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TOWARDS ROBUST 3D Z-PINCH SIMULA TIONS: DISCRETIZA TION AND FAST
SOLVERS FOR MAGNETIC DIFFUSION IN HETEROGENEOUS CONDUCTORS.��

PAVEL B. BOCHEV1;2 JONATHAN J. HU4 ,

ALLEN C. ROBINSON3 AND RAYMOND S. TUMINARO4

Abstract. The mathematicalmodel of the Z-pinch is comprisedof many interactingcomponents.One of
thesecomponentsis magneticdiffusion in highly heterogeneousmedia. In this paperwe discuss�nite element
approximationsandfastsolutionalgorithmsfor this component,asrepresentedby theeddycurrentequations.Our
emphasisis on discretizationsthatmatchthe physicsof themagneticdiffusion processin heterogeneousmediain
orderto enablereliableandrobust simulationsfor even relatively coarsegrids. We presentan approachbasedon
theuseof exactsequencesof �nite elementspacesde�ned with respectto unstructuredhexahedralgrids.This leads
to algorithmsthat effectively capturethe physicsof magneticdiffusion. For the ef�cient solutionof the ensuing
linearsystems,we consideranalgebraicmultigrid methodthatappropriatelyhandlesthenullspacestructureof the
discretizationmatrices.

Keywords. Maxwell's equations,eddycurrents,DeRhamcomplex, �nite elements,AMG.

AMS subject classi�cations. 76D05,76D07,65F10,65F30

1. Intr oduction. TheZ-pinchis atechniquefor generatinglargematerialcompressions
andenergiesby generatingacylindrical implosionusingfocusedmagnetic�eld energy. Wire
arrayimplosions,for example,areusedto generateextremelylargeX-ray powerpulses[29].
Modeling requiresa multiphysicsapproachwhich must includeseveral interactingcompo-
nents.Componentsarecoupledthroughinteractionsof forces,exchangeof energy, etc. Our
immediateinterestis in developinga technologyfor Z-pinch modelingwhich falls within
the constraintsof an Arbitrary Lagrangian-Eulerian(ALE) modelingapproachinherentin
theframework of theALEGRA code[21, 19]. In this codevariousphysicscomponentsare
modeledandcoupledusingoperatorsplitting. Managingthe complexity of the fully cou-
pledmodelis mademoretractableby examiningeachcomponentseparatelyandensuringits
reliability. In this paperwe focuson magneticdiffusion representedby a subsetof the full
Maxwell'sequationsreferredto astheeddycurrentequations.

While �nite elementanalysisof eddycurrentsis arelatively well-studiedsubject,placing
this problemin the context of Z-pinch simulationsbrings up somespeci�c modelingand
computationalissues.Mostnotably, conductingandnon-conductingregionsarenotseparated
by a well-de�ned static interface. As a result, implementationof standardmethodsbased
on theuseof differentmagneticpotentialsin conducting/nonconducting regions,see[4, 3],
becomesprohibitivelyexpensive(andcomplex). Thisforcesconsiderationof theeddycurrent
equationson a single,but highly heterogeneous,conductorastheonly acceptablemodeling
choice.

For the �nite elementanalysisof the ensuingproblemwith nodal spacesonecanstill
formally adopta potentialapproachbasedona vectormagneticpotentialA . Thedif�culties
thatarisein this context stemfrom theneedto gaugetheresultingboundaryvalueproblem,
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i.e.,augmentit byadditionalequationsandboundaryconditions.TheCoulombgauger� A =
0 is hardto satisfynumericallyandmustbeaddedimplicitly to theformulation.Thiscreates
acascadingeffectof addingmoreandmoreequations;see[3]. Anotherchoiceis theLorentz
gauge;see[14, 12, 13]. For heterogeneousconductorsthis gaugeleadsto nonsymmetric
weakequationsandis thusundesirable.Application of standardnodalspacescomplicates
imposition of tangentialand normal boundaryconditions,which are typical for the eddy
currentequations.

An alternative to nodalapproximationsof gaugedvectorpotentialequationsis to dis-
cretizedirectlytheeddycurrentequationsusingexactsequencesof �nite elementspaces.The
rationalebehindthis approachis thatsuch�nite elementspacesrepresentapproximationsof
a De Rhamcomplex that describesthe mathematicalstructureof Maxwell's equations;see
[5, 6]. Thesespaceshave the importantadvantageof providing naturaldegreesof freedom
for purposesof implementingtangentialDirichlet boundaryconditions.

In this paperwe pursuetwo main objectives. The �rst one is to develop such�nite
elementspacesonunstructuredhexahedralgridsandtesttheir usefor �nite elementanalysis
of theeddycurrentmodelrelevantto theZ-pinch.Here,ourmainfocusis onthedevelopment
of thediscretemodelandverifying its �delity to thephysicsof magneticdiffusion.The�nite
elementspacesareconsideredin section3 followedby thedevelopmentof thefully discrete
equationsin section4. Theformulationis testedfor a model2D problemin section6.

The secondobjective is to develop fast, scalablesolvers for the discreteeddy current
equations.Thesesolversmustaddressthespecialstructureof the linearsystemsinherentin
theuseof theexact�nite elementsequences.They alsomustwork well for realisticvaluesof
thematerialmodelingparameters.Thesevaluesmayvaryovermany ordersof magnitudein
ahighly heterogeneousway. Althoughahierarchicalgrid is availablein theALEGRA frame-
work, restrictingapplicationmodelersto suchgrids is consideredto be unacceptable.As a
result,themainfocushereis on thedevelopmentandimplementationof apreciselydesigned
algebraicmultigrid methodwhichoperatesdirectlyon theassembleddiscretematrix.

Throughoutthepaperbold faceis usedto denotevectorquantities.Thesymbolsi , j and
k standfor theCartesiancoordinatevectorsin RI 3, equippedwith theEuclideannormk � k,
while n andt denoteanoutwardunit normal�eld to a surfaceanda unit tangent�eld (to a
curve),respectively. ThesymbolsL 2(
) andL 2(
) denotethespacesof all squareintegrable
scalarandvectorfunctionson 
 .

2. The modelproblem. Theeddycurrentequationsareobtainedby neglectingthedis-
placementcurrentin thefull Maxwell equations.This amountsto neglectinghigh frequency
speed-of-lighttime scaleelectromagneticwavesin a conductingmedia.Themodelproblem
consideredin this paperis thatof a singleconductingregion 
 in RI 3 with non-constantcon-
ductivity � andpermeability� . Weassumethattheboundary� of this regionconsistsof two
disjointpartsdenotedby � � and� , respectively. Furthermore,it is assumedthattheconduc-
tivity � andthepermeability� aresinglevaluedboundednonvanishingfunctionsdepending
only on thespatialpositionx. No particularsmoothnessof thecoef�cients canbeassumed.
For themostpressingapplicationof interest,however, � is constant.Furthermore,weassume
that

0 < � min � � (x) � � max 8x 2 
 ;(2.1)

0 < � min � � (x) � � max 8x 2 
 :(2.2)

Thegoverningequationsfor theelectromagnetic�eld in 
 aregivenby

r � H = J in 
 ;(2.3)
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r � E = �
@B
@t

in 
 ;(2.4)

r � B = 0 in 
 ;(2.5)

r � J = 0 in 
 ; :(2.6)

whereH is the magnetic�eld, J is thecurrentdensity, E is theelectric�eld, andB is the
magnetic�ux density. Initial valuesof the magnetic�ux densityB arerequiredto satisfy
(2.5). These�elds areconnectedby theconstitutiverelations

B = � H ;(2.7)

J = � E:(2.8)

Eq. (2.3) is Ampere's theoremand(2.4) is Faraday's law, while (2.8) is Ohm's law. System
(2.3)-(2.6) mustbe closedby choosingappropriateboundaryconditions.Herewe consider
TypeI conditions

n � E = n � Eb and n � B = n � B b on � �(2.9)

andTypeII conditions

n � H = n � H b and n � J = n � Jb on � :(2.10)

To deliver robust,3D fully integratedZ-pinchcalculations,�nite elementsimulationsof
theeddycurrentequations(2.3)-(2.6), (2.7)-(2.8) and(2.9)-(2.10) mustmeetcertainrequire-
ments. ¿Fromthe modelingpoint of view, the main requirementis to obtainhigh �delity
simulationof themagnetic�eld diffusionin highly heterogeneousmedia.This �delity must
be maintainedbothat the idealMHD limit � ! 1 , aswell asat thehighly diffusive limit
� ! 0. Furthermore,it is desirableto advancethemagnetic�ux densityin a mannerwhich
maintainsr � B = 0 at all time steps.Fromthecomputationalpoint of view, thedemandis
on scalabilityof thesolversof thediscretelinearsystemfor realisticvaluesof themodeling
parameters.Scalabilityimpliesapproximatelylinearwork in thenumberof unknownsto �nd
ahighqualitysolutionto thediscretelineareddycurrentsystem.Scalabilitywill bediscussed
in x5 andx6.2.

3. Approximation of De Rham's complexon hexahedra. In this sectionwe develop
exactsequencesof �nite elementspaceson unstructuredhexahedralandquadrilateralgrids.
This choiceis dictatedby the ALEGRA computingframework, which supportsALE hy-
drodynamicson arbitraryquadrilaterialandhexahedralgrids [19]. An intuitive methodfor
developingedgeand faceelementson arbitraryhexahedra(isoparametricbricks) was �rst
given by van Welij [28]. The van Welij elementsarede�ned directly in the computational
domainusingthecoordinatefunctionsof theinversemappingbetweena referenceandcom-
putationalelements.Herewe developa generalapproachthatfollows this ideaandincludes
theedgeelementsof vanWelij asaspecialcase.For parallelepipedsor parallelograms,these
�nite elementsalsoincludethewell-known spacesof Nedelec,Brezzi,Douglas,Fortin and
Marini, amongothers;see[10], [15], [17] and[18]. However, for generalhexahedralgrids
theelementsusedherearequitedifferentbecausethey do not form anaf�ne family of �nite
elementspaces([8, p.72]). We alsoshow how to obtainproperrestrictionsof thesespacesin
two dimensionsanddiscussspeci�csof theexactnessrelationin RI 2.

Thenotionsof exactnessandtheDeRhamcomplex arecloselyrelatedto themathemati-
cal structureof Maxwell'sequations.Thedomainsof thedifferentialoperatorsgradient,curl
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anddivergence,relative to � are

H0(
 ; grad) = f � 2 H (
 ; grad)j� = 0 on � g;(3.1)

H0(
 ; curl ) = f u 2 H (
 ; curl )ju � n = 0 on � g;(3.2)

H0(
 ; div ) = f u 2 H (
 ; div )ju � n = 0 on � g;(3.3)

where

H (
 ; grad) = f � 2 L 2(
) jr � 2 L 2(
) g;(3.4)

H (
 ; curl ) = f u 2 L 2(
) jr � u 2 L2(
) g;(3.5)

H (
 ; div ) = f u 2 L 2(
) jr � u 2 L 2(
) g:(3.6)

Thefour spacesH 0(
 ; grad), H0(
 ; curl ), H0(
 ; div ), L 2(
) andthethreeoperatorsr ,
r� andr� form a DeRhamcomplex relativeto � .

The dual complex can be introducedby using the adjoint differential operatorsr � ,
(r� ) � and (r� ) � . A fundamentalpropertyof the De Rhamcomplex is the exactnessof
thesequence

H (
 ; grad) r7�! H (
 ; curl ) r�7�! H (
 ; div ) r�7�! L 2(
) :(3.7)

Exactnessmeansthateachdifferentialoperatormapsthespaceto its left into thekernelof the
next differentialoperator. Thei mportanceof thispropertystemsfrom thefactthatMaxwell's
equationscanbedescribedin termsof a Tonti diagrambuilt uponthis complex; see[6]:

Ampere F araday

H0(
 ; grad)  0 L 2
0(
)

r # * r�

H0(
 ; curl ) H ) � H = B ) B H �
0 (
 ; div )

r� + * r�

H0(
 ; div ) J ( J = � E ( E H �
0 (
 ; curl )

r� + " r

L 2
0(
) 0 � H �

0 (
 ; grad)

(3.8)

Supposenow thatW i , i = 0; : : : ; 3, are�nite elementsubspacesof H 0(
 ; grad), H0(
 ; curl ),
H0(
 ; div ), andL 2(
) de�ned with respectto sometriangulationTh of 
 into �nite ele-
ments.Furthermore,supposethattheW i form anexactsequence,i.e., they approximatenot
only the individual spacesbut the De Rhamcomplex asa whole. Then,a discretizationof
Maxwell's equationscanbe obtainedby substitutingthe De Rhamcomplex in (3.8) by the
exactsequenceW i ; see[7], [5]. This approachwill bepursuedin section4.

3.1. Exact sequenceon a generalizedhexahedral. ConsiderRI 3 endowedwith aphys-
ical coordinateframe(x1; x2; x3) � x andaparameter(or reference)frame(� 1; � 2; � 3) � � .
In whatfollowstheindices� , � and
 take thevalues� 1 andtheindicesi; j; k form aneven
permutationof the numbers1; 2; 3. Let K̂ denotethe opencube(� 1; 1)3 in the reference
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spaceandlet K denoteits imageundera smoothdeformationF : R̂I 3 7! RI 3 of RI 3. We refer
to K asgeneralizedhexahedral.Constructionof anexactsequenceon K will becarriedfor
generalF assumingonly that

� F = (F1; F2; F3) is invertiblewhenrestrictedto K̂ ,

� G = (G1; G2; G3) = F � 1 is suchthatG(K ) = K̂ .
Restrictionof F to a particularclassof mappingswill furtherspecializetheexactsequence
to adesiredclassof hexahedralgrids.Sinceherewewill beultimatelyconcernedwith trilin-
earmappingsF , for simplicity we only considerunisolvency setsconsistingof thevertices,
edges,andfaces

� �� 
 = f � i = �; � j = � ; � k = 
 g;

� ��
ij = f � i = �; � j = � ; � 1 � � k � 1g;

� �
i = f � i = �; � 1 � � j ; � k � 1g

andthehexahedralK = f x j x = F (� ); � 2 K̂ g itself1. Restrictionof F to thesetsabove
induces“vertices”,“edges”,and“f aces”onK accordingto

x �� 
 = F (� �� 
 ); x ��
ij = F (� ��

ij ); and x �
i = F (� �

i );

respectively. Notethat

x �
i \ x �

j = x ��
ij and x �

i \ x �
j \ x 


k = x �� 
 :

Next considertheJacobiansJF = (V1; V2; V3) andJG = (r G1; r G2; r G3)T , whereVi =
(@F1=@� i ; : : : ; @F3=@� i )T . Clearly, detJF = Vi � (Vj � Vk ) anddetJG = r Gi � (r Gj �
r Gk ). ¿Fromtheidentity (F � G)(x) = x it follows thatJF JG = JG JF = I . This relation
meansthat

Vi � r Gj = � ij ;(3.9)

i.e., thecolumnsVi of JF andtherows r GT
j of JG arebi-orthogonal.Solving(3.9) for Vi

andr Gj gives

Vi = (r Gj � r Gk )detJF and r Gi = (Vj � Vk )detJG(3.10)

Theunit normalto a facex �
i andtheunit tangentto anedgex ��

ij aregivenby

n =
r Gi

kr Gi k
and t =

(r Gi � r Gj )
kr Gi � r Gj k

(3.11)

respectively. Changingvariablesin (3.11) and using (3.10) shows that the corresponding
vector�elds on K̂ are

(n � F ) =
Vj � Vk

k(Vj � Vk )k
and (t � F ) =

Vk

kVk k
;(3.12)

1A unisolvency set for a given classof functionsis a collectionof dataanddatalocationpairsthat de�nes a
uniquefunctionout of theclass.For instance,theunisolvency setfor linearpolynomialsin onedimensionconsists
of two distinct pointswith two prescribedvalues. For higherorderpolynomialsand/orhigherspacedimensions
thesesetshave to beexpandedby includingmorenodes,edgesandsurfacesto theunisolvency sets.
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respectively. Let � �
i (x) = 1

2 (1 + �G i (x)) . We considerfour setsof functionsde�ned onK
asfollows:

W �� 

ij k = � �

i � �
j � 


j ;(3.13)

W ��
ij = � �

i � �
j r � 


k ;(3.14)

W �
i = � �

i (r � �
j � r � 


k );(3.15)

W = r � �
i � (r � �

j � r � 

k ):(3.16)

Thesesetsspanfour spacesdenotedby W 0(K ), W 1(K ), W 2(K ) and W 3(K ), respec-
tively. Fundamentalpropertiesof (3.13)–(3.16) are associatedwith the “nodes”, “edges”,
and“f aces”of K . The“point” massof thescalarfunctionsin (3.13) is

Z

K
W �� 


ij k (x) � � (x ��� )dx =

(
1; if x ��� = x �� 
 ;

0; at all othernodes;
:

Thus,W 0(K ) is “nodal” spacewith basisf W �� 

ij k g. Circulationsof thevector�elds in (3.14)

are

Z

x ��
st

W ��
ij (x) � t dl =

8
<

:

1; if x ��
st = x ��

ij ;

0; alongall otheredges;
:

sowecall W ��
ij “edge”basisandW 1(K ) edgespace.Thevector�elds in (3.15) havesimilar

propertywith respectto their �ux esacrossthefacesof K :

Z

x �
s

W �
i (x) � ndS =

(
1; if x �

s = x �
i ;

0; all otherfaces:
:

Thus,W �
i is “f ace”basisandW 2(K ) is a facespace.Lastly,

Z

K
W (x)dx = 1;

so W is a “volume” basisand W 3(K ) a volume space. Degreesof freedom(DOF) for
W 0(K ) are“point masses”,orsimplythenodalvaluesof ascalarfunction.DOFsfor W 1(K )
arecirculationsof a vector�eld alongtheedgesof K , DOF's for W 2(K ) are�ux esacross
thefaces,andtheDOF for W 3(K ) is thetotal massof K for agivenscalardensityfunction.

To show thatW i (K ) form anexactsequenceonK , recall that

r � (uV ) = ur � V + r u � V ;(3.17)

r � (uV ) = r u � V + ur � V ;(3.18)

r � (r f � r g) = 0(3.19)

for smoothvectors�elds U , V andscalarfunctionu. Usingthechainrule,(3.17)–(3.19) and
thede�nitions of W �� 


ij k , W ��
ij , W �

i andW gives

r W �� 

ij k = � ij W ��

ij + � j k W � 

j k + � k i W


 �
k i ;

r � W ��
ij = � i W �

i + � j W �
j ;

r � W �
i = � W;
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where� ij , � i and� take thevalues� 1. It follows thatW i (K ) is exactsequence,i.e.,

W 0(K )
r

7�! W 1(K )
r�
7�! W 2(K )

r�
7�! W 3(K ):(3.20)

Using(3.10) in (3.13)-(3.16) yieldsexplicit formulaefor thebasisfunctionson K̂ :

Ŵ �� 

ij k =

1
8

(1 + �� i )(1 + � � j )(1 + 
 � k );

Ŵ ��
ij =

1
8detJF

(1 + �� i )(1 + � � j )(Vi � Vj );

Ŵ �
i =

1
8detJF

(1 + �� i )Vi ;

Ŵ =
1

8detJF
:

3.2. Exact sequenceon hexahedralgrids. For themagneticdiffusionapplication,we
aremainly interestedin standardisoparametrichexahedralgrids. Suchgridsconsistof con-
vex, nondegeneratehexahedralsK with verticesx �� 
 , �; � ; 
 = � 1. In this case

FK (� ) =
X

�� 
 = � 1

x �� 
 Ŵ �� 

ij k (� )(3.21)

is the uniquemappingbetweenK̂ anda given elementK . Note that FK is a linear com-
binationof thenodalbasisfunctionsŴ �� 


ij k (� ) on the referenceelement.Therefore,FK is
anincompletecubicpolynomial(a trilinear function),whoserestrictionsto thefacesandthe
edgesarebilinearandlinearpolynomials,respectively.

LetN ,
!
E,

!
F andK denotethesetsof all nodes,orientededgesandfaces,andhexahedrals

in thegrid. Furthermore,for K 2 K, let W l (K ) denotetheexactsequenceinducedby the
mapping(3.21) on this element.To form anexactsequenceW l (
) on thehexahedralgrid,

we introducefour setsof functionsparametrizedby N ,
!
E,

!
F andK, andsuchthat

Z



WN i (x) � � (N j )dx = � ij ; WN i j K

2 W 0(K );
Z

!
E j

W!
E i

(x) � t dl = � ij ; W!
E i j K

2 W 1(K );

Z

!
F j

W!
F i

(x) � ndS = � ij ; W!
F i j K

2 W 2(K );

Z

K j

WK i (x)dx = � ij ; WK i j K
2 W 3(K );

Thesetsf WN g, f W!
E

g, f W!
F

g, andf WK g spanthespacesW i (
) .

ThespaceW 0(
) is H (
 ; grad) conformingbecauseit containscontinuousfunctions.
De�nition of W!

E
andEq. (3.11) imply thatW 1(
) containsvector�elds thataretangentially

continuousalongtheedgesin
!
E. Therefore,thisspaceis H (
 ; curl ) conforming.Likewise,

W 2(
) contains�elds thatarenormallycontinuousacrossthefaces
!
F . This makesW 2(
)

H (
 ; div ) conforming.Clearly, W 3(
) � L 2(
) . Exactnessof thissequencefollowseasily
from theexactnessof theelementspacesW i (K ).
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FIG. 3.1. Virtual (perpendicular)andparallel edgeson ~K .

3.3. Exact sequenceon quadrilateral grids in 2-D. It suf�ces to constructan exact
sequencefor onegeneralizedquadrilateral.Then,spacesonquadrilateralgridscanbeformed
asin thethree-dimensionalcase.

We considerthe opensquareK̂ = (� 1; 1)2 in the referenceframe� = (� 1; � 2) anda
smoothmappingF : RI 2 7! RI 2. Next we imbedK into thevirtual generalizedhexahedral

~K = f x j (x1; x2) 2 K ; � 1 < x3 < 1g:

Let ~W i denoteanexactsequencede�ned on ~K . Sincethevirtual hexahedralis theimageof
(� 1; 1)3 underthemapping ~F = (F; � 3),

V3 = k and r G3 = k:

As aresult,(3.10) specializeto

r G1 = (V2 � k)=detJF ;

r G2 = (k � V1)=detJF :

Insertingtheseexpressionsinto (3.13)–(3.16) yields after somemanipulationfour pairsof
basisfunctionsetsonK andK̂ :

W �� �
ij � = � �

i � �
j ; Ŵ �� �

ij � = 1
4 (1 + �� i )(1 + � � j );

W � �
ij = � �

i r � �
j ; Ŵ � �

ij = 1
4detJ F

(1 + �� i )(Vj � k);

W �
i = � �

i (r � �
j � k); Ŵ �

i = 1
4detJ F

(1 + �� i )Vi ;

W = r � �
i � (r � �

j �
k
2

); Ŵ = 1
4detJ F

;

Thetwo-dimensionalcomplex W i (K ) is de�ned by takingthespansof eachbasissetin K .
By thechainrule

r W �� �
ij � = � �

i r � �
j + � �

j r � �
i ;

which is asumof W 1(K ) basisfunctions,and

r � W �
i = � �

i (r � �
j � k)

which is a W 3(K ) function. ThereforerW 0(K ) � W 1(K ) andr � W 2(K ) � W 3(K ).
Showing the curl inclusionis somewhat moreinvolved asit splits into two relations. This
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correspondsto thetwo possibilitiesof restrictingcurls2 to a plane.The�rst way is to apply
thecurl to vector�elds perpendicularto theplaneandset

r � � := r � (� k) = r � � k = � y i � � x j :(3.22)

Thevirtual hehaxedral ~K hasfour verticaledges;seeFig. 3.1. The3D edgebasisfunctions
associatedwith theseedgesare

W ��
ij = � �

i � �
j

k
2

=
1
2

W �� �
ij � k:

Therefore,r � W ��
ij givesthetwo-dimensionalcurl of thetwo-dimensionalnodalfunction

W �� �
ij . On theotherhand,

r � W ��
ij =

1
2

r �
�

W �� �
ij � k

�
=

1
2

�
� �

i

�
r � �

j � k
�

+ � �
j

�
r � �

i � k
��

=
1
2

(W �
i � W �

j );

whichestablishestheinclusionr � W 0(K ) � W 2(K ).
The secondway is to restrict the curl to planarvectors. The result is identi�ed with a

scalar�eld accordingto

r � u := r � (u1i + u2j ) = (u2x � u1y )k:(3.23)

Thevirtual hexahedralhastwo pairsof edgesparallelto K , seeFig. 3.1. The3D edgebasis
functionsfor theedgeson thetop face(where� +

3 = 1) are

W � +
i 3 = � �

i � +
3 r � �

j = � �
i r � �

j = W � �
ij :

Therefore,r � W � +
i 3 givesthetwo-dimensionalcurl of thetwo-dimensionaledgebasisfunc-

tion W � �
ij . Since

r �
h
W � +

23

i

� +
3 =1

= r �
�

� �
i r � �

j

�
= r � �

i � r � �
j :

this establishesthe inclusionW 1(K ) � W 3(K ). The two-dimensionalexactnessstructure
is summarizedin (3.24)

W 1 r � W 0 r�7�! W 2 r�7�! W 3

W 1 r�7�! W 3
(3.24)

4. Transient magneticssolution usingthe exactsequence.For themagneticdiffusion
applicationconsideredhere,we areinterestedin divergencefreeapproximationsof themag-
neticinductionB . To accomplishthisH andJ areeliminatedfrom thesystemby (2.7)-(2.8)

2In theliteraturetheoperatorsengenderedby therestrictionprocedurearesometimesdenotedby r ot andcur l ,
respectively. Hereweemploy thesamesymbolfor bothoperatorsin orderto emphasizethatthey aremerelyrestric-
tionsof thesamethree-dimensionaloperator.
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andtheexactsequenceW i is usedon theFaradaysideof Tonti'sdiagram(3.8)

Ampere F araday

W 2 1
� B h : : : B h W 2

r�
... * r�

W 1 � Eh : : : Eh W 1

(4.1)

The�nite elementmodelthatcorrespondsto Diagram4.1is

r �
1
�

B h = � Eh in 
 ;(4.2)

r � Eh = �
@B h

@t
in 
 ;(4.3)

where

B h =
X

!
F

� !
F

(t)W!
F

; Eh =
X

!
E

C!
E

(t)W!
E

;

areexpansionsof Eh andB h in termsof edgeandfacebasisfunctions.Theproperboundary
conditionsfor this formulationare

n � Eh = n � Eb onTypeI; n �
1
�

B h = n � H b onTypeII :(4.4)

System(4.2)-(4.3) and(4.4) requiresproperinterpretation.The discreteFaradaylaw (4.3)
holds exactly thanksto the inclusion r � W 1 � W 2. Ampere's theorem(4.2) and the
boundaryconditiononTypeII segmentsare,in contrast,interpretedasaweakequation

Z




1
�

B h � r � Êh d
 +
Z

�
(n � H b) � Êhd� =

Z



� Eh � Êh d
 8Êh 2 W 1;(4.5)

in which tangentialmagnetic�eld appearsasnaturalboundarycondition.Thefully discrete
systemis thenderived by replacingthe time derivative by a �nite difference.The ensuing
algebraicsystemfor En +1

h andB n +1
h is

Z



� En +1

h � Êh �
1
�

B n +1
h � r � Êh d
 =

Z

�
(n � H b) � Êh d� 8Êh 2 W 1(4.6)

�
B n +1

h � B n
h

� t
= r � En +1

h :(4.7)

The fully discreteequationscombinea conventionalGalerkin formulation for (4.6) with a
�nite-v olumelike form of thediscreteFaraday's law (4.7). However, (4.7) is not a bona-�de
�nite volumeschemebecauseit is basedon a functionalrepresentationof the �elds rather
than on a discreteset of values. Methodsof this kind for exact sequenceson tetrahedral
grids (Whitney elements)were introducedby Bossavit andVerite in [7]. They considered
a formulation in H and J in which discreteAmpere's theoremis satis�ed exactly, while
Faraday's law holdsweakly.
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To solve (4.6)-(4.7) we proceedasfollows. Becauser � En +1
h is in W 2, the second

equationcanbesolvedexactly for B n +1
h :

B n +1
h = B n

h � � tr � En +1
h :

Thisexpressionis substitutedinto (4.6) to obtainanequationin termsof En +1
h :

Z



� En +1

h � Êh +
� t
�

�
r � En +1

h

�
�
�

r � Êh

�
d


=
Z




1
�

B n
h �

�
r � Êh

�
d
 +

Z

�

�
n � H b

�
� Êhd� 8Êh 2 W 1:(4.8)

This schemehasvery attractive computationalproperties.First, it ensuresthat theapproxi-
matemagnetic�ux densityis divergencelessprovidedr � B 0

h = 0. Thiscanbeaccomplished
by settingB 0

h = r � A 0
h for somepotentialA 0

h 2 W 1. Second,it allows impositionof
TypeI andTypeII boundaryconditionsin asimpleandef�cient manner. For theformulation
consideredhere,tangentialE areessentialboundaryconditionsandtangentialH arenatural
boundaryconditions.Becausethedegreesof freedomfor E arethecirculationsof theelec-
tric �eld alongtheedges,theessentialboundaryconditionis trivial to satisfy. For example,
settingn � E = 0 on Type I boundariesamountsto settingall coef�cients associatedwith
Type I edgesto zero. This situationsharplycontrastswith theuseof nodalelementswhere
tangentialandnormalboundaryconditionsposeadif�cult problem.

5. Fast iterati vesolvers. Solutionof thediscretelinearsystem(4.8) is complicatedby
the nontrivial discretekernelcorrespondingto the curl operator(referredto asker(curl )
throughoutthe restof thepaper).When� is large this curl operatoris lessimportantand
relaxationalone(i.e. withoutmultigrid) is effective. In regionswhere� is small,however, the
curl operatordominatesandtheker(curl ) cancausedif�culties for iterativemethods.Any
ef�cient preconditioneror solution techniquemust approximateall scalesassociatedwith
theoperatorandso this discretekernelmustbe addressed.In this section,we considerthe
applicationof amultigrid methodto (4.8) andthepropertreatmentof ker(curl ).

Multigrid methodsapproximatethe partial differentialequation(PDE) of intereston a
hierarchyof gridsandusesolutionupdatesfrom coarsegrids to acceleratetheconvergence
on the�nest grid. An examplemultilevel iterationis givenin Figure5.1 to solve

A1u = b:

In Figure5.1, theSk () 's areapproximatesolverscorrespondingto preandpostsmoothing.
Theseareusedto reducehigh frequency errors.Oncesmoothed,errorscanbeapproximated
well on a coarsergrid andsothelinearsystemof equationsis projectedontoa coarserspace
via the grid transferoperatorPk . The coarsegrid equationsare approximatelysolved by
recursivelyapplyingthemultigrid idea.Theresultingcoarsegrid solutionis theninterpolated
andusedto correctthe �ne grid solution. The two primary multigrid componentsare the
smoothers,Sk () 's, andthegrid transfers,Pk 's; see[11, 23] for moreon multigrid methods.
Standardmultigrid methodsfall into two categories: geometricandalgebraic. Geometric
algorithmsusea hierarchyof meshescoveringthesamephysicaldomain.Usually, thegrid
transferscorrespondto standardinterpolation(e.g. linear)betweenthemeshesandthe Âk 's
arebuilt by discretizingthePDEon eachmesh.In contrastto geometricmethods,algebraic
methodsuseonly A1. Coarsegrid meshesareconstructedautomaticallyby coarseningthe
matrix graphassociatedwith A1 and the Pk 's are determinedalgebraically. The primary
advantageof algebraicmultigrid techniquesis that a hierarchyof meshesandcoarsegrid
discretizationsneednotbesupplied.
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/* SolveAk u = b(k is currentgrid level) */
proceduremultilevel(Ak ; b;u; k)

u = Sk (Ak ; b;u);
if ( k 6= Nlev el)

r̂ = P T
k (b � Ak u) ;

Âk+1 =

8
<

:

PT
k Ak Pk

or
discretizedPDEoncoarsermesh

v = 0;
multilevel(Âk+1 ; r̂ ; v; k + 1);
u = u + Pk v;
u = Sk (Ak ; b;u);

FIG. 5.1. High level multigrid V cycleconsistingof `Nlevel' grids to solveA 1u = b.

Whensolving(4.8), boththesmootherandthecoarsegrid correctionmustproperlytreat
ker(curl ). This is becauseker(curl ) containsboth high andlow frequency components.
We wanthigh frequency ker(curl ) errorcomponentsreducedby thesmootherandlow fre-
quency ker(curl ) error componentsto be accuratelyrepresentedon the next coarsergrid
(wherethey will bereduced).Within mostgeometricschemes,thecoarsegrid interpolation
correctlyapproximatesthesmoothker(curl ). Speci�cally, linearinterpolationappliedto the
discretecoarsegrid kernelof thecurl lies within thediscrete�ne grid kernelof thecurl .
Hencetheprimarymultigrid taskis thedevelopmentof asuitablesmoother. It is importantto
noticethat thediscreteker(curl ) existson all levelsandsothesmootheron all levelsmust
appropriatelyaddressthesecomponents.Smoothingerror componentsthat lie in thespace
orthogonalto ker(curl ) operatoris relatively straight-forward(e.g.,standardGauss-Seidel
methodsaresuitable).However, high frequency error componentslying in thesubspaceof
ker(curl ) arepoorly reducedby standardsmootherswhen� is small. This is becausethe
massterm (

R

 � En +1

h � Êh ) in (4.8) governsthe error within ker(curl ). Most smoothers,
however, do not treatthe two termsof Equation(4.8) separatelyandthusfocusonly on the
(curl ; curl ) termthatdominateswhen� is small.Geometricmultigrid techniquesaddress-
ing the smoothingissuehave beenproposedby Vassilevski/Wang[27], Hiptmair [16], and
Arnold/Falk/Winter [1]. Thesemethodsarediscussedin x5.2.

In contrastto geometricmultigrid methods,algebraicmultigrid techniquesmust also
determinecoarsegrid spaces,andthesecoarsegrid spacesmusttake into accountker(curl ).
For this reason,traditionalAMG methodsthat have beendesignedfor H (
 ; grad) elliptic
systemsfail. Reitzingerand Scḧoberl [20] proposean algebraicmethodthat speci�cally
addressesequationsof the form (4.8). This approachis describedin x5.3. Here, the idea
is to preserve the kernel of the discretecurl on coarserspaces. In particular, when the
discretekernelsubspaceassociatedwith a coarsegrid curl is interpolatedto the �ne grid,
it lies within thediscretekernelsubspaceof the �ne grid curl . In this paper, we pursuethe
Reitzinger/Scḧoberlapproach.

5.1. DiscreteGradient. In orderto explain the multigrid method,we needto discuss
thediscreteanalogof theoperator̀ r � r� ' (referredto asthe(curl ; curl ) operator)and
its kernel.In continuousspaceit is well known that

r � (r � ) = 0; � 2 H0(
 ; curl ):(5.1)
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1: PerformsymmetricGauss-SeidelonA (e) v(e) = f (e) .
2: Calculateresidualr (e) = f (e) � A (e) v(e) .
3: Transferedgeresidualto nodes:f (n ) = T T r (e) .
4: PerformsymmetricGauss-SeidelonT T A (e) Tv(n ) = f (n ) with zeroinitial guess.
5: Updateedge-basedsolution:v(e) = v(e) + Tv(n ) .

FIG. 5.2. Distributedrelaxationalgorithmappliedto A ( e) (Vasselevski/Wang, Hiptmair).

In x3 the De Rhamcomplex was introduced. Recall that the continuousgradientmaps
H (
 ; grad) to ker(curl ) � H (
 ; curl ) and that the continuousgradientof W 0 exactly
correspondsto ker(curl ) in W 1, whereW 0 and W 1 are the �nite elementsubspacesof
H0(
 ; grad) andH0(
 ; curl ), respectively. This implies that a matrix spanningthe dis-
creteker(curl ) canbeconstructedonecolumnata timeby takingthegradientof eachbasis
function in W 0. Theresultingmatrix, T , is a discreteapproximationto thecontinuousgra-
dientoperatorandT �̂ (where�̂ 2 W 0) is a discreteanalogueof r � given in (5.1). When
W 0 correspondsto linear basisfunctionsand 
 hasNeumannboundaryconditions,T is
Nedges � Nnodes , whereNedges is thenumberof meshedgesandNnodes is thenumberof
meshnodes.Column(node)i has`+1 ' and`� 1' entriesfor eachedge(row) thathasnodei
asanendpoint.Thesigndependson thedirectionimposedon theedgein theedgeelement
discretization.Thenull spaceof thediscrete(curl ; curl ) operatorhasdimensionN nodes � 1
andis spannedby T 3. It is importantto notethatT is developedvia analgebraic(actuallya
matrix graph)processusingjust nodalconnectivity information.Hencetheconstructioncan
berepeatedoncoarsergrids(seex5.4).

5.2. Smoothing. In the context of geometricmultigrid, several smoothershave been
proposedfor problemsin H (
 ; div ) and H (
 ; curl ), see[27, 1, 16, 2]. Eachof these
smoothersis designedto dampboth error componentsin ker(curl ) and in its orthogonal
complement.Onesuchmethodis anoverlappingSchwarzblock smootherby Arnold, Falk,
andWinther[1]. Thecentralideais to breakthegrid into overlappingpatchesof edgeswith
onepatchfor eachnode.Patchi consistsof all edgeshaving nodei asanendpoint.Arnold et
al. useblock Jacobior Gauss-Seidelsmoothersbasedon this decompositionin conjunction
with ageometricV cyclemultigrid method.They provethattheconvergenceof theresulting
algorithm is independentof the numberof meshpoints and invariant with respectto the
materialproperties,suchasconductivity andpermeability.

Another effective smoothercan be viewed as a specialcaseof distributed relaxation
�rst proposedby Brandt [9]. This form of distributedrelaxationwasconsideredfor a di-
vergenceequation(arisingfrom mixed�nite elements)in 2D by Vassilevski andWang[27]
andextendedto 3D andfor Maxwell's equationsby Hiptmair [16]. The centralidea is to
explicitly smoothon bothker(curl ) andon its orthogonalcomplement.Thesmoothingal-
gorithmproposedby Hiptmair is givenin Figure5.2. In the �rst stagethesmootherrelaxes
on theentirespace.When� is small, thesmoothereffectively focuseson errorcomponents
thatarein ker(curl )? . In thesecondstagethesmootherrelaxeserrorcomponentsthatarein
ker(curl ). ThisisdonebyusingT andT T to projectthesystemof equationsinto ker(curl ).
In bothstagesthedistributedrelaxationusesonestepof symmetricGauss-Seidel.Usingthis
smootherin conjunctionwith a geometricV cyclemultigrid algorithm,Hiptmair alsoproves
convergenceindependentof thenumberof meshpointsandinvarianceto materialproperties.

3WhenDirichlet boundaryconditionsareimposed,the dimensionof the discretenull spaceis smallerandis
relatedto the numberof nodegroups(wherea groupconsistsof nodesthat areconnectedtogethervia Dirichlet
edges).Additionally, Dirichlet edgesareomittedwhenformingT .



ETNA
Kent State University 
etna@mcs.kent.edu

Bochev, Hu, Robinson,Tuminaro 199

5.3. Algebraic Coarsening. In orderto addressZ-pinch simulationswithin the ALE-
GRA framework, a multigrid linear solver mustfunctionwith highly irregularunstructured
meshesand highly heterogenousmaterialproperties. Schemesrestrictedto either regular
meshesor to meshesthat arere�nementsof coarsergrids arenot desirable.We pursueal-
gebraicmultigrid methodsas they free applicationusersfrom grid hierarchyrequirements
and free �nite elementdevelopersfrom constructingcomplex operatorsas a prerequisite
for applyingmultigrid. Unfortunately, however, the properhandlingof the low frequency
ker(curl ) subspaceis quite complicatedwithin algebraicmethods.In particular, standard
algebraicmultigrid techniqueswill fail asthecoarsegrid correctionwill notadequatelydamp
low frequency errorcomponentsin ker(curl ). In contrastto algebraicmethods,typicalgeo-
metricschemesautomaticallyhandlethecoarsegrid ker(curl ) properly.

Thekey ideato properlycapturingker(curl ) oncoarsegridsis to work with nodalbasis
functions. In particular, the De Rhamcomplex tells us that the ker(curl ) canbe obtained
by taking thegradientof nodalbasisfunctions. Thus,if we take nodalbasisfunctionscor-
respondingto the�ne grid mesh,coarsenthem,andthentake their discretegradientwe can
properlycapturethe low frequency ker(curl ) space.An overview of the multigrid hierar-
chy constructionfollows. A hierarchyof nodaldiscretizationmatricesis createdby doing
unsmoothedaggregationon a closelyrelatednodalproblem. Using meshesde�ned by the
nodalhierarchy, an edgebasedmultigrid hierarchyis developed,which includesinter-grid
transferoperators,coarsegrid discretizations,andcoarsegrid discretegradients.Thenodal
discretizationmatricesare thendiscarded,and the �ne grid edgebasedproblemis solved
with CG preconditionedby AMG usingHiptmair's implementationof Brandt's distributed
relaxationas the smootheron all levels. The main ideais to capturethe null spaceof the
(curl ; curl ) operatoron eachof thecoarserlevels. By choosinganappropriateinterpola-
tion operator, ReitzingerandScḧoberl [20] show thateachcoarselevel gradientprolongates
to a �ne level gradient,i.e., into thenull spaceof the(curl ; curl ) operatoron the�ne grid.
We now discusstheindividualstepsin moredetail.

The �rst stepis to build a multigrid hierarchyfor a relatedPDE problemthat is dis-
cretizedusingnodalpiecewise linearFE basisfunctions. ReitzingerandScḧoberladvocate
usingtherelatedPDEproblem

Z




� t
�

r u � r v +
Z



� u � v:(5.2)

Notethat thecoef�cients of this problemarethesameasthosein (4.8). Building themulti-
grid hierarchyconsistsof two primary steps:coarseningthe matrix graphandbuilding the
interpolationoperator. Speci�cally, anundirectedgraph,G, is constructedfrom thediscrete
matrix A (n )

1 associatedwith (5.2). The numberof graphverticesis equalto the numberof
matrix equationsandan undirectededgebetweennodei andj is addedif andonly if the
uppertriangularmatrix entryA (n )

1 (i; j ) is nonzero.Thismatrix graphcanthenbecoarsened
by any oneof severalaggregationtechniques.Typically, theseschemeswork incrementally
by creatingonenew aggregateat a time. A new aggregateis de�ned by taking an unag-
gregatedroot nodeandgroupingit with its immediateneighbors.To encourageaggregates
to beapproximatelyof thesamesize,severalheuristicsareappliedto `cleanup' aggregates
andto chooseunaggregatedroot nodeswisely [26, 25, 24]. Additional heuristicsareusedto
ignore`weak' matrix couplings(e.g. ja(i; j )j � maxfj a(i; i )j; ja(j; j )jg) duringthecoars-
eningphase.Thus,the inclusionof thecoef�cients � and � t

� in (5.2) givestheaggregation
schemetheopportunityto detectcoef�cient jumpswhencoarsening.Theaggregatescannow
bethoughtof ascoarsemeshpoints.

Oncethe aggregatesarecreated,a grid transferoperatorP (n )
1 betweenthe coarseand
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W0;h r - ker(curl h )

P (n )
k

6 6

P (e)
k

W0;H r - ker(curl H )

FIG. 5.3. Commutingdiagramfor two levels.

�ne meshpointsis constructed.P (n )
1 correspondsto piecewiseconstantinterpolationandis

givenby

P (n )
1 (i; j ) =

�
1; if j is in aggregatei ;
0; otherwise.

(5.3)

A “coarse”discretizationmatrix is thende�ned by aGalerkinapproach

A (n )
2 = (P (n )

1 )T A (n )
1 P (n )

1 :(5.4)

The matrix (5.4) canbe thoughtof asan adjacency matrix andsode�nes a “coarse”mesh.
Thisprocessof unsmoothedaggregationcanbeappliedrecursively tobuild ahierarchyof grid
transfermatrices,P (n )

1 ; : : : ; P (n )
k , anddiscretizationmatrices,A (n )

1 ; : : : ; A (n )
k , corresponding

to a non-nestedmeshhierarchy.
After the nodalmeshhierarchyhasbeencreated,the next stepis to de�ne a sequence

of edgebasedinterpolationoperators,P (e)
1 ; : : : ; P (e)

k , basedon this hierarchy. Thehierarchy
of edgebasedmatricesis theonethat is actuallyusedin themultigrid iterations.If de�ned
properly, theprolongationoperatorP (e)

k shouldinterpolatethediscretegradientof coarsegrid
nodalbasisfunctionsinto ker(curl ) on �ne grids.Whenusedwith aGalerkinapproach,this
guaranteesthat the discretegradientof coarsegrid nodal functionsare in the coarsegrid
approximationto ker(curl ). As shown in [20], this is accomplishedif

r h (P (n )
k � H ) = P (e)

k (r H � H );(5.5)

where� H is a coarselevel nodalbasisfunctionandr h (r H ) is thediscretegradienton the
�ne (coarse)grid. In effect, properconstructionof P (e)

k ensuresthat thediagramin Figure
5.3commutes,whereh andH areusedto denote�ne andcoarsegrid spaces.

To de�ne the interpolationoperator, we �rst considerthe mappingagg : nodes !
aggregatesby

agg(i ) =
�

j; if i belongsto aggregatej ;
0; otherwise.

P (e)
k is a rectangularmatrix that mapscoarsegrid edges,e2 = (i 2; j 2), to �ne grid edges,

e1 = (i 1; j 1), whereP (e)
k (e1; e2) is givenby

P (e)
k (e1; e2) =

8
<

:

1; if (i 2; j 2) = (agg(i 1); agg(j 1)) ;
� 1; if (i 2; j 2) = (agg(j 1); agg(i 1)) ;
0; otherwise.

(5.6)

Essentially, theprolongatorP (e)
k is piecewiseconstant.A valueis interpolatedfrom a coarse

gridedge(i; j ) toeach�ne gridedgethatconnectsthetwo aggregatescorrespondingto coarse
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nodesi and j . No valuesare interpolatedto �ne edgeswhoseendpointsare in the same
aggregate.Theinterpolationprocessis illustratedin Figure5.4for onecoarseedge.The�ne
grid meshis givenby straightsolid lines,andnodalaggregatesaredenotedby dashedlines.
A coarsegrid edgethatconnectstwo coarsegrid nodes(aggregates)andthathasvaluec is
representedby acurvingsolid line. Finally, theedgebasedcoarsegrid matrix is de�ned with
aGalerkinapproach

A (e)
k+1 = (P (e)

k )T A (e)
k P (e)

k :

The key idea is to coarsenthe nodalgraphand thende�ne nodalbasisfunctionsthat
arepiecewiseconstants.Thediscretegradientof a piecewiseconstantfunctionde�ned over
aggregatej is a function  j that is nonzeroonly at the interfacebetweenaggregatej and
neighboringaggregates.Theexactinterpolationof  j is theninsuredby (5.6). Alternatively,
wecanview thealgorithmasawayof coarseningthe�ne grid null space.Wecancoarsenthe
null spaceby summingcolumnsof T associatedwith nodesin anaggregate.Recallthateach
edgein T containsa `+1 ' and`� 1' entry associatedwith the edge's endpoints.Thus,the
resulting`summed'null spacevectorfor aggregatej is nonzeroonly at theinterfacebetween
aggregatej andotheraggregates.Oncecoarsened,eachnull spacevector,  j , is de�ned asa
sumof localbasisfunctions

 j =
X

i =1 ;:::;N

� ij ;

where� ij hassupportonly at theinterfacebetweenaggregatesi andj , andN is thenumber
of neighboringaggregates.Theselocalbasisfunctionsessentiallyform thecolumnsof P (e)

k .
This alternative view of themethodis closelyrelatedto thesmoothedaggregationmultigrid
method[26, 25]. In this scheme,the operator's null space4 is partitionedover local basis
functionsassociatedwith aggregatesandtheselocal basisfunctionsform an initial prolon-
gationoperator. A key improvementin smoothedaggregationis thatthis initial prolongation
is enhancedvia a smoothingstep. Without this smoothingstepit hasbeenshown that the
convergenceis not independentof thenumberof meshpoints. Thus,we shouldnot expect
theuseof P (e)

k to yield amultigrid methodthatconvergesindependentof thenumberof mesh

points.Wearecurrentlyexperimentingwith applyingasmoothingstepto improveP (e)
k . This

modi�cation followsstandardsmoothedaggregationanduses

~P (e)
k = (I � �D � 1A (e)

k )P (e)
k ;(5.7)

where� = 4
3 � max , D = diag(A (e)

k ), and� max is obtainedby applyinga coupleof eigen-

valueiterationsto D � 1=2A (e)
k D � 1=2. This techniquehasnotbeenfully implementedandthe

ideawill bepursuedin detail in a futurepaper. More informationon smoothedaggregation
canbefoundin [26, 25].

5.4. Implementation. The edgeelementalgebraicmultigrid preconditioneris imple-
mentedin theML package[22], anAMG packageintendedfor distributedmemorycomput-
ers. This packagerequiresusersto furnish vectorsandmatrices.Matricesaresuppliedby
providing size information,a matrix-vectorproduct,anda getrow function (usedto obtain
nonzerosandcolumnnumberswithin a single row). The ML packagerunson distributed

4Smoothedaggregationis normallyappliedto problemswith asmallglobalnull space(e.g.in elasticitythenull
spacecorrespondsto six rigid bodymodes:rotationsandtranslationsin threedimensions).Thus,no coarseningof
thenull spaceis needed.
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c

c

c

c

FIG. 5.4. Exampleof edge basedinterpolation. Coarsegrid edge valuesare interpolatedonly to �ne edges
passingbetweenaggregates.

memorymachines.Parallelismis achievedby assigninga subsetof rows for eachmatrix to
differentprocessors.TheML packagealreadycontainsthesmoothedaggregationmultigrid
method[26, 25] andmany of theneededkernels:parallelmatrix-matrixmultiply, a variety
of parallelsmoothers(dampedJacobi,symmetricprocessor-blockGauss-Seidel5, blocksym-
metricprocessor-block Gauss-Seidel,etc.) anda coarsedirectsolver. Additionally, theML
packageis designedto facilitatetheuseof othersoftwarepackages.ML'sexistingsmoothed
aggregationmultigrid method(with smoothingdisabled)is usedto generatethe complete
nodalmultigrid hierarchy:P (n )

k 's andA (n )
k 's. The�ne grid nodalmatrix,A (n )

1 , is a discrete

Laplaceoperatorandis constructedby settingA (n )
1 (i; j ) to `� 1' for each(i; j ) corresponding

to a meshedge.Thematrix diagonalis thenchosensothatthesumof matrix entrieswithin
a row is zero. In the future, we will replacethe discreteLaplacianwith an approximation
to (5.2) so that our aggregationschemecandetectcoef�cient jumps. The coarsegrid A (n )

k
matricesarethenusedto generatethecoarsegrid Tk matrices.Speci�cally, on level k > 1
eachundirectededgeA (n )

k (i; j ) is assignedauniquenumber:1 � ~e � Nedges, whereNedges

is thetotal numberof undirectededges.Then

Tk (~e;i ) = 1; (or � 1 if j > i )
Tk (~e;j ) = � 1; (or 1 if j > i ):

Finally, the edge-elementgrid transfers,P (e)
k 's, areobtainedby performinga matrix triple

product

P̂ (e)
k = Tk P (n )

k T T
k+1(5.8)

andculling entries

P (e)
k (i; j ) =

8
><

>:

1; if P̂ (e)
k (i; j ) = 2;

� 1; if P̂ (e)
k (i; j ) = � 2;

0; otherwise:
(5.9)

5Processor-block meansthateachprocessorperformsGauss-Seidellocally andusesoff-processorinformation
correspondingto thepreviousiteration.
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This correspondsexactly to (5.6) andallowedusto implementtheP (e)
k constructionquickly

via existingML kernels.
Mostof theparallelissuesarehandledby ML'sexistingparallelkernels.Two exceptions

arethe formulationof the coarsegrid discretegradientsanda matrix free versionof Hipt-
mair's smoother. Both requirednew parallelcode.Thedistributedrelaxationalgorithm(5.2)
is implementedin two differentways.In oneimplementation,thematrixproductsT T

k A (e)
k Tk

arecalculatedin apreprocessingstepfor eachlevel. Thisallows theuseof ML's fastparallel
matrixkernels.In theotherimplementation,thesmootherapplicationis matrix free[20]. The
nodalspaceprojectionandupdateto theedgebasedsolutionis donenodeby node,so that
thetriple matrix productis never formed.

6. Numerical studies. To deliver usablecomputationsfor theZ-pinchsimulations,the
�delity andscalabilityof thesolversmustbetestedfor realistictestproblems.In particularthe
conductivity mayvaryovermany ordersof magnitudeandit is importantto understandhow
this affectsnot only therepresentationof thesolutionbut alsotherequirementsfor iterative
solutiontechnology. Thelinearsystem(4.8) canberepresentedin matrix form as

�
� M +

� t
�

K
�

x = b:(6.1)

Thescalingof theM andK matriceswith respectto theelementlengthscale,h, goesash3

andh respectively. Thusweobtain
�
� h3M̂ +

� t
�

hK̂
�

x = b;(6.2)

whereM̂ and K̂ containentriesof O(1) size. Let c representa typical soundspeedor
velocity in theproblemof interest.We expectin generalfor the time stepto be limited by
thehydrodynamicCourantscalessothat � t � h=c. Thuswe cande�ne themeshmagnetic
Reynoldsnumber

Rm = �� ch:(6.3)

If Rm is large,thenthelinearsystemis massmatrixdominatedanddiffusiontimesareslower
than hydrodynamicpropagationtimes. If Rm is small, then we are in a diffusion domi-
natedregion. It is possibleto modelregionscontainingno massusinga very smallpseudo-
conductivity in orderto propagatethe �eld within themagnetoquasistaticapproximationof
magnetohydrodynamics,which implies in MKS units that � � � � t , wherethepermittivity
of free spaceis � � 8:85 � 10� 12. We have � � 4� � 10� 7 andwe estimateroughly that
� rangesfrom 1 to 106, c � 104 andfor large problemsh � 10� 4. This givesRm � 1
for regionswith largeconductivities. However, � maydropby severalordersof magnitude
in materialstatetransitionsfrom solid throughmelt beforereturningto high valuesfor high
temperatureplasmastates.Void conductivity valuesshouldbe lower thanany materialstate
valuesandwe estimatevaluesfrom 1 to 103 maybeutilized. Thusthestiffnessmatrix will
dominateby factorsof 103 to 106 respectively in thesevoid regions. Suchlow Rm states
drive therequirementfor animplicit magneticdiffusionsolutionmethodology.

6.1. Physics�delity studies. To validatetheapproachdescribedabove, we considera
two-dimensionalmodelproblemobtainedfrom theeddycurrentequations(2.3)-(2.6) by the
ansatz

H = H z k and E = Ex i + Ey j :
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FIG. 6.1. Modelproblemin two-dimensions

Themainobjective is to verify correctinitial transientphaseandthesteadystatelimit. The
region 
 is a rectanglethat is 0:003m wide and0:004m high. The low conductivity region
occupiesa slot in the middle of the rectanglethat is 0:003m deepand 0:001m wide; see
Fig.6.1. Thematerialpermeabilityis

� = 4� � 10� 7

in thewholeregion,while conductivity is adiscontinuousfunctiongivenby

� =
�

1; if 0:001< x < 0:002and0:001< y < 0:004;
63:3 � 106; otherwise:

The�elds in themodelproblemaredrivenby acombinationof TypeI andTypeII boundary
conditions.Type II boundaryareappliedat the centerslot on the top side,thebottomside
andthe left-handandright-handsidesof 
 . Type I boundaryareappliedelsewhere,i.e., at
the two segmentson the left-handandright-handof thecenterslot on the top side;seeFig.
6.1. TypeI conditionsprescribehomogeneoustangentialE:

n � E = 0 ony = 0:004and0 < x < 0:001or 0:002< x < 0:003:
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FIG. 6.2. Electric �eld andmagnetic�ux density:initial andsteadystates.

TheboundaryconditiononTypeII boundariesis naturalfor theweakequations.Thetangen-
tial magnetic�eld is setto oneat thecenterslot andzeroelsewhere:

n � H =
�

1; on0:001< x < 0:002, y = 0:004;
0; all otherpartsof TypeII boundary:

The fully discretemagneticdiffusionproblemin two-dimensionsis developedaccordingto
x4. Thespatialdiscretizationis effectedusingthe2D complex from x3.3. on uniform grids.
Speci�cally, we employ grids consistingof 30 � 30 rectangles.Becausethe goal of the
experimentsin this sectionis to validatethe discretizationqualitatively, the linear system
(6.1) is fully assembledandsolved“exactly” usingabandedCholesky factorizationroutine.

Numericalsimulationswererun for � t = 5 � 10� 6s and� t = 2:5 � 10� 6s. In both
casessteadystatewasreachedat t � 50 � 10� 6s. This diffusiontime is consistentwith the
prescribedmaterialparameters.Figure6.2showstheinitial electric�eld E andmagnetic�ux
densityB andtheir steadystatesobtainedafter20 timestepswith � t = 2:5 � 10� 6s.

6.2. Scalability Studies. To demonstratethe performanceof the edge-elementbased
algebraicmultigrid method,two testproblemsaresolved within the ALEGRA framework.
In all of our results,the notationV(k; k) (or W(k; k)) indicatesa multigrid V cycle (or W
cycle) with k pre andpostHiptmair smoothingstepson eachlevel. It is importantto note
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iterations
conductivity V(1,1) V(2,2) V(3,3) W(1,1) W(2,2) W(3,3)

100 15 11 9 13 10 8
10 26 19 16 22 17 14
1 29 22 18 25 19 16

0.0001 39 27 22 32 23 19
TABLE 6.1

Mediumcubeproblemiterations.

Iterations
Conductivity V(1,1) V(2,2) V(3,3) W(1,1) W(2,2) W(3,3)

100 27 19 15 22 16 13
10 48 33 27 38 25 22
1 52 37 30 44 30 25

TABLE 6.2
Largecubeproblemiterations.

thatonemultigrid cycle is usedasa preconditionerto a conjugategradientsolver. Thus,the
iterationcountscorrespondto conjugategradientiterations.

The �rst test problemcorrespondsto a three-dimensionalbox on the unit cube(i.e.

 = [0; 1]3) with Neumannboundaryconditionson thesurface. Differentexperimentsare
performedby varyingtheconductivity (which is constantthroughouttheentireregion) and
by varying the meshspacing. The conductivity is a weighting factoron the massterm of
Equation(4.8). Hence,decreasingthe conductivity emphasizesthe (curl ; curl ) term and
makestheproblemharderto solve.

Table6.1 illustratestheresultscorrespondingto the�rst linearsolve for a 32� 32 � 32
mesh.Theinitial guessis identicallyzeroandtheright-handsideis random.Convergenceis
declaredwhenjj r jj 2=jjbjj2 � 10� 11. In Table6.2, a cubeproblemon a 64 � 64 � 64 mesh
is solvedusingthesameinitial guessandright-handside.¿Fromthesetwo tables,it is seems
thatwhile thenumberof iterationsinitially growsastheconductivity decreases,theiteration
countdoeslevel off. That is, theconvergenceof themethodcanbeexperimentallybounded
independentlyof theconductivity. Unfortunately, however, thereis growth in thenumberof
iterationsasthe grid is re�ned. Table6.3 illustratesthis behavior. The tablecomparesthe
numberof iterationsto solve a 64 � 64 � 64problemversusa 32 � 32� 32 problem.Each
tableentry is a ratio n64=n32, wheren64 (n32) is thenumberof iterationsrequiredto solve
the64� 64� 64(32� 32� 32) problem.Ratiosaregivenfor theconductivity values100; 10;
and1. Again, convergenceis declaredwhenjj r jj 2=jjbjj2 � 10� 11. As discussedin x5, this
iterationgrowth is to beexpected.Thegrowthobservedin theW cycleiterationsis somewhat
lessthanin thecorrespondingV cycle,especiallyfor smallerconductivity (stiffer problems).
Notethat thestoppingtoleranceis quitesmall,which tendsto emphasizethis growth in iter-
ations.For example,if we hadrequiredonly jj r jj 2=jjbjj2 � 10� 6, the iterationcountsfor a
V(2,2) cycle for the32 � 32 � 32 andthe64 � 64 � 64 mesheswould be9 and14, respec-
tively, a growth of 1:55. While thereis growth, thesymmetricGauss-Seidelpreconditioned
methodrequired614iterationsascomparedto nomorethan37for themultigrid runs.Weare
currentlyexperimentingwith techniquesto improvethescalabilityof themultigrid technique
by smoothingtheinterpolationoperatorasdiscussedin x5. Preliminary, encouragingresults
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Iterationratios
Conductivity V(1,1) V(2,2) V(3,3) W(1,1) W(2,2) W(3,3)

100 1.80 1.72 1.66 1.69 1.60 1.62
10 1.85 1.73 1.68 1.73 1.47 1.57
1 1.79 1.68 1.66 1.76 1.57 1.56

TABLE 6.3
Ratiosn64 =n32 of iteration countsfor 64 � 64 � 64 and32 � 32 � 32 problems.

Grid Size P (e) ~P (e)

25� 25 24 14
50� 50 42 19

100� 100 76 27
150� 150 93 30

TABLE 6.4
V(1,1)iteration countsusingboththestandard and`smoothed'interpolationoperators.

havebeenobtainedfor a modeltwo dimensionalproblem

r � r � u + � u = f

on theunit squarewith Dirichlet boundaryconditions.This problemis discretizedwith edge
elementsona regularmeshwith � = 1000andf takenasa randomvector. Table6.4shows
the iterationcountsrequiredto reducethe initial residualby 1010 usinga zeroinitial guess
andde�ning the ~P (e)

k 's via (5.7). While growth persists,it is muchlesssigni�cant for the
smoothedinterpolant,which convergesthreetimesfasterthanthestandardinterpolant.This
`smoothing'techniquewill bepursuedin a futurepaper.

Our secondtestproblemcorrespondsto a morerealisticmodelandis run in serialwith
two differentmeshsizes.Figure6.3 illustratesthesolutionaftera singletime stepona three
dimensionaldomainconsistingof a cylinderof highly conductivematerialwith a cylindrical
slotmodeledby averylow conductivity region. The�rst testproblemis meshedwith 44; 544
hexahedralelements,resultingin 46; 761nodesand130; 008edges.This meshis approxi-
mately8 timeslarger thanthe oneshown in Figure6.3. A sharpjump in the conductivity
occursbetweentheslot andthematerialregions. Speci�cally, theconductivity of theouter
region is 6:33 � 107, while the conductivity of the inner “void” region is given the small
value1:0: HomogeneouselectricDirichlet boundaryconditionsareappliedat thecenterand
outsidetop surfaces.HomogeneousNeumannboundaryconditionsareappliedto theouter
andbottomsurfacesandan inhomogeneousazimuthaltangential�eld condition is applied
on thetop middlering surface.For thetime stepchosen,the �eld �lls theslot immediately.
This problemis intendedto be a �rst approximationto the Z-pinch apparatusdescribedin
x1. In the secondrun, the meshcontains116; 473nodesand345; 768edges.Table 6.5 il-
lustratesthe resultsfor the �rst linear solve for eachproblemsize. The initial guessis the
zerovector, and the stoppingcriteria is jj r jj 2=jjbjj2 � 10� 8. Both the V(1,1) andW(2,2)
converge in a small numberof iterations. Onceagain,thereis modestgrowth in the num-
berof iterations.By comparision,aconjugategradientmethodwith symmetricGauss-Seidel
preconditioningrequires684 iterationsfor the smallerproblem. Given that this problemis
still relatively small,it is unlikely thatGauss-Seidelpreconditioningwill leadto convergence
onsigni�cantly largerproblems.

At this time theparallelcodeis still beingoptimized.Giventhepromisingserialresults,
weexpectthattheparallelversionshouldalsoperformreasonablywell. Themajorchangeis
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FIG. 6.3. Cutawayof axial slot showingY componentof magnetic�ux densityafteronetimestepandstream-
linesof currentdensity(thin) andmagnetic�ux density(thick).

Iterations
ProblemSize V(1,1) V(2,2) W(1,1) W(2,2)

130; 008 42 20 35 18
345; 768 54 28 42 22

TABLE 6.5
Slotproblemiterations.
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theuseof processor-block Gauss-Seidelwithin theHiptmair smoother. (Seethe footnotein
x5.4.)

7. Conclusions. We have describedan edgeandface�nite elementdiscretizationfor
theeddycurrentequationsonarbitraryquadrilateralandhexahedralmeshesin heterogeneous
mediaandpresenteda particularimplementationof analgebraicmultigrid techniqueappro-
priate to this discretization.Numericalresultsaregiven indicatingboth the �delity of the
representationandtheef�cacy of thealgebraicmultigrid methodology.
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