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IMPROVED INITIALIZA TION OF THE ACCELERATED AND ROBUST QR-LIKE
POLYNOMIAL ROOT-FINDING

DARIO A. BINI , LUCA GEMIGNANI , AND VICTOR Y. PAN

Abstract. We approximatgolynomialrootsnumericallyastheeigevaluesof aunitarydiagonalplusrank-one
matrix. We rely on our earlieradaptatiorof the algorithm,which exploits the semiseparablmatrix structureto
approximatehe eigewaluesin afastandrobustway, but we substantiallyimprove the performancef theresulting
algorithmattheinitial stageascon rmed by our numericaltests.
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1. Intr oduction. Polynomialroot- nding is afundamentamathematicaproblemwith
along history[14]. Thedesignof computationallyeffective polynomialroot- ndersis still
an active researcheld. Besidesthe well-known applicationsto algebraic-geometricom-
putations,we emphasizeherethe highly importantapplicationsin variousareasof signal
processingsuchas spectralfactorization, Iter andwavelet design,linear prediction,phase
unwrapping,forming a cascadeof lower order systemsgetc. (see[10] andthe references
therein). In thesecontexts polynomialsaretypically generatedy the z-transformof nite
lengthsignals,with polynomialorder equalto the numberof samplepoints. Thus,orders
of severalhundredarecommonand,morewer, thecoefcients arein generasmallwith most
of therootslocatedquite closeto theunit circle.

Many root- nders areactuallyimplementedasstandardsoftwaresin numericallibraries
andervironmentssuchasNAG, IMSL, Mathematica andMatlak’. Amongthe mostused
generalpurposeroot- nders is the Jenkins-Taubmethod[9, 8] implementedoy IMSL and
MathematicaNSolve function). It is instructive to compareit with anotherpopularroot-

nder, which is employed by the functionroots  of Matlab andappliesthe matrix al-
gorithmto computethe eigervaluesof the companiormatrix associatedvith the givenpoly-
nomial. Library implementation®f the Jenkins-Taubmethodusuallylimit the acceptable
degreeof the input polynomialto 50. Numericalexperimentsreportedin [10] con rm that
the accurag of the Jenkins-Taub programcandramaticallydeterioratefor relatively small
degreey ) evenif therootsof theinput polynomialarenumericallywell-conditioned.
On the contrary the matrix approachbasedon the processyields a norm-wiseback-
ward stableroot- nding algorithm[5, 18], which producesyoodresultsfor mostinputs. It
has,however, a seriousdrawback: The resultingmethodis very spaceandtime consuming
( and , respectiely). Therefore,as Cleve Moler haspointedout in [11], this
methodmay not bethe bestpossiblebecauséan algorithmdesignedpeci cally for polyno-
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mial rootsmightuseorder storageand time’

In our presentwork we study numericallyreliable algorithmswhich achieve this goal.
For the sale of completenesslet us also mentionthe reductionin [4, 19] of polynomial
root- nding to the tridiagonaleigenproblemand the algorithmsin [12, 13] supportingthe
arithmeticandBooleantime compleity boundsfor polynomialroot- nding which aretheo-
retically optimalup to polylogarithmicfactors.We referthereadetto [ 14, 15, 17] for histori-
calbackgrounandreferencesSofar, however, suchmethodshave beenof nopracticalvalue
becaus®f their pooraccurag whenimplementedn nite precisionarithmetic.Our present
work is completelydifferent. In this paperwe proposea numericallyreliable root- nding
algorithmbasedon the exploitation of a differentreductionto a matrix eigervalueproblem
which is solved by the fastadaptatiorof iterationdevisedin [3]. To the advantageof
our approachwe replacepotentiallyunstableprocessessuchasthe the constructiorof the
tridiagonalmatrixandthe computatiorof its eigervalues by morerobustcomputationsvhile
atthesametime we keepthe computationatostaslow aspossible.

A disturbingrestrictionof thealgorithmin [3] is thatit requireghattheinputmatrixbea
realdiagonalplus rank-onematrix. The computatiorof a matrix in this form having a given
characteristigpolynomialleadsto nontrivial numericalissues. In particular the computed
entriescanbeaffectedby largeabsoluteerrorsthusresultingin pooraccurateapproximations
of theeigervalues.Moreover, thechoiceof realdiagonalelementss alsoin con ict with the
customaryrecipeof selectingthe initial approximationson the comple circles centerecat
theorigin [2]. Thisrecipeis known to supportfastercorvergence.

In this papermwe proposeandelaborateuponthe following simpletechniquéor circum-
ventingtherestrictionin [3] ontheinputmatrix. We assumehattheinput polynomial is
givenby its degree andby ablackboxfor its evaluationatany point . This settingis quite
generalsinceit coversmary differentpolynomial representationgithout requiringto per

form ary possiblyill-conditionedbasiscorversion.We rst evaluate for andatthe
-th rootsof unity (Fourierpoints)andthencomputea unitarydiagonalplusrank-onematrix

, Where , forall ,and hasthecharacteristic
polynomial . (We may generalizehis approactby choosing for ary x edposi-

tive .) Thenwe choosea Moebius(bilinear)transformation ,

———, which mapsthe unit circle into the realaxisandthustransformshe matrix

into arealdiagonalplusrank-onematrix ,
and . We apply the algorithmin [3] to approximatehe eigervaluesof the matrix
andthenobtainthe eigervaluesof  (thatis the roots of ) simply by solving a linear
equationin onevariablefor eacheigervalue. Apart from the applicationof the algorithm
in [3], the computationessentiallyamountto evaluating at the Fourier points. If we
know the coefcients of in the power form andif , thenthe evaluationcostis
ops by usingFFT's. Theoverall computationatostis dominatedat the stageof
theapplicationof the algorithmin [3], which requires ops for all roots(eigervalues)
(assuming constannumberof iterationspereigervalue).Numericalexperimentshowv
thatour root- nder exhibits a stablebehavior.

We organizethe paperasfollows. In Sect. 2 we reducethe polynomial root- nding
problemto solving aneigervalueproblemfor areal diagonalplus rank-onematrix. In Sect.
3, for the sale of completenessye describeour adaptatiorof the algorithmfrom [3]. In
Sect. 4 we presentanddiscusshe resultsof our extensve numericalexperiments.Finally,
conclusioranddiscussiorarethe subjectdn Sect.5.
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2. An eigervalue algorithm for computing polynomial roots. Assumethatwe seek
numericalapproximation®f therootsof the -degreepolynomial ,

2.1)

representetdy meansof a blackbox for computingthe polynomialatary point . Hereafter

we write . By using the Lagrangeinterpolationformula applied on the nodes
, Wwhere is aprimitive throotof 1,we nd that

It followsthat
(2.2)

By evaluatingboth sidesof this formulaat the point , we obtainthe following simple
expressiorfor theleadingcoefcients of ,

(2.3) —

The root- nding problemfor givenin the form (2.2) canbe easily recastednto
a matrix settingas the computationof the eigervaluesof a generalizeccompanionmatrix
associateavith
THEOREM 2.1. Let bethe -thdegreepolynomial(2.1) anddenoteby a primitive
throotof 1. De ne theunitary diagonalplusrank-onematrix by

Then .
Proof. Fromthe Sherman-Morrison-\&6bodhury formula(se€ 6], page50) appliedfor the
computatiorof thedeterminanbf ,we nd that

which coincideswith in theview of (2.2). O

An alternatve derivationof this theorenrelatesshematrix to the Frobeniusmatrix
associatedvith ,



ETNA

Kent State University
etna@mcs.kent.edu

198 Acceleratedandrobust  -like polynomialroot- nding

Firstobsene that

(2.4)

where s thelastcolumnof the identity matrix of order . Theunit circulant matrix
canbediagonalizedy the Fourier unitary matrix , where -,
thatis,

By substitutingthis equationinto (2.4), we obtain
(2.5)

Since , we deducehat

(2.6)

Furthermoreit is easilyveri ed that

2.7)

Hence,Theorem2.1 follows whenwe substitutg(2.6) and(2.7) into theequation(2.5).

The adwvantageof the matrix formulationof theroot- nding problemprovidedby Theo-
rem2.1is thatwell establishedechnique®f numericalinearalgebracanbeusedto compute
the eigervaluesof . Becauseof its robustnessthe iterationis usually the methodof
choicefor nding the eigendecompositioaf a matrix numerically[ 16, 6, 1].

REMARK 2.2. Our secondlerivationof Theoem2.1showghat is similarbyaunitary
transformationto the Frobeniusmatrix — associatedvith . However, the conditioning
of theroot- nding problemfor a polynomial expressedy meansof (2.2), (2.3) canbe
mud different from that for the root- nding problemfor the samepolynomialgivenin the
powerform. We only point out that the sensitivityof the processappliedto the matrices

and with respecto arbitrary (not structured)initial perturbationsof the matrix entries
shouldbecompagable

Next we modify thematrix  to speedupthecomputatiorof its eigervaluesby meanf
the algorithm. We introducea matrix relatedto andhaving thefollowing
features:

1. Eachzeroof is obtainedrom a correspondingigervalueof  simply by solv-
ing alinearequationin onevariable.

2. Approximationf theeigervaluesof canbefoundby meansfthe  algorithm
in afastandrobustway.

Obsenre thatthe diagonalmatrix hasentrieslocatedon the
unit circle in the complex plane.A bilinearMoebiustransformation ,

for appropriatechoicesof theparameters, , and mapstheunit circle into therealaxis.
If the matrix is nonsingularthen is well de ned and hasthe form
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of a real diagonalplus rank-onematrix. We recall from [7] that the inverseof a Moebius
transformations still a Moebiustransformatiorde ned by

By combiningthis propertywith Theoremd.3 of [2(], we obtainthe following simpleresult.

THEOREM 2.3. Let and be two arbitrary nonzeo comple
numbes sudc that . Set , , and . Then
thefunction —— is a Moebiustransformatiormappingthe unit circle (except
for thepoint ) ontothereal axis.

Assumenow that is prescribedsin theprevioustheorem, is nonsingular
and,moreover, is well de ned, i.e., for . Thenwe have

that

which canberewritten as

(2.8) - —

wherethe diagonalmatrix is invertible. From the Sherman-Morrison-\&6odhury
formula[6] it followsthat

where

(2.9)

Substitutehelatterexpressiorfor theinverseof — into (2.8) anddeduce
that

whichimpliesthat

Write

(2.10) S

and nally arrive atthefollowing simplerepresentatioof
THEOREM 2.4. Let —_— be the matrix of Theoem2.1. Assumehat

is a Moebiustransformationdeterminecas in Theoem?2.3to mapthe
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unit circle onto the real axis in the complex plane Moreover, supposehat is
nonsingularand for . Then is areal

diagonalplusrank-onematrix, whee

and and arede nedby (2.9 and(2.10, respectively
Eacheigervalue of is relatedto the correspondingigervalues of by
. Oncewe have computedheeigervaluesof we mayretrieve thoseof
simply by computing

(2.11) -

Basedontheaboveresultswe deviseanalgorithmfor approximatingherootsof an th
degreepolynomial representelly meansf ablackboxfor its evaluation.Thealgorithm
outputsthevector of theapproximationgo therootsof

function[ ] = FastRooty )

1) Evaluate attheFourierpoints , where

2) Computetheleadingcoefcient  of by meansof (2.3).
3) Formthevectors and de nedin (2.6) and(2.7), respectrely.
4) Choosaandomcomple« numbers and .

5) Choosearandomrealnumber

6)Dene and asin Theorem2.3

7) Compute , for .

8) Compute and by meansf (2.9) and(2.10.

9) Computeapproximations of theeigervaluesof

10) Approximate by using(2.11).

The core of this algorithmis the computationof the eigervaluesof the matrix
. In the next sectionwe recallour fastadaptatiorof theclassical  algorithmfor
nding the eigervaluesof arealdiagonalplusrank-onematrixin arobustandfastway. Our
root- nding methodis obtainedby incorporatingsucha variantof in the FastRoots
proceduren orderto carry outthe eigervaluecomputatiorat step9 ef ciently .

3. Fast iteration for realdiagonal plus rank-one matrices. In this sectionfor the
sale of completeneswe summarizeheresultsof [ 3] for the computatiorof the eigervalues

of generalizedsemiseparablenatrices. Let us rst specify this classof structured
matricesdenotecby , by showing thatit includesrealdiagonalplusrank-onematrices A
matrix belongsto  if thereexist real numbers , comple
numbers , andfour vectors , ,
and suchthat

(3.1) o

where for and,otherwise, . For ,

and , , thenit is easilyseenthat  containsthe real diagonalplus

rank-onematricesof theform with
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The computationof the eigervaluesof a generalizedsemiseparablenatrix can
beefciently performedby meanof theclassical iterationwith linearshift. The al-

gorithmwith linearshift appliedto the matrix de nesasequencef similar matrices

accordingto thefollowing rule:
(3.2)

where isunitary,  isuppertriangulay  denotegheidentity matrix of order and
is aparametecalledthe shift parameter The rst equatiorof (3.2) yieldsa factorization
of the matrix . Underquite mild assumptionshe matrix  tendsto an upper
triangularor, at least,a block uppertriangularform thusyielding somedesiredinformation
abouttheeigervaluesof

The following resultsare provedin [3]. The rst of them statesthat the generalized
semiseparablstructures invariantunderthe iterative procesg3.2).

THEOREM 3.1. Let , be the matricesgenesated at the r st
iterations by the algorithm (3.2) starting with of the form (3.2),
whee are assumedo be nonsingular Then,eadh , with ,
belongsto . Thatis, for , there exist real numbes ,

, complex numbes ,
, andfour -vectos

and sud that
admitsthe following representation:

(3.3)

where for and,otherwise .
Thestructured  algorithmfor generalizedemiseparablmatricescanbe de ned by
amap |,

which, given a generalizedemiseparableepresentationf togetherwith the value of
theshift parameter |, yieldsa generalizedemiseparableepresentationf  satisfying
(3.2. The next resultis concernedwith the compleity of sucha map. Its proof in [3]

is constructve and providesa fastimplementatiorof the iteration (3.2) appliedto the
computatiorof the eigervaluesof a generalizedemiseparablmatrix

THEOREM 3.2. Underthe hypothesesf Theoem3.1, there existsan algorithm which
givenan input , , , , and returns

, , and astheoutputat the costof ops.

If, fora x edindex ,thematrices and aresingularthen isaneigervalue
of , anda de ation techniqueshouldbe employed. Whenwe work in nite precision
arithmetic,we alsoapplyde ation if the entriesof thematrix  satisfya suitablestopping
criterion. Let be the leadingprincipal submatrix
of  obtainedfrom by deletingits last rowsandcolumns.lt is easilyseenthat

admitsa representatiosimilar to the oneprovidedby Theorem3.1. Such
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arepresentatiois foundsimply by truncatingthe correspondingepresentatioof the matrix

of alargersize. Hence, and,therefore all the matrices
generatedy meansof the schemg(3.2) appliedto for the computationof its
eigervaluesstill satisfy(3.3).

4. Numerical experiments. In this sectionwe describeand discussthe resultsof our
experimentsin which we testedthe speedandthe accurag of our root- nding algorithm.
We have implementedn Matlab the function FastRoots describedn the Section2 and
usedit for computingthe roots of polynomialsof both small andlarge degree. At the step
9 of FastRoots , we appliedthe structured iteration for generalizedsemiseparable
matricedevisedin [ 3] andsummarizedh theprevioussection.To avoid possibleunfortunate
selection®f therandomparameterde ning the Moebiustransformation , werepeated
stepsA—8twice andde nedthe nal setof parameterghatminimizedthein nity normof the
correspondingnatrix

We testedthe following polynom|als mostof which arechosenor modi ed from [21]
and[19]:

1. the“Wilkinson polynomial”: ;

2. thescaled'Wilkinson polynomial”: ;

3. theChebyshe polynomial: ;

4. the monic polynomialwith zerosequally spacedn the curve ,

, hamely _ _
5. the polynomial _  —
, , whichhasarootdistribution sim-
ilar to thetransferfunctionof anFIR low-passlter [10];
6. the randompolynomial
rand rand rand rand
Tables4.1, 4.2, 4.3, 4.4and 4.5 show the resultsof our numericalexperimentsfor the
polynomialsfrom 1) to 5) by reportingthedegree , anestimatefor the maximumcondition

numberof theroots,themaximum,minimumandaverageabsolutesrrorof thecomputedoot
approximationsover 100 experiments. Condition numbersare found from the Lagranges

with

representatiomf the polynomial wherewe assumethat the leading coefcient is
known exactly whereaghe computedvalues satisfy
where and is the machineprecision. The poor resultsreportedin Table

4.5 canbe explainedby observingthe growth of the coefcients generatedat intermediate
stepsby the Matlabfunctionpoly employedto computethe coefcients of the polynomial
5) givenits zeros.Table4.6reportstheoutputdatafor thepolynomial5) in thecasenvherethe
valuesattainedby thepolynomialontherootsof unity areevaluatedy usingits factorization
asaproductof linearterms.Figure4.1 coversourtestswith randompolynomialsof theform
6) of high degree. It shows the and the running for polynomialsof degree
for . Ourtestprogramreturnsthesevaluesasthe output. The
errorvalueis computedasthe maximumof the minimum distancebetweeneachcomputed
eigervalueandthe setof “true” eigervaluescomputedby the functioneig of Matlah For
eachsizewe carriedout 100 numericalexperiments.In each gure, the rst plot reportsthe
averagevalueof theerrors,andthesecondlot reportstheratio betweertheaveragevaluesof

runningtime for polynomialshaving degree and . Since
andtheproposedlgorithmfor computingall thezerosof is expectedo haveaquadratic
cost,thisratio shouldbecloseto 4 for large , whichwasindeedobsenedin thesetests.

5. Conclusion. In this papemwe have presente@dnovel root- nding algorithmbasecbon
eigervaluecomputationsvhich is appealingbecausef its memoryrequirementsand com-
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Wilkinson polynomial
cond maderr | minerr | average
10 || 1.61e+12| 0.07 | 8.09e-05| 0.004

20 || 6.64e+29| 47.2 8.59 18.1
TABLE4.1

Scaledwilkinson polynomial
cond maxerr minerr | average
10 || 4.52e+07| 2.42e-06| 5.13e-10| 5.32e-08
20 || 3.46e+16 0.4 0.05 0.12
TABLE 4.2

putationalcost. By exploiting the structureof the associate@igervalueproblemsenablesis
to yield a quadratictime usinga linear memoryspace. The resultsof extensive numerical
experimentscon rm therobustnessandthe effectivenesof the proposedapproach.The ac-
curag/ of computedesultsis generallyin accordancevith the estimateon the conditioning
of polynomialrootsfor polynomialsrepresentetly meansof aninterpolationon therootsof
unity.
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maxerr minerr
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