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MULTILEVEL PRECONDITIONERS FOR LAGRANGE MULTIPLIERS IN
DOMAIN IMBEDDING

JANNE MARTIKAINENY, TUOMO ROSSV, AND JARI TOIVANENY

Abstract. A domainimbeddingmethodwherethe Dirichlet boundaryconditionsare treatedusing boundary
supported_agrangemultipliersis considered.The discretizationleadsto a saddle-poinproblemwhich is solved
iteratively by using eitherthe PMINRES methodwith a block-diagonalpreconditioneror the PCG methodin an
Uzawatypeapproachln bothcasesthepreconditioningof the Schurcomplementelatedto Lagrangemultipliersis
basedon a specialsparsémplementatiorof BPX/MDS method. The developedpreconditioningechniqueis well-
suitedevenfor three-dimensiongdroblemsn domainswith complicatedshapesSeveralnumericalexperimentsor
two-dimensionabndthree-dimensiongbroblemsdemonstrateéhe ef ciency andthe applicability of the proposed
method.
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1. Intr oduction. In this paper we shall considerthe ef cient numericalsolution of
second-ordeelliptic Dirichlet boundarwalueproblemsby adomainimbeddingmethodalso
known asa ctitious domainmethod. Thereexist severalvariantsof thesemethodsor such
problems.Onepossibilityis to usestandardnite elementapproximatiorof the problem,and
by suitablyextendingthe arisingcoefcient matrix onegetsanenlagedmatrix for which it
may be easierto constructan ef cient solutionprocedure.We call themalgebraicmethods
which include amongothersthoseconsideredn [12], [17]. However, they aretypically
restrictedto quiteanarrow classof problems.

More e xibility andbetteref ciency canbe obtainedby usingmixedformulationswith
Lagrangemultipliersto handleDirichlet boundaryalueconstraintsin sucha way onecan,
for example,incorporatestandardmplementation®f ef cient multilevel techniquego the
domainimbeddingframework. This leadsto anoptimal preconditioningechniquefor prob-
lemsposedondomainsfor whichit is dif cult to constructhierarchicaksequencesf meshes
[20]. Onepossibilityis to usevolumedistributedLagrangemultipliers. In [ 18], thisapproach
hasbeenappliedto particulate o w problemsgovernedby the Navier-Stokesequation.The
optimal preconditioningof elliptic Dirichlet boundaryvalueproblemsby the distributedLa-
grangemultiplier ctitious domainmethodwasintroducedin [19]. In [2(], the methodwas
extendedio mixedboundaryalueproblems andits performancavasdemonstratetly a set
of numericalexperiments.

Anotherway is to use boundarysupportedLagrangemultipliers [2], [6]. In domain
imbeddingframework, they have beenusedin [14], [26], [32], [39], [39], for example.Typ-
ically, a K 1=2-type preconditionef4], [7], [13], [15], [21], [3€] is usedfor Lagrangemulti-
pliers. With this approactonecanalsoobtainoptimalcomputationatost,but the procedures
for K 1=2-type preconditionersn the literatureare restrictedto two-dimensionaproblems.
An alternatve preconditioneifor Lagrangemultipliers in two-dimensionabroblemsbased
ontheH (div)-innerproductwasstudiedin [25].

Here,we considera sparsanultilevel preconditionefor boundaryl agrangemultipliers.
It is basedna multilevel nodalbasis(BPX) preconditionef8] or amultilevel diagonalscal-
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ing (MDS) preconditionef43]. A sparseversionof BPX wasproposedisanedgeprecondi-
tionerfor domaindecompositiorproblemsn [42]. In anoverlappingdomaindecomposition
method,a preconditioneffor Lagrangemultipliers basedon the sparseBPX wasconsidered
in [33]. A similarapproaclwasusedfor the Mortar elemenimethodin [1]. A closelyrelated
ideato usea sparseversionof analgebraicmultigrid methodwasbrie y consideredn [31].
Whenapreconditioners constructedor Lagrangemultipliers,theactionof theinverseof the
sparseBPX or MDS is required. This canbe accomplishedby usinganiterative procedure,
suchasthe CG methodor Chebyshe method.This approactwasalsosuggesteéh [32)].

Thereare two distinct advantageson a sparsemultilevel preconditionerfor Lagrange
multipliers. They canbeusedfor three-dimensiongiroblemswhile otherpreconditionergor
Lagrangemultipliers seemto berestrictedfor two-dimensionaproblems.Secondlybound-
ariescanhave quitecomplicatedyeometryandsucha preconditioners still easilyapplicable
andoptimalin quite mary casesAs our numericalexperimentsseemto imply, the proposed
domainimbeddingmethodis well-suitedfor problemswith complicatecdomains gxcluding
perhapsonly domainswith fractal boundaries Specialmultigrid methodsfor suchdomains
areratherinvolvedandin mary caseghey arenotoptimal;see[9], [28], [29], for example.

Therestof this paperis organizedasfollows: In Section2, we de ne themodelsaddle-
point problem. In Section2.1, we considemultilevel approximationdor the inverseof the
second-ordeelliptic operator Someassumption®n Lagrangemultipliersaregivenin Sec-
tion 2.2. We usea block diagonalpreconditioneanda Uzawa typealgorithmin the solution
of themodelsaddle-poinproblemin Section3 andSectior4, respectiely. In Section5.1, we
considersomeof the possiblepreconditionergor primal variables.We introduceand study
the sparsemultilevel preconditionein Section5.2. Furthermorethe useof the CG method
andthe Chebyshe methodin theinneriterationis consideredFinally, we performnumeri-
calexperimentasingproposednethodswith severaltwo-dimensionahndthree-dimensional
problemsin Section6. Theseexperimentsdemonstratéhe ef ciency andthe capabilitiesof
theconsideredmbeddingmethod.

2. Discreteproblem. Letusconsideithenumericakolutionof thesecond-ordeglliptic
partialdifferentialequation

(2.1) r (Eru)+eu=v in RY: d= 23

with a Dirichlet boundaryconditionon whichis @ or a partof it. We assumehatthe
domain canbeextendedo alargerpolygonaldomain over . Furthermorewe assume
thatthereis a quasiuniformhierarchicalmeshfor ~ suchthatthe meshis conformingwith
@ . Then,theequation(2.1) is extendedo in suchaway thateverywherein  thematrix
E is symmetricandits eigervaluesareboundedrom belon andabove by positive constants
ande is non-ngjative andbounded. We requirethat the extendedproblemhasa Dirichlet
boundaryconditionon partof theboundary@ .

The extendedproblemis discretizedwith Lagrangiannite elementdy usingthe hier-
archicalmeshin . TheresultingN N matrix A is symmetricand positive de nite. In
orderto obtainanapproximatiorfor thesolutionof theoriginal problem(2.1), we enforcethe
Dirichlet boundaryconditionon by addingLagrangemultipliersto the discreteproblem.
This leadsto the saddle-poinproblem

A BT u _ v _
(2.2) Ax = B 0 0 = g = b:
The possiblevaluesof the entriesof theM N constraintmatrix B in (2.2) arezeroand
one.In thosecolumnsof B correspondingo thereis oneentryhaving thevalueonewhile
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the othercolumnscontainzerosand,in eachrow, thereis oneentryhaving the valueone.
Remark2.1. Whenintroducingtheboundanlagrangemultipliersto acontinuousprob-
lem andthendiscretizingit with nite elementsasin [2], [6], thematrix B doesnot have the
previously de nedform. After asimplechangeof variableshedesiredform canbeobtained.
With suitablepermutatiorthe matrix B hastheblock form B = (0 B.) andthe squarema-
trix B is non-singular Then,by replacingp with r = B *pin (2.2) andby multiplying the
secondblock row of (2.2) by B, 1, the problemwill have therequiredform.

2.1. Multile vel approximation for A 1. Underthe previous assumptionshereexists
a multilevel nodal basis(BPX) preconditionel{8] or a multilevel diagonalscaling(MDS)
preconditionef43] denotecby C ! which is spectrallyequivalentwith A . The spectral
equivalencemeanghatthereexist positive constantg andé independendf N suchthat

(2.3) cvic v viA v evic v 8v2RN:

2.2. Assumptions on Lagrange multipliers. We assumefor two-dimensionalprob-
lemsthatthereexistsa curve formedby connectinghe nodescorrespondingo the Lagrange
multiplierson  which hasboundedengthwhenN tendsto in nity . Similarly, for three-
dimensionaproblemswe assumeéhatthereexistsa surfaceformedby connectinghenodes
correspondingo the Lagrangemultiplierson  which hasboundedareawhenN tendsto
in nity . Theseassumptiongxcludefractalboundariesandwithout themthe preconditioner
for Lagrangemultipliers, which is introducedin Section5.2, might be computationallytoo
expensve.

Letthestepsizeof themeshwhichwasusedo obtainA bedenotedy h. Sincethismesh
is quasiuniformwe havethath is theorderof N 1=¢ for d-dimensionaproblems Fromthis
andthe previous assumptiorit follows thatthe numberof Lagrangemultipliers denotedby
M is at mostO(N ¥72) for two-dimensionaproblemsand O(N 2=3) for three-dimensional
problems.

With distributed Lagrangemultipliers the numberof multipliers M is O(N), but it is
possibleto reducethisto O(N (¢ D=9) This canbedonemechanicallyin thefollowing way:
LetthematrixBT begivenby BT = (b, b, by ). Now, theith Lagrangemultiplier can
be eliminatedif it holdsfor i thatim(Ab;) im(BT). Thesaddle-poinproblem(2.2) has
theblock form

0 10 1 0 1
Al Ap 0 0 0 Uy Vi
A A A | 0 u v
(2.4) 0 A Ao 0 1 Uo < = Vo=
0 I 0O O p q
0 0 I 00 P2 (07}

wherethe primal variablesare split into threegroups. The rst groupcorrespondshe vari-
ableswithoutconstraintsThe secondandthird groupsarerelatedto the Lagrangemultipliers
which will be keptand eliminated,respectrely. A simple manipulationof (2.4) yields an
equivalentsaddle-poinproblem

0 1 1
A A

10 0
0 0 Uiy Vi
Ar A A, :)% %u § _ % v §
o B _
(2:5) 0 A Ax u Az 4 + Ang
0 | 0 0 p q

andthevaluesof theeliminatedLagrangevariablesarep, = v A2 9  AxG.
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3. Iterati ve solution of saddle-pointproblem. We useablock diagonalpreconditioner
B which hastheform

D O

(3.1) B= o o

in theiterative solutionof the saddle-poinproblem(2.2). The choiceof preconditioner®
and S and their applicationare consideredn Section5. Let us assumefor now that the
preconditionergul Il theconditions

(3.2) dv’bv v'Av dviDv  8v2 RN
and
(3.3) cq'Sq q'BA B'q eq'Sqg 8gq2RM

with somepositive constantsl, d, c andé independenof N . Actually, it is shavnin Section
5.2thattheconstants andé in (2.3) canbealsousedin (3.9). It is easyto seethatBA BT
andB aresymmetricandpositive de nite.
Now, aresultby Yu. A. Kuznetse, 1990[30], givesinformationon the eigervaluesof
B lA;see[27], [40]. It stateghat
h i h i h [
(3.4) B A)2 (4 a=2,(d a=2[ dod][ d+a=2 ({+a)=2;

wherethe constantsa anda aregivenby a = P d? + 4dc anda = P d2 + 4de. Hencethe

eigervaluesof B 1A belongto intervals which areindependentf N, sincethe constants
de ning them are also independenbf N. Moreover, zero doesnot belongto ary of the

intervalsand,thus,A andB canbesaidto be spectrallyequivalent.

Sincethe saddle-poinmatrix A is inde nite, we mustusean iteratve methodsuitable
for symmetricinde nite problems. For this purpose we have chosenthe minimal residual
(MINRES) methodand, especiallywe employ a variantwith a preconditioner In our case
the well-known resultfor the residualvectorsin the MINRES method[23], [37] givesthe
errorbound

Ogq e q 1 pe=2¢
82)=4 d(d =2
Z%Q ( ) . (d e ¢

(3.5) krgkg 1 ¢
(@ =4+ dd e=2

krokg 1;

wherer is thekth residualvector

4. Uzawatype algorithm for saddle-pointproblem. Whenthe solutionwith the ma-
trix A canbe obtainedcheaplywith a goodaccurag, it might be moreef cient to solve the
saddle-poinfproblem(2.2) using a Uzawa type algorithm[16]. Theideais rst to elimi-
natethe primal variableu from (2.2) andgettheformulau = A (v BTp). Usingthat
eliminationthe systemof linearequations

(4.1) BA B"Tp=BA v q

is obtained.A suitablepreconditioneffor the coefcient matrix BA BT is the precondi-
tionerblock S, thepreconditionefor the Lagrangemultipliers,consideredn Section5.2
Thesolutionof (4.1) canbecomputedising,for example thepreconditionedC G method.
In eachiterationonemultiplicationby thematrixBA BT is performedand,thus,onelin-
earproblemwith the matrix A mustbe solved with a rathergoodaccurag [16]. The fast
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directsolversareidealin this kind of situationif they canbe usedto solve directly a prob-
lem with A. Furthermorethe right-handside vectorsbelongto the subspacem(B ") and
the solutionis only requiredin the samesubspaceFor this kind of problemsthe so-called
partialsolutiontechniqud 3], [34] whichis a specialimplementatiorof adirectsolver based
ontheseparatiorof variabless very well suited.It requiresO(N) andO(N logN) oating
point operationdn the caseof two-dimensionaproblemsandthree-dimensiongbroblems,
respectiely.

5. Preconditioning. The applicationof the preconditionel(3.1) to a vectorconsistsof
the following two steps:The vectorblock correspondingdo the primal variablesis givento
amultilevel methodor to afastdirectsolver asa right handsideandthenthe solutiongiven
by the methodis the correspondingreconditionedrectorblock. Then,thevectorblock cor
respondingo the Lagrangemultipliers is given to an iterative method,suchas Conjugate
Gradientor Chebyshe method,asaright handsideandthe solutionis takenasthe precon-
ditionedvectorblock. The matrix-vectorproductin the iterative methodcorrespondgo a
sparsemplementatiorof BPX or MDS, consideredn Subsectiorb.2

Whenthe problem(4.1) is solvediteratively, only the secondstepof the preconditioner
is used.

5.1. Preconditionerfor primal variables. A naturalchoicefor thepreconditioneblock
D in (3.1) isto usethe BPX or MDS algorithmasa preconditionerHowever, in mary cases
it is moreef cient to usesomemultiplicative multilevel method.They usuallygive betterap-
proximationsfor A ! and,hencethey leadto a fastercorvergenceof theiterative solution.

Whenthe meshunderlyingthe discretizations topologicallyequivalentwith an orthog-
onalmesh fastdirectmethodssuchasFFT methodsor cyclic reductionalgorithms[41] can
beusedin the preconditioningln somecasesthesemethodgive the exactinversefor A.

We assuméhepreconditioneD for theprimal variableso be spectrallyequivalentwith
A. Thusthereexist positive constants! andd independenof N suchthatthe condition(3.2)
is ful lled.

5.2. Preconditioner for Lagrange multipliers. It is well-known that the precondi-
tioner for the Lagrangemultipliers, the block S in (3.1), shouldbe closeto the inverse
of BA BT. Underthe assumptiongiven in earlier sections key obsenationsare that
BA BT iscloseto BC BT andthatvectorscanbe multiplied cheaplyby BC 'BT;
see[37), [33], [42]. Thus,the approximatiorof theinverseof BC BT obtainedusingan
iterative methodleadsto a goodpreconditionefor the Lagrangemultipliers, providedthatit
is computationallynottoo expensive whencomparedo otherpartsof the solutionprocedure.
In the following, we studyin moredetailtheideaslaid outhereandshav thatwe canobtain
a good preconditionemhich is optimal in termsof computationacost. WhenC ! corre-
spondgo the BPX preconditionertheresultingpreconditionewill be equivalentto thatone
suggestedh [32].

Letus rst denote

(5.1) Ss=BC !BT:

Theinequalitieg2.3) statethespectrakquivalenceof thematricesA ' andC *. Asadirect
consequencef this we obtainthe inequalities(3.3). Thus,BA BT andS arespectrally
equivalentwith the sameconstantsasA ' andC !. Actually, the inequalitiesin (3.3) are
not sharp sincethe inequalities(2.3) couldbe madetighterin the subspacém(BT) RN.
¢From(3.3) it alsofollowsthat

(5.2) cond S ‘BA BT e=;
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wherecond() givesthe spectralkconditionnumber

Let usnow considerthe multiplicationof a vectorp 2 RM by S. Let usremarkthatit
follows from our assumptiorthatM is at mostO(N (¢ 1=9) for d-dimensionalproblems,
d = 2;3. Dueto the structureof B the vectorB T p is rathersparsehatis, it contains
only M nonzeracomponentsThus,the multilevel preconditioneC 1 is appliedto avector
which containsmostly zeros. For the multiplication of the vectorC BT p by B only the
vectorcomponentsorrespondindo the subspacem(BT) RN arerequired. Sincethe
dimensionof im(BT) is M, only M componentsireneededHence we have avery special
casein which the multilevel preconditioneiis appliedto a vectorhaving M nonzerovalues
andonly the sameM component®of the resultingvectorarerequired. For sucha case,a
sparseBPX/MDS operatorcanbe easilycreatedn aninitialization phaseby storingthe grid
transferoperationgorrespondingo nonzerocomponent$o sparsematrices.

Let usfurtherstudythecomputationatostof a speciaimplementatioritakingadwantage
of the sparsitydescribedabore. We assumehat the multilevel preconditionelis basedon
linear, bilinear or trilinear nite elements.By identifying the vectorsv andC v with the
associatechite elementunctions,the multilevel preconditioneC ! is de ned by

X X
(5.3) c v= (v; b
=1 i=1

where ! is theith basisfunctiononthelevel | and( ; ), is ascaledL ,-inner product. Fur-

thermore,L is the numberof levelsin the hierarchicalmeshandN, is the numberof basis

functionsonthelevell. In our casey is alinearcombinationof M differentbasisfunctions
L andwe needto know only the coefcients for thesameM bagjsfunctionsfor C 1v.

For two-dimensionaproblemsthenonzeraermsin thesum iN:'l (v; ) !correspond
to thosebasisfunctionswhosesupporties within astriparoundthecurve formedby connect-
ing thenodescorrespondingo the Lagrangemultipliers. Thewidth of this stripis O(2% 'h)
atthelevell. Thestripintersectsvith O(1=(2" 'h)) supportf thebasisfunctions |. Thus,
the numberof nonzeratermsin the sumis O(N 172=2- ') atthelevel |. By summingthese
up, we obtainthatthe total numberof nonzeratermsin (5.3) is O(N ¥72) andthis is alsothe
computationatostfor thesparsanultilevel preconditionefor two-dimensionaproblems.In
Figure5.1, anexampleof sparsitypatternsfor all levelsis shavn. Similarly, we canobtain
the computationatostO(N 2=3) for three-dimensiongbroblems. Hence,our sparsemulti-
level preconditionerequiresO(M ) operations.Sincein our caseM N, thisis acrucial
obsenationin orderto keepthe computationatost,of theiterative solutionof linearsystems
with the coefcient matrix S, affordable.

If the nodesrelatedto theimagesubspacef BT do not obey ary surface-like pattern
onecaneasilydeducea slightly wealer estimatefor the costof the sparsemultilevel precon-
ditioner. It is straightforvardto seethatthe costat eachlevel is at mostO(M ). Sincethere
areO(log N) levels,thetotal costis not higherthanO(M logN ). In Section6, we present
thenumericalresultsalsofor suchsettingsof the problem.

5.3. CG for inner iteration. In the solutionof linear systemswith the symmetricand
positive de nite matrix S the CG methodcanbe used. Accordingto the well-known error
boundsfor CG, the numberof iterationsrequiredtB educethe error in the norm induced
by the coefcient matrix by thefactor" is of order” ~log . Here, is the spectralcondi-
tion numberof S. The conditionnumberfor C * is O(N) for two-dimensionajproblems
andO(N 273) for three-dimensiongbroblems.Dueto propertiesof B we have the obvious
inequality

(5.4) cond(S) cond C ! ;
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FIG. 5.1. Anexampleof spassity patternsat differentlevelsof BPX/MDSmethod

which is not sharp,but it is still sufcient for our purposes.Thus, the numberof required
iterationsis atmostO(N 19 log ) for d-dimensionaproblems.

By taking the productof the costof multiplication of a vectorby S andthe numberof
iterationsrequired,we obtainthat the total costof the Lagrangepreconditionelis at most
O(N log 1) oating pointoperationgor bothtwo-dimensionahndthree-dimensiongbrob-
lems. The CG methodgives an approximationfor the solution of linear problemwhich
dependsonlinearlyon the right-handside vector Usually the methodsusedin the outer
iterationcanonly copewith linear preconditioners.In orderto diminish the nonlinearities
causediy CGto thelevel whichis tolerablefor the outeriterationthe errorreductionfactor
" mustbesufciently small. Dueto thatfacttherequirednumberof iterationsmightgrow to
beunnecessarillarge. In thefollowing sectionwe try to alleviatethis by consideringheuse
of the Chebyshe method.

Remark5.1. Oftenit holdsthatthe conditionnumberof S is of the sameorderasthe
squareroot of the condition numberof C *; see[10]. In this case,the total costof the
Lagrangemultiplier preconditionereduceso O(N @4 1D=2d|og 1) oating pointoperations
for d-dimensionaproblems.Hence,t is possibleo placeaslightly largerproportionof mesh
nodesthanO(N (¢ D=d) ontothe boundaryin orderto improve the accurag of approxima-
tion andstill keepthe computationatostbelov O(N log 1).

5.4. Chebysher methodfor inner iteration. In orderto solve linearproblemswith the
Chebyshe method,we mustestimatethe eigervaluesof the coefcient matrix. More pre-
cisely, we mustcomputethe bounds nin and max for the eigervaluesof S which satisfy
theinequalities min (S) max - FOr example,this canbe accomplishedy perform-
ing a few Lanczositerationsandthenby usingthe error boundsfor the attainedeigervalue
estimateg22].

The actualsolution of the systemof linear equationsSp = ¢ is performedin the fol-
lowing way: First, the initial valuespg = 0, 1 = 2 andp; g areset. Then,the kth
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Chebyshe iteratepy, k = 2; 3;:::, is givenby therecurrencdormula
k=454 7 q);

(5.5)

Pk = k( (@ Spc 1)+ Pk 1)+ (1 WPk 2

Thebounds min and max appeain the Chebyshe methodvia the constants and which
aregivenby

(5.6) = ( max min )= max * min) and =2 max t min):

Accordingto the well-known error boundsfor the Chebyshe method,the numberof
'Berationsrequiredto reducethe error in the Euclideannorm by the factor" is of order
“log i. Theupperestimatefor the spectralconditionnumberof S denotedby s given
by max= min - Againthe sameanalysexanbe performedasin the caseof the CG method.
Hence the costof the Lagrangepreconditioneiis at mostO(N log 1) oating point opera-
tionsfor both two-dimensionakndthree-dimensiongbroblems.Unlike the CG methodthe
Chebyshe methodwith a x ed numberof iterationsgivesa linear operator Thus,it is not
necessaryo computethe solutionwith a high precisionin orderto obtainalinearandspec-
trally equivalentpreconditionerWith reasonablyaccurateeigervaluebounds min and max
it is often possibleconsiderablyreducethe numberof inneriterationswhenthe Chebyshe
methodis usedinsteadof the CG method. On the otherhandthe implementatiorbecomes
morecomplicatedsincethe boundsfor the eigervaluesmustbe computed.

6. Numerical experiments. In the experimentswe studythe solutionof a constrained
Poissonproblemin the unit squareandin the unit cube. Thus, the matrix A is alwaysthe
discretizedLaplaceoperatorin the unit squareor in the unit cube. Discretizationsare per
formedusinglinear nite elementsandfully rectangulamesheswvith mary differentmesh
stepsizes.Note thatwe could useaswell meshesvhich arelocally tted to the boundaries
[5]. ThesparseBPX is basedon bilinear nite elementdor two-dimensionaproblemsand
ontrilinear nite elementdor three-dimensionglroblems.

For two-dimensionaproblems,the diagonalblock D in the preconditioneB is based
on a multigrid methodusing bilinear interpolationoperationsand Gauss-Seidetsmoother
[11], [24]. A symmetricversionis obtainedby performingthe smoothingin reverseorder
whenthe multigrid is moving from coarseto ner meshesFor three-dimensionglroblems,
the diagonalblock D in B is exactly A andit is basedon a fastdirect solver called PSCR
method;see[39]. In the Uzawa type algorithmwith the PCG method,the Euclideannorm
of the residualvectoris reducedby the factor10 6. Whenthe saddle-poinjproblem(2.2)
is solvedwith the PMINRESmethod theB *-normof theresidualvectoris reducedoy the
samefactor

In the rst setof testproblemsthedomain hastwo circularholesin two-dimensional
problemsandtwo sphericalholesin three-dimensiongbroblems. The diameterof holesis
0.375andwe have variedtheir distanceébetweerzeroand0.125in the experiments.

In Table 6.1, we have reportedresultsof numericalexperimentsfor two-dimensional
problemswith two holes. The numberof degreesof freedomis givenby N, the numberof
Lagrangemultipliersis M . Thespectraconditionnumberof S ! de ned by thesparséBPX
is givenby condS column. The two lastcolumnsgive the numberof PMINRES terations
for saddle-poinproblemsandouterPCGiterationsfor the Uzawva type algorithm. Eachrow
correspondgo a sequencef problemswith the distancebetweenthe holesgrowing from
zeroto 0.125;seeFigure6.1 Thisis alsothereasorwhy the numberof Lagrangemultipliers
andthe numberof iterationsaregivenasarangeinsteadof singlenumber
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Fi1G. 6.1. Theholesfor two-dimensionaproblemswith the distancezein and0.125

TABLEG.1
Resultgor two-dimensionaproblemswith holes

N M condS PMINRES | Uzava&PCG
317 58— 64 31.5- 39.4 23-24 9-10
632 146- 160 63.9— 86.6 23-25 9-10
1272 330- 352 136.9-193.2 23-26 9-10
2552 702— 736 276.1-399.1 24-26 9-10
5112 1454-1504| 554.9-812.1 24-26 9-11
10232 | 2966-3040| 1113.2-1639.2| 24-26 9-11

For three-dimensiongbroblems the sameresultsaregivenin Table6.2. In Figure6.2
andFigure6.3, conditionnumbersf preconditione®churcomplemeninatricesS *BA BT
are shavn with respectto differentdistancesbetweenthe holesfor two-dimensionaland
three-dimensionglroblems.

42
4.0
38
36
3.4
3.2
30t
280

26 . . . . \"\ .
0.00 0.02 0.04 0.06 0.08 0.10 0.12
distancebetweerholes

condS 1BA 1BT

FiG. 6.2. Theconditionnumberof preconditionedSdur complemeninatricesfor two-dimensionaproblems

The solutionof atwo-dimensionaproblemwith the holesandN = 102% requiredess
thantwo secondswith the PCG methodwhenthe multiplicationsby S ! areapproximated
by 32 Chebyshe iterationsandthe multiplicationsby A ! arebasedn a specialfastdirect
partial solutiontechnique 3], [34]. The multiplicationsby S * requireabout30% of time.
The computationshave beenperformedon an HP J5600workstationwhich hasPA-8600
processoat 552MHz and1.5MB on-chipcache.

The secondsetof testproblemsis de ned by randomlychoosingthe unknovnswhich
have constraints.The numberof constraintaV is N =2 for two-dimensionaproblemsand
N 273 for three-dimensiongiroblems Thenodescorrespondingo theconstrainedinknovns
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TABLE 6.2
Resultgor three-dimensiongbroblemswith holes
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M

condS

PMINRES

Uzawa&PCG

15°
313
633

19— 20
206- 212
1307-1307

4.4
12.8-13.8
28.3-31.8

17-19
23
23

10-11
11-12
12-13

103

42
40|
380
361
34l
3.2
3.0
2.8

2.6
0.00

condS BA BT

0.04 0.06 0.08
distancebetweerholes

0.02 0.10 0.12

Fi1G. 6.3. Theconditionnumberof preconditionedSdur complemeninatricesfor three-dimensiongbroblems

areshavn in Figure 6.4 for two-dimensionaproblemswith N = 31?2 andN = 127. The
resultsarereportedn Table6.3andTable6.4in thesameway aswith the problemswith two
holes. The solutionof the three-dimensiongroblemwith arandomdomainandN = 127°
requiresabout ve minuteswhenthe multiplicationsby S ! arebasedon the CG method.
Themultiplicationsby S * requireabout1% of time.

FiG. 6.4. Randomlyxed unknowngor thetwo-dimensionaproblemswith thesizes312 and 1272

7. Conclusions. We have presenteg domainimbeddingmethodwith Lagrangemul-
tipliers to enforcethe Dirichlet boundaryconditions. In the iterative solution, the primary
variablesarepreconditionedvith thestandaradlomainimbeddingapproachusingamultilevel
methodor a fastdirectsolver. A specialimplementatiorof BPX or MDS multilevel method
is usedin preconditioningthe Lagrangemultipliers. This specialimplementatiortakesinto
accountthe sparsityof the right handsidevectorandthe component®f the solutionwhich
areactuallyneededn preconditioning.It hasbeenshavn thatthe whole preconditioneiis
spectrallyoptimal,thenumberof iterationsneededo solve aproblemwith a x edaccurag is
boundedrom above. It hasalsobeenshovn thatwhenusinga multilevel methodin precon-
ditioning the primary variablesthe computationatomplexity of the methodcanbe optimal
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TABLE 6.3
Resultfor two-dimensionaproblemswith randomly xed unknowns
N M condS | PMINRES | Uzava&PCG

317 31 7.8 22 9

632 63 12.9 23 9

1272 127 25.9 22 9

2552 | 255 49.1 22 10

5112 511 93.8 22 10

1023 | 1023 | 201.4 24 10
TABLEG6.4

Resultgor three-dimensiongbroblemswith randomly xed unknowns

N M cond S PMINRES | Uzava&PCG
158 152 3.2 17 8
313 312 5.4 17 8
638 632 9.9 17 8
1273 | 1272 18.5 17 8

with respectto the discretizatiormeshstepsize. The useof a fastdirect solver resultsin a
slightly wealer estimate. The numericalresultsshav thatthe methodis ef cient in practice
andthe geometryof the problemscanbe complex.

Acknowledgments. Theauthorsaregratefulto Professoivuri A. Kuznetsw for fruitful
discussionsboutthe consideredolutionprocedures.
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