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A BLOCK VERSION OF BICGSTAB FOR LINEAR SYSTEMSWITH MULTIPLE
RIGHT-HAND SIDES*

A. EL GUENNOUNIt, K. JBILOU ¥, AND H. SADOK 1

Abstract. We presenta newv block methodfor solving large nonsymmetriclinear systemsof
equationswith multiple right-handsides. We rst give the matrix polynomial interpretationof the
classical block biconjugategradient (BI-BCG) algorithm using formal matrix-valued orthogonal
polynomials. This allows us to derive a block version of BICGSTAB. Numerical examplesand
comparisonsvith otherblock methodsaregivento illustratethe effectivenesof the proposednethod.

Keywords. block Krylov subspace, block methods, Lanczos method, multiple right-hand sides, nonsymmetric
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1. Intr oduction. Many applicationssuchasin electromagnetiscatteringproblemand
in structuralmechanicproblemsrequirethe solutionof several linear systemsf equations
with the samecoefcient matrix anddifferentright-handsides.This problemcanbe written
as

(1.1) AX =B,

whereA isan N x N nonsingulamndnonsymmetriadeal matrix, B andX areN x s rect-
angulamatriceswhosecolumnsareb™ 5@ ... b andz™), 22 ... z(5) respectiely,
wheres is of moderatesizewith s < N.

WhenN is small,onecanusedirectmethodgo solvethes givenlinearsystemsWe can
computethe LU decompositiomof A atacostof O(N?) operationsndthensolve thesystem
for eachright-handatacostof O(V?) operationsHowever, for large N, directmethodsnmay
becomevery expensve. Insteadof solving eachof the s linear systemsby someiterative
method,it is moreefcient to usea block versionand generatateratesfor all the systems
simultaneously

Startingfrom aninitial guessX, € RY*#, block Krylov subspacenethodsdetermine,
at stepk, an approximationof the form X, = X, + Z, where Z;, belongsto the block
Krylov subspacéCy (A4, Ry) = span{Ro, ARy, ..., A¥ 'Ry} with Ry = B — AX,. We
usea minimizationpropertyor anorthogonalityrelationto determinethe correctionZy,.

For symmetricandpositive de nite problems the block conjugategradient(BI-CG) al-
gorithm[15] andits variants[ 14] areusefulfor solvingthelinearsystem(1.1).

Whenthematrix A is nonsymmetrictheblock biconjugategradientBI-BCG) algorithm
[15] (see[20] for a stabilizedversion),the block generalizedninimal residual(BI-GMRES)
algorithmintroducedn [24] andstudiedin [21], andthe block quasiminimumresidual(BI-
QMR) algorithm[7] (seealso[13]) arethe bestknown block Krylov subspacenethods.The
purposeof theseblock methodsis to provide the solutionsof a multiple right-handsides
systemfasterthantheir single right-handside counterparts We notethat block solversare
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effective comparedo their singleright-handversionsvhenthematrix A is “relatively dense”.
They arealsoattractve whena preconditioneis addedo theblock solwer.

In [9] and[10] we proposedhen methodscalledglobal GMRES and global Lanczos-
basedmethods. Thesemethodsare obtainedby projectingthe initial block residualonto a
matrix Krylov subspace.

AnotherapproacHor solvingtheproblem(1.1)developedn thelastfew yearsconsistsn
selectingoneseedsystemandthecorrespondindirylov subspacandprojectingtheresiduals
of the othersystemsonto this Krylov subspaceThe processs repeatedvith an otherseed
systemuntil all the systemsaresolved. This procedurenasbeenusedin [23] and[4] for the
conjugategradientmethodandin [22], whenthe matrix A is nonsymmetridor the GMRES
algorithm[18]. This approachis also effective whenthe right-handsidesof (1.1) are not
availableatthe sametime (see[16], [17] and[2€]). Notealsothatblock methodssuchasthe
block Lanczosmethod[8], [5] andtheblock Arnoldi method[19] areusedfor solvinglarge
eigervalueproblems.

TheBI-BCG algorithmusesashortthree-ternrecurrencéormula,butin mary situations
thealgorithmexhibits a veryirregularcorvergencebehaior. This problemcanbeovercome
by usinga block smoothingtechniqueasde ned in [11] or a block QMR procedurg7]. A
stabilizedversionof theBI-BCG algorithmhasbeenproposedn [20]. Thismethodcorverges
quitewell but is in generamoreexpensve thanBI-BCG.

As for singleright-handside Lanczos-basethethodsjt cannotbe excludedthatbreak-
downsoccurin theblock Lanczos-basemhethods.

We notethat someblock methodsinclude a de ation procedurdn orderto detectand
deletelinearly or almostlinearly dependentectorsin the block Krylov subspacegenerated
duringtheiterations.Thistechniquehasbeenusedn [ 7] for theBI-QMR algorithm.Seealso
[14] for a detaileddiscussioron lossof rankin theiterationmatricesfor the block conjugate
gradientalgorithm.

In the presentpaper we de ne a new transpose-fredlock algorithmwhich is a gen-
eralizationof the well-known singleright-handside BICGSTAB algorithm[25). This new
methodis namedblock BICGSTAB (BI-BiCGSTAB). Numericalexamplesshow that the
new methodis moreef cient thanthe BI-BCG, BI-QMR andBI-GMRESalgorithms.

The remainderof the paperis organizedas follows. In Section2, we give a matrix
polynomialinterpretationof BI-BCG usingright matrix orthogonalpolynomials.In Section
3, we de ne the BI-BICGSTAB algorithmfor solving (1.1). Finally, we reportin Section4
somenumericalexamples.

Throughouthis paper we usethe following notations.For two N x s matricesX and
Y, we considetthefollowing innerproduct:(X,Y )z = tr(XTY), wheretr(Z) denoteghe
traceof the squarematrix Z. The associatesormis the Frobeniusnormdenotedoy || . || F.
Wewill usethenotation(, )- for theusualinnerproductin RV . ForamatrixV € RV*#, the
block Krylov subspacéCy (A, V) is the subspacgeneratedy the columnsof the matrices
V,AV,...,A*=1V. Finally, O, and I, will denotethe zeroandthe identity matricesin
RSXS i

2. Matrix polynomial inter pretation of the block BCG algorithm.

2.1. The block BCG algorithm. The block biconjugategradient(BI-BCG) algorithm
was rst proposedby O'Leary [15] for solving the problem(1.1). This algorithmis a gen-
eralizationof the well-known BCG algorithm[6]. BI-BCG computegwo setsof direction
matrices{ Py, ..., P, } and{P,, ..., P} thatspantheblock Krylov subspacek ;1 (A4, Ro)
and K11 (AT, Ry), whereRy = B — AX, and R, is an arbitrary N x s matrix. The
algorithmcanbe summarizeasfollows[15]:
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ALGORITHM 1: Block BCG
XpisanN x s initial guessRy = B — AXp.
R, isanarbitrary N x s matrix.
Py = Ry, Py = R,.

Fork =0,1,...compute
ar = (PI APy)~'RY Ry
Xit+1 = Xg + Pray,
Rpi1 = Ry — APray
ap = (PkT ATP]C)_IRZ Ry,
Riy1 = Ry, — AT Ppay,
Br = (RI Ri)™'RY,  Rita
Br = (RkTRk)fleTHRk-;-l
Ppy1 = Rpy1 + PrfB
Pry1 = Rit1 + P

end.

The algorithm breaksdown if the matricesPf AP, or R¥ Ry, aresingular Note also
thatthe coefcient matricescomputedn thealgorithmaresolutionsof s x s linearsystems.
Thematricesof thesesystemsould be veryill-conditionedandthis would affect theiterates
computedby BI-BCG.

BI-BCG can also exhibits very irregular behaior of the residualnorms. To remedy
this problemone canusea block smoothingtechnique[11] or a block quasi-minimization
proceduresee] 7] and[20]).

Thematrix residualsandthe matrix directionsgeneratedby ALGORITHM 1 satisfythe
following properties.

PropPosSITION 1. [15] If no breakdowrpccurs, the matricescomputedyy the BI-BCG
algorithmsatisfythefollowing relations

(1) RTR;=0andPTAP; =0fori < j.
(2) span{Py,...,Py} = span{Ro,..., A*Ro} = Kj41(4, Ro).
(3) span{P,..., Py} = span{Ry,..., ATkRO} = Krp1(AT, Ry).
) Rr — Ry € Ki(A,Ro) and the columnsof Ry are orthogonal to

Fromnow on, we assumehatno breakdevn occursin the BI-BCG algorithm.
In thefollowing subsectionywe usematrix-valuedpolynomialso give anew expressiorof the
iteratescomputedby BI-BCG. Thiswill allow usto de ne theblock BICGSTAB algorithm.

2.2. Connection with matrix-v alued polynomials. In whatfollows, a matrix-valued
polynomialP of degreek is apolynomialof theform

(2.1) P(t)=> ',

where); € R**¢ andt € R.
We usethenotatione (usedin [21]) for the product

k
(2.2) P(A)oY = AV Q,

=0
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whereY isan N x s matrix, andwe de ne, for ary s x s matrix ©, the matrix polynomial
P © by

k
(2.3) (PO)t) =)t ;0.
i=0

With thesede nitions, we have thefollowing properties:
PROPOSITION 2. LetP and Q be two matrix-valuedpolynomialsandlet Y and © be
two matricesof dimensiongV x s ands x s, respectivelyThenwehave
(1) (P(A)oY)O = (PO)(A) oY,
(2) (P+Q)(A)oY =P(A)oY +Q(A)0oY.
Proof. (1) Let P bethematrix polynomialof degreek de ned by (2.1). Thenusing(2.2)
and(2.3)it followsthat

k
(PO)(A) oY =) AV ;0 = (P(4)oY)0.

=0

Therelation(2) is easyto verify. O

When solving a single right-handside linear systemsdz = b, it is well-known that
the residualr,, andthe directionp; computedby the BCG algorithm canbe expressedas
e = ¢p(A)ro andpg = Yr(A)re. Thesepolynomialsare relatedby somerecurrence
formulas[1].

Using matrix-valuedpolynomialswe give in thefollowing propositionnew expressions
for theresidualsandthe matrix directionsgeneratedy BI-BCG.

ProPOSITION 3. Let (Ry) and (P,) bethe sequencesf matricesgeneatedby the Bl-
BCG algorithm. Thenthere exist two familiesof matrix-valuedpolynomials(R ) and (Py,)
of degreeat mostk sud that

(2.4) Ry, = Ri(A) o Ry,
and
(2.5) P, = Pr(A) o Ro.

Thesematrix polynomialsare alsorelatedby therecurrenceformulas

(2.6) Rit1 (t) =Ry (t) — Py (t)ak,
and
(2.7) Prt1 = Ri41(t) + Pr(t) B,

with Py(t) = Ro(t) = I fort € R
Proof. Thecasek = 0 is obvious. Assumethatthe relationshold for k. Theresidual
Ry+1 computedby the BI-BCG algorithmis givenby

Rk+1 == Rk - APkOék.

Henceby theinductionhypothesiswe get

Rk+1 = Rk(A) o Ry — A(Pk(A) o Ro)ak.
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ThenusingProposition2, we obtain

Rk+1 = Rk(A) o RO - (thak)(A) o Ro
= [Rk - thozk](A) o Ro
= Ri+1(4) o Ry,

whereRy.1(t) = Ri(t) — tPr(t)as. Thisprovesthe rst partof theproposition.
Thematrix direction Py, computedoy BI-BCG is givenas

Pyy1 = Ryy1 + Py,

henceusing(2.4) andtheinductionhypothesisit follows that

Pit1 = [Ri41(A) + (PrBi)(A4)] o Ro
= Pk+1(A) o Ro,

wherethe matrix-valuedpolynomial Py, is de ned by

Prr1(t) = Riy1 (t) + Pr(t) B

O
LetC bethefunctionalde ned onthesetof matrix-valuedpolynomialswith coefcients
in R¥*¢ andgivenby

(2.8) C(P) = Rj (P(A) o Ry),

whereP is amatrix-valuedpolynomial.
We alsode ne the functionalC() by

(2.9) CO(P) = C(tP).

With thesede nitions, it is easyto prove thefollowing relations.
PropPOSITION 4. ThefunctionalC de ned abovesatis esthefollowing properties:
(1) C(P+Q)=C(P)+C(Q).
(2) C(PQ)=C(P)Qif Q € R¥*=.
Thesamerelationsare alsosatis ed by C(1).

This resultshaws thatthe functionalsC andC (") arelinear The matrix polynomialsR ;
andPj, associatetly (2.4)and(2.5)with theresidualandthedirectionpolynomialsgenerated
by BCG belongto familiesof formal orthogonapolynomialswith respecto C andC (") (see
[1]). Theseresultsaregeneralizedn the next proposition.

PrROPOSITION 5. Let (Ry) and (Py), k > 1, bethe sequencesf matrix-valuedpoly-
nomialsde nedin Proposition3. If 7; is an arbitrary matrix-valuedpolynomialof degrees,

1=0,1,...,k — 1, thenwehavethefollowing orthogonality properties
(2.10) C(RyT:) =0 for i<k,
and

(2.11) CHMPT) =0 for i<k
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Proof. We have seen(Propositionl) that at stepk, the columnsof the residual Ry,
producedby BI-BCG areorthogonalo the block Krylov subspacéC, (AT, Ro). Thiscanbe
expresseds

(2.12) RIA'R, =0,, for i=0,...,k—1.

Using(2.4) of Proposition3, it follows that

RI(A'R1(A)) o Ry =0,, for i=0,...,k—1.
This shavs that
C(t'Rx) =0, i=0,...,k—1.

By thelinearity of C (expressedn Propositior) we canconcludehatif 7; is amatrix-valued
polynomialof degreei (: = 0, ...,k — 1), we have

C(RiTi) =0,, for i=0,...,k—1.
To prove (2.11),we usetherelation

AP, = (R — Ry1), "
to get
RYA™' P, = RTAY(Ry, — Ria)ey ',

andusing(2.12),we obtain

RIA™'P, =0, for i=0,...,k—1.
SincePy, = Pr(A) o Ry, it followsthat

RYA™Y(Py(A) o Ro) = 05, i=0,...,k—1,

therefore
CH(EPL) =0, i=0,...,k—1,
andthus
COPT)=0, for i=0,...,k—1.
d

The resultsof Proposition5 shav that R, and P, arethe matrix-valuedpolynomials
of degreeat mostk belongingto the familiesof matrix-valuedorthogonalpolynomialswith
respecto C andC) respectiely andnormalizedby theconditionsR , (0) = I, andP;(0) =
I,. Notethatif U; is a scalampolynomialwe alsohave C(U;P;) = O, andC) (U; Py) = O,
fori =0,...,k — 1. In generalthisis nottruein theblock case.

Usingthesematrix-valuedpolynomials we will seein the next subsectiorhow to de ne
theblock BICGSTAB algorithm.
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3. The block BICGSTAB algorithm. Thesingleright-handsideBiCGSTAB algorithm
[29] is atranspose-freanda smoothewariantof the BCG algorithm. Theresidualgproduced
by BICGSTAB arede ned by

e = Qr(A)dr(A)ro,

where ¢y, is the scalarresidualpolynomial associatedvith the BCG algorithmand Q. is
anothempolynomialof degreek updatedrom stepto stepby multiplicationwith anew linear
factorwith thegoalof stabilizingthe convergencebehaior of the BCG algorithm:

Qr41(t) = (1 — wrt)Qr(t).

Theselectecharametewy1 is determinedy alocal residualminimizationcondition.
Thesearchdirectionpy, is de ned by

e = Qr(A)Yr(A)ro,

whereyy, is thesearchdirectionpolynomialassociatedvith the BCG algorithm.
In detail the BICGSTAB algorithm for solving a single right-handside linear system
Ax = bisde nedasfollows[25):

ALGORITHM 2: BIiCGSTAB
Zo aninitial guessyro = b — Axg; po = 7o;
o is anarbitraryvectorsatisfying(7o, ro)2 # 0;
fork=0,1,2,...
v = Apy;
ag = (Fo,rx)2/(Fo, Vk)2;
Sp = Tk — Ok,
ty = Asy;
Wr = (tk, sk)2/(trs tr)2;
Tk+1 = Tk + QxPr + Wk Sk,
Th+1 = Sk — Wilk;
_ (Fo,rry1)2 Qg
Br = ——— —,
(Fo,Tr)2 We
D1 = Try1 + Br(Pr — wror);
end.

Wewill sedaterthatthecoefcient g usedn ALGORITHM 2 canbecomputedy asimpler
formula. Techniquedor curingbreakdevnsin BICGSTAB aregivenin [ 3].

We de ne now a new block methodfor solving (1.1), which is a transpose-freanda
smootherconverging variant of the BI-BCG algorithm. The new methodis namedblock
BiCGSTAB (BI-BiCGSTAB) sinceit is a generalizationof the single right-hand side
BiCGSTAB algorithm.

We have seenthattheresidua andthe matrix direction
by the BI-BCG algorithmaresuchthat

BI-BCG BlI-BCG
le Pk

computed

RPPCY = Ry (A) o Ry,
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and

BPPC% = P(A) o Ry,

whereR;, andP;, arethe matrix-valuedpolynomialssatisfyingtherelations(2.6) and(2.7).
TheBI-BiCGSTAB algorithmproducesteratesvhoseresiduaimatricesareof theform

(3.1) Ry, = (QkRy)(A) o Ro,

whereQy, is still ascalarpolynomialde ned recursvely at eachstepto stabilizethe corver-
gencebehaior of the original BI-BCG algorithm. Speci cally, Q. is de ned by therecur
renceformula

(3.2) Qry1(t) = (1 — wit) Qi (?)-

As will beseenlater, the scalarwy, is selectedy imposinga minimizationof the Frobe-
niusresidualnorm. It is alsopossibleto choosew;, differentfor eachright-handside. In all
our numericaltests we obtainedsimilar resultsfor thesetwo cases.

We wantnow to de ne arecurrencdéormulafor thenew residualsie ned by (3.1). From
(2.6), weimmediatelyobtain

Q1 Rik+1 = Qi1 (R — tPrag).
Therefore
(3.3) Qi1 Ri41 = (QkRi — tOQrPrar) — wrtQk (Ri — tProw).

Using(2.7)and(3.2)we get

(3.4) Qit1Prt1 = Qi1 Riy1 + (QiPr — wit Qi Pr) B
We alsohave
(3.5) QpRiv1 = Qe Ry — tQpPray.

We now de ne thenew matrix direction Py, by

(3.6) P, = (QrPr)(A) o Ry,
andwe set
(3.7) Sk = (QkRi+1)(A) o Ry.

Then,usingtheseformulas theiteratesRk; and P, arecomputecdby thefollowing recurrence
formulas

(38) Rk+1 = Sk - kaSk,
and

(39) Pri1 = Ry + (Pk — kaPk),Bk.
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The scalarparametetv;, is chosento minimize the Frobeniusnorm of the N x s residual
Riy1 = Sk — wrASk. Thisimpliesthat

W = <AS];;,S];;>F
(ASk, ASk)F

Finally, we haveto computethe s x s matrix coefcients a;, andj, neededn therecur
renceformulas.This is doneby usingthe factthatthe polynomialsR ;, andP;, belongto the
familiesof formal matrix orthogonalpolynomialswith respecto thefunctionalsC andC("),
respectiely. Hence,usingtherelations(2.6) and(2.7), Propositions andthefactthat Q@ is
ascalampolynomial,we have

(3.10) C(QkRk) = C(l)(Qk'Pk)ak,
and
(3.11) C(QkRit1) = —C(Q1Pr) B

Therefore by the de nitions of the functionalsC andC("), the relations(3.10) and (3.11)
become

(3.12) (R§ APy)ay, = R} Ry,
and
(3.13) (RTAP,)Br = —RT AS,.

So,the s x s matricesay, andfy, canbecomputedoy solvingtwo s x s linearsystemswith
thesamecoefcient matrix R(?APk. They will besolvedby computingthe LU factorization
of thematrix (RT APy,).
Puttingall theserelationstogetheythe BI-BICGSTAB algorithmcanbe summarizeds
follows
ALGORITHM 3: BI-BIiCGSTAB
Xo aninitial guess;Ry = B — AXy; Py = Ro;
Ro anarbitrary N x s matrix;

Fork =0,1,2,...
Vk = APk,
solve (REVi)ax = R} Ry;
Sk = Ry, — Vipa;
T, = ASg;

Wi = Tk, Sk)r [(Tr, Tk) F;

X1 = Xi + Proy, + wiSk;

Rpy1 = Sk —weTh;

sove (RIVi)Br = —REITy;

Pry1 = Rpq1 + (Pr — wie Vi) Bi;
end.

Notethatwhenasinglelinearsystenis solved, ALGORITHM 3 reducedo BICGSTAB.
However, the coefcient 3, computedoy ALGORITHM 3 with s = 1 is givenby 8, =
—(Ro,Tr)2/(Ro, Vi)2. This expressionfor 8 is simpler than the one given in ALGO-
RITHM 2 but requiresanextrainnerproduct.
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TheBI-BiCGSTAB algorithmwill alsosuffer from abreakdaevn WhenROTVk is singular
In situationswherethe matrix Rg’vk is nonsingulatbut is very ill-conditionedthe computa-
tion of theiterateswill alsobe affected. To overcometheseproblemsonecanrestartwith a
differentR,. Look-aheadstratejiescould alsobe de ned, but this will notbetreatedin this
paper

Dueto thelocal Frobeniusnorm minimizationsteps BI-BiCGSTAB hassmootheicon-
vergencebehaior than BI-BCG. However, the norms of the residualsproducedby BI-
BiCGSTAB may oscillatefor someproblems.In this case we canusethe block smoothing
procedurale nedin [11] to getnonincreasing-robeniushnormsof theresiduals.

For solvingthe linear system(1.1), BI-BiICGSTAB requiresperiterationthe evaluation
of 2s matrix-vectorproductswith A andatotalof 6 Ns? +4N s+ O(s*) multiplications.This
is to be comparedo s matrix-vectorproductwith A, s matrix-vectorproductwitn A7 anda
total of 8N s? + O(s®) multiplicationsneededht eachiterationfor BI-BCG.

Storagerequirementgexcluding thoseof 4, X and B) andthe major computational
costs(multiplications) per iterationfor the BI-BCG andthe BI-BICGSTAB algorithmsare
listedin Tablel.

Tablel
Memoryrequirementsand computationatosts(multiplications)
for BI-BCGandBI-BiCGSAB

Costs BI-BCG BI-BICGSTAB
Mat-Vecwith 4 s 2s
Mat-Vecwith AT s

Multiplications | 8Ns2+0(s®) || 6 Ns2+4Ns+0(s?)
Memorylocations|| 5Ns + O(s?) 4Ns + O(s?)

The costsof BI-BCG andBI-BiICGSTAB rapidly increasewith the numbers of right-
handsides.However, theseblock solverscorvergein fewer iterationsthantheir singleright-
handsidecounterpartsincethedimensionof thesearctspacedCr (A, Ro) andar (A4, Ro)
increaseby s and2s, respectely, in eachstep.

4. Numerical examples. In this sectionwe give someexperimentakesults.Our exam-
pleshave beencodedin Matlabandhave beenexecutedon a SUN SFARC workstation.

We comparehe performancef BI-BiICGSTAB, BI-QMR, BI-GMRESandBI-BCG for
solving the multiple linear system(1.1). For the experimentswith BI-QMR, we usedthe
algorithmthatgenerates bandmatrix with ade ation procedureo eliminatenearlylinearly
dependentolumnsof the searchspace[7]. In all but the last experiment,theinitial guess
wasX, = 0 andB = rand(N, s), wherefunctiontherand createan N x s randommatrix
with coefcients uniformly distributedin [0,1] exceptfor thelastexperiment.

Example 1. In this example,we usetwo setsof experiments.Thetestswerestoppedassoon
as
mac o[ BeC i)z _ s
max—1.s||Ro(:,7)||2
Experimentl: The rst matrix test A; representshe ve-pointdiscretizationof the
operator

4.1) L(u) = —Ugy — Uyy + YUy
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on the unit squarg0,1] x [0,1] with Dirichlet boundaryconditions. The discretizationwvas
performedusingagrid sizeof h = 1/51 whichyieldsamatrix of dimensionN = 2500. The
matrix A; is nonsymmetriandhasa positive de nite symmetricpart. We choosey = 10.
The numberof secondright-handsideswass = 10. We setR, = Ry in the BI-BiCGSTAB
andtheBI-BCG algorithms.Figurel reportson corvergencehistoryfor BI-BIiCGSTAB, BI-
QMR, BI-BCG andBI-GMRES(10).In this gure, we plottedthe maximumof the s residual
norms(on alogarithmicscale)versughe ops (numberof arithmeticoperations).

———  BIBIiCGSTAB
---  BIOQMR
ar -—- BIGMRES |]
: BLBCG
2 i
o~ \\ \ RS
= of e :
| = ~
‘ -
\ - =~ ~
4 ~ J
| .
‘ -
|
B F ! i
-8 I I I I I I
0 1 2 3 4 5 6 7

flops

Figurel: A=A, ;s=10

In Figure 2, we plotted for the sameexampleonly the resultsobtainedwith the BI-
BiCGSTAB andthe BI-QMR algorithms. As obsened from Figure 1 and Figure 2, BI-
BiCGSTAB returnsthebestresults.
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2 T
—_— BI BICGSTAB
e ---  BIOMR i

7 I I I
0 0.5 1 15 2 25 3

flops x 10°
Figure2: A = Ay ;s =10

Experiment2: For the secondexperiment,we usedthe matrix test A3=pde900from
Harwell-Baweing collection (the size of the nonsymmetrianatrix Az is N = 900 andthe
numberof nonzerosentriesis nnz(Az) = 4380). Figure 3 reportson resultsobtainedfor
BI-BiCGSTAB, BI-QMR, BI-BCG andBI-GMRES(10). For this experimentthe numberof
secondight-handsideswass = 6.

As canbeseerfrom Figure3, BI-BiCGSTAB requiredower ops for corvergencevhen
comparedo the otherthreeblock methods The BI-BCG algorithmfailedto corverge.
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Figure3: A3 = pde900;s = 6
Example 2. For the secondsetof experimentswe usedmatricesfrom the Harwell-Boeing
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collectionusingILUT asapreconditionewith adroptolerancer = 10~*. We comparedhe
performancéin termof ops) of theBI-BiCGSTAB algorithm,theBI-GMRES(10)algorithm
andthe BICGSTAB algorithm appliedto eachsingle right-handside. For all the teststhe
matrix B wasan N x s randommatrix. Two differentnumberf right-handsideswereused:
s = 5 ands = 10. Theiterationswerestoppedvhen

maxi:l:s”Rk(:a 7')”2 < 107°.

In Table2 we list the effectivenesof BI-BICGSTAB measuredy theratios f1(s) and
f2(s) where
e f1(s)=ops(BI-BiICGSTAB)/( ops(BiICGSTAB)),
e fy(s)=ops(BI-BICGSTAB)/ ops(BI-GMRES(10)).
We note that ops(Bi-CGSTAB) corresponddo the ops requiredfor solving the s
linearsystemdsy applyingthe Bi-CGSTAB algorithms times.

Table2
Effectivenessf BI-BICGSTAB ascompaedto BI-GMRES(10andBiCGSRAB
usingthelLUT preconditionerMatricesare fromthe Harwell-Boeingcollection.

Matrix s=5 s=10 s=5 s=10

Utm 1700a(N = 1700) || f1(5) =0.49 || f1(10) =0.38 || f2(5) = 0.62 || f2(10) = 0.36

(nnz(A) = 21313)

SAYLR4(N = 3564) f1(5) =0.77 || f1(10) = 0.89 || f2(5) = 0.06 || f2(10) = 0.12

(nnz(A) = 22316)

SHERMANS(N = 3312) || fi1(5) = 0.93 || f1(10) =0.94 || f2(5) =0.26 | f2(10) = 0.16

(nnz(A) = 20793)

SHERMANS3(N = 5005) || f1(5) =0.82 || f1(10) =1.10 || fo(5) = 0.27 || f2(10) = 0.25

(nnz(A) = 20033)

nnz(A) denoteghenumberof nonzeo entriesin A
As shovn in Table 2, BI-BICGSTAB is less expensve than BI-GMRES and than
BiCGSTAB appliedto eachsingle right-handside linear systemexceptfor the last exam-
plewith s = 10 for which f;(10) = 1.1.
The relative densityof the matricesand the useof preconditionersnake the multiple
right-handsidesolverslessexpensve andthenthey aremoreeffective.

5. Conclusion. We have proposedn this papera new block BICGSTAB methodfor
nonsymmetridinear systemswith multiple right-handsides.To de ne this new method,we
usedformal matrix-valuedorthogonalpolynomials.
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