). We alsoshav how to obtainproperrestrictionsof thesespacesn
two dimensionsanddiscussspeci csof the exactnesselationin R?.

Thenotionsof exactnessandthe De Rhamcomplex arecloselyrelatedto themathemati-
cal structureof Maxwell's equationsThe domainsof the differentialoperatorgradientcurl
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anddivergencerelativeto are
(3.2) Ho( ;grad)=f 2 H( ;grad)y =0 on g;
3.2) Ho( ;curl )=fu2H( ;curl )ju n=0 on g;
(3.3) Ho( ;div)=fu2 H( ;div)ju n=0 on g;
where
(3.4) H( ;grad)=f 2L%() jr 2L%() g
(3.5) H( ;eurl )= fu2L?()jr u2L?) g
(3.6) H( ;div)=fu2L?() jr u2L?) g

Thefour spacesHo( ;grad), Ho( ;curl ), Ho( ;div),L?() andthethreeoperators ,
r andr formaDeRhamcomplerelativeto

The dual complex can be introducedby using the adjoint differential operatorsr
(r ) and(r ) . A fundamentalpropertyof the De Rhamcomple is the exactnessof
thesequence

(3.7) H( ;grad) 71 H( ;curl ) 7! H( ;div) 7! L?() :

Exactnessneandhateachdifferentialoperatomapsthespacedo its left into thekernelof the
next differentialoperator Thei mportancef this propertystemsrom thefactthatMaxwell's
equationsanbedescribedn termsof a Tonti diagrambuilt uponthis comple; se€] 6]:

Ampere Faraday
Ho( ;grad) 0 L50)
r # * r
3.8  Ho( ;curl) H ) H=B) B Ho( :div)
r + * r
Ho( ;div) J ( J= E ( E Ho( ;curl)
r + " r
L30) 0 Ho( ;grad)
Suppos@ow thatW',i = 0;:::;3, are nite elemensubspacesfH( ;grad), Ho( ;curl ),

Ho( ;div), andL?() de ned with respecto sometriangulationT, of into nite ele-
ments.FurthermoresupposehattheW' form anexactsequence,e., they approximatenot
only the individual spacesut the De Rhamcomplex asa whole. Then, a discretizationof
Maxwell's equationscan be obtainedby substitutingthe De Rhamcomple in (3.8) by the
exactsequenc&V'; see[7], [5]. This approactwill bepursuedn section4.

3.1. Exact sequenceon a generalizedhexahedral. ConsideR® endavedwith aphys-
ical coordinatdframe(x1;X2;X3) X andaparametefor referenceframe( 1; 2; 3)
In whatfollowstheindices , and takethevalues 1 andtheindicesi; j; k formaneven
permutationof the numbersl; 2; 3. Let K denotethe opencube( 1;1)3 in the reference
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spaceandlet K denoteits imageundera smoothdeformationF : R 71 R of R. We refer
to K asgenerlizedhexahedral.Constructiorof anexactsequencen K will be carriedfor
generaF assumingnly that

F = (Fy1; F2; F3) isinvertiblewhenrestrictedto K,

G = (G1;G;G3) = F lissuchthatG(K) = K.
Restrictionof F to a particularclassof mappingswill furtherspecializethe exactsequence
to adesiredclassof hexahedrabrids. Sinceherewe will beultimately concernedvith trilin-
earmappingg-, for simplicity we only considerunisolveng setsconsistingof the vertices,
edgesandfaces

=fi=5 ;= = @
g =fi=5 9= 01« g
i=fi=5 1 i« 1g

andthehexahedraK = fxjx = F( ); 2 Kgitself'. Restrictionof F to the setsabove

induces'vertices”,"edges”,and“faces’onK accordingo

X = F( ) X3 =F(y ) and x; =F(;);

respectiely. Notethat

Xp VX =x; and x; \ x;\ X, =X

Next considetthe Jacobiangr = (Vi;V2;Va) andJg = (r Gi;r Go;r G3)T, whereV, =
(GF1=@;;:::; @F3=@)". Clearly detJr =V, (Vy W) anddetdg = r G; (r G

r Gg). ¢ Fromtheidentity (F G)(x) = x it followsthatJr Jg = JgJr = |. Thisrelation
meanshat

(3.9) Vior Gj = s

i.e.,thecolumnsV; of Jg andtherowsr GjT of Jg arebi-orthogonal.Solving (3.9) for V,
andr G; gives

(3.10) Vi=(rGj rGyldetdg and r G = (V, W)detdg
Theunit normalto afacex; andtheunittangento anedgex; aregivenby

and t = (r& rG)

(3.11) "= Gk krk G Gk

respectiely. Changingvariablesin (3.11) and using (3.10 shows that the corresponding
vector elds onK are

Vi W Vi

7'((\/]‘ VK and (t F)= ——;

(3.12) (n F)= U

1A unisoleng setfor a given classof functionsis a collectionof dataand datalocation pairsthatde nes a
uniquefunctionout of the class.For instancethe unisoheng setfor linear polynomialsin onedimensionconsists
of two distinct pointswith two prescribedvalues. For higherorder polynomialsand/orhigher spacedimensions
thesesetshave to be expandedby includingmorenodes gdgesandsurfacesto theunisoheng sets.



ETNA

Kent State University
etna@mcs.kent.edu

Boche, Hu, Robinson;Tuminaro 191

respectiely. Let ; (x) = %(1 + G i(x)). We considerfour setsof functionsde ned onK
asfollows:

(3.13) Wi = 0 s
(3.14) W, =

(3.15) Wi = i (r ; 1 )
(3.16) W=r ; (r por W

Thesesetsspanfour spacesdenotedoy WO(K ), W(K), W?(K) and W3(K), respec-
tively. Fundamentapropertiesof (3.13—(3.16 are associatedwith the “nodes”, “edges”,
and“faces”of K . The“point” massof thescalarfunctionsin (3.13 is
z ( 1, ifx =X
W x) (x Hdx = :
K 0; atall othernodes

Thus,WO(K ) is “nodal” spacewith basisf Wi 9. Circulationsof thevector elds in (3.14)
are 8
Z < Loifxg =Xy 5
W (x) tdl =

] :
Xt * 0; alongall otheredges

sowe caIIWij “edge”basisandW (K ) edgespace Thevector elds in (3.15 have similar
propertywith respecto their ux esacrosshefacesof K :
z ( 1, ifxg = X ;
W, (x) ndS=

Xs 0; all otherfaces .

Thus,W; is “face”’basisandW?(K ) is afacespaceLastly,
z

W (x)dx = 1;
K
soW is a “volume” basisand W3(K ) a volume space. Degreesof freedom(DOF) for
WO(K ) are“point masses”or simplythenodalvaluesof ascalarfunction. DOFsfor W (K )
arecirculationsof a vector eld alongthe edgesof K , DOF's for W?2(K ) are ux esacross
thefacesandthe DOF for W 3(K ) is thetotal massof K for agivenscalardensityfunction.
To show thatW' (K ) form anexactsequencenK , recallthat

(3.17) r (u)=ur V+ru V;
(3.18) rr(uv)=ru V +ur V;
(3.19) r (rf rg=0

for smoothvectorselds U, V andscalarfunctionu. Usingthechainrule, (3.19—(3.19 and
thede nitions of Wy, , Wy , W; andW gives
rWie = Wy + kWi + kW s
r Wij = W + jW]-;
r-w, = w,
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where j, jand takethevalues 1. It followsthatW'(K) is exactsequence,e.,
(3.20) WOoK) 71 WYK) 7! W3EK) 7t W3(K):

Using(3.10) in (3.13-(3.18 yieldsexplicit formulaefor the basisfunctionson K :
1
Wij K = §(1+ DA+ A+ k)

Wy = gqep(+ D@+ DM V)

1
W, = 8det: 1+ )V,

1
W 8detdr

3.2. Exact sequenceon hexahedralgrids. For the magneticdiffusionapplication,we
aremainly interestedn standardsoparametriciexahedralgrids. Suchgrids consistof con-
vex, nond@eneratdexahedralK with verticesx , ; ; = 1 Inthiscase

X
(3.21) Fe ()= X Wij k ()

=1

is the uniquemappingbetweenk anda givenelementK . Notethat Fx is a linear com-
bination of the nodalbasisfunctionsW, , ( ) on the referenceslement. Therefore Fy is
anincompletecubic polynomial(atrilinear function),whoserestrictionsto the facesandthe
edgesarebi!inefarandIinearpolynomials,respecls'vely.

LetN, E, F andK denotethesetsof all nodesprientededgesandfacesandhexahedrals
in thegrid. Furthermorefor K 2 K, let W'(K ) denotethe exactsequencénducedby the
mapping(3.21) on this element.To form an exactsequjenlch' () onthehexahedralgrid,

we introducefour setsof functionsparametrizedy N , E, F andK, andsuchthat

z
Wi, (X)  (Nj)dx = 5 Wy, 2 WOK);
z
. W (x) tdl= W 2W1(K);
E Ei Eijk
Z ]
. W. (x) ndS= j; W 2 W3(K);
Fj Fi Fijk
z
Wi, ()dx = 55 Wi, 2 W3(K);
Kj

Thesetsf Wy g, szE 0, fW!F g, andf W g spanthespacesV'() .
Thespacew () isH( ;grad) conformingbecausét containscontinuousfunctions.
De nition ofW!E andEq. (3.11) imply thatWw () containsvector elds thataretangentially
!
continuousalongtheedgesn E. ThereforethisspacasH ( ;curl ) conforming.Likewise,

W?2() containselds thatarenormally continuousacrosshefacesF . This makesW?()
H( ;div) conforming.Clearly W3() LZ() . Exactnessf this sequencéollows easily
from theexactnes®f theelementspacedV' (K ).
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FiG. 3.1. Mirtual (perpendicularjandparallel edgeson K .

3.3. Exact sequenceon quadrilateral grids in 2-D. It sufces to constructan exact
sequencéor onegeneralizedjuadrilateral Then,space®n quadrilateragridscanbeformed
asin thethree-dimensionatase.

We considerthe opensquareK = ( 1;1)? in thereferencdrame = ( 1; ») anda
smoothmappingF : R* 7! R?. Next weimbedK into thevirtual generalizedhexahedral

K =fxj(x1;%x2) 2K; 1< x3< 1g:

Let W' denoteanexactsequencele ned on K. Sincethevirtual hexahedrals theimageof
( 1,1)® underthemappingF = (F; 3),

Vz;=k and r Gz = k:
As aresult,(3.10 specializéo

r Gy = (Vo k)=detJg;
r Go=(k Vi)=detle:

Insertingtheseexpressionsnto (3.13—(3.16 yields after somemanipulationfour pairs of
basisfunctionsetsonK andK :

@+ DA+ )
Eelt;u—;(1+ DV k),
meltJ—F(l*‘ Vis

— k . — 1 .
= r i (r i E), W = M,

1
=2
1

1
—
1

£ =5
I
S
I

Thetwo-dimensionatomplec W' (K ) is de ned by takingthe spansof eachbasissetin K .
By thechainrule

rwWy = 51 ;51 g5
whichis asumof W?1(K ) basisfunctions,and

k)

whichis aW3(K) function. Thereforer'W °(K) WZ(K) andr W?3*(K) W?3(K).
Shawing the curl inclusionis somavhat moreinvolved asit splits into two relations. This



ETNA

Kent State University
etna@mcs.kent.edu

194 Eddycurrentsin heterogeneousonductors

correspondso thetwo possibilitiesof restrictingcurls’ to a plane. The rst way is to apply
thecurl to vector elds perpendiculato theplaneandset

(3.22) r =1 (K)=r k= i«

Thevirtual hehaxedralK hasfour verticaledgesseeFig. 3.1. The 3D edgebasisfunctions
associateavith theseedgesare

Thereforey ~ W; givesthetwo-dimensionaturl of thetwo-dimensionahodalfunction

W; . Ontheotherhand,

r Wij:

RNl
NI -

= E(Wi W );
which establishegsheinclusionr ~ WOo(K) W?(K).

The secondway is to restrictthe curl to planarvectors. The resultis identi ed with a
scalareld accordingto

(3.23) rou:=r (Ui + uy) = (U Uy)k:

Thevirtual hexahedrahastwo pairsof edgegarallelto K , seeFig. 3.1 The 3D edgebasis
functionsfor theedgeson thetop face(where 3 = 1) are

+ + — —_
Wism = 31 ;= 51 ;=W

Thereforey ~ W,;" givesthetwo-dimensionaturl of thetwo-dimensionaédge basisfunc-
tion W; . Since

this establishesheinclusionW(K)  W3(K). Thetwo-dimensionakxactnesstructure
is summarizedn (3.24)

wt wo 71 w2 7 w3
(3.24)

wi 7! w3

4. Transient magneticssolution usingthe exactsequence.For the magnetiaiffusion
applicationconsideredhere,we areinterestedn divergencereeapproximation®f themag-
neticinductionB . To accomplishthisH andJ areeliminatedfrom the systemby (2.7)-(2.8)

2|n theliteraturethe operatorengenderedly therestrictionprocedurearesometimesienotedy r ot andcur |,
respectiely. Herewe emplg/ thesamesymbolfor bothoperatorsn orderto emphasizeéhatthey aremerelyrestric-
tionsof thesamethree-dimensionalperator
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andtheexactsequenc&V' is usedon the Faradaysideof Tonti's diagram(3.8)

Ampere Faraday
w? iB, EE Bn wW?
4.1)
* r
w1l Eq, D Ep w1l

The nite elementmodelthatcorrespondso Diagram4.1is

(4.2) r EBh = Ej in ;
(4.3) r Ep= % in
where
X X
Bh = | v':(t)W":, En = | C!E (t)WzE,
F E

areexpansion®f E, andB, in termsof edgeandfacebasisfunctions.The properboundary
conditionsfor this formulationare

1
(4.4) n En=n Ep onTypel; n —-Bp=n Hp onTypell:

System(4.2)-(4.3) and (4.4) requiresproperinterpretation. The discreteFaradaylaw (4.3
holds exactly thanksto the inclusionr wi W2, Amperes theorem(4.2) andthe
boundaryconditionon Typell seggmentsare,in contrastjnterpretedasaweakequation

z 1 z z
(45 =Bn r Epd + (n Hp) Epd = En End 8En 2 W;

in which tangentialmagneticeld appearsasnaturalboundarycondition. Thefully discrete
systemis thenderived by replacingthe time derivative by a nite difference. The ensuing
algebraicsystenfor E** andB_*! is

Z Z
1

(4.6) EfYt En BT ¢ End (n Hp) End 8E, 2 W!

By 8
t

1
-

4.7 Ep*t:

The fully discreteequationscombinea corventionalGalerkinformulationfor (4.6) with a
nite-v olumelik e form of thediscreteFaradays law (4.7). However, (4.7) is notabona- de

nite volume schemebecauset is basedon a functionalrepresentationf the elds rather
thanon a discreteset of values. Methodsof this kind for exact sequencesn tetrahedral
grids (Whitney elements)wereintroducedby Bossait and Veritein [7]. They considered
a formulationin H andJ in which discreteAmperes theoremis satis ed exactly, while

Faradayslaw holdsweakly.
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To solve (4.6)-(4.7) we proceedasfollows. Because Eﬂ*l is in W2, the second
equationcanbe solvedexactly for B ﬂ*l :

Bhtt =Bp  tr Ep*t:

This expressioris substitutednto (4.6) to obtainanequationin termsof Eﬂ*l :
z
t
EEH' Eh+ — I Eﬂﬂ r Eh d
Z Z
(4.8) = Bl r End + n H, Enpd 8En 2 W1

This schemehasvery attractve computationaproperties.First, it ensureghatthe approxi-
matemagneticux densityis divergencelesprovidedr B2 = 0. Thiscanbeaccomplished
by settingB? = r  AQ for somepotentialAY 2 W?. Secondit allows imposition of
Typel andTypell boundaryconditionsin a simpleandef cient manner For theformulation
consideredere tangentialE areessentiaboundaryconditionsandtangentiaH arenatural
boundaryconditions.Becausdhe degreesof freedomfor E arethe circulationsof the elec-
tric eld alongthe edgesthe essentiaboundaryconditionis trivial to satisfy For example,
settingn E = 0on Typel boundariesamountsto settingall coefcients associateavith
Typel edgedo zero. This situationsharplycontrastsvith the useof nodalelementsvhere
tangentiakndnormalboundaryconditionsposeadif cult problem.

5. Fastiterati ve solvers. Solutionof the discretelinearsystem(4.8) is complicatedoy
the nontrivial discretekernelcorrespondingdo the curl operator(referredto asker(curl )
throughoutthe restof the paper). When is largethis curl operatoris lessimportantand
relaxationalone(i.e. withoutmultigrid) is effective. In regionswhere is small,however, the
curl operatodominatesandtheker(curl ) cancausdlif culties for iteratve methods Any
efcient preconditioneror solutiontechniquemust approximateall scalesassociatedvith
the operatorand so this discretekernelmustbe addressedIn this section,we considerthe
applicationof a multigrid methodto (4.8) andthe propertreatmenbf ker(curl ).

Multigrid methodsapproximatethe partial differentialequation(PDE) of intereston a
hierarchyof grids andusesolutionupdatedrom coarsegrids to acceleratehe corvergence
onthe nest grid. An examplemultilevel iterationis givenin Figure5.1to solve

Aqu= b:

In Figure5.1, the Sk ()'s areapproximatesolverscorrespondingo pre andpostsmoothing.
Theseareusedto reducehigh frequeng errors.Oncesmoothederrorscanbe approximated
well on acoarsegrid andsothelinearsystemof equationgs projectedontoa coarseispace
via the grid transferoperatorPy. The coarsegrid equationsare approximatelysolved by
recursvely applyingthemultigrid idea. Theresultingcoarsegrid solutionis theninterpolated
andusedto correctthe ne grid solution. The two primary multigrid componentsare the
smoothersSk()'s, andthe grid transfers Py 's; see[11, 23] for moreon multigrid methods.
Standardmultigrid methodsfall into two categories: geometricand algebraic. Geometric
algorithmsusea hierarchyof meshesoveringthe samephysicaldomain. Usually, the grid
transferscorrespondo standardnterpolation(e.g. linear) betweerthe meshesindthe Ay 's
arebuilt by discretizingthe PDE on eachmesh.In contrasto geometricmethodsalgebraic
methodsuseonly A;. Coarsegrid meshesre constructedautomaticallyby coarseninghe
matrix graphassociatedvith A; andthe Py's are determinedalgebraically The primary
adwantageof algebraicmultigrid techniquess that a hierarchyof meshesand coarsegrid
discretizationsmeednot be supplied.
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/* Solve Acu = b (k is currentgrid level) */
proceduremultilevel(Ag; b;u; k)
u = Sg(Ag;b;u);
if (k 6 Nlev el)
r=Pr (g Axu) ;
< PJAk Pk
A1 = or
discretizedPDE on coarseimesh
v=0;
multilevel(By.1 ;v k + 1);
u=u+ Pyv;
u= Sk(Ax;b;u);

FiG. 5.1. High level multigrid V cycleconsistingof "Nlevel' gridsto solveA1u = b.

Whensolving(4.8), boththesmootherlandthe coarsegrid correctionmustproperlytreat
ker(curl ). Thisis becauseer(curl ) containsboth high andlow frequeng components.
We wanthigh frequeng ker(curl ) errorcomponentseducedyy the smootherandlow fre-
queng ker(curl ) error componentgo be accuratelyrepresentean the next coarsergrid
(wherethey will bereduced).Within mostgeometricschemesthe coarsegrid interpolation
correctlyapproximateshesmoothker(curl ). Speci cally, linearinterpolationappliedto the
discretecoarsegrid kernelof the curl lies within the discrete ne grid kernelof thecurl .
Hencethe primarymultigrid taskis the developmenbf a suitablesmootherlt is importantto
noticethatthe discreteker(curl ) existson all levelsandsothe smootheron all levelsmust
appropriatelyaddresghesecomponents.Smoothingerror componentghatlie in the space
orthogonalto ker(curl ) operatoris relatively straight-forvard (e.g.,standardGauss-Seidel
methodsare suitable). However, high frequeng error componentdying in the subspacef
ker(curl ) qﬁepoorly reducedby standardsmootheravhen is small. Thisis becausehe
massterm ( Eﬂ*l Ep) in (4.8) governsthe error within ker(curl ). Most smoothers,
however, do not treatthe two termsof Equation(4.8) separatelyandthusfocusonly on the
(curl ;curl ) termthatdominatesvhen is small. Geometriamultigrid techniquesddress-
ing the smoothingissuehave beenproposediy Vassileski/Wang[27], Hiptmair [16], and
Arnold/Falk/Winter [1]. Thesemethodsarediscussedh x5.2.

In contrastto geometricmultigrid methods,algebraicmultigrid techniquesmust also
determinecoarsegrid spacesandthesecoarsayrid spacesnusttake into accounker(curl ).
For this reasontraditional AMG methodsthat have beendesignedor H (' ; grad) elliptic
systemsfail. Reitzingerand Schbberl [20] proposean algebraicmethodthat speci cally
addressegquationsof the form (4.8). This approachis describedn x5.3. Here,the idea
is to presere the kernel of the discretecurl on coarserspaces. In particular when the
discretekernelsubspaceassociatedavith a coarsegrid curl is interpolatedto the ne grid,
it lies within the discretekernelsubspac®f the ne grid curl . In this paperwe pursuethe
Reitzinger/Schberlapproach.

5.1. Discrete Gradient. In orderto explain the multigrid method,we needto discuss
thediscreteanalogof theoperatorr  r ' (referredto asthe(curl ;curl ) operatorjand
its kernel.In continuousspacet is well known that

(5.1) r (r )=0; 2 Ho( ;curl ):
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. PerformsymmetricGauss-Seidan A(®y(®) = f (e)

. Calculateresidualr (® = f (&) A(e)y(e)

. Transferedgeresidualto nodes:f (") = TTr(®),

4: PerformsymmetricGauss-Seidadn TT A Tv(") = f (") with zeroinitial guess.
5. Updateedge-basedolution:v(®) = v(®) + Ty(M),

1
2

w

FiG. 5.2. Distributedrelaxationalgorithmappliedto A (¥) (Vasseleski/\ng Hiptmair).

In x3 the De Rham complex was introduced. Recall that the continuousgradientmaps
H( ;grad) to ker(curl ) H( ;curl ) andthatthe continuousgradientof W° exactly
correspondsgo ker(curl ) in W, whereW? andW? arethe nite elementsubspacesf
Ho( ;grad) andHg( ;curl ), respectiely. This impliesthata matrix spanningthe dis-
creteker(curl ) canbeconstructednecolumnatatime by takingthe gradientof eachbasis
functionin W0, Theresultingmatrix, T, is a discreteapproximatiorto the continuousgra-
dientoperatorand T " (Where’\ 2 WY is adiscreteanalogueof r  givenin (5.1). When
WO correspondgo linear basisfunctionsand hasNeumannboundaryconditions, T is
Nedges  Nnodes » WhereNegges is the numberof meshedgesandN noges is the numberof
meshnodes.Column(node)i has'+1' and™ 1' entriesfor eachedge(row) thathasnodei

asanendpoint. The signdependsn the directionimposedon the edgein the edgeelement
discretization.Thenull spaceof thediscrete(curl ; curl ) operatothasdimensiorN noges 1
andis spannedy T 2. It is importantto notethatT is developedvia analgebraic(actuallya
matrix graph)procesausingjust nodalconnectvity information. Hencethe constructioncan
berepeatedn coarsegrids (seex5.4).

5.2. Smoothing In the context of geometricmultigrid, several smoothershave been
proposedfor problemsin H( ;div) andH ( ;curl ), see[27, 1, 16, 2]. Eachof these
smootherds designedo dampboth error componentsn ker(curl ) andin its orthogonal
complement.Onesuchmethodis anoverlappingSchwarz block smoothety Arnold, Falk,
andWinther[1]. Thecentralideais to breakthegrid into overlappingpatchef edgeswith
onepatchfor eachnode.Patchi consistof all edgeshaving nodei asanendpoint.Arnold et
al. useblock Jacobior Gauss-Seidesmoothersasedon this decompositionn conjunction
with ageometricV cycle multigrid method.They prove thatthe cornvergenceof theresulting
algorithmis independenbf the numberof meshpoints and invariantwith respectto the
materialpropertiessuchasconductvity andpermeability

Another effective smoothercan be viewed as a specialcaseof distributed relaxation
rst proposedby Brandt[9]. This form of distributed relaxationwas consideredor a di-
vergenceequation(arisingfrom mixed nite elementsjn 2D by Vassileski andWang[27]
and extendedto 3D andfor Maxwell's equationsby Hiptmair [16]. The centralideais to
explicitly smoothon both ker(curl ) andon its orthogonalcomplement.The smoothingal-
gorithm proposeddy Hiptmair is givenin Figure5.2. In the rst stagethe smootherelaxes
ontheentirespace.When is small,the smoothereffectively focuseson errorcomponents
thatarein ker(curl )? . In thesecondstagethe smootherelaxeserrorcomponentshatarein
ker(curl ). Thisisdoneby usingT andT T to projectthesystenof equationsnto ker(curl ).
In bothstageghe distributedrelaxationusesonestepof symmetricGauss-SeidelJsingthis
smootheiin conjunctionwith ageometricv cycle multigrid algorithm,Hiptmair alsoproves
cornvergencandependentf thenumberof meshpointsandinvarianceto materialproperties.

SWhenDirichlet boundaryconditionsareimposed the dimensionof the discretenull spaceis smallerandis
relatedto the numberof node groups(wherea group consistsof nodesthat are connectedogethervia Dirichlet
edges) Additionally, Dirichlet edgesareomittedwhenforming T .



ETNA

Kent State University
etna@mcs.kent.edu

Boche, Hu, Robinson;Tuminaro 199

5.3. Algebraic Coarsening In orderto addres<Z-pinch simulationswithin the ALE-
GRA framework, a multigrid linear solver mustfunctionwith highly irregular unstructured
meshesand highly heterogenousnaterial properties. Schemegestrictedto eitherregular
mesheor to mesheghat arere nementsof coarsergrids are not desirable.We pursueal-
gebraicmultigrid methodsasthey free applicationusersfrom grid hierarchyrequirements
and free nite elementdevelopersfrom constructingcomplex operatorsas a prerequisite
for applying multigrid. Unfortunately however, the properhandlingof the low frequeng
ker(curl ) subspacés quite complicatedwithin algebraicmethods.In particular standard
algebraianultigrid techniquesvill fail asthecoarsegrid correctionwill notadequatelglamp
low frequeng errorcomponentsn ker(curl ). In contrasto algebraiomethodstypical geo-
metricschemeswtomaticallyhandlethe coarsegrid ker(curl ) properly

Thekey ideato properlycapturingker(curl ) oncoarsegridsis to work with nodalbasis
functions. In particular the De Rhamcomple tells us that the ker(curl ) canbe obtained
by taking the gradientof nodalbasisfunctions. Thus,if we take nodalbasisfunctionscor-
respondingo the ne grid mesh,coarserthem,andthentake their discretegradientwe can
properly capturethe low frequeng ker(curl ) space.An overview of the multigrid hierar
chy constructionfollows. A hierarchyof nodaldiscretizationmatricesis createdby doing
unsmoothedhggreyationon a closelyrelatednodal problem. Using meshede ned by the
nodalhierarchy an edgebasedmultigrid hierarchyis developed,which includesinter-grid
transferoperatorscoarsegrid discretizationsandcoarsegrid discretegradients.The nodal
discretizationmatricesare then discardedandthe ne grid edgebasedproblemis solved
with CG preconditionedby AMG using Hiptmair's implementatiorof Brandt's distributed
relaxationasthe smootheron all levels. The mainideais to capturethe null spaceof the
(curl ;curl ) operatoron eachof the coarsellevels. By choosingan appropriaténterpola-
tion operatoy Reitzingerand Schoberl[20] showv thateachcoarsdevel gradientprolongates
toa ne level gradientj.e., into the null spaceof the (curl ; curl ) operatoronthe ne grid.
We now discusgheindividual stepsin moredetail.

The rst stepis to build a multigrid hierarchyfor a relatedPDE problemthat is dis-
cretizedusingnodal piecavise linear FE basisfunctions. Reitzingerand Schbberl adwocate
usingtherelatedPDE problem

z ¢ z
(5.2) —ru rv+ u v:

Notethatthe coefcients of this problemarethe sameasthosein (4.8). Building the multi-
grid hierarchyconsistsof two primary steps: coarseninghe matrix graphand building the
interpolationoperator Speci cally, anundirectedgraph,G, is constructedrom the discrete
matrix A(ln) associateavith (5.2). The numberof graphverticesis equalto the numberof
matrix equationsand an undirectededgebetweennodei andj is addedif andonly if the
uppertriangularmatrix entryA(ln) (i; J) is nonzero.This matrix graphcanthenbe coarsened
by any oneof severalaggreyationtechniques.Typically, theseschemesvork incrementally
by creatingone new aggrayateat a time. A new aggreyateis de ned by taking an unag-
gregatedroot nodeandgroupingit with its immediateneighbors.To encourageaggrejates
to be approximatelyof the samesize,several heuristicsareappliedto “cleanup’ aggreyates
andto chooseunaggrgatedroot nodeswisely [26, 25, 24]. Additional heuristicsareusedto
ignore ‘weak' matrix couplings(e.g.ja(i; j)j  maxfj a(i; i)j;ja(j; j)jg) duringthe coars-
eningphase.Thus,theinclusionof the coefcients and — in (5.2) givesthe aggreation
schemeheopportunityto detectcoefcient jumpswhencoarseningTheaggrgatescannow
bethoughtof ascoarsemeshpoints.

Oncethe aggreyatesare createda grid transferoperatorPl(”) betweenthe coarseand
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Wo:n r _  ker(curl )
6 6
P P
Wo:n r _ ker(curl )

Fi1G. 5.3. Commutingdiagramfor two levels.

ne meshpointsis constructedPl(”) correspondso piecavise constaninterpolationandis
givenby

1, ifj isin aggreyatei;

(M iy =
(5:3) Py() = 0; otherwise.

A “coarse”discretizatiormatrix is thende ned by a Galerkinapproach
(5.4) A = (PIM)TAMP{M:

The matrix (5.4) canbe thoughtof asan adjaceng matrix andso de nes a “coarse”mesh.
Thisproces®f unsmoothedggreationcanbeappliedrecursvely to build ahierarchyof grid
transfematricesP{");:::; P{", anddiscretizatiormatricesA{";:::; Al corresponding
to anon-nestedneshhierarchy

After the nodalmeshhierarchyhasbeencreatedthe next stepis to de ne a sequence
of edgebasednterpolationoperatorsPl(e); il Pk(e), basedon this hierarchy Thehierarchy
of edgebasedmatricesis the onethatis actuallyusedin the multigrid iterations. If de ned
properlytheprolongatiornperatorPk(e) shouldinterpolatethediscretegradientof coarsegrid
nodalbasisfunctionsinto ker(curl ) on ne grids. Whenusedwith a Galerkinapproachthis
guaranteeshat the discretegradientof coarsegrid nodal functionsarein the coarsegrid
approximatiorto ker(curl ). As shavnin [20], thisis accomplishedf

(5.5) raP 1) = PO )

where y is acoarsdevel nodalbasisfunctionandr 1, (r ) is thediscretegradienton the

ne (coarse)grid. In effect, properconstructionof Pk(e) ensureghatthe diagramin Figure
5.3commuteswhereh andH areusedto denotene andcoarsegrid spaces.

To de ne the interpolationoperatoy we rst considerthe mappingagg : nodes!
aggrejatedy

.\ _ ] ifi belonggo aggregate ;
agg(i) = 0; otherwise.

Pk(e) is a rectangulamatrix that mapscoarsegrid edges,e, = (i2;j2), to ne grid edges,
er = (i1;)1), whereP(® (e;; &) is givenby
8
© < 1 if(i2;j2) = (agdia); agdi1));
(5.6) Pol(ee) = 1 if(i25)2) = (agdj1);agdii));
0 otherwise.

Essentiallythe prolongatorPk(e) is piecaviseconstantA valueis interpolatedrom a coarse
grid edge(i; j ) toeachne grid edgethatconnectshetwo aggreatescorrespondingpo coarse
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nodesi andj. No valuesareinterpolatedto ne edgeswhoseendpointsarein the same
aggreyate.Theinterpolationprocesss illustratedin Figure5.4for onecoarseedge.The ne

grid meshis givenby straightsolid lines,andnodalaggrejatesare denotedby dashedines.
A coarsegrid edgethat connectswo coarsegrid nodes(aggreyatesyandthathasvaluec is

representetly a curvingsolidline. Finally, the edgebasedcoarsegrid matrix is de ned with

aGalerkinapproach

AL, = (PO AR

The key ideais to coarsenthe nodal graphandthende ne nodalbasisfunctionsthat
arepiecavise constants The discretegradientof a piecavise constanfunctionde ned over
aggregatej is afunction ; thatis nonzeroonly at the interfacebetweenaggreatej and
neighboringaggreates.Theexactinterpolationof ; is theninsuredoy (5.6). Alternatively,
we canview thealgorithmasaway of coarseninghe ne grid null space We cancoarserthe
null spacéby summingcolumnsof T associateavith nodesin anaggreyate.Recallthateach
edgein T containsa +1' and”~ 1' entry associatedvith the edges endpoints. Thus, the
resulting'summednull spacevectorfor aggreyatej is nonzeroonly attheinterfacebetween
aggrgatej andotheraggreates.Oncecoarsenedgachnull spacevector , isde nedasa
sumof local basisfunctions

where j hassupportonly attheinterfacebetweeraggreyates and;j, andN is thenumber

of neighboringaggreyates.Theselocal basisfunctionsessentiallyform the columnsof Pk(e) .
This alternatve view of the methodis closelyrelatedto the smoothedaggreyationmultigrid
method[26, 25. In this schemethe operators null spacé is partitionedover local basis
functionsassociatedvith aggreyatesandtheselocal basisfunctionsform aninitial prolon-
gationoperator A key improvementin smoothedaggreyationis thatthis initial prolongation
is enhancedria a smoothingstep. Without this smoothingstepit hasbeenshowvn that the
convergenceis not independenbf the numberof meshpoints. Thus,we shouldnot expect
theuseof Pk(e) to yield amultigrid methodthatcornvergesindependensf thenumberof mesh

points.We arecurrentlyexperimentingwith applyingasmoothingstepto improve Pk(e) . This
modi cation follows standardsmoothedaggrayationanduses

(5.7) P¥=(0 D AP)R;

where = % max s D = diag(A(ke)), and max is obtainedby applyinga coupleof eigen-
valueiterationsto D *2A( D 1=2, Thistechniquehasnotbeentully implementecandthe

ideawill be pursuedn detailin a future paper More informationon smoothedaggreyation
canbefoundin [26, 25].

5.4. Implementation. The edgeelementalgebraicmultigrid preconditioneris imple-
mentedn the ML packagd?2?], anAMG packagentendedfor distributedmemorycomput-
ers. This packagerequiresusersto furnish vectorsand matrices. Matricesare suppliedby
providing sizeinformation, a matrix-vector product,anda getrow function (usedto obtain
nonzerosand column numberswithin a singlerow). The ML packagerunson distributed

4Smoothedggreationis normallyappliedto problemswith asmallglobalnull spacee.g.in elasticitythenull
spacecorrespondso six rigid body modes:rotationsandtranslationgn threedimensions).Thus,no coarseningf
thenull spacds needed.
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FiG. 5.4. Exampleof edege basedinterpolation. Coarsegrid edg valuesare interpolatedonly to ne edges
passingbetweeraggregates.

memorymachines Parallelismis achieved by assigninga subsebf rows for eachmatrix to
differentprocessorsThe ML packagealreadycontainsthe smoothedaggreyationmultigrid
method[26, 25] andmary of the neededkernels: parallelmatrix-matrixmultiply, a variety
of parallelsmoother§dampedlacobi symmetricprocessoblock Gauss-Seidé) block sym-
metric processoblock Gauss-Seidektc.) anda coarsedirect solver. Additionally, the ML
packages designedo facilitatethe useof othersoftwarepackagesML's existing smoothed
aggreyation multigrid method(with smoothingdisabled)is usedto generatehe complete
nodalmultigrid hierarchy:P{"'sandA{"'s. The ne grid nodalmatrix, Al", is a discrete
Laplaceoperatorandis constructedby settingA(ln)(i; j)to™ 1'foreach(i; j) corresponding
to a meshedge.The matrix diagonalis thenchoserso thatthe sumof matrix entrieswithin
arow is zero. In the future, we will replacethe discreteLaplacianwith an approximation
to (5.2 sothatour aggreyationschemecandetectcoefcient jumps. The coarsegrid A(k”)
matricesarethenusedto generatehe coarsegrid Ty matrices.Speci cally, onlevel k > 1
eachundirectecédgeA(k”)(i; j) isassignediuniqguenumber:l & Nedges, WhereNeqges
is thetotal numberof undirectecedges.Then

T(esi) = 1 (or 1 if j>i)
Tk(&])) 1; (or1 if j>i):

Finally, the edge-elemengrid transfers,Pk(e) 's, are obtainedby performinga matrix triple
product

(5.8) P = TPMT,
andculling entries

8

21 ifP9Gj) =2

(5.9) POGI = 1 itPOGj)= 2
0 otherwise

SProcesseblock meanghat eachprocessoperformsGauss-Seiddbcally andusesoff-processoinformation
correspondingo the previousiteration.
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This correspondsxactly to (5.6) andallowedusto implementthe Pk(e) constructiorquickly
via existing ML kernels.

Mostof the parallelissuesarehandledby ML's existing parallelkernels.Two exceptions
arethe formulationof the coarsegrid discretegradientsand a matrix free versionof Hipt-
mair's smootherBoth requirednew parallelcode. Thedistributedrelaxationalgorithm(5.2)
isimplementedn two differentways. In oneimplementationthe matrix productsT,’ A(ke) Tk
arecalculatedn a preprocessingtepfor eachlevel. This allowstheuseof ML's fastparallel
matrix kernels.In theotherimplementationthe smootheapplicationis matrixfree[ 20]. The
nodalspaceprojectionand updateto the edgebasedsolutionis donenodeby node,so that
thetriple matrix productis neverformed.

6. Numerical studies. To deliver usablecomputationgor the Z-pinchsimulationsthe
delity andscalabilityof thesolversmustbetestedor realistictestproblems.n particularthe
conductvity mayvary over mary ordersof magnitudeandit is importantto understandhow
this affectsnot only the representationf the solutionbut alsothe requirementgor iterative
solutiontechnology Thelinearsystem(4.8) canberepresenteth matrix form as

6.1) M+ —K x=b

Thescalingof theM andK matriceswith respecto the elementiengthscale h, goesash?®
andh respectiely. Thuswe obtain

6.2) h3M + —hK x = b;

whereM andK containentriesof O(1) size. Let ¢ represent typical soundspeedor
velocity in the problemof interest. We expectin generalfor the time stepto be limited by
the hydrodynamicCourantscalessothat t  h=c. Thuswe cande ne the meshmagnetic
Reynoldsnumber

(6.3) Rm = ch:

If Ry, islarge,thenthelinearsystems masamatrixdominatedanddiffusiontimesareslower
than hydrodynamicpropagationtimes. If Ry, is small, thenwe arein a diffusion domi-
natedregion. It is possibleto modelregionscontainingno massusinga very smallpseudo-
conductvity in orderto propagatehe eld within the magnetoquasistat@pproximationof
magnetohydrodymaics,which impliesin MKS unitsthat t, wherethe permittivity
of free spaceis 8:85 10 2. We have 4 10 7 andwe estimateroughly that

rangesfrom 1to 10°, ¢ =~ 10* andfor large problemsh 10 4. This givesR,, 1
for regionswith large conductvities. However, may drop by several ordersof magnitude
in materialstatetransitionsfrom solid throughmelt beforereturningto high valuesfor high
temperaturg@lasmastates.Void conductvity valuesshouldbe lower thanarny materialstate
valuesandwe estimatevaluesfrom 1 to 10° may be utilized. Thusthe stiffnessmatrix will
dominateby factorsof 10° to 10° respectiely in thesevoid regions. Suchlow R, states
drive therequirementor animplicit magnetiadiffusionsolutionmethodology

6.1. Physics delity studies. To validatethe approactdescribecaborve, we considera
two-dimensionamodelproblemobtainedrom the eddycurrentequationg2.3)-(2.6) by the
ansatz

H=H;k and E = Exi+ Eyj:
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Type 1 meE=0 Type 2 nxb=nxHp Typa 1 mE=0

Type 2. nxH=0

FI1G. 6.1. Modelproblemin two-dimensions

The main objective is to verify correctinitial transientphaseandthe steadystatelimit. The
region is arectanglethatis 0:003m wide and0:004m high. Thelow conductvity region
occupiesa slot in the middle of the rectanglethat is 0:003m deepand 0:001m wide; see
Fig.6.1 Thematerialpermeabilityis

=4 107
in thewholeregion, while conductvity is a discontinuougunctiongivenby

1; if 0:001< x < 0:002and0:001< y < 0:004
633 10°% otherwise

The elds in themodelproblemaredrivenby acombinationof Typel andTypell boundary
conditions. Type Il boundaryare appliedat the centerslot on the top side, the bottomside
andthe left-handandright-handsidesof . Typel boundaryareappliedelsavhere,i.e., at
the two sggmentson the left-handandright-handof the centerslot on the top side; seeFig.
6.1 Typel conditionsprescribehomogeneoutangentiakE :

n E=0 ony= 0:004and0< x < 0:0010r0:002< x < 0:003
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FI1G. 6.2. Electric eld andmagnetic ux density:initial andsteadystates.

Theboundaryconditionon Typell boundariess naturalfor theweakequationsThetangen-
tial magneticeld is setto oneatthe centerslotandzeroelsavhere:

n H= 1; on0:001< x < 0:002y = 0:004
0; all otherpartsof Typell boundary
Thefully discretemagneticdiffusionproblemin two-dimensionss developedaccordingto
x4. The spatialdiscretizationis effectedusingthe 2D complex from x3.3. on uniform grids.
Speci cally, we employ grids consistingof 30 30 rectangles. Becausethe goal of the
experimentsin this sectionis to validatethe discretizationqualitatively, the linear system
(6.2) is fully assemble@dndsolved“exactly” usingabandedCholesly factorizationroutine.
Numericalsimulationswererunfor t=5 10 ®sand t = 25 10 ®s. In both
casessteadystatewasreachecatt 50 10 °s. Thisdiffusiontime is consistentwith the
prescribednaterialparameterskigure6.2 shavstheinitial electric eld E andmagneticux
densityB andtheir steadystatesobtainedafter20time stepswith t= 2:5 10 °s.

6.2. Scalability Studies. To demonstratehe performanceof the edge-elemenbased
algebraicmultigrid method,two testproblemsare solved within the ALEGRA framework.
In all of our results,the notationV(k; k) (or W(k; k)) indicatesa multigrid V cycle (or W
cycle) with k pre andpostHiptmair smoothingstepson eachlevel. It is importantto note
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iterations
conductvity | V(1,1) | V(2,2) | V(3,3) || W(1,1) | W(2,2) | W(3,3)
100 15 11 9 13 10 8

10 26 19 16 22 17 14

1 29 22 18 25 19 16

0.0001 39 27 22 32 23 19

TABLEG6.1

Mediumcubeproblemiterations.

Iterations
Conductvity | V(1,1) | V(2,2) | V(3,3) || W(1,1) | W(2,2) | W(3,3)
100 27 19 15 22 16 13
10 48 33 27 38 25 22
1 52 37 30 44 30 25
TABLE 6.2

Large cubeproblemiterations.

thatonemultigrid cycle is usedasa preconditioneto a conjugategradientsolver. Thus,the
iterationcountscorrespondo conjugategradientiterations.

The rst test problemcorrespondgo a three-dimensionabox on the unit cube (i.e.

= [0; 1]®) with Neumannboundaryconditionson the surface. Differentexperimentsare

performedby varying the conductvity (which is constanthroughoutthe entireregion) and

by varying the meshspacing. The conductvity is a weighting factor on the massterm of

Equation(4.8). Hence,decreasinghe conductvity emphasizeshe (curl ;curl ) termand
malkestheproblemharderto solve.

Table6.1illustratestheresultscorrespondingdo the rst linearsolvefora32 32 32
mesh.Theinitial guesds identicallyzeroandtheright-handsideis random.Corvergenceis
declaredvhenijjrjj.5jjbj. 10 1. In Table6.2, acubeproblemona64 64 64 mesh
is solvedusingthe samaeinitial guessandright-handside. ¢ Fromthesetwo tables,it is seems
thatwhile the numberof iterationsinitially grows asthe conductvity decreasegheiteration
countdoeslevel off. Thatis, the corvergenceof the methodcanbe experimentallybounded
independenthof the conductvity. Unfortunately however, thereis growth in the numberof
iterationsasthe grid is re ned. Table 6.3 illustratesthis behaior. The table compareghe
numberof iterationsto solvea64 64 64problemversusa32 32 32problem.Each
tableentryis aratio ngs=ns, wherengs (n32) is the numberof iterationsrequiredto solve
the64 64 64(32 32 32) problem.Ratiosaregivenfor theconductvity values100; 10;
andl1. Again, corvergenceis declaredvhenjjrjj>Sjbjj. 10 . As discussedn x5, this
iterationgrowth is to beexpected.Thegrowth obsenedin theW cycleiterationsis somavhat
lessthanin the corresponding/ cycle, especiallyfor smallerconductvity (stiffer problems).
Notethatthe stoppingtolerances quite small,which tendsto emphasizehis growth in iter-
ations. For example,if we hadrequiredonly jjrjj>=jjbj. 10 8, theiterationcountsfor a
V(2,2) cycleforthe32 32 32andthe64 64 64 meshesvouldbe9 andl14,respec-
tively, a growth of 1:55. While thereis growth, the symmetricGauss-Seidgbreconditioned
methodrequired614iterationsascomparedo no morethan37 for the multigrid runs.We are
currentlyexperimentingwith techniqueso improvethescalabilityof the multigrid technique
by smoothingtheinterpolationoperatorasdiscussedn x5. Preliminary encouragingesults
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Iterationratios

Conductvity | V(1,1) | V(2,2) | V(3,3) || W(L,1) | W(2,2) | W(3,3)
100 1.80 1.72 1.66 1.69 1.60 1.62
10 1.85 1.73 1.68 1.73 1.47 1.57
1 1.79 1.68 1.66 1.76 1.57 1.56

TABLE 6.3

Ratiosngs=n3z» of iterationcountsfor 64 64 64and32 32 32 problems.

Grid Size P(© p(e
25 25 24 14
50 50 42 19

100 100 76 27

150 150 93 30
TABLE 6.4
V(1,1)iteration countsusingboththe standad and “smoothedinterpolationopeiators.

have beenobtainedfor a modeltwo dimensionaproblem
ror u+ u=f

ontheunit squarewith Dirichlet boundaryconditions.This problemis discretizedwith edge
elementonaregularmeshwith = 1000andf takenasarandomvector Table6.4 shovs
the iteration countsrequiredto reducethe initial residualby 10'° usinga zeroinitial guess
andde ning the P’k(e)'s via (5.7). While growth persistsijt is muchlesssigni cant for the
smoothednterpolantwhich convergesthreetimesfasterthanthe standardnterpolant. This
“smoothing'techniquewill be pursuedn afuturepaper

Our secondestproblemcorrespondso a morerealisticmodelandis runin serialwith
two differentmeshsizes.Figure6.3illustratesthe solutionaftera singletime stepon athree
dimensionadomainconsistingof a cylinder of highly conductive materialwith a cylindrical
slotmodeledby averylow conductvity region. The rst testproblemis meshedvith 44; 544
hexahedralelementsyesultingin 46; 761 nodesand 130, 008 edges. This meshis approxi-
mately 8 timeslarger thanthe oneshown in Figure6.3. A sharpjump in the conductvity
occurshetweerthe slot andthe materialregions. Speci cally, the conductvity of the outer
regionis 6:33 107, while the conductvity of the inner “void” region is given the small
valuel:0: HomogeneouslectricDirichlet boundaryconditionsareappliedat the centerand
outsidetop surfaces.Homogeneousleumanrboundaryconditionsare appliedto the outer
and bottom surfacesand an inhomogeneousazimuthaltangential eld conditionis applied
onthetop middlering surface. For thetime stepchosenthe eld lls theslotimmediately
This problemis intendedto be a rst approximationto the Z-pinch apparatusiescribedn
x1. In the secondrun, the meshcontains116; 473 nodesand 345, 768 edges.Table 6.5 il-
lustratesthe resultsfor the rst linear solve for eachproblemsize. Theinitial guesss the
zerovector andthe stoppingcriteriais jjrjj.=jjbj. 10 8. Boththe V(1,1) andW(2,2)
corverge in a small numberof iterations. Onceagain,thereis modestgrowth in the num-
berof iterations.By comparisiona conjugategradientmethodwith symmetricGauss-Seidel
preconditioningrequires684 iterationsfor the smallerproblem. Given that this problemis
still relatively small,it is unlikely thatGauss-Seidgdreconditioningwill leadto corvergence
onsigni cantly largerproblems.

At thistime the parallelcodeis still beingoptimized.Giventhe promisingserialresults,
we expectthatthe parallelversionshouldalsoperformreasonablyvell. Themajorchanges
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Fi1G. 6.3. Cutawayof axial slot showingY componenbf magnetic ux densityafter onetime stepand stream-
linesof currentdensity(thin) andmagnetic ux density(thick).

Iterations
ProblemSize | V(1,1) | V(2,2) || W(1,1) | W(2,2)
130,008 42 20 35 18
345,768 54 28 42 22
TABLE 6.5

Slotproblemiterations.
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the useof processcblock Gauss-Seidakithin the Hiptmair smoother (Seethe footnotein
x5.4.)

7. Conclusions. We have describedan edgeandface nite elementdiscretizationfor
theeddycurrentequationsn arbitraryquadrilaterahndhexahedrameshesn heterogeneous
mediaandpresented particularimplementatiorof an algebraicmultigrid techniqueappro-
priateto this discretization. Numericalresultsare given indicating both the delity of the
representatioandtheef cacy of thealgebraianultigrid methodology
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