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A QUADRATICALL Y CONVERGENT BERNOULLI-LIKE ALGORITHM FOR
SOLVING MATRIX POLYNOMIAL EQUATIONS IN MARK OV CHAINS
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Abstract. A quadraticallyconvergentalgorithmis developedfor solvingmatrix polynomialequationsarising
in M/G/1 andG/M/1 typeMarkov chains.Thealgorithmis basedonthecomputationof generalizedblockeigenval-
ues/vectorsof asuitablepairof matricesby meansof aBernoulli-like method.Theuseof thedisplacementstructure
allows oneto reducethecomputationalcostperstep.A shifting techniquespeedsup therateof convergence.

Key words. polynomialmatrix equations,Markov chains,generalizedeigenvalues/eigenvectors, displacement
structure.
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1. Intr oduction. We develop a quadraticallyconvergentalgorithmfor computingthe
component-wiseminimal nonnegativesolutionof thematrix polynomialequation
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is irre-
ducibleandstochastic.The computationof

�

is fundamentalin the numericalsolutionof
M/G/1 typeMarkov chains.In fact,Markov chainsof M/G/1 type,introducedby M.F. Neuts
in [27], arecharacterizedby block upperHessenberg transitionprobabilitymatrices,which
are“almost” blockToeplitz.Dueto thestructureof theprobabilitytransitionmatrix,thecom-
putationof thesteadystatevector, andof otherimportantperformancemeasures,is ultimately
reducedto thecomputationof thematrix

�

[27].
We alsoconsiderthedualproblem
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underthesameconditionson
�

�

. Sucha problemarisesin G/M/1 typeMarkov chains[26]
having a transitionprobability matrix in block lower Hessenberg form, which is “almost”
block Toeplitz. Also, for this classof Markov chains,the computationof the steadystate
vector, aswell asof otherimportantperformancemeasures,is ultimatelyreducedto solving
(1.2).

Weassumethatin bothproblemstheassociatedMarkov chainis irreducibleandpositive
recurrent.Underthisassumptionthereexistsacomponentwiseminimalnonnegativesolution
of (1.1) and (1.2), and thesesolutionsare suchthat %'&

�)( �

� , %'&

$

(+*

� , respectively,
wherethesymbol %,&�-

(

denotesthespectralradius.Ouralgorithmwill computesuchminimal
solutions.

In the last years,several algorithmsfor solving the above nonlinearmatrix equations
have beendesigned.Besidesthe classical�x ed point iterations[28, 22, 25], quadratically
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convergentalgorithmshave beendeveloped,basedon Newton's method[23], on cyclic re-
duction[24, 7, 8, 6], andon thecomputationof invariantsubspaces[1]. Herewe proposea
differentapproach,basedon thefollowing observation:by setting
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we �nd that(1.1) implies
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As pointedout in [19], equation(1.5) meansthat
�

solves(1.1) if andonly if thecolumnsof
theblockvector � spana de�ating subspace[29] for thepair &
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. We canalsosaythat
�

is a block generalizedeigenvectorof thepair &
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, with correspondingblock eigenvector
� .

Observethat



is ablockFrobeniusmatrix,possiblysingular. Moreover, alsothematrix
�

couldbesingular.
Our algorithmprovidesanapproximationof thegeneralizedblock eigenvalue
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in this
way: we generatetwo sequencesof matrices�
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Dueto thespectralpropertiesof
�

, we show thata suitablesubmatrixof
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quadratically
convergesto zero,as !$#&% . This allows oneto computea �nite numberof matrices
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,
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��������� �)( , for a suitable( , andthento recoveranapproximationof
�

by solving
an � � � linearsystem.We show that thematrices
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, !+*
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, aresparse,andthat their
computationrequiresonly , & �.-
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(

arithmeticoperations(ops).Thestructureof thematrices

/�����

, !0*

�

, is lessevident,sincethey arefull matrices.However, we show that theblock
displacementrank (see[20]) of


/�����

is at most3. Thus,the conceptof displacementrank
allowsoneto exploit thestructureof




, andto represent

1�����

bymeansof afew blockvectors.
Suchvectorscanbe computedby meansof FastFourier Transforms,with a computational
costof , & �

�

�32�465 �'7

�8-

�

(

ops.
Theresultingalgorithmis quadraticallyconvergent,andthecomputationalcostof each

stepis , & �

�

�32�465 �97

�:-

�

(

ops.Finally, we increasethespeedof convergenceby meansof
theshifting techniqueintroducedin [17].
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For thedualmatrixequation(1.2) weproposeasimilar algorithm.
The idea of solving polynomial matrix equationsby computing a block eigen-

value/eigenvector, or a de�ating subspace,is not new. In [12, 14, 16, 19] a block Bernoulli
iterationis appliedto computea block eigenvalueof theblock Frobeniusmatrix associated
with thematrix polynomialequation.In theMarkov chainsframework, thematrix

�

is ap-
proximatedby computingthe invariantsubspaceof a suitableblock Frobeniusmatrix [1].
More generally, in [19, 2] the solution of the polynomial matrix equationis expressedin
termsof a generalizedSchurdecompositionof




and
�

, anda Schurmethodis appliedto
computesuchdecomposition.In particular, in [2] this approachis appliedto severalclasses
of polynomialandrationalmatrix equations;however, theauthorswrite that,for polynomial
matrix equationsof degreegreaterthan2, they don't know how the structureof the block
Frobeniusmatrixcanbeexploitedto computethegeneralizedSchurdecomposition.

Thepaperis organizedasfollows. In Section2 wedescribeourBernoulli-likealgorithm.
In Section3 we analyzethedisplacementstructureof thematrices


1�����

, ! *

�

. In Section
4 thealgorithmis adaptedfor solving(1.2). In Section5 we proposea shifting techniqueto
speeduptheconvergence.Finally, in AppendixA werecalltheconceptof displacementrank
andits mainproperties.

2. The basicalgorithm for
�

. In thefollowing, for apositive integer
�

, wewill denote
by
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identity matrix. Moreover, we will denoteby �
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is a nonsingularM-matrix [27], thuswe will assumewithout loss
of generalitythat
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. Indeed,in thegeneralcase,wemaymultiply
thematrix equation(1.1), on theleft, by &
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Let
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betheminimalnonnegativesolutionof thematrixequation(1.1), andlet
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where � is the � -block dimensionalvectorde�ned in (1.3). Let usdenoteby



� ���
� �����

the
&

�

�

�

(

� &

�

�

�

(

block trailing principalsubmatrixof



. Sinceweareassuming
�

�

� �

, it
is a simplematterto verify that




��� ��� ��� �

is nonsingularandthatits inverseis




���

�����
� �����

�

��

�

�

�

�

�

�����

�

� ���

�

�

�

�

�

�����

�

...
...

...
�

�

�

�

	�








�

�

In particular, by de�ning

�+���

�

�
�

� 


� �

��� ��� ��� ���

���


 ��� 


���

�

���

�

�

weobtain,from (2.1), that

�




�

�

�

�

�

�

�



ETNA
Kent State University 
etna@mcs.kent.edu

154 A quadraticallyconvergentBernoulli-like algorithmfor solvingmatrixpolynomialequations

Thematrices �
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areexplicitly givenby
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, andpartition thesematricesinto � ��� block matricesas
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De�ne thesequencesof matrices�
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providedthat
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is nonsingularfor any ! *

�

.
THEOREM 2.1. Assumethat thematrix
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of (2.5) is nonsingularfor any ! *

�

. Then
thematrices
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, ! * � , are well de�nedandsatisfythefollowingproperties:
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Proof. Let usprovethe�rst partof thetheoremby usinganinductionargument.For !
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Thus,by induction,it follows that
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REMARK 2.2 (Relationwith cyclic reduction). We observethatthematrices
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canbe viewed asthe blocksgeneratedat the ! -th stepof the cyclic reductionappliedto a
suitableblock tridiagonalin�nite matrix [13, 7]. For this purpose,let usde�ne thematrices
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If the right handsideof equation(2.8) convergesto zero,we may approximate
�

with the
�rst blockentry �

�

of thesolutionof thelinearsystem
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for a suf�ciently largevalueof ! . Moreover, dueto thespecialstructureof
� �����

, in orderto
compute�
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in (2.9), it is suf�cient to solve the � � � linearsystem
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where �
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denotesthe�rst block componentof theblock vector �
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. In fact,suchconver-
gencepropertyholds,aswe will show in thenext theorem.Beforestatingthis convergence
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We may assume,without lossof generality, that1 is theonly zeroof �
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having modulus
one [15]. Under this assumption,sincethe M/G/1 Markov chain is positive recurrent,the
function �
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is singular;moreover,
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in theclosedunit disk(see
[27, 15]).
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�

�




�

�

�

�

�1�




� (

, having degreeatmost
� �+&

�

�

�

(

. Sincethe rankof
�

�




�

is at most � , it follows that "

� �

is a zeroof � &��

(

of
multiplicity at least &

�

�

�

(

� . Moreover, for thepropertiesof blockFrobeniusmatrices,if "

is a zeroof �

&��

(

, then " is a zeroof � &��

(

. Thus, " is a zeroof � &��

(

if andonly if " is a zero
of �

�

� ���

�

�

�

&��

(

. Fromthis property, sincetheM/G/1 Markov chainis positive recurrent,it
follows that � &��

(

hasexactly �+&

�

�

�

(

zerosinsidetheclosedunit disk (see[15]). Hence,
from theresultsof [15], thematrixequations�

���1�




�

7

�

�

�

�




�

and �

�

�

�




�

7

���




�

�

�

have a minimal nonnegative solution #

$

and #

�

, respectively, suchthat %'&$#

$

()�

� , and #

�

is
stochastic.FromRemark2.2andfrom theresultsof [7], it follows that

�

�

�����

7

#

$

���

�

�����

�

#

$

�	% ���

�

�����

� �

�

�

�����

7

�

�����

#

�

� �

�

�

�����

#

�

�	% ���

� �

� !$*

�

�

From the resultson cyclic reductionappliedto quadraticmatrix polynomialsof [7, 4], one
hasthat thesequence�

�

�������

� is uniformly boundedandthat �

�1����� �

� convergesto zeroas
, &�&
�

7

�

(

� �

(

, for any ���

�

suchthat �

7

�

*

� .
Since

�

is astochasticmatrix,theentriesof �

�

andof
�

� �

arenonnegativeandbounded
from aboveby a constant.Therefore,for theright hand-sideof (2.8), we havethat

���

�

�����

�

�

�

� �

���

�

, & &��

7

�

(

���

(

�

As a corollary of theabove theoremwe have alsothat, if the norm of
�8�����

� � remains
boundedfrom aboveby a constantfor any ! , thenthesequence�

�

�����

�

� is convergent.
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Theresultingalgorithmis thefollowing:
ALGORITHM 2.4.
INPUT: Nonnegative matrices

�

�

, �

� �

������� � � , a small real number � �

�

for the
stoppingcondition,a matrixnorm ��� - ��� .

OUTPUT: An approximation
�

�

of theminimal nonnegativesolutionof (1.1).
COMPUTATION:
1. Set

�




�

&

�

�

�

�

(

���

�


 ,
�

�

�

&

�

�

�

�

(

���

�

�

, �

�

�

������� ��� ,
�

�

� �

.
2. Set !

� �

and
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�
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� �
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� �
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�
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�
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�

�

�

-

�����
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�

�

�����

�

...
...

...
�

�

�

�

	 








�

�

3. Compute
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�
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�

�
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�
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�
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� �
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�
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�
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�
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�
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�
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� �

�1�����

�

where
�1����� �

� �

�

��� �

�

7��

�����
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�

7

�

�

�




�

�����




.

4. If ���

�

����


�

�

�

�

�

�����

�

���

*

� , where �

�����

�

is the �rst block componentof �

�����

, thenset
!

�

! 7�� andrepeatstep3. Otherwisesolve the linear system(2.10) andoutput
�

���

�

�

.
From(2.5) it followsthatthematrix

�'�����

, ! *

�

, is theidentitymatrix plusacorrection
in the�rst block row andin the�rst blockcolumn.In particular, wehave

�

�����

���

�

� �

�

��� �

�

�

�

�

�

�
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���������

�����
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�����
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�

�

�

where

�
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�

�
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�
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�

�

��������


���

�

Hencethecomputationof �

�����

,
�

�����

��� ,
�

�����

and
� �����

canbereducedto operationsbetween
blockvectors,with a computationalcostof , & � -

�

(

arithmeticoperations.Thematrix
�'�����

,
!

�

� , doesnot have any evident structure,sinceit is a full matrix. For this reasonthe
computationof this matrix canamountto , & � -

�

�

(

arithmeticoperations,which is a very
highcost.In section3 wewill show thatalsothematrix

�1�����

hasastructure,which relieson
theconceptof displacementrank.By usingthis conceptwewill show thatthematrix

� �����

is
representedby at most4 block vectors,andtheseblock vectorscanbecomputedby means
of FFTswith , & �:-

�$7

�

�

�32 4 5 �

(

ops.
Concerningthenonsingularityof

�
�����

, from Remark2.2andfrom theresultsof [4] we
have that

�1�����

is nonsingularif andonly if the & �

�

�

�

(

�+& �

�

�

�

(

block leadingprincipal
submatrixof thematrixof (2.7) is nonsingular. Wewerenotableto show thatthesesubmatri-
cesarenonsingular. In thenumericalexperimentswe haveneverencounteredsingularity. In
any case,if wewouldencountersingularity, wecouldapplyadoublingstrategy, asdescribed
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in [3], until nonsingularityis obtained.We referthereaderto [3] for details.Thesametech-
niquecanbe usedto overcomea possibleill-conditioning of the matrices

�8�����

. It canbe
shown (see[7]) that thesequence�

�1�������

� convergesto a nonsingularmatrix. However, it is
not clearwhattheconditioningof thelimit matrix is.

In principle, we could directly apply our algorithm to the pair &




�

�

(

, insteadof to
the pair &$#




�

#

�

(

. In other words,we could choose

 �




� � 


and
�

�




� �

�

, insteadof

/�




� �

#




and
�

�




� �

#

�

. However, by startingwith

 �




� �

#




and
�

�




� �

#

�

thestructure
of thematrices�


 �������

���

�

, �

�

�������

���

�

thatwe generateis simpli�ed, comparedto thecase

/�




� � 


and
�

�




� �

�

. Thuswehavechosento usethepair &�#




�

#

�

(

.

3. The algorithm revisedwith displacementproperties. In this sectionwe show that
the matrices

�

�����

, ! *

�

, have a displacementstructure. In particular, we show that they
haveblockdisplacementrankatmost3 andweproviderecursiveformulasfor thegenerators.
Theseformulasallow usto implementaversionof ouralgorithmwith low computationalcost,
which fully exploits theToeplitz structureof the involvedmatrices.We recall in Appendix
A theconceptandthepropertiesof displacementrank, thede�nition of block Toeplitz-like
matrices,andthefastalgorithmsfor computingtheproductof a block Toeplitzmatrix anda
blockvector.

For any ! *

�

, let usde�ne thequadraticmatrixpolynomial

�

�����

&
�

( �

�

�

�����

7

�

�

�����

�

�

�

�

�

�




�

�����

� 


�

�

Thenext theoremshows that, for any � andfor any ! *

�

, thematrix
�

�����

&��

(

hasdisplace-
mentrank at most3, with respectto the block displacementoperator� &

�

( ���

�

�

�

�

,
where

� �

��

�

�

�

� �

�

�

�

...
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�

�
�

	�








�

�

THEOREM 3.1. For any � andfor any ! *

�

wehave
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( ( �

&

�

�����

7

� �
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(3.1)

where
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� � �

�

�

-

���������
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� �
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(3.2)

Proof. Let usprovethetheoremby induction:
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It is asimplecalculationto show that
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Now, let us assumethat (3.1) holds for a ! *

�

, and let us show it for ! 7 � . For Re-
mark2.2 andfor the resultsof [9]

� ����
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we obtain,aftersomealgebraicmanipulations:
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Fromtheabove theorem,since
�'����� �

�

�
�����

&

� (

we immediatelyobtainthe following
propertyof thematrices

�'�����

, ! *

�

:
THEOREM 3.2. For any !"*

�

the matrices
�'�����

havethe following displacement
structure:
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where
�

�����

, �

�����

, � are de�nedin (3.2).
From theabove theorem,thematrix

�'�����

is only de�ned in termsof theblock vectors
�

�����

, �

�����

, �




�

�������

,
�������
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�
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�������

. Thecomputationof thesevectorscanbeperformedby
usingthefasttechniquesrecalledin AppendixA, whichrely onthedisplacementstructureof
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. In particular, from (2.4), we have
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��� is computedby meansof , &
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ops,by usingthe structureof
�
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��� . The product �




�
�����

is computedby exploiting the
displacementstructureof
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, by meansof , & �

�

�32�465 �'7

�:-

�

(

ops.

4. Algorithm for
$

. Our algorithm can be usedto solve the dual problem, that is,
computing

$

whichsatis�esthepolynomialequation(1.2).
SincetheMarkov chainis positive recurrent,thepolynomial �

&
�

(

of (2.11) has� zeros
insidethe openunit disk and � &

�

�

�

(

eigenvaluesoutsidethe openunit disk. Moreover,
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we mayassume,without lossof generality, that �

�

� is theonly zeroof modulusone.The
matrix

$

hasspectralradiuslessthanone,andits eigenvaluesarethe zerosof �

&��

(

in the
openunit disk.

Notethattheequation(1.2) is equivalentto
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Thus,we mayapplyexactly thesamealgorithm.As for thealgorithmfor
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, " is a zero
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. In particular,
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insidetheopenunit disk.

The matrix
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is not stochastic,but it is a simple calculationto show that
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is the � � � diagonalmatrixwhosediagonalelements
aretheentriesof � , and � is thesteadystatevectorof
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.
From the resultsof [15], thematrix equations�
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. As for the algorithm
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for any matrixnorm.

5. Shifting technique. The speedof convergenceof our algorithm can be improved
by applyingthe shifting techniqueintroducedin [17] for Quasi-Birth-Deathproblems,and
expressedin [5, 10] in functionalform asfollows. Let
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bea nonnegativevectorof length !
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since #
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�

Now, for thesakeof simplicity assumethat
�

�

is nonsingular(thecasewhere
���!�

�

�

�

�

can be treatedby meansof a continuity argument). Since �

�

�

�

�

�

the polynomials
�
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&
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#

�

&
�

( (

havethesamedegree,and,thereforethe
samenumberof roots.

Sincethematrix
�

�

�

� �

� is de�ned for ���

� �

andis singularonly for �

�

� , wededuce
that if � is a zeroof �

&��

(

and ���

� �

��� , thenit is a zeroof
#

�

&
�

(

andvice-versa.Moreover,
�

&

�

( � �

. Thus,we obtainthat
#

�
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(

hasthesamezerosas �

&��

(

exceptfor �

�

� which is
replacedin thecaseof

#

�

&
�

(

by �

� �

.
Let usnow considertheproblemof computing

�

. Sincewe have assumedthat1 is the
only zeroof �

&��

(

having modulus1, we mayde�ne, asin [17], thematrix 
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.
Then,it is easyto seethat theeigenvaluesof 
 arethoseof

�

exceptthat in thecaseof 


theeigenvalue � of
�

is replacedby
�

. Moreover, � is aneigenvectorof 
 correspondingto
theeigenvalue
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, andhence
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Soreplacing
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in (1.1), weobtainthefollowing shiftedequation
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�

�

#

�

�

. As before,the solution 
 of the equation(5.2) satis�es (2.1), wherein



and
�

thematrices
�

�

arereplacedwith
�

�

, and
�

with 
 . Thus,assumingthatall the
intermediatematrices

�1�����

arenon-singular, wemayapplythesamealgorithm.By usingthe
sameargumentsof theproofof Theorem2.3we deducethat
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As beforewe canapplya shifting techniqueto theequation(1.2), wherein this casethe

zerothatis equalto 1 is movedto % , insteadof to 0. Let
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It turnsout that
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is alsothesolutionof theshiftedequation
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TABLE 6.1
�

, � , � , andthenumberof iterationsfor Example1

If � is thesmallestzeroin modulusof thepolynomial �
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amongthezeroswhichareoutside
theunit circle,weobtainthat
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6. Numerical Examples. Wehaveimplementedin MATLAB ouralgorithmfor thecom-
putationof

�

and
$

, with andwithout theshifting technique.Wehavenotusedthedisplace-
mentstructure,thusin our resultswe reportonly the numberof iterationsandthe residual
error, andwe donot reporttheexecutiontime.
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Table6.3reportstheresults.

We observe that in both the examplesthe residualerrorsarevery small, and that the
shifting techniqueprovidesa muchfasterconvergencerate.

6.2. Computing
$

. We usethenormof theresidualof theequation
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TABLE 6.2
Theresidualsof thesolutionsin Example1
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TABLE 6.3
Thenumberof iterationsandresidualsof thesolutionsin Example2
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EXAMPLE 3. We construct
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. Thus,as
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EXAMPLE 4. We solve
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. Table6.6 reports
theresults.

Also for the computationof the matrix
$

the residualerrorsare very small, and the
shifting techniqueallowsoneto considerablyreducethenumberof iterations.

Appendix A. Displacementrank and fast Toeplitz computations. In this sectionwe
recall the conceptof displacementrank, introducedby Kailath et al. [20], andelaborated
in many otherpapers(see,for instance,[18, 11, 21] andthe referencescited therein). This
conceptis fundamentalin devisingandanalyzingalgorithmsrelatedto Toeplitzmatrices,and
will allow us to designaneffective versionof our algorithmthat fully exploits thestructure
of thematrices

�
�����

. Finally, we will recall thefastalgorithmbasedon theuseof FFTsfor
computingtheproductbetweena blockToeplitzmatrixandablock vector.
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TABLE 6.5
Theresidualsof thesolutionsin Example3
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.
Fromtheabove results,it follows thata matrix with smallblock displacementrankcan

beexpressedby meansof a sumof a few productsof block lower triangularandblock upper
triangularblock Toeplitzmatrices.In particular, theproductof onesuchmatrix anda block
vectorcanbereduced,by meansof formula(3.2), to afew productsof blockToeplitzmatrices
anda block vector. This computationcanbeperformedby meansof a fastalgorithmbased
on thepolynomialevaluation/interpolationat therootsof 1 with FFTs.More speci�cally, let
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TABLE 6.6
Thenumberof iterationsandresidualsof thesolutionsin Example4
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The computationalcostof theabove algorithmis , & � -

�

7

�
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�

2�465

�
(

arithmeticop-
erations.Thus,the computationof the productof a block Toeplitz-like matrix anda block
vectorcanbeperformedat thesamecost.
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