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MULTILEVEL PRECONDITIONERS FOR LAGRANGE MULTIPLIERS IN
DOMAIN IMBEDDING �

JANNE MARTIKAINEN y, TUOMO ROSSIy, AND JARI TOIVANENy

Abstract. A domainimbeddingmethodwherethe Dirichlet boundaryconditionsaretreatedusingboundary
supportedLagrangemultipliers is considered.The discretizationleadsto a saddle-pointproblemwhich is solved
iteratively by usingeither the PMINRESmethodwith a block-diagonalpreconditioneror the PCGmethodin an
Uzawa typeapproach.In bothcases,thepreconditioningof theSchurcomplementrelatedto Lagrangemultipliersis
basedon a specialsparseimplementationof BPX/MDS method.Thedevelopedpreconditioningtechniqueis well-
suitedevenfor three-dimensionalproblemsin domainswith complicatedshapes.Severalnumericalexperimentsfor
two-dimensionalandthree-dimensionalproblemsdemonstratethe ef�ciency andthe applicability of the proposed
method.
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1. Intr oduction. In this paper, we shall considerthe ef�cient numericalsolution of
second-orderelliptic Dirichlet boundaryvalueproblemsby adomainimbeddingmethodalso
known asa �ctitious domainmethod.Thereexist severalvariantsof thesemethodsfor such
problems.Onepossibilityis to usestandard�nite elementapproximationof theproblem,and
by suitablyextendingthearisingcoef�cient matrix onegetsanenlargedmatrix for which it
maybe easierto constructan ef�cient solutionprocedure.We call themalgebraicmethods
which include amongothersthoseconsideredin [12], [17]. However, they are typically
restrictedto quiteanarrow classof problems.

More �e xibility andbetteref�ciency canbeobtainedby usingmixedformulationswith
Lagrangemultipliersto handleDirichlet boundaryvalueconstraints.In sucha way onecan,
for example,incorporatestandardimplementationsof ef�cient multilevel techniquesto the
domainimbeddingframework. This leadsto anoptimalpreconditioningtechniquefor prob-
lemsposedondomainsfor which it is dif�cult to constructhierarchicalsequencesof meshes
[20]. Onepossibilityis to usevolumedistributedLagrangemultipliers. In [18], thisapproach
hasbeenappliedto particulate�o w problemsgovernedby theNavier-Stokesequation.The
optimalpreconditioningof elliptic Dirichlet boundaryvalueproblemsby thedistributedLa-
grangemultiplier �ctitious domainmethodwasintroducedin [19]. In [20], themethodwas
extendedto mixedboundaryvalueproblems,andits performancewasdemonstratedby a set
of numericalexperiments.

Another way is to useboundarysupportedLagrangemultipliers [2], [6]. In domain
imbeddingframework, they have beenusedin [14], [26], [32], [35], [38], for example.Typ-
ically, a K 1=2-typepreconditioner[4], [7], [13], [15], [21], [36] is usedfor Lagrangemulti-
pliers.With thisapproachonecanalsoobtainoptimalcomputationalcost,but theprocedures
for K 1=2-type preconditionersin the literaturearerestrictedto two-dimensionalproblems.
An alternative preconditionerfor Lagrangemultipliers in two-dimensionalproblemsbased
on theH (div )-innerproductwasstudiedin [25].

Here,weconsiderasparsemultilevel preconditionerfor boundaryLagrangemultipliers.
It is basedonamultilevel nodalbasis(BPX) preconditioner[8] or amultilevel diagonalscal-
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ing (MDS) preconditioner[43]. A sparseversionof BPX wasproposedasanedgeprecondi-
tionerfor domaindecompositionproblemsin [42]. In anoverlappingdomaindecomposition
method,a preconditionerfor Lagrangemultipliersbasedon thesparseBPX wasconsidered
in [33]. A similarapproachwasusedfor theMortarelementmethodin [1]. A closelyrelated
ideato usea sparseversionof analgebraicmultigrid methodwasbrie�y consideredin [31].
Whenapreconditioneris constructedfor Lagrangemultipliers,theactionof theinverseof the
sparseBPX or MDS is required.This canbeaccomplishedby usingan iterative procedure,
suchastheCGmethodor Chebyshev method.Thisapproachwasalsosuggestedin [32].

Thereare two distinct advantageson a sparsemultilevel preconditionerfor Lagrange
multipliers.They canbeusedfor three-dimensionalproblemswhile otherpreconditionersfor
Lagrangemultipliersseemto berestrictedfor two-dimensionalproblems.Secondly, bound-
ariescanhavequitecomplicatedgeometryandsuchapreconditioneris still easilyapplicable
andoptimalin quitemany cases.As our numericalexperimentsseemto imply, theproposed
domainimbeddingmethodis well-suitedfor problemswith complicateddomains,excluding
perhapsonly domainswith fractalboundaries.Specialmultigrid methodsfor suchdomains
areratherinvolvedandin many casesthey arenotoptimal;see[9], [28], [29], for example.

Therestof this paperis organizedasfollows: In Section2, we de�ne themodelsaddle-
point problem. In Section2.1, we considermultilevel approximationsfor the inverseof the
second-orderelliptic operator. Someassumptionson Lagrangemultipliersaregivenin Sec-
tion 2.2. We usea block diagonalpreconditioneranda Uzawa typealgorithmin thesolution
of themodelsaddle-pointproblemin Section3 andSection4, respectively. In Section5.1, we
considersomeof thepossiblepreconditionersfor primal variables.We introduceandstudy
thesparsemultilevel preconditionerin Section5.2. Furthermore,theuseof theCG method
andtheChebyshev methodin the inner iterationis considered.Finally, we performnumeri-
calexperimentsusingproposedmethodswith severaltwo-dimensionalandthree-dimensional
problemsin Section6. Theseexperimentsdemonstratetheef�ciency andthecapabilitiesof
theconsideredimbeddingmethod.

2. Discreteproblem. Let usconsiderthenumericalsolutionof thesecond-orderelliptic
partialdifferentialequation

(2.1) �r � (E r u) + eu = v in 
 � Rd; d = 2; 3;

with a Dirichlet boundaryconditionon � which is @
 or a part of it. We assumethat the
domain
 canbeextendedto a largerpolygonaldomain� over � . Furthermore,we assume
that thereis a quasiuniformhierarchicalmeshfor � suchthat themeshis conformingwith
@
 . Then,theequation(2.1) is extendedto � in sucha way thateverywherein � thematrix
E is symmetricandits eigenvaluesareboundedfrom below andaboveby positiveconstants
ande is non-negative andbounded.We requirethat the extendedproblemhasa Dirichlet
boundaryconditiononpartof theboundary@� .

Theextendedproblemis discretizedwith Lagrangian�nite elementsby usingthehier-
archicalmeshin � . The resultingN � N matrix A is symmetricandpositive de�nite. In
orderto obtainanapproximationfor thesolutionof theoriginalproblem(2.1), weenforcethe
Dirichlet boundaryconditionon � by addingLagrangemultipliers to the discreteproblem.
This leadsto thesaddle-pointproblem

(2.2) Ax =
�

A B T

B 0

� �
u
p

�
=

�
v
q

�
= b:

The possiblevaluesof the entriesof the M � N constraintmatrix B in (2.2) arezeroand
one.In thosecolumnsof B correspondingto � thereis oneentryhaving thevalueonewhile
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theothercolumnscontainzerosand,in eachrow, thereis oneentryhaving thevalueone.
Remark2.1. WhenintroducingtheboundaryLagrangemultipliersto acontinuousprob-

lemandthendiscretizingit with �nite elementsasin [2], [6], thematrixB doesnothave the
previouslyde�nedform. After asimplechangeof variablesthedesiredform canbeobtained.
With suitablepermutationthematrix B hastheblock form B = (0 B c) andthesquarema-
trix Bc is non-singular. Then,by replacingp with r = B � 1

c p in (2.2) andby multiplying the
secondblock row of (2.2) by B � 1

c , theproblemwill have therequiredform.

2.1. Multile vel approximation for A � 1. Underthepreviousassumptionsthereexists
a multilevel nodal basis(BPX) preconditioner[8] or a multilevel diagonalscaling(MDS)
preconditioner[43] denotedby C � 1 which is spectrallyequivalentwith A � 1. The spectral
equivalencemeansthatthereexist positiveconstants�c andĉ independentof N suchthat

(2.3) �cvT C � 1v � vT A � 1v � ĉvT C � 1v 8v 2 RN :

2.2. Assumptions on Lagrange multipliers. We assumefor two-dimensionalprob-
lemsthatthereexistsacurveformedby connectingthenodescorrespondingto theLagrange
multipliers on � which hasboundedlengthwhenN tendsto in�nity . Similarly, for three-
dimensionalproblems,weassumethatthereexistsasurfaceformedby connectingthenodes
correspondingto the Lagrangemultipliers on � which hasboundedareawhenN tendsto
in�nity . Theseassumptionsexcludefractalboundariesandwithout themthepreconditioner
for Lagrangemultipliers,which is introducedin Section5.2, might be computationallytoo
expensive.

Let thestepsizeof themeshwhichwasusedto obtainA bedenotedbyh. Sincethismesh
is quasiuniform,wehavethath is theorderof N � 1=d for d-dimensionalproblems.Fromthis
andthepreviousassumptionit follows that thenumberof Lagrangemultipliers denotedby
M is at mostO(N 1=2) for two-dimensionalproblemsandO(N 2=3) for three-dimensional
problems.

With distributedLagrangemultipliers the numberof multipliers M is O(N ), but it is
possibleto reducethisto O(N (d� 1)=d). Thiscanbedonemechanicallyin thefollowing way:
Let thematrix B T begivenby B T = (b1 b2 � � � bM ). Now, the i th Lagrangemultiplier can
beeliminatedif it holdsfor i that im(Abi ) � im(B T ). Thesaddle-pointproblem(2.2) has
theblock form

(2.4)

0

B
B
B
B
@

A11 A1� 0 0 0
A �1 A �� A �2 I 0

0 A2� A22 0 I
0 I 0 0 0
0 0 I 0 0

1

C
C
C
C
A

0

B
B
B
B
@

u1

u�

u2

p�

p2

1

C
C
C
C
A

=

0

B
B
B
B
@

v1

v�

v2

q�

q2

1

C
C
C
C
A

;

wheretheprimal variablesaresplit into threegroups.The �rst groupcorrespondsthevari-
ableswithoutconstraints.Thesecondandthird groupsarerelatedto theLagrangemultipliers
which will be kept andeliminated,respectively. A simplemanipulationof (2.4) yields an
equivalentsaddle-pointproblem

(2.5)

0

B
B
@

A11 A1� 0 0
A �1 A �� A �2 I

0 A2� A22 0
0 I 0 0

1

C
C
A

0

B
B
@

u1

u�

u2

p�

1

C
C
A =

0

B
B
@

v1

v�

A2� q� + A22q2

q�

1

C
C
A

andthevaluesof theeliminatedLagrangevariablesarep2 = v2 � A2� q� � A22q2.
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3. Iterati vesolution of saddle-pointproblem. Weuseablockdiagonalpreconditioner
B whichhastheform

(3.1) B =
�

D 0
0 S

�

in the iterative solutionof thesaddle-pointproblem(2.2). Thechoiceof preconditionersD
and S and their applicationare consideredin Section5. Let us assumefor now that the
preconditionersful�ll theconditions

(3.2) �dvT Dv � vT Av � d̂ vT Dv 8v 2 RN

and

(3.3) �cqT Sq � qT B A � 1B T q � ĉqT Sq 8q 2 RM

with somepositiveconstants�d, d̂, �c andĉ independentof N . Actually, it is shown in Section
5.2thattheconstants�c andĉ in (2.3) canbealsousedin (3.3). It is easyto seethatB A � 1B T

andB aresymmetricandpositivede�nite.
Now, a resultby Yu. A. Kuznetsov, 1990[30], givesinformationon theeigenvaluesof

B� 1A; see[27], [40]. It statesthat

(3.4) � (B� 1A) 2
h
(d̂ � â)=2; ( �d � �a)=2

i
[

h
�d; d̂

i
[

h
( �d + �a)=2; (d̂ + â)=2

i
;

wheretheconstants�a andâ aregivenby �a =
p

�d2 + 4 �d�c andâ =
p

d̂2 + 4d̂ĉ. Hence,the
eigenvaluesof B� 1A belongto intervals which are independentof N , sincethe constants
de�ning them are also independentof N . Moreover, zero doesnot belongto any of the
intervalsand,thus,A andB canbesaidto bespectrallyequivalent.

Sincethesaddle-pointmatrix A is inde�nite, we mustusean iterative methodsuitable
for symmetricinde�nite problems.For this purpose,we have chosenthe minimal residual
(MINRES) methodand,especially, we employ a variantwith a preconditioner. In our case
the well-known result for the residualvectorsin the MINRES method[23], [37] givesthe
errorbound

(3.5) kr k kB � 1 � 2

0

B
@

q
(d̂2 � ê2)=4 �

q
�d( �d � �e)=2

q
(d̂2 � ê2)=4 +

q
�d( �d � �e)=2

1

C
A

bk=2c

kr0kB � 1 ;

wherer k is thekth residualvector.

4. Uzawatype algorithm for saddle-pointproblem. Whenthesolutionwith thema-
trix A canbeobtainedcheaplywith a goodaccuracy, it might bemoreef�cient to solve the
saddle-pointproblem(2.2) usinga Uzawa type algorithm[16]. The idea is �rst to elimi-
natetheprimal variableu from (2.2) andget the formula u = A � 1(v � B T p). Using that
eliminationthesystemof linearequations

(4.1) B A � 1B T p = B A � 1v � q

is obtained.A suitablepreconditionerfor the coef�cient matrix B A � 1B T is the precondi-
tionerblock S, thepreconditionerfor theLagrangemultipliers,consideredin Section5.2.

Thesolutionof (4.1) canbecomputedusing,for example,thepreconditionedCGmethod.
In eachiterationonemultiplicationby thematrix B A � 1B T is performedand,thus,onelin-
earproblemwith the matrix A mustbe solved with a rathergoodaccuracy [16]. The fast
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directsolversareideal in this kind of situationif they canbe usedto solve directly a prob-
lem with A. Furthermore,the right-handsidevectorsbelongto the subspaceim(B T ) and
the solutionis only requiredin the samesubspace.For this kind of problemstheso-called
partialsolutiontechnique[3], [34] which is aspecialimplementationof adirectsolverbased
on theseparationof variablesis verywell suited.It requiresO(N ) andO(N logN ) �oating
point operationsin the caseof two-dimensionalproblemsandthree-dimensionalproblems,
respectively.

5. Preconditioning. Theapplicationof thepreconditioner(3.1) to a vectorconsistsof
the following two steps:Thevectorblock correspondingto theprimal variablesis givento
a multilevel methodor to a fastdirectsolver asa right handsideandthenthesolutiongiven
by themethodis thecorrespondingpreconditionedvectorblock. Then,thevectorblock cor-
respondingto the Lagrangemultipliers is given to an iterative method,suchasConjugate
Gradientor Chebyshev method,asa right handsideandthesolutionis takenastheprecon-
ditionedvectorblock. The matrix-vectorproductin the iterative methodcorrespondsto a
sparseimplementationof BPX or MDS, consideredin Subsection5.2.

Whentheproblem(4.1) is solvediteratively, only thesecondstepof thepreconditioner
is used.

5.1. Preconditionerfor primal variables. A naturalchoicefor thepreconditionerblock
D in (3.1) is to usetheBPX or MDS algorithmasa preconditioner. However, in many cases
it is moreef�cient to usesomemultiplicativemultilevel method.They usuallygivebetterap-
proximationsfor A � 1 and,hence,they leadto a fasterconvergenceof theiterativesolution.

Whenthemeshunderlyingthediscretizationis topologicallyequivalentwith anorthog-
onalmesh,fastdirectmethodssuchasFFT methodsor cyclic reductionalgorithms[41] can
beusedin thepreconditioning.In somecases,thesemethodsgive theexactinversefor A.

WeassumethepreconditionerD for theprimalvariablesto bespectrallyequivalentwith
A. Thus,thereexist positiveconstants�d andd̂ independentof N suchthatthecondition(3.2)
is ful�lled.

5.2. Preconditioner for Lagrange multipliers. It is well-known that the precondi-
tioner for the Lagrangemultipliers, the block S in (3.1), shouldbe close to the inverse
of B A � 1B T . Under the assumptionsgiven in earlier sections,key observationsare that
B A � 1B T is closeto B C � 1B T andthat vectorscanbe multiplied cheaplyby B C � 1B T ;
see[32], [33], [42]. Thus,theapproximationof the inverseof B C � 1B T obtainedusingan
iterativemethodleadsto a goodpreconditionerfor theLagrangemultipliers,providedthatit
is computationallynot tooexpensivewhencomparedto otherpartsof thesolutionprocedure.
In thefollowing, we studyin moredetail theideaslaid outhereandshow thatwe canobtain
a goodpreconditionerwhich is optimal in termsof computationalcost. WhenC � 1 corre-
spondsto theBPX preconditioner, theresultingpreconditionerwill beequivalentto thatone
suggestedin [32].

Let us�rst denote

(5.1) S = B C � 1B T :

Theinequalities(2.3) statethespectralequivalenceof thematricesA � 1 andC � 1. As adirect
consequenceof this we obtainthe inequalities(3.3). Thus,B A � 1B T andS arespectrally
equivalentwith thesameconstantsasA � 1 andC � 1. Actually, the inequalitiesin (3.3) are
not sharp,sincetheinequalities(2.3) couldbemadetighter in thesubspaceim(B T ) � RN .
¿From(3.3) it alsofollows that

(5.2) cond
�
S� 1B A � 1B T �

� ĉ=�c;
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wherecond(�) givesthespectralconditionnumber.
Let usnow considerthemultiplicationof a vectorp 2 RM by S. Let usremarkthat it

follows from our assumptionthat M is at mostO(N (d� 1)=d) for d-dimensionalproblems,
d = 2; 3. Due to the structureof B the vector B T p is rathersparse,that is, it contains
only M nonzerocomponents.Thus,themultilevel preconditionerC � 1 is appliedto a vector
which containsmostly zeros. For the multiplication of the vectorC � 1B T p by B only the
vectorcomponentscorrespondingto the subspaceim(B T ) � RN arerequired. Sincethe
dimensionof im(B T ) is M , only M componentsareneeded.Hence,we havea veryspecial
casein which themultilevel preconditioneris appliedto a vectorhaving M nonzerovalues
andonly the sameM componentsof the resultingvectorarerequired. For sucha case,a
sparseBPX/MDS operatorcanbeeasilycreatedin aninitialization phaseby storingthegrid
transferoperationscorrespondingto nonzerocomponentsto sparsematrices.

Let usfurtherstudythecomputationalcostof aspecialimplementationtakingadvantage
of the sparsitydescribedabove. We assumethat the multilevel preconditioneris basedon
linear, bilinear or trilinear �nite elements.By identifying the vectorsv andC � 1v with the
associated�nite elementfunctions,themultilevel preconditionerC � 1 is de�ned by

(5.3) C � 1v =
LX

l =1

N lX

i =1

(v; � l
i ) l � l

i ;

where� l
i is the i th basisfunctionon the level l and(�; �) l is a scaledL 2-innerproduct.Fur-

thermore,L is thenumberof levels in thehierarchicalmeshandN l is thenumberof basis
functionson thelevel l . In our case,v is a linearcombinationof M differentbasisfunctions
� L

i andwe needto know only thecoef�cients for thesameM basisfunctionsfor C � 1v.
For two-dimensionalproblems,thenonzerotermsin thesum

P N l
i =1 (v; � l

i ) l � l
i correspond

to thosebasisfunctionswhosesupportlieswithin astriparoundthecurveformedby connect-
ing thenodescorrespondingto theLagrangemultipliers.Thewidth of thisstrip is O(2L � l h)
atthelevel l . Thestripintersectswith O(1=(2L � l h)) supportsof thebasisfunctions� l

i . Thus,
thenumberof nonzerotermsin thesumis O(N 1=2=2L � l ) at the level l . By summingthese
up,we obtainthat thetotal numberof nonzerotermsin (5.3) is O(N 1=2) andthis is alsothe
computationalcostfor thesparsemultilevel preconditionerfor two-dimensionalproblems.In
Figure5.1, anexampleof sparsitypatternsfor all levels is shown. Similarly, we canobtain
thecomputationalcostO(N 2=3) for three-dimensionalproblems.Hence,our sparsemulti-
level preconditionerrequiresO(M ) operations.Sincein our caseM � N , this is a crucial
observationin orderto keepthecomputationalcost,of theiterativesolutionof linearsystems
with thecoef�cient matrixS, affordable.

If the nodesrelatedto the imagesubspaceof B T do not obey any surface-like pattern
onecaneasilydeducea slightly weakerestimatefor thecostof thesparsemultilevel precon-
ditioner. It is straightforwardto seethat thecostat eachlevel is at mostO(M ). Sincethere
areO(log N ) levels,thetotal costis not higherthanO(M logN ). In Section6, we present
thenumericalresultsalsofor suchsettingsof theproblem.

5.3. CG for inner iteration. In thesolutionof linearsystemswith thesymmetricand
positive de�nite matrix S the CG methodcanbe used. Accordingto the well-known error
boundsfor CG, the numberof iterationsrequiredto reducethe error in the norm induced
by thecoef�cient matrix by the factor" is of order

p
� log 1

" . Here,� is thespectralcondi-
tion numberof S. The conditionnumberfor C � 1 is O(N ) for two-dimensionalproblems
andO(N 2=3) for three-dimensionalproblems.Due to propertiesof B we have theobvious
inequality

(5.4) cond(S) � cond
�
C � 1�

;
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FIG. 5.1. An exampleof sparsity patternsat different levelsof BPX/MDSmethod

which is not sharp,but it is still suf�cient for our purposes.Thus,the numberof required
iterationsis at mostO(N 1=d log 1

" ) for d-dimensionalproblems.

By taking theproductof thecostof multiplicationof a vectorby S andthenumberof
iterationsrequired,we obtain that the total costof the Lagrangepreconditioneris at most
O(N log 1

" ) �oating point operationsfor bothtwo-dimensionalandthree-dimensionalprob-
lems. The CG methodgives an approximationfor the solution of linear problemwhich
dependsnonlinearlyon the right-handsidevector. Usually the methodsusedin the outer
iterationcanonly copewith linear preconditioners.In order to diminish the nonlinearities
causedby CG to thelevel which is tolerablefor theouteriterationtheerrorreductionfactor
" mustbesuf�ciently small.Dueto thatfacttherequirednumberof iterationsmightgrow to
beunnecessarilylarge. In thefollowing sectionwetry to alleviatethisby consideringtheuse
of theChebyshev method.

Remark5.1. Often it holdsthat theconditionnumberof S is of thesameorderasthe
squareroot of the condition numberof C � 1; see[10]. In this case,the total cost of the
Lagrangemultiplier preconditionerreducesto O(N (2d� 1)=2d log 1

" ) �oating pointoperations
for d-dimensionalproblems.Hence,it is possibleto placeaslightly largerproportionof mesh
nodesthanO(N (d� 1)=d) ontotheboundaryin orderto improve theaccuracy of approxima-
tion andstill keepthecomputationalcostbelow O(N log 1

" ).

5.4. Chebyshev methodfor inner iteration. In orderto solvelinearproblemswith the
Chebyshev method,we mustestimatethe eigenvaluesof the coef�cient matrix. More pre-
cisely, we mustcomputethe bounds� min and� max for theeigenvaluesof S which satisfy
the inequalities� min � � (S) � � max . For example,this canbeaccomplishedby perform-
ing a few Lanczositerationsandthenby usingtheerrorboundsfor theattainedeigenvalue
estimates[22].

The actualsolutionof the systemof linear equationsSp = q is performedin the fol-
lowing way: First, the initial valuesp0 = 0, � 1 = 2 andp1 = 
 q areset. Then,the kth
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Chebyshev iteratepk , k = 2; 3; : : :, is givenby therecurrenceformula

� k = 4=(4 � � 2� k � 1);

pk = � k (
 (q � Spk � 1) + pk � 1) + (1 � � k )pk � 2:
(5.5)

Thebounds� min and� max appearin theChebyshev methodvia theconstants� and
 which
aregivenby

(5.6) � = (� max � � min )=(� max + � min ) and 
 = 2=(� max + � min ):

According to the well-known error boundsfor the Chebyshev method,the numberof
iterationsrequiredto reducethe error in the Euclideannorm by the factor " is of orderp

� log 1
" . Theupperestimatefor thespectralconditionnumberof S denotedby � is given

by � max =� min . Again thesameanalysescanbeperformedasin thecaseof theCG method.
Hence,thecostof theLagrangepreconditioneris at mostO(N log 1

" ) �oating point opera-
tionsfor both two-dimensionalandthree-dimensionalproblems.Unlike theCG methodthe
Chebyshev methodwith a �x ednumberof iterationsgivesa linearoperator. Thus,it is not
necessaryto computethesolutionwith a high precisionin orderto obtaina linearandspec-
trally equivalentpreconditioner. With reasonablyaccurateeigenvaluebounds� min and� max

it is oftenpossibleconsiderablyreducethe numberof inner iterationswhentheChebyshev
methodis usedinsteadof theCG method.On the otherhandthe implementationbecomes
morecomplicated,sincetheboundsfor theeigenvaluesmustbecomputed.

6. Numerical experiments. In theexperiments,we studythesolutionof a constrained
Poissonproblemin the unit squareandin the unit cube. Thus,the matrix A is alwaysthe
discretizedLaplaceoperatorin the unit squareor in the unit cube. Discretizationsareper-
formedusinglinear �nite elementsandfully rectangularmesheswith many differentmesh
stepsizes.Notethatwe coulduseaswell mesheswhich arelocally �tted to theboundaries
[5]. ThesparseBPX is basedon bilinear �nite elementsfor two-dimensionalproblemsand
on trilinear �nite elementsfor three-dimensionalproblems.

For two-dimensionalproblems,the diagonalblock D in the preconditionerB is based
on a multigrid methodusing bilinear interpolationoperationsand Gauss-Seidelsmoother
[11], [24]. A symmetricversionis obtainedby performingthe smoothingin reverseorder
whenthemultigrid is moving from coarserto �ner meshes.For three-dimensionalproblems,
the diagonalblock D in B is exactly A andit is basedon a fastdirect solver calledPSCR
method;see[39]. In theUzawa type algorithmwith thePCGmethod,the Euclideannorm
of the residualvector is reducedby the factor10� 6. Whenthe saddle-pointproblem(2.2)
is solvedwith thePMINRESmethod,theB� 1-normof theresidualvectoris reducedby the
samefactor.

In the�rst setof testproblems,thedomain
 hastwo circularholesin two-dimensional
problemsandtwo sphericalholesin three-dimensionalproblems.The diameterof holesis
0.375andwe havevariedtheir distancebetweenzeroand0.125in theexperiments.

In Table 6.1, we have reportedresultsof numericalexperimentsfor two-dimensional
problemswith two holes. Thenumberof degreesof freedomis givenby N , thenumberof
Lagrangemultipliersis M . Thespectralconditionnumberof S� 1 de�nedby thesparseBPX
is givenby condS column. The two lastcolumnsgive thenumberof PMINRESiterations
for saddle-pointproblemsandouterPCGiterationsfor theUzawa typealgorithm.Eachrow
correspondsto a sequenceof problemswith the distancebetweenthe holesgrowing from
zeroto 0.125;seeFigure6.1. This is alsothereasonwhy thenumberof Lagrangemultipliers
andthenumberof iterationsaregivenasarangeinsteadof singlenumber.
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FIG. 6.1. Theholesfor two-dimensionalproblemswith thedistancezero and0.125

TABLE 6.1
Resultsfor two-dimensionalproblemswith holes

N M cond S PMINRES Uzawa&PCG
312 58– 64 31.5– 39.4 23–24 9–10
632 146– 160 63.9– 86.6 23–25 9–10

1272 330– 352 136.9– 193.2 23–26 9–10
2552 702– 736 276.1– 399.1 24–26 9–10
5112 1454–1504 554.9– 812.1 24–26 9–11

10232 2966–3040 1113.2–1639.2 24–26 9–11

For three-dimensionalproblems,the sameresultsaregiven in Table6.2. In Figure6.2
andFigure6.3, conditionnumbersof preconditionedSchurcomplementmatricesS� 1B A � 1B T

are shown with respectto different distancesbetweenthe holesfor two-dimensionaland
three-dimensionalproblems.
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FIG. 6.2. Theconditionnumberof preconditionedSchur complementmatricesfor two-dimensionalproblems

Thesolutionof a two-dimensionalproblemwith theholesandN = 10232 requiresless
thantwo secondswith thePCGmethodwhenthemultiplicationsby S� 1 areapproximated
by 32 Chebyshev iterationsandthemultiplicationsby A � 1 arebasedon a specialfastdirect
partial solutiontechnique[3], [34]. Themultiplicationsby S� 1 requireabout30%of time.
The computationshave beenperformedon an HP J5600workstationwhich hasPA-8600
processorat 552MHz and1.5MB on-chipcache.

The secondsetof testproblemsis de�ned by randomlychoosingtheunknownswhich
have constraints.The numberof constraintsM is N 1=2 for two-dimensionalproblemsand
N 2=3 for three-dimensionalproblems.Thenodescorrespondingto theconstrainedunknowns
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TABLE 6.2
Resultsfor three-dimensionalproblemswith holes

N M cond S PMINRES Uzawa&PCG
153 19– 20 4.4 17–19 10–11
313 206– 212 12.8–13.8 23 11–12
633 1307–1307 28.3–31.8 23 12–13
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FIG. 6.3. Theconditionnumberof preconditionedSchur complementmatricesfor three-dimensionalproblems

areshown in Figure6.4 for two-dimensionalproblemswith N = 312 andN = 1272. The
resultsarereportedin Table6.3andTable6.4in thesamewayaswith theproblemswith two
holes.Thesolutionof thethree-dimensionalproblemwith a randomdomainandN = 1273

requiresabout� ve minuteswhenthe multiplicationsby S� 1 arebasedon the CG method.
Themultiplicationsby S� 1 requireabout1% of time.

FIG. 6.4. Randomly�xed unknownsfor thetwo-dimensionalproblemswith thesizes312 and1272

7. Conclusions. We have presenteda domainimbeddingmethodwith Lagrangemul-
tipliers to enforcethe Dirichlet boundaryconditions. In the iterative solution, the primary
variablesarepreconditionedwith thestandarddomainimbeddingapproachusingamultilevel
methodor a fastdirectsolver. A specialimplementationof BPX or MDS multilevel method
is usedin preconditioningtheLagrangemultipliers. This specialimplementationtakesinto
accountthesparsityof the right handsidevectorandthecomponentsof thesolutionwhich
areactuallyneededin preconditioning.It hasbeenshown that the whole preconditioneris
spectrallyoptimal,thenumberof iterationsneededto solveaproblemwith a�x edaccuracy is
boundedfrom above. It hasalsobeenshown thatwhenusinga multilevel methodin precon-
ditioning theprimaryvariables,thecomputationalcomplexity of themethodcanbeoptimal
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TABLE 6.3
Resultsfor two-dimensionalproblemswith randomly�xed unknowns

N M cond S PMINRES Uzawa&PCG
312 31 7.8 22 9
632 63 12.9 23 9

1272 127 25.9 22 9
2552 255 49.1 22 10
5112 511 93.8 22 10

10232 1023 201.4 24 10

TABLE 6.4
Resultsfor three-dimensionalproblemswith randomly�xed unknowns

N M cond S PMINRES Uzawa&PCG
153 152 3.2 17 8
313 312 5.4 17 8
633 632 9.9 17 8

1273 1272 18.5 17 8

with respectto thediscretizationmeshstepsize. Theuseof a fastdirect solver resultsin a
slightly weaker estimate.Thenumericalresultsshow that themethodis ef�cient in practice
andthegeometryof theproblemscanbecomplex.

Acknowledgments. Theauthorsaregratefulto ProfessorYuri A. Kuznetsov for fruitful
discussionsabouttheconsideredsolutionprocedures.
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[5] C. BÖRGERS, A triangulationalgorithmfor fastelliptic solversbasedondomainimbedding, SIAM J.Numer.

Anal., 27 (1990),pp.1187–1196.
[6] J. H. BRAMBLE, TheLagrangianmultiplier methodfor Dirichlet's problem, Math.Comp.,37 (1981),pp.1–

11.
[7] J. H. BRAMBLE, J. E. PASCIAK , AND A. H. SCHATZ, Theconstructionof preconditioners for elliptic prob-

lemsbysubstructuring. I, Math.Comp.,47 (1986),pp.103–134.
[8] J. H. BRAMBLE, J. E. PASCIAK , AND J. XU, Parallel multilevel preconditioners, Math.Comp.,55 (1990),

pp.1–22.
[9] A. BRANDT AND V. M IKULINSKY,Onrecombiningiterantsin multigrid algorithmsandproblemswith small

islands, SIAM J.Sci.Comput.,16 (1995),pp.20–28.
[10] S. C. BRENNER, Theconditionnumberof theSchur complementin domaindecomposition, Numer. Math.,

83 (1999),pp.187–203.
[11] W. L . BRIGGS, V. E. HENSON, AND S. F. MCCORMICK, A multigrid tutorial, SIAM, Philadelphia,PA,

seconded.,2000.
[12] B. L . BUZBEE, F. W. DORR, J. A. GEORGE, AND G. H. GOLUB, Thedirectsolutionof thediscretePoisson

equationon irregular regions, SIAM J.Numer. Anal., 8 (1971),pp.722–736.
[13] T. F. CHAN, Analysisof preconditioners for domaindecomposition, SIAM J. Numer. Anal., 24 (1987),

pp.382–390.
[14] Q. V. DINH, R. GLOWINSKI , J. HE, V. KWOCK , T.-W. PAN, AND J. PÉRIAUX, Lagrange multiplier ap-
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