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A BLOCK VERSION OF BICGSTAB FOR LINEAR SYSTEMSWITH MULTIPLE
RIGHT-HAND SIDES

�
A. EL GUENNOUNI

�
, K. JBILOU

�
, AND H. SADOK

�
Abstract. We presenta new block method for solving large nonsymmetriclinear systemsof

equationswith multiple right-handsides. We �rst give the matrix polynomial interpretationof the
classical block biconjugategradient (Bl-BCG) algorithm using formal matrix-valued orthogonal
polynomials. This allows us to derive a block version of BiCGSTAB. Numerical examplesand
comparisonswith otherblock methodsaregivento illustratetheeffectivenessof theproposedmethod.

Keywords. block Krylov subspace, block methods, Lanczos method, multiple right-hand sides, nonsymmetric
linear systems.
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1. Intr oduction. Many applicationssuchasin electromagneticscatteringproblemand
in structuralmechanicsproblemsrequirethesolutionof several linearsystemsof equations
with thesamecoef�cient matrix anddifferentright-handsides.This problemcanbewritten
as

(1.1)
�����	��


where
�

is an ��
�� nonsingularandnonsymmetricrealmatrix,
�

and
�

are ��
�� rect-
angularmatriceswhosecolumnsare ������� 
 ������� 
�������
 ��� �!� and "#���$� 
 "%����� 
������&
 "#� �!� , respectively,
where� is of moderatesizewith �('�� .

When � is small,onecanusedirectmethodsto solvethe � givenlinearsystems.Wecan
computethe )+* decompositionof

�
atacostof ,.-/�1032 operationsandthensolvethesystem

for eachright-handatacostof ,.-/�1�32 operations.However, for large � , directmethodsmay
becomevery expensive. Insteadof solving eachof the � linear systemsby someiterative
method,it is moreef�cient to usea block versionandgenerateiteratesfor all the systems
simultaneously.

Startingfrom an initial guess
�547698;:=< � , block Krylov subspacemethodsdetermine,

at step > , an approximationof the form
�7?9���.4A@CBD?

, where
BD?

belongsto the block
Krylov subspaceE ? - �=
GF(4 2 � �$HJILK;M F(4N
G�(FO4P
�������
�� ?�Q

� F(4SR
with

F(4T�U�WVX�O�.4
. We

usea minimizationpropertyor anorthogonalityrelationto determinethecorrection
BY?

.
For symmetricandpositive de�nite problems,theblock conjugategradient(Bl-CG) al-

gorithm[15] andits variants[14] areusefulfor solvingthelinearsystem(1.1).
Whenthematrix

�
is nonsymmetric,theblockbiconjugategradient(Bl-BCG) algorithm

[15] (see[20] for a stabilizedversion),theblock generalizedminimal residual(Bl-GMRES)
algorithmintroducedin [24] andstudiedin [21], andtheblock quasiminimumresidual(Bl-
QMR) algorithm[7] (seealso[13]) arethebestknown blockKrylov subspacemethods.The
purposeof theseblock methodsis to provide the solutionsof a multiple right-handsides
systemfasterthantheir singleright-handsidecounterparts.We notethat block solversare
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effectivecomparedto theirsingleright-handversionswhenthematrix
�

is “relativelydense”.
They arealsoattractivewhenapreconditioneris addedto theblocksolver.

In [9] and[10] we proposednew methodscalledglobal GMRESandglobal Lanczos-
basedmethods.Thesemethodsareobtainedby projectingthe initial block residualonto a
matrix Krylov subspace.

Anotherapproachfor solvingtheproblem(1.1)developedin thelastfew yearsconsistsin
selectingoneseedsystemandthecorrespondingKrylov subspaceandprojectingtheresiduals
of theothersystemsonto this Krylov subspace.Theprocessis repeatedwith an otherseed
systemuntil all thesystemsaresolved. This procedurehasbeenusedin [23] and[4] for the
conjugategradientmethodandin [22], whenthematrix

�
is nonsymmetricfor theGMRES

algorithm[18]. This approachis also effective when the right-handsidesof (1.1) arenot
availableat thesametime(see[16], [17] and[26]). Notealsothatblockmethodssuchasthe
block Lanczosmethod[8], [5] andtheblock Arnoldi method[19] areusedfor solving large
eigenvalueproblems.

TheBl-BCGalgorithmusesashortthree-termrecurrenceformula,but in many situations
thealgorithmexhibitsa very irregularconvergencebehavior. This problemcanbeovercome
by usinga block smoothingtechniqueasde�ned in [11] or a block QMR procedure[7]. A
stabilizedversionof theBl-BCG algorithmhasbeenproposedin [20]. Thismethodconverges
quitewell but is in generalmoreexpensivethanBl-BCG.

As for singleright-handsideLanczos-basedmethods,it cannotbeexcludedthatbreak-
downsoccurin theblockLanczos-basedmethods.

We notethat someblock methodsincludea de�ation procedurein order to detectand
deletelinearly or almostlinearly dependentvectorsin theblock Krylov subspacesgenerated
duringtheiterations.This techniquehasbeenusedin [7] for theBl-QMR algorithm.Seealso
[14] for a detaileddiscussionon lossof rankin theiterationmatricesfor theblock conjugate
gradientalgorithm.

In the presentpaper, we de�ne a new transpose-freeblock algorithmwhich is a gen-
eralizationof the well-known singleright-handsideBiCGSTAB algorithm[25]. This new
methodis namedblock BiCGSTAB (Bl-BiCGSTAB). Numericalexamplesshow that the
new methodis moreef�cient thantheBl-BCG, Bl-QMR andBl-GMRESalgorithms.

The remainderof the paperis organizedas follows. In Section2, we give a matrix
polynomialinterpretationof Bl-BCG usingright matrix orthogonalpolynomials.In Section
3, we de�ne theBl-BiCGSTAB algorithmfor solving(1.1). Finally, we reportin Section4
somenumericalexamples.

Throughoutthis paper, we usethefollowing notations.For two � 
 � matrices
�

and�
, weconsiderthefollowing innerproduct: � � 
 ����� ���
	 - ��� � 2 , where

�
	 - B 2 denotesthe
traceof thesquarematrix

B
. Theassociatednormis theFrobeniusnormdenotedby 
 � 
 � .

Wewill usethenotation � 
 � � for theusualinnerproductin
8 :

. For amatrix � 6T8;:=< � , the
block Krylov subspaceE ? - �=
 � 2 is thesubspacegeneratedby thecolumnsof thematrices
� 
G� � 
�������
�� ?�Q

��� . Finally, , � and � � will denotethe zero and the identity matricesin8 � < � .

2. Matrix polynomial interpretation of the block BCG algorithm.

2.1. The block BCG algorithm. The block biconjugategradient(Bl-BCG) algorithm
was�rst proposedby O'Leary [15] for solving theproblem(1.1). This algorithmis a gen-
eralizationof the well-known BCG algorithm[6]. Bl-BCG computestwo setsof direction
matricesM�� 4N
�������
 � ?LR

and M��� 4N
�������
 �� ?LR
thatspantheblockKrylov subspacesE ?��

� - �=
GF(4 2
and E ?��

� - ���D
 �FO4 2 , where
F(4X� � V � �.4

and �F(4
is an arbitrary � 
 � matrix. The

algorithmcanbesummarizedasfollows [15]:
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ALGORITHM 1: Block BCG�.4
is an � 
�� initial guess,

F 4 �	�CV � �.4
.

�F(4
is anarbitrary � 
�� matrix.

� 4 �	F 4
, �� 4 � �F 4

.
For > ��� 
��N
������

compute� ? � - �� �? � � ? 2
Q

� �F �? FA?
� ?��

�
�	� ? @ � ? � ?

F ? �
�

� F ?(V � � ? � ?
�� ? � - � �? ��� �� ? 2

Q
� F �? �FA?

�F ? �
�

� �F ?(V � � �� ? �� ?
�J? � -��F �? F ? 2

Q
� �F �?�� �

F ? �
��� ? � - F �? �FA? 2

Q
� F �?�� � �

F ? �
�� ? �

�
� F ?��

�
@ � ?�� ?

�� ? �
�

� �F ?��
�

@ �� ? �� ?
end.

The algorithmbreaksdown if the matrices �� �? � � ?
or �F �? F ?

aresingular. Note also
thatthecoef�cient matricescomputedin thealgorithmaresolutionsof � 
�� linearsystems.
Thematricesof thesesystemscouldbevery ill-conditionedandthis wouldaffect theiterates
computedby Bl-BCG.

Bl-BCG can also exhibits very irregular behavior of the residualnorms. To remedy
this problemonecanusea block smoothingtechnique[11] or a block quasi-minimization
procedure(see[7] and[20]).

Thematrix residualsandthematrix directionsgeneratedby ALGORITHM 1 satisfythe
following properties.

PROPOSITION 1. [15] If no breakdownoccurs, thematricescomputedby theBl-BCG
algorithmsatisfythefollowing relations

- � 2 �F �� F	�O�
�
and �� �� � � � ���

for �
��� .
-��P2 �GH ILK;M�� 4S
�������
 � ?LR(� �GHJIPK;M FO4N
�������
�� ? F(4SR � E ?��

� - �=
�FO4 2 .
-��L2 �GH ILK;M �� 4S
�������
 �� ?LR(� �GHJIPK;M �FO4N
�������
�� � ?

�FO4NR � E ?��
� - � � 
 �FO4 2 .

-�� 2 F ?XV FO4 6 E ? - � 
GF(4 2 and the columns of
FA?

are orthogonal toE ? - � � 
 �F(4 2 .
Fromnow on,weassumethatnobreakdown occursin theBl-BCG algorithm.

In thefollowingsubsection,weusematrix-valuedpolynomialsto giveanew expressionof the
iteratescomputedby Bl-BCG. Thiswill allow usto de�ne theblockBiCGSTAB algorithm.

2.2. Connection with matrix-v alued polynomials. In what follows, a matrix-valued
polynomial � of degree > is apolynomialof theform

(2.1) �7- � 2 �
?
�
��� 4 � ��� � 


where
� � 6T8 � < � and

�+6 8
.

We usethenotation � (usedin [21]) for theproduct

(2.2) �7- � 2�� � �
?
�
��� 4 � � � � � 
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where
�

is an � 
 � matrix, andwe de�ne, for any � 
 � matrix � , thematrix polynomial
��� by

(2.3) -����A2&- � 2 �
?
�
��� 4 � � � � � �

With thesede�nitions, we havethefollowing properties:
PROPOSITION 2. Let � and � be two matrix-valuedpolynomialsand let

�
and � be

two matricesof dimensions� 
�� and � 
�� , respectively. Thenwehave- � 2 -��7- � 2�� � 2�� � -����A2&- � 2 � � ,- �N2 -�� @ �(2�- � 2�� � � �7- � 2 � � @ � - � 2�� � .
Proof. - � 2 Let � bethematrixpolynomialof degree> de�nedby (2.1).Thenusing(2.2)

and(2.3) it follows that

-����A2&- � 2�� � �
?
�
��� 4 � � � � � � � - �7- � 2 � � 2�� �

Therelation - �N2 is easyto verify.
When solving a single right-handside linear systems

� " � � , it is well-known that
the residual

	 ?
and the direction H ?

computedby the BCG algorithmcanbe expressedas	 ? ��� ? - � 2 	 4 and H ? ��� ? - � 2 	 4 . Thesepolynomialsare relatedby somerecurrence
formulas[1].

Usingmatrix-valuedpolynomialswe give in thefollowing propositionnew expressions
for theresidualsandthematrixdirectionsgeneratedby Bl-BCG.

PROPOSITION 3. Let - FA? 2 and - � ? 2 bethesequencesof matricesgeneratedby theBl-
BCGalgorithm. Thenthere exist two familiesof matrix-valuedpolynomials-
	 ? 2 and -�� ? 2
of degreeat most > such that

(2.4)
F ? � 	 ? - � 2 � F 4 


and

(2.5) � ?=� � ? - � 2 � F(4N�
Thesematrix polynomialsarealsorelatedby therecurrenceformulas

(2.6) 	 ?��
� - � 2 � 	 ? - � 2 V � � ? - � 2 � ? 


and

(2.7) � ?��
�

� 	 ? �
� - � 2 @ � ? - � 2 � ? 


with � 4 - � 2 � 	 4 - � 2 � � � for
�+6�8

.
Proof. The case> � �

is obvious. Assumethat the relationshold for > . The residualFA?��
� computedby theBl-BCG algorithmis givenby

F ? �
�

�	F ? V � � ? � ? �
Henceby theinductionhypothesis,we get

FA?��
�

� 	 ? - � 2 � F(4 V � - � ? - � 2 � F(4 2 � ? �
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ThenusingProposition2, weobtain

F ?��
�

� 	 ? - � 2�� F 4 V - � � ? � ? 2&- � 2�� F 4
��� 	 ? V � � ? � ?�� - � 2 � F 4
� 	 ?��

� - � 2 � F 4 

where	 ? �

� - � 2 � 	 ? - � 2 V � � ? - � 2 � ?
. Thisprovesthe�rst partof theproposition.

Thematrixdirection � ?��
� computedby Bl-BCG is givenas

� ?��
�

� F ? �
�

@ � ?�� ? 

henceusing(2.4)andtheinductionhypothesis,it follows that

� ? �
�

��� 	 ?��
� - � 2 @ - � ? � ? 2&- � 2 � � FO4

� � ?��
� - � 2�� F(4N


wherethematrix-valuedpolynomial � ?��
� is de�ned by

� ?��
� - � 2 � 	 ?��

� - � 2 @ � ? - � 2 � ? �

Let � bethefunctionalde�ned on thesetof matrix-valuedpolynomialswith coef�cients
in

8 � < � andgivenby

(2.8) � - � 2 � �F �4 -��7- � 2 � FO4 2 

where� is a matrix-valuedpolynomial.

We alsode�ne thefunctional � ���$� by

(2.9) � ���$� - � 2 � � - � � 2 �
With thesede�nitions, it is easyto provethefollowing relations.

PROPOSITION 4. Thefunctional � de�nedabovesatis�esthefollowing properties:
- � 2�� - � @ � 2 � � -�� 2 @ � -�� 2 .
-��P2�� - � � 2 � � - � 2 � if

� 6T8 � < � .
Thesamerelationsare alsosatis�edby � � ��� .

This resultshows thatthefunctionals� and � ����� arelinear. Thematrix polynomials	 ?
and� ?

associatedby (2.4)and(2.5)with theresidualandthedirectionpolynomialsgenerated
by BCG belongto familiesof formal orthogonalpolynomialswith respectto � and � ���$� (see
[1]). Theseresultsaregeneralizedin thenext proposition.

PROPOSITION 5. Let -
	 ? 2 and -�� ? 2 , >�� �
, be thesequencesof matrix-valuedpoly-

nomialsde�ned in Proposition3. If 	 � is an arbitrary matrix-valuedpolynomialof degree � ,
� �
� 
��P
������&
 > V �

, thenwehavethefollowing orthogonalityproperties

(2.10) � -
	 ? 	 � 2 � , 
���
 �
� > 

and

(2.11) � ���$� -�� ? 	 � 2 � , 
���
 �
� > �
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Proof. We have seen(Proposition1) that at step > , the columnsof the residual
F ?

producedby Bl-BCG areorthogonalto theblockKrylov subspaceE ? - � � 
 �F 4 2 . Thiscanbe
expressedas

(2.12) �F �4 � � F ? � , �

 
�� 
 � � � 
�������
 > V �P�

Using(2.4)of Proposition3, it follows that

�F �4 - � � 	 ? - � 2$2 � F 4 � , �

 
�� 
 � � � 
������&
 > V �P�

Thisshows that

� - � � 	 ? 2 � � 
 � �
� 
������&
 > V �N�
By thelinearityof � (expressedin Proposition4) wecanconcludethatif 	 � is amatrix-valued
polynomialof degree� ( � � � 
������&
 > V �

), we have

� -
	 ? 	 � 2 � , �

 
�� 
 � � � 
������&
 > V �P�

To prove(2.11),weusetherelation

� � ? � - F ? V F ?��
� 2 �

Q
�?

to get

�F �4 � � � � � ?=� �F �4 � � - F ? V F ? �
� 2 �

Q
�? 


andusing(2.12),we obtain

�F �4 � � � � � ? � , � 
�� 
 � � � 
������&
 > V �P�
Since� ?A� � ? - � 2 � FO4

, it followsthat

�F �4 � � � � - � ? - � 2 � F 4 2 � , �

 � � � 
�������
 > V �P


therefore

� ���$� - � � � ? 2 ��� 
 � � � 
������&
 > V �N

andthus

� ���$� -�� ? 	 � 2 � , � 
�� 
 � � � 
������&
 > V �P�

The resultsof Proposition5 show that 	 ?
and � ?

are the matrix-valuedpolynomials
of degreeat most > belongingto thefamiliesof matrix-valuedorthogonalpolynomialswith
respectto � and �;���$� respectively andnormalizedby theconditions	 ? - � 2 � � � and� ? - � 2 �
� � . Notethatif * � is a scalarpolynomialwealsohave � - * � � ? 2 � , � and �;���$� - * � � ? 2 � , �
for � �
� 
������&
 > V �

. In general,this is not truein theblockcase.
Usingthesematrix-valuedpolynomials,wewill seein thenext subsectionhow to de�ne

theblockBiCGSTAB algorithm.
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3. The block BiCGSTAB algorithm. Thesingleright-handsideBiCGSTAB algorithm
[25] is atranspose-freeandasmoothervariantof theBCGalgorithm.Theresidualsproduced
by BiCGSTAB arede�ned by

	�? � � ? - � 2 � ? - � 2 	�4L

where

� ?
is the scalarresidualpolynomial associatedwith the BCG algorithmand

� ?
is

anotherpolynomialof degree> updatedfrom stepto stepby multiplicationwith anew linear
factorwith thegoalof stabilizingtheconvergencebehavior of theBCG algorithm:

� ? �
� - � 2 � - � V�� ? � 2 � ? - � 2 �

Theselectedparameter
� ? �

� is determinedby a local residualminimizationcondition.
ThesearchdirectionH ?

is de�ned by

H ? � � ? - � 2 � ? - � 2 	�4P

where

� ?
is thesearchdirectionpolynomialassociatedwith theBCGalgorithm.

In detail the BiCGSTAB algorithmfor solving a single right-handside linear system� " � � is de�ned asfollows [25]:

ALGORITHM 2: BiCGSTAB" 4
aninitial guess;

	 4 � � V � " 4
; H 4 � 	 4

;

�	 4 is anarbitraryvectorsatisfying � �	 4 
 	 4 � �
��
�

;
for > � � 
��P
 � 
������
� ?A� � H ?

;� ? � � �	�4L
 	3? � �
� � �	�4L
 � ? � � ;� ? � 	�? V � ? � ? ;�$?A� � � ?

;�;? � � �$? 
 � ? � �
� � �$? 
 �$? � � ;" ?��

�
� " ? @ � ? H ? @��;? � ?

;	�?��
�

� � ?(V�� ? �$?
;

� ? � � �	�4L
 	�? �
� � �� �	 4 
 	 ? � �

� ?
� ? ;

H ?��
�

� 	 ? �
�

@ �J? - H ? V�� ? � ? 2 ;
end.

Wewill seelaterthatthecoef�cient
� ?

usedin ALGORITHM 2 canbecomputedbyasimpler
formula.Techniquesfor curingbreakdownsin BiCGSTAB aregivenin [3].

We de�ne now a new block methodfor solving (1.1), which is a transpose-freeanda
smootherconverging variant of the Bl-BCG algorithm. The new methodis namedblock
BiCGSTAB (Bl-BiCGSTAB) since it is a generalizationof the single right-hand side
BiCGSTAB algorithm.

We have seenthattheresidual
F	��
 Q �
�
�? andthematrix direction � ��


Q �
�
�? computed
by theBl-BCG algorithmaresuchthat

F �

 Q �����? � 	 ? - � 2 � FO4L
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and

� ��

Q �
�
�? � � ? - � 2 � FO4P


where	 ?
and � ?

arethematrix-valuedpolynomialssatisfyingtherelations(2.6)and(2.7).
TheBl-BiCGSTAB algorithmproducesiterateswhoseresidualmatricesareof theform

(3.1)
FA? � -�� ? 	 ? 2&- � 2 � FO4P


where � ?
is still a scalarpolynomialde�ned recursively at eachstepto stabilizetheconver-

gencebehavior of theoriginal Bl-BCG algorithm. Speci�cally, � ?
is de�ned by therecur-

renceformula

(3.2) � ?��
� - � 2 � - � V�� ? � 2 � ? - � 2 �

As will beseenlater, thescalar
� ?

is selectedby imposinga minimizationof theFrobe-
niusresidualnorm. It is alsopossibleto choose

� ?
differentfor eachright-handside. In all

ournumericaltests,we obtainedsimilar resultsfor thesetwo cases.
Wewantnow to de�ne arecurrenceformulafor thenew residualsde�nedby (3.1).From

(2.6),we immediatelyobtain

� ?��
� 	

?��
�

� � ? �
� - 	 ? V � � ? � ? 2 �

Therefore

(3.3) � ?��
� 	

?��
�

� -�� ? 	 ?(V � � ? � ? � ? 2 V�� ? � � ? - 	 ? V � � ? � ? 2 �
Using(2.7)and(3.2)we get

(3.4) � ?��
� �

?��
�

� � ? �
� 	

? �
�

@ -�� ? � ?(V��;? � � ? � ? 2 � ? �
We alsohave

(3.5) � ? 	 ?��
�

� � ? 	 ? V � � ? � ? � ? �
We now de�ne thenew matrixdirection � ?

by

(3.6) � ?A� -�� ? � ? 2&- � 2�� F(4N

andweset

(3.7) � ? � -�� ? 	 ?��
� 2�- � 2 � F 4 �

Then,usingtheseformulas,theiterates
F ?

and � ?
arecomputedby thefollowing recurrence

formulas

(3.8)
FA?��

�
� � ? V��;?3� � ? 


and

(3.9) � ?��
�

�	FA?��
�

@ - � ? V��;?3� � ? 2 � ? �
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The scalarparameter
� ?

is chosento minimize the Frobeniusnorm of the � 
9� residualF ? �
�

� � ? V�� ? � � ?
. This impliesthat

� ? � � � � ? 
 � ? � �
� � � ? 
G� � ? � � �

Finally, wehaveto computethe �(
 � matrixcoef�cients � ?
and

� ?
neededin therecur-

renceformulas.This is doneby usingthefactthatthepolynomials	 ?
and � ?

belongto the
familiesof formal matrix orthogonalpolynomialswith respectto thefunctionals� and �D� ��� 

respectively. Hence,usingtherelations(2.6)and(2.7),Proposition5 andthefactthat � ?

is
ascalarpolynomial,wehave

(3.10) � -�� ? 	 ? 2 � � ���$� -�� ? � ? 2 � ? 

and

(3.11) � ���$� -�� ? 	 ?��
� 2 � V � ���$� -�� ? � ? 2 � ? �

Therefore,by the de�nitions of the functionals � and � ���$� , the relations(3.10) and(3.11)
become

(3.12) - �F �4 � � ? 2 � ? � �F �4 F ? 

and

(3.13) - �F �4 � � ? 2 � ? � V �F �4 � � ? �
So,the � 
T� matrices� ?

and
� ?

canbecomputedby solvingtwo �=
�� linearsystemswith
thesamecoef�cient matrix �F �4 � � ?

. They will besolvedby computingthe )Y* factorization
of thematrix - �F �4 � � ? 2 .

Puttingall theserelationstogether, theBl-BiCGSTAB algorithmcanbesummarizedas
follows

ALGORITHM 3: Bl-BiCGSTAB� 4
aninitial guess;

F 4 � � V �O� 4
; � 4 � F 4

;
�FO4

anarbitrary � 
�� matrix;
For > �
� 
��P
 � 
������
� ? � � � ?

;
solve - �F �4 � ? 2 � ?=� �F �4 F ?

;
� ? � F ? V � ? � ?

;
� ? � � � ?

;� ?A� � � ? 
 � ? � � � � � ?L
 � ? � �
;��?��

�
� ��? @ � ? � ? @ � ? � ?

;F ?��
�

� � ? V�� ? � ?
;

solve - �F �4 � ? 2 � ? �CV �F �4 � ?
;

� ?��
�

� F ?��
�

@ - � ? V�� ? � ? 2 � ?
;

end.
Notethatwhenasinglelinearsystemis solved,ALGORITHM 3 reducesto BiCGSTAB.

However, the coef�cient
� ?

computedby ALGORITHM 3 with � � �
is given by

� ?9�V � �F(4N
 � ? � �
� � �F(4N
 � ? � � . This expressionfor

� ?
is simpler than the one given in ALGO-

RITHM 2 but requiresanextra innerproduct.
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TheBl-BiCGSTAB algorithmwill alsosuffer from abreakdown when �F �4 � ?
is singular.

In situationswherethematrix �F �4 � ?
is nonsingularbut is very ill-conditionedthecomputa-

tion of the iterateswill alsobeaffected.To overcometheseproblems,onecanrestartwith a
different �F(4

. Look-aheadstrategiescouldalsobede�ned, but this will not betreatedin this
paper.

Dueto the local Frobeniusnormminimizationsteps,Bl-BiCGSTAB hassmoothercon-
vergencebehavior than Bl-BCG. However, the norms of the residualsproducedby Bl-
BiCGSTAB mayoscillatefor someproblems.In this case,we canusetheblock smoothing
procedurede�ned in [11] to getnonincreasingFrobeniusnormsof theresiduals.

For solving the linearsystem(1.1),Bl-BiCGSTAB requiresper iterationtheevaluation
of �P� matrix-vectorproductswith

�
andatotalof �N� ��� @ �P� � @ ,.- ��0�2 multiplications.This

is to becomparedto � matrix-vectorproductwith
�

, � matrix-vectorproductwith
� �

anda
totalof �P� � � @ ,.- � 0 2 multiplicationsneededat eachiterationfor Bl-BCG.

Storagerequirements(excluding thoseof
�

,
�

and
�

) and the major computational
costs(multiplications)per iterationfor the Bl-BCG andthe Bl-BiCGSTAB algorithmsare
listedin Table1.

Table1
Memoryrequirementsandcomputationalcosts(multiplications)

for Bl-BCGandBl-BiCGSTAB
��� � � � Bl-BCG Bl-BiCGSTAB

Mat-Vecwith
� � �P�

Mat-Vecwith
� � � -

Multiplications �N�1��� + ,.- ��0�2 �N� ��� + �P�1� + ,.- ��0�2
Memorylocations �S�1� @ ,.- � � 2 �L� � @ ,.- � � 2

The costsof Bl-BCG andBl-BiCGSTAB rapidly increasewith the number � of right-
handsides.However, theseblock solversconvergein fewer iterationsthantheir singleright-
handsidecounterpartssincethedimensionsof thesearchspacesE ? - �=
GF 4 2 and E �

? - �=
GF 4 2
increaseby � and �N� , respectively, in eachstep.

4. Numerical examples. In this sectionwe givesomeexperimentalresults.Ourexam-
pleshavebeencodedin MatlabandhavebeenexecutedonaSUN SPARC workstation.

We comparetheperformanceof Bl-BiCGSTAB, Bl-QMR, Bl-GMRESandBl-BCG for
solving the multiple linear system(1.1). For the experimentswith Bl-QMR, we usedthe
algorithmthatgeneratesabandmatrixwith ade�ation procedureto eliminatenearlylinearly
dependentcolumnsof the searchspace[7]. In all but the last experiment,the initial guess
was

� 4 � �
and

� � 	 ILK��J-/� 
 ��2 , wherefunctionthe
	 ILK�� createsan � 
5� randommatrix

with coef�cients uniformly distributedin [0,1] exceptfor thelastexperiment.

Example1. In this example,weusetwo setsof experiments.Thetestswerestoppedassoon
as

max��� �	� � 

FA? -�
 
 ��2 
 �

max��� �	� � 

F 4 -�
 
 ��2 
 �


 � � Q�� �
Experiment1: The �rst matrix test

�
� representsthe � ve-point discretizationof the

operator

(4.1) )(-�� 2 �CV ����� V ����� @�� ���
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on theunit square[0,1] 
 [0,1] with Dirichlet boundaryconditions.Thediscretizationwas
performedusingagrid sizeof �

� � � � � whichyieldsamatrixof dimension� � � � � � . The
matrix

�
� is nonsymmetricandhasa positive de�nite symmetricpart. We choose

� � � �
.

Thenumberof secondright-handsideswas � � � �
. We set �F(4 � F(4

in theBl-BiCGSTAB
andtheBl-BCG algorithms.Figure1 reportsonconvergencehistoryfor Bl-BiCGSTAB, Bl-
QMR, Bl-BCG andBl-GMRES(10).In this �gure, weplottedthemaximumof the � residual
norms(on a logarithmicscale)versusthe�ops (numberof arithmeticoperations).

0 1 2 3 4 5 6 7

x 10
9

-8

-6

-4

-2

0

2

4

6

flops

m
ax

i ||
 R

k(:
, i

) 
|| 2

Bl BiCGSTAB
Bl-QMR
Bl-GMRES
BLBCG

Figure1:
� �	�

� ; � � � �

In Figure 2, we plotted for the sameexampleonly the resultsobtainedwith the Bl-
BiCGSTAB and the Bl-QMR algorithms. As observed from Figure 1 and Figure 2, Bl-
BiCGSTAB returnsthebestresults.
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8
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-1

0
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2

flops

m
ax

i ||
 R

k(:
, i

) 
|| 2

Bl BiCGSTAB
Bl-QMR

Figure2:
� � �

� ; � � � �
Experiment2: For the secondexperiment,we usedthe matrix test

�
0 =pde900from

Harwell-Boweing collection(the sizeof the nonsymmetricmatrix
�

0 is � ��� � �
andthe

numberof nonzerosentriesis K K��J- � 0 2 � � � � � ). Figure3 reportson resultsobtainedfor
Bl-BiCGSTAB, Bl-QMR, Bl-BCG andBl-GMRES(10).For this experimentthenumberof
secondright-handsideswas � � � .

As canbeseenfrom Figure3, Bl-BiCGSTAB requireslower �ops for convergencewhen
comparedto theotherthreeblockmethods.TheBl-BCG algorithmfailedto converge.

0 0.5 1 1.5 2 2.5 3
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m
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i ||
 R

k(:
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) 
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Bl BiCGSTAB
Bl-QMR
Bl-GMRES
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Figure3:
�

0
�

pde900;� � �
Example 2. For thesecondsetof experiments,we usedmatricesfrom theHarwell-Boeing
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collectionusingILUT asapreconditionerwith adroptolerance� � � � Q��
. Wecomparedthe

performance(in termof �ops) of theBl-BiCGSTAB algorithm,theBl-GMRES(10)algorithm
andthe BiCGSTAB algorithmappliedto eachsingle right-handside. For all the teststhe
matrix

�
wasan �W
=� randommatrix. Two differentnumbersof right-handsideswereused:� � � and � � � �

. Theiterationswerestoppedwhen

max��� � � � 

F ? -�
 
 ��2 
 � 
 � � Q�� �

In Table2 we list theeffectivenessof Bl-BiCGSTAB measuredby theratios
�
� - ��2 and�

� - �32 where� � � - �32 =�ops(Bl-BiCGSTAB)/(�ops(BiCGSTAB)),� � � - �32 =�ops(Bl-BiCGSTAB)/�ops(Bl-GMRES(10)).
We note that �ops(Bi-CGSTAB) correspondsto the �ops requiredfor solving the �

linearsystemsby applyingtheBi-CGSTAB algorithm � times.

Table2
Effectivenessof Bl-BiCGSTABascomparedto Bl-GMRES(10)andBiCGSTAB

usingtheILUT preconditioner. Matricesare fromtheHarwell-Boeingcollection.

Matrix � � � � � � � � � � � � � �
Utm 1700a( � � ��� � �

)
�
� - �N2 ��� � � � �

� - � � 2 ��� � � � �
� - �N2 � � � � � �

� - � � 2 � � � � �
( K K��J- � 2 � � � � � � )

SAYLR4( � � � � � � ) � � - �N2 ��� �	�
� � � - � � 2 ��� � � � � � - �N2 � � � � � � � - � � 2 � � ��� �
( K K��J- � 2 � � � � � � )

SHERMAN5( � � � � � � ) �
� - �N2 ��� � � � �

� - � � 2 ��� � � � �
� - �N2 � � � � � �

� - � � 2 � � ��� �
( K K��J- � 2 � � ��� � � )

SHERMAN3( � � � � � �N2 � � - �N2 ��� � � � � � - � � 2 � �N��� � � � - �N2 � � � � � � � - � � 2 � � � � �
( K K��J- � 2 � � � � � � )

K K�� - � 2 denotesthenumberof nonzero entriesin
�

As shown in Table 2, Bl-BiCGSTAB is less expensive than Bl-GMRES and than
BiCGSTAB appliedto eachsingle right-handside linear systemexcept for the last exam-
plewith � � � �

for which
�
� - � � 2 � �N���

.
The relative densityof the matricesand the useof preconditionersmake the multiple

right-handsidesolverslessexpensiveandthenthey aremoreeffective.

5. Conclusion. We have proposedin this papera new block BiCGSTAB methodfor
nonsymmetriclinearsystemswith multiple right-handsides.To de�ne this new method,we
usedformalmatrix-valuedorthogonalpolynomials.
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