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A QUADRATICALL Y CONVERGENT BERNOULLI-LIKE ALGORITHM FOR
SOLVING MATRIX POLYNOMIAL EQUATIONS IN MARK OV CHAINS

C.HE , B. MEINI , N.H. RHEE , AND K. SOHRABY

Abstract. A quadraticallycorvergentalgorithmis developedfor solving matrix polynomialequationsarising
in M/G/1 andG/M/1 type Markov chains.Thealgorithmis basedn the computatiorof generalizedlock eigetval-
ues/\ectorsof a suitablepair of matricesby meansof a Bernoulli-like method.Theuseof thedisplacemenstructure
allows oneto reducethecomputationatostperstep.A shifting techniquespeedsip therateof cornvergence.

Keywords. polynomialmatrix equationsMarkov chains,generalizecigevalues/eigevedors, displacement
structure.

AMS subjectclassi cations. 15A24,60J22 ,65F15.

1. Intr oduction. We develop a quadraticallycorvergentalgorithmfor computingthe
component-wiseninimal nonngjative solutionof the matrix polynomialequation

(1.1)

where , areall nonngative matricesand is irre-
ducible and stochastic. The computationof  is fundamentain the numericalsolution of
M/G/1 type Markov chains.In fact,Markov chainsof M/G/1 type,introducedby M.F. Neuts
in [27], arecharacterizedby block upperHessenbey transitionprobability matrices which
are“almost” block Toeplitz. Dueto thestructureof theprobabilitytransitionmatrix, thecom-
putationof thesteadystatevector, andof otherimportantperformanceneasuress ultimately
reducedo the computatiorof thematrix [27].
We alsoconsidetthedual problem

(1.2)

underthe sameconditionson . Suchaproblemarisesin G/M/1 type Markov chains[26]

having a transition probability matrix in block lower Hessenbey form, which is “almost”

block Toeplitz. Also, for this classof Markov chains,the computationof the steadystate
vector aswell asof otherimportantperformanceneasuress ultimatelyreducedo solving
1.2.

We assumehatin bothproblemstheassociate®arkov chainis irreducibleandpositive
recurrent.Underthis assumptiorthereexistsacomponentwiseninimal nonngative solution
of (1.1) and(1.2), andthesesolutionsare suchthat , , respectiely,
wherethe symbol denoteghespectrakadius.Our algorithmwill computesuchminimal
solutions.

In the last years,several algorithmsfor solving the above nonlinearmatrix equations
have beendesigned.Besidesthe classical x ed point iterations[28, 22, 25], quadratically
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convergentalgorithmshave beendeveloped,basedon Newton's method[ 23], on cyclic re-
duction[24, 7, 8, 6], andon the computatiorof invariantsubspacefl]. Herewe proposea
differentapproachbasedn the following obsenation: by setting

(1.3)

and

(1.4)

we nd that(1.1) implies

(1.5)

As pointedoutin [19], equation(1.5 meanghat solves(1.1) if andonly if the columnsof
theblockvector spanade ating subspac§29] for the pair . We canalsosaythat

is a block generalizecigervectorof the pair , with correspondindplock eigervector

Obsenethat is ablock Frobeniusnatrix, possiblysingular Moreover, alsothe matrix
couldbesingular
Our algorithmprovidesan approximationof the generalizedlock eigervalue  in this
way: we generatéwo sequencesf matrices , satisfying

Dueto the spectralpropertiesof , we show thata suitablesubmatrixof guadratically
corvergesto zero,as . Thisallows oneto computea nite humberof matrices ,

, , for asuitable , andthento recoseranapproximatiorof by solving
an linear system.We show thatthe matrices , , aresparseandthattheir
computatiorrequiresonly arithmeticoperationgops). Thestructureof thematrices

, , is lessevident, sincethey arefull matrices.However, we shav thatthe block
displacementank (see[20]) of is at most3. Thus,the conceptof displacementank
allowsoneto exploit thestructureof ,andtorepresent by meanf afew blockvectors.
Suchvectorscanbe computedby meansof FastFourier Transformswith a computational
costof ops.

Theresultingalgorithmis quadraticallyconvergent,andthe computationatostof each
stepis ops.Finally, we increasehe speedf corvergenceby meansof
theshifting techniquentroducedn [17].
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For the dualmatrix equation(1.2) we proposea similar algorithm.

The idea of solving polynomial matrix equationsby computing a block eigen-
value/eigerector, or a de ating subspaceis notnew. In [12, 14, 16, 19] a block Bernoulli
iterationis appliedto computea block eigervalueof the block Frobeniusmatrix associated
with the matrix polynomialequation.In the Markov chainsframework, the matrix is ap-
proximatedby computingthe invariantsubspacef a suitableblock Frobeniusmatrix [1].
More generally in [19, 2] the solution of the polynomial matrix equationis expressedn
termsof a generalizedSchurdecompositiorof and , anda Schurmethodis appliedto
computesuchdecompositionln particular in [2] this approaclhis appliedto severalclasses
of polynomialandrationalmatrix equationshowever, the authorswrite that, for polynomial
matrix equationsof degreegreaterthan 2, they don't know how the structureof the block
Frobeniusmatrix canbe exploitedto computethe generalizedchurdecomposition.

Thepaperis organizedasfollows. In Section2 we describeour Bernoulli-like algorithm.
In Section3 we analyzethe displacemenstructureof the matrices , . In Section
4 the algorithmis adaptedor solving(1.2). In Section5 we proposea shifting techniqueto
speedupthecorvergenceFinally, in AppendixA werecallthe concepbf displacementank
andits mainproperties.

2. The basicalgorithm for . Inthefollowing, for apositiveinteger , wewill denote

by the identity matrix. Moreover, we will denoteby  the matrix
madeup by the rst  columnsof e,

The matrix is a nonsingulaM-matrix [27], thuswe will assumewithout loss
of generalitythat e, . Indeed,in thegenerakase we may multiply

thematrix equation(1.1), ontheleft, by .
Let betheminimal nonngative solutionof thematrixequation(1.1), andlet and

bethe block matricesde nedin (1.4) suchthat

(2.1)

where isthe -block dimensionalectorde nedin (1.3). Let usdenoteby the
blocktrailing principalsubmatrixof . Sincewe areassuming it

is asimplematterto verify that is nonsingulamndthatits inverseis

In particular by de ning

we obtain,from (2.1), that
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Thematrices and areexplicitly givenby

Set , , and partition thesematricesinto block matricesas
follows:

where

2.2)

De ne thesequencesf matrices , ,

(2.3)

suchthat

and , , , arede ned by meansof the following recursionsstartingfrom

(2.2,

(2.4)

where
(2.5)

providedthat is nonsingularfor any
THEOREM 2.1. Assumghatthe matrix of (2.5) is nonsingularfor any . Then
thematrices , , , are well de nedand satisfythe following properties:
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1. , , , whee , are matrices
with the structue

sud that
2. , for
Proof. Letusprovethe rst partof thetheoremby usinganinductionargument.For
letthematrices have the structurestatedn thetheoremandsatisfy
. After equatingthe block entriesin thelatterequalitywe obtainthat

whencewe deducethat

(2.6)

If we de ne the matrices , , from the structureof
, ,we nd that

where

By substitutingrelations(2.6) in the above equationsywe deducerom (2.4) that ,
. Theinductive stepcanbe proved by usingthe samearguments. Concerning
the secondpart of the theorem,obsene that by usingthe property and
we have
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Thus,by induction,it follows that , for O

REMARK 2.2 (Relationwith cyclic reductior). We obsenethatthe matrices ,
canbe viewed asthe blocks generatedit the -th stepof the cyclic reductionappliedto a
suitableblock tridiagonalin nite matrix[13, 7]. For this purposelet usde ne thematrices

Then,from (2.4) it follows that

Moreover, we canwrite

andwe caneasilyobsenrethat

Theabove recurrencegogethemwith therelationfor the matrices in (2.4), allow oneto
concludethatthe matrices , , arethe blocksobtainedatthe -th stepof
cyclic reductionappliedto thein nite matrix

2.7)

Considemow therelation , By deletingthe rst block
row in this equality we obtainthat

(2.8)

where
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If theright handsideof equation(2.8) corvergesto zero,we may approximate with the
rst blockentry  of thesolutionof thelinearsystem

(2.9)

for asufciently largevalueof . Moreover, dueto the specialstructureof , in orderto
compute in (2.9), it is sufcient to solvethe linearsystem

(2.10)

where denoteghe rst block componenbf the block vector . In fact, suchcorver-

gencepropertyholds,aswe will shav in the next theorem.Before statingthis corvergence
result,we needto introducethe polynomialof degreeat most

(2.11)

We may assumeyvithout lossof generality that 1 is the only zeroof having modulus
one[15]. Underthis assumptionsincethe M/G/1 Markov chainis positive recurrentthe
function has zerosin theclosedunit disk (includinga zeroequalto ) and
zerosoutsidethe unit disk, wherewe put zerosequalto in nity if is singular;moreover,
thematrix is stochasti@ndits eigervaluesarethezerosof in theclosedunit disk (see
[27, 15)).

THEOREM 2.3. Let . Thenfor any matrix norm
andfor any suc that , onehas .

Proof. Considetthe polynomial , having degreeat most

. Sincethe rank of isatmost , it follows that is a zeroof of

multiplicity atleast . Moreover, for the propertiesof block Frobeniusnatricesijf
is azeroof , then isazeroof . Thus, isazeroof if andonlyif isazero
of . Fromthis property sincethe M/G/1 Markov chainis positive recurrent;it
follows that hasexactly zerosinsidethe closedunit disk (see[15]). Hence,
from theresultsof [15], the matrix equations and
have a minimal nonngyative solution and , respectiely, suchthat ,and is
stochasticFromRemark2.2 andfrom theresultsof [7], it follows that

From the resultson cyclic reductionappliedto quadraticmatrix polynomialsof [7, 4], one
hasthatthe sequence is uniformly boundedandthat cornvergesto zeroas

, for ary suchthat .a

Since isastochastignatrix,theentriesof — andof arenonngativeandbounded
from above by a constantThereforefor theright hand-sideof (2.8), we have that

As a corollary of the above theoremwe have alsothat, if the norm of remains
boundedrom above by a constanfor ary , thenthesequence is convergent.
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Theresultingalgorithmis thefollowing:

ALGORITHM 2.4,

INPUT: Nonnegative matrices , a small real number for the
stoppingcondition,a matrixnorm

OuTPUT: An approximation of theminimal nonneative solutionof (1.1).

COMPUTATION:

1. Set ) ; )
2. Set and
3. Compute
where .
4. If , Where is the rst block componenof , thenset
andrepeatstep3. Otherwisesolve thelinear system(2.10 andoutput
From(2.5) it followsthatthe matrix , , is theidentity matrix plusa correction

in the rst blockrow andin the rst block column.In particular we have

where

Hencethecomputatiorof , , and canbereducedo operationdetween
block vectorswith a computationatostof arithmeticoperationsThe matrix ,

, doesnot have ary evident structure,sinceit is a full matrix. For this reasonthe
computationof this matrix canamountto arithmeticoperationswhich is a very
high cost.In section3 we will shav thatalsothe matrix hasa structurewhichrelieson
the concepbf displacementank. By usingthis conceptwve will shawv thatthe matrix is
representedby at most4 block vectors,andtheseblock vectorscanbe computedoy means
of FFTswith ops.

Concerninghe nonsingularityof , from Remark2.2 andfrom theresultsof [4] we
have that is nonsingulaif andonly if the block leadingprincipal
submatrixof thematrix of (2.7) is nonsingularWe werenotableto shav thatthesesubmatri-
cesarenonsingularIn the numericalexperimentswve have never encounteredingularity In
ary casejf we would encountesingularity we couldapplya doublingstrateyy, asdescribed



ETNA
Kent State University
etna@mcs.kent.edu

C. He,B. Meini, N.H. RheeandK. Sohraby 159

in [3], until nonsingularityis obtained.We referthereaderto [ 3] for details. The sametech-

nigue canbe usedto overcomea possibleill-conditioning of the matrices . It canbe

shavn (seg[7]) thatthesequence corvergesto a nonsingulamatrix. However, it is

not clearwhatthe conditioningof thelimit matrixis.

In principle, we could directly apply our algorithmto the pair , insteadof to

the pair . In otherwords, we could choose and , insteadof
and . However, by startingwith and the structure

of the matrices , thatwe generatds simpli ed, comparedo the case
and . Thuswe have choserto usethe pair

3. The algorithm revisedwith displacementproperties. In this sectionwe show that
the matrices , , have a displacemenstructure. In particular we shav that they
have block displacementankat most3 andwe provide recursve formulasfor thegenerators.
Thesdormulasallow usto implementaversionof ouralgorithmwith low computationatost,
which fully exploits the Toeplitz structureof the involved matrices. We recallin Appendix
A the conceptandthe propertiesof displacementank, the de nition of block Toeplitz-like
matrices,andthefastalgorithmsfor computingthe productof a block Toeplitzmatrix anda
block vector

For ary , letusde ne thequadratianatrix polynomial

The next theoremshows that, for ary andfor ary , the matrix hasdisplace-
mentrank at most3, with respecto the block displacemenbperator ,
where

THEOREM 3.1. For any andfor any wehave
(3.1)

whee

(3.2)

Proof. Let usprovethetheoremby induction:
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It is asimplecalculationto show that

Hence
Now, let us assumehat (3.1) holdsfor a , andlet us show it for . For Re-
mark 2.2 andfor the resultsof [9] , Where

. Thus,since(comparg9])

we obtain,aftersomealgebraicmanipulations:

d

Fromthe above theorem since we immediatelyobtainthe following
propertyof the matrices , :

THEOREM 3.2. For any the matrices havethe following displacement
structue:
whele , , arede nedin (3.2.

From the above theorem the matrix is only de ned in termsof the block vectors

, , , , . Thecomputatiorof thesevectorscanbe performedoy
usingthefasttechniquesecalledin AppendixA, whichrely onthedisplacemenstructureof
. In particular from (2.4), we have

Thus, given , the vector is computedby meansof
ops, by usingthe structureof . The product is computedby exploiting the
displacemenstructureof , by meanof ops.

4. Algorithm for . Our algorithm can be usedto solve the dual problem, that is,
computing which satis esthe polynomialequation(1.2).

Sincethe Markov chainis positive recurrentthe polynomial of (2.11) has zeros
inside the openunit disk and eigervaluesoutsidethe openunit disk. Moreover,
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we may assumewithout lossof generality that is the only zeroof modulusone. The
matrix hasspectralradiuslessthanone,andits eigervaluesare the zerosof in the

openunit disk.
Notethatthe equation(1.2) is equivalentto

and satises , where
and , areasdenedin (1.4), wherethe arereplacedvith
Thus,we may apply exactly the samealgorithm. As for the algorithmfor , isazero
of if andonlyif isazeroof . In particular
since hasexactly zerosinsidetheopenunitdisk,then hasexactly zeros
insidethe openunit disk.
The matrix is not stochasticbut it is a simple calculationto shav that
the matrix is stochasticywhere ,
, isthe diagonaimatrixwhosediagonalkelements
aretheentriesof ,and isthesteadystatevectorof .
Fromthe resultsof [15], the matrix equations and
have a minimal nonnegative solution and , respectiely, suchthat ,
where , and . Letusde ne
, . As for the algorithm
for , from Remark2.2 andfrom the resultsof [7, 4], the sequence is uniformly
boundedand corvergesto zero of order , for ary suchthat
. In particular the sameconvergencepropertieshold for and
Since , for theright hand-sideof (2.8), we have

for any matrixnorm.

5. Shifting technique. The speedof corvergenceof our algorithm can be improved
by applyingthe shifting techniqueintroducedin [17] for Quasi-Birth-Deatlproblems,and
expressedn [5, 10] in functionalform asfollows. Let beanonne@ative vectorof length
suchthat . De ne therankonematrix andthe matrix Laurentpolynomial

. Obsenrethat,by setting

where

(5.1)
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since and for ary , we have

Now, for thesale of simplicity assuméhat  is nonsingulathecasewhere
can be treatedby meansof a continuity agument). Since the polynomials
and have the samedeggree and,thereforethe
samenumberof roots.
Sincethe matrix is de nedfor andis singularonly for , wededuce
thatif is azeroof and , thenit is a zeroof andvice-versa.Moreover,
. Thus,we obtainthat hasthe samezerosas exceptfor whichis
replacedn the caseof by .
Let usnow considerthe problemof computing . Sincewe have assumedhat1 is the
only zeroof having modulusl, we mayde ne, asin [17], the matrix
Then,it is easyto seethatthe eigervaluesof  arethoseof exceptthatin the caseof
theeigervalue of isreplacedby . Moreover, isaneigervectorof correspondingo

theeigervalue , andhence . Sowe have

Soreplacing by in (1.1), we obtainthefollowing shiftedequation

(5.2)

where . As before,the solution  of the equation(5.2) satis es(2.1), wherein

and thematrices arereplacedwith ,and with . Thus,assuminghatall the
intermediatematrices arenon-singulaywe mayapplythe samealgorithm.By usingthe
sameargumentf the proof of Theorem2.3we deducehat

where , for ary suchthat , .
As beforewe canapplya shifting techniqueo the equation(1.2), wherein this casethe
zerothatis equalto 1is movedto , insteadof to O. Let

It turnsoutthat is alsothe solutionof the shiftedequation

asadirectresultof the following identity

andthat
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Iter. of Orig. Alg. | Iter. of ShiftedAlg.

TABLE 6.1
, , andthenumberof iterationsfor Examplel

If isthesmallestzeroin modulusof thepolynomial amongthezeroswhichareoutside
theunit circle, we obtainthat

for ary suchthat ,

6. Numerical Examples. We haveimplementedn MATLAB ouralgorithmfor thecom-
putationof and , with andwithouttheshiftingtechnique We have notusedthedisplace-
mentstructure thusin our resultswe reportonly the numberof iterationsandthe residual
error, andwe do notreportthe executiontime.

6.1. Computing . We usethenormof theresidualof theequation

to checkthe accurag of the computedsolution. The stoppingcriterion for the original and
theshiftedalgorithmsis

ExAMPLE 1. We construct and , where is thematrix
having null diagonalentriesand constanoff-diagonalentries,and . Notethatthe
rate . Thus,as approachegero,the problembecomesnore
unstable Table6.1 and6.2 reporttheresultsobtainedwith size

EXAMPLE 2. We solve . The matricesare , for

, where  arerandommatricesgeneratedy the MATLAB command
. Thematrix size is . Thescalars arerespectiely

. Thematrix is adiagonalmatrix whoseentriesarethe row sums
of sothat . In this example and
Table6.3reportstheresults.

We obsene thatin both the examplesthe residualerrorsare very small, and that the
shifting techniqueprovidesa muchfastercorvergencerate.

6.2. Computing . We usethenormof theresidualof theequation
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Res.of Orig. Alg. | Res.of ShiftedAlg.

TABLE 6.2
Theresidualsof the solutionsin Examplel

Orig. Alg. ShiftedAlg.

Iter.
Res.

TABLE 6.3
Thenumberof iterationsandresidualsof the solutionsin Example2

to measurdow accuratehesolutionis. Thestoppingcriterionfor theoriginalandtheshifted
algorithmsis

ExAaMPLE 3. We construct and , Where isthematrix
having null diagonalentriesand constanff-diagonalentries,and . Notethatthe
rate . Thus,as approachegero,the problembecomesnore
unstableTable6.4 and6.5 reportthe resultsobtainedwith size

EXAMPLE 4. We solve . Herethematrices aregeneratedsin the
Example2. In this example, , ,and . Table6.6reports
theresults.

Also for the computationof the matrix  the residualerrorsare very small, and the
shifting techniqueallows oneto considerablyeducethe numberof iterations.

Appendix A. Displacementrank and fast Toeplitz computations. In this sectionwe
recall the conceptof displacementank, introducedby Kailath et al. [20], and elaborated
in mary otherpaperg(see,for instance[18, 11, 21] andthe referenceitedtherein). This
concepis fundamentain devisingandanalyzingalgorithmsrelatedto Toeplitzmatricesand
will allow usto designan effective versionof our algorithmthatfully exploits the structure

of the matrices . Finally, we will recallthe fastalgorithmbasedon the useof FFTsfor
computingthe productbetweenra block Toeplitzmatrix anda block vectot
De ne the blodk down-shiftmatrix

wheretheblockshave dimension , andconsidethefollowing block displacemenbperator
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Iter. of Orig. Alg. | lter. of ShiftedAlg.

TABLE 6.4
, , andthenumberof iterationsfor Example3

Res.of Orig. Alg. | Res.of ShiftedAlg.

TABLE 6.5
Theresidualsof the solutionsin Example3

de nedfor ary block matrix
We say that the block matrix  hasblock displacementank if is the minimum
integer suchthat thereexist block vectors , , satisfyingthe equation
If , thenthe matrix  canbe representedn termsof block
Toeplitzmatricesde ned by theblock vectors , , andby its rst block

column,accordingthefollowing formula(see[ 11]):

where ( ) denoteghe blocklower (upper)triangularblock Toeplitzmatrix
de nedbyits rst blockcolumn (row ). Theblockvectors
will becalledgeneratoref the block Toeplitz-like matrix
Fromthe above results,it follows thata matrix with smallblock displacementank can
be expressedy meanf a sumof afew productsof block lower triangularandblock upper
triangularblock Toeplitz matrices.In particular the productof onesuchmatrix anda block
vectorcanbereducedby meansf formula(3.2), to afew productsof block Toeplitzmatrices
andablock vector This computationcanbe performedoy meansof a fastalgorithmbased
onthe polynomialevaluation/interpolatiomt the rootsof 1 with FFTs.More speci cally, let
be a block Toeplitz matrix, a block vectorwith block entries
, and , where hasblockentries . Then, canbe
efciently computedby meansof thefollowing schemd 11, 7, 8]:
1. Evaluatethematrix polynomial
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Orig. Alg. ShiftedAlg.

Iter.
Res.

TABLE 6.6
Thenumberof iterationsandresidualsof the solutionsin Example4

atthe rootsofl , Where is aprimitive
-th root of 1, by meansof DFT'sof order , andobtainthe matrices ,

2. Evaluatethe matrix polynomial at the
rootsof 1 , by meansof DFT'sof order , andobtainthe
matrices ,

3. Computethe products , .

4. Interpolate by meansof IDFT's of order  andobtainthe coefcients

suchthat andset , .
The computationatostof the above algorithmis arithmeticop-

erations. Thus, the computationof the productof a block Toeplitz-like matrix anda block
vectorcanbe performedatthe samecost.

Acknowledgments. The authorswish to thankthe anorymousrefereedor the helpful
suggestionsvhich improvedthe presentatiomf this paper

REFERENCES

[1] N. AKAR AND K. SOHRABY, An invariant subspaceppmoadc in M/G/1 and G/M/1 type Markov chains
Comm.Statist.StochasticModels,13 (1997),pp. 381-416.

[2] P. BENNER, R. BYERS, V. MEHRMANN, AND H. Xu, A uni ed de ating subspaceppoad for classes
of polynomialandrational matrix equations PreprintSFB393/00-05TechnischeJniversitit Chemnitz,
Jan.2000.

[3] D. A. BINI, L. GEMIGNANI, AND B. MEINI, Factorizationof analytic functionsby meansof Koenigs
theoemand ToeplitzcomputationsNumer Math.,89 (2001),pp.49-82.

[4] D.A.BINI, L. GEMIGNANI, AND B. MEINI, Computationsvith in nite Toeplitzmatricesand polynomials
Linear AlgebraAppl., 343/344(2002),pp. 21-61. Specialissueon structuredandin nite systemsof
linearequations.

[5] D.A.BINI,L. GEMIGNANI, AND B. MEINI, Solvingcertainmatrix equationsdby meansof Toeplitzcompu-
tations: algorithmsandapplications in Fastalgorithmsfor structuredmatricestheoryandapplications,
vol. 323 of ContempMath., Amer. Math. Soc.,Providence RI, 2003,pp. 151-167.

[6] D.A.BINI, G. LATOUCHE, AND B. MEINI, Solvingmatrix polynomialequationsarising in queueingprob-
lems LinearAlgebraAppl., 340(2002),pp. 225-244.

[7] D. A. BINI AND B. MEINI, On the solutionof a nonlinearmatrix equationarising in queueingproblems
SIAM J. Matrix Anal. Appl., 17 (1996),pp. 906—-926.

[8] ——, Improvedcyclicreductionfor solvingqueueingoroblems Numer Algorithms, 15 (1997),pp.57-74.

[9] ———, Effective methodsfor solving bandedToeplitzsystemsSIAM J. Matrix Anal. Appl., 20 (1999),
pp.700-719.

[10] ———, Non-skip-fee M/G/1-typeMarkov chainsand Laurent matrix power series Linear AlgebraAppl.,

386(2004),pp. 187-206.

[11] D.A.BINIAND V. PAN, Matrix andPolynomialComputationsyol. 1: FundamentaRlgorithms Birkhausey
Boston,1994.

[12] R. C. BusBY AND W. FAIR, Iterative solution of spectal opemtor polynomialequationsand a related
continuedraction J.Math. Anal. Appl., 50 (1975),pp. 113-134.

[13] B. L. BuzBEE, G. H. GoLuB, AND C. W. NIELSON, On direct methodsor solving Poissons equation
SIAM J.Numer Anal., 7 (1970),pp.627—-656.

[14] J. E. DENNIS, JR., J. F. TRAUB, AND R. P. WEBER, Algorithmsfor solventsof matrix polynomials SIAM
J.Numer Anal., 15(1978),pp.523-533.



(15]
[16]
(17]
(18]
[19]
[20]
(21]

(22]

(23]
[24]
(25]
(26]
(27]
(28]

[29]

ETNA

Kent State University
etna@mcs.kent.edu

C. He,B. Meini, N.H. RheeandK. Sohraby 167

H.R. GAIL, S. L. HANTLER, AND B. A. TAYLOR, Spectal analysisof and typeMarkov
chains Adv. in Appl. Probah 28 (1996),pp. 114-165.

|. GOHBERG, P. LANCASTER, AND L. RODMAN, Matrix polynomials AcademicPresdnc. [HarcourtBrace
Jovanavich Publishers]New York, 1982. ComputerScienceandApplied Mathematics.

C. Hg, B. MEINI, AND N. H. RHEE, A shiftedcyclic reductionalgorithm for quasi-birth-deattproblems
SIAM J. Matrix Anal. Appl., 23 (2001/02) pp.673—-691.

G. HEINIG AND K. ROST, Algebraic Methodsfor Toeplitz-lile Matricesand Operators, Akademie-\érlag,
Berlin, andBirkhauserBoston,1984.

N. J. HIGHAM AND H.-M. KiM, Numericalanalysisof a quadiatic matrix equation IMA J. Numer Anal.,
20(2000),pp.499-519.

T. KAILATH, S. KUNG, AND M. MORF, Displacementanksof matricesandlinear equationsJ.Math. Anal.
Appl., 68(1979),pp. 395-407.

T. KAILATH AND A. H. SAYED, eds.,Fastreliablealgorithmsfor matriceswith structue, SIAM, Philadel-
phia,1999.

G. LATOuCHE, Algorithmsfor in nite Markov chainswith repeatingcolumns in Linear Algebra, Queue-
ing ModelsandMarkov Chains,C. Meyer andR. Plemmonsgeds.,SpringefVerlag, New York, 1993,
pp.231-265.

, Newton's iteration for non-linear equationsin Markov chains IMA J. Numer Anal., 14 (1994),
pp.583-598.

G. LATOUCHE AND V. RAMASWAMI, A logarithmic reductionalgorithmfor Quasi-Birth-Deathprocesses
J.Appl. Probah, 30(1993),pp.650-674.

B. MEINI, New corvemgenceresultson functionaliteration techniquesfor the numericalsolutionof M/G/1
typeMarkov chaing Numer Math., 78 (1997),pp. 39-58.

M. F. NEUTS, Matrix-GeometricSolutionsn StodasticModels: An Algorithmic Appoad, The JohnsHop-
kins University PressBaltimore,MD, 1981.

, Structued Stotastic Matrices of M/G/1 Type and Their Applications Marcel Dekker, New York,
1989.

V. RaMAswAMI, Nonlinearmatrix equationsn appliedprobability - Solutiontechniguesandopenproblems
SIAM Rev., 30(1988),pp. 256—263.

G. W. STEWART AND J. G. SUN, Matrix perturbationtheory ComputerScienceandScienti c Computing,
AcademicPresdnc., Boston,MA, 1990.



