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Abstract. Weapproximatepolynomialrootsnumericallyastheeigenvaluesof aunitarydiagonalplusrank-one
matrix. Werely onourearlieradaptationof the ��� algorithm,whichexploits thesemiseparablematrix structureto
approximatetheeigenvaluesin a fastandrobustway, but wesubstantiallyimprove theperformanceof theresulting
algorithmat theinitial stage,ascon�rmed by ournumericaltests.

Keywords. ��� iteration,eigenvaluecomputation,polynomialroots,semiseparablematrices,DFT, FFT, Moe-
biustransformation.

AMS subject classi�cations. 65H17,65F15.

1. Intr oduction. Polynomialroot-�nding is a fundamentalmathematicalproblemwith
a long history [14]. The designof computationallyeffective polynomialroot-�nders is still
an active research�eld. Besidesthe well-known applicationsto algebraic-geometriccom-
putations,we emphasizeherethe highly importantapplicationsin variousareasof signal
processingsuchasspectralfactorization,�lter andwavelet design,linear prediction,phase
unwrapping,forming a cascadeof lower order systems,etc. (see[10] and the references
therein). In thesecontexts polynomialsaretypically generatedby the z-transformof �nite
lengthsignals,with polynomialorder � equalto thenumberof samplepoints. Thus,orders
of severalhundredarecommonand,moreover, thecoef�cients arein generalsmallwith most
of therootslocatedquitecloseto theunit circle.

Many root-�ndersareactuallyimplementedasstandardsoftwaresin numericallibraries
andenvironmentssuchasNAG, IMSL, Mathematica1 andMatlab2. Among the mostused
generalpurposeroot-�nders is theJenkins-Traubmethod[9, 8] implementedby IMSL and
Mathematica(NSolve function). It is instructive to compareit with anotherpopularroot-
�nder, which is employedby the functionroots of Matlabandappliesthematrix 	�
 al-
gorithmto computetheeigenvaluesof thecompanionmatrix associatedwith thegivenpoly-
nomial. Library implementationsof the Jenkins-Traubmethodusuallylimit the acceptable
degreeof the input polynomialto 50. Numericalexperimentsreportedin [10] con�rm that
theaccuracy of theJenkins-Traubprogramcandramaticallydeterioratefor relatively small
degrees( �
����� ) evenif therootsof theinput polynomialarenumericallywell-conditioned.
On the contrary, the matrix approachbasedon the 	�
 processyields a norm-wiseback-
ward stableroot-�nding algorithm[5, 18], which producesgoodresultsfor mostinputs. It
has,however, a seriousdrawback: Theresultingmethodis very spaceandtime consuming
( ��������� and ��������� , respectively). Therefore,asCleve Moler haspointedout in [11], this
methodmaynotbethebestpossiblebecause“an algorithmdesignedspeci�cally for polyno-
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mial rootsmight useorder � storageand � � time.”
In our presentwork we studynumericallyreliablealgorithmswhich achieve this goal.

For the sake of completeness,let us also mentionthe reductionin [4, 19] of polynomial
root-�nding to the tridiagonaleigenproblemand the algorithmsin [12, 13] supportingthe
arithmeticandBooleantime complexity boundsfor polynomialroot-�nding which aretheo-
reticallyoptimalup to polylogarithmicfactors.We referthereaderto [14, 15, 17] for histori-
calbackgroundandreferences.Sofar, however, suchmethodshavebeenof nopracticalvalue
becauseof their pooraccuracy whenimplementedin �nite precisionarithmetic.Ourpresent
work is completelydifferent. In this paperwe proposea numericallyreliableroot-�nding
algorithmbasedon theexploitationof a differentreductionto a matrix eigenvalueproblem
which is solved by the fastadaptationof 	�
 iterationdevisedin [3]. To the advantageof
our approach,we replacepotentiallyunstableprocesses,suchasthe theconstructionof the
tridiagonalmatrixandthecomputationof its eigenvalues,by morerobustcomputationswhile
at thesametime wekeepthecomputationalcostaslow aspossible.

A disturbingrestrictionof thealgorithmin [3] is thatit requiresthattheinputmatrixbea
realdiagonalplusrank-onematrix. Thecomputationof a matrix in this form having a given
characteristicpolynomial leadsto nontrivial numericalissues. In particular, the computed
entriescanbeaffectedby largeabsoluteerrorsthusresultingin pooraccurateapproximations
of theeigenvalues.Moreover, thechoiceof realdiagonalelementsis alsoin con�ict with the
customaryrecipeof selectingthe initial approximationson the complex circlescenteredat
theorigin [2]. This recipeis known to supportfasterconvergence.

In this paperwe proposeandelaborateuponthefollowing simpletechniquefor circum-
ventingtherestrictionin [3] ontheinputmatrix. Weassumethattheinputpolynomial�

��� � is
givenby its degree� andby ablackbox for its evaluationatany point � . Thissettingis quite
generalsinceit coversmany differentpolynomial representationswithout requiringto per-
form any possiblyill-conditionedbasisconversion.We�rst evaluate�

��� � for � � � andat the
� -th rootsof unity (Fourierpoints)andthencomputeaunitarydiagonalplusrank-onematrix

�
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� ,
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and FH$JILK . We apply thealgorithmin [3] to approximatetheeigenvaluesof thematrix
�

andthenobtain the eigenvaluesof
�

�

(that is the rootsof �

��� � ) simply by solving a linear
equationin onevariablefor eacheigenvalue. Apart from the applicationof the algorithm
in [3], the computationsessentiallyamountto evaluating �

��� � at the Fourier points. If we
know the coef�cients of �

�M� � in the power form andif � �ON"P , thenthe evaluationcost is
��� �RQTSH� � � �ops by usingFFT's. Theoverall computationalcostis dominatedat thestageof
theapplicationof thealgorithmin [3], which requires��� �

�
� �ops for all roots(eigenvalues)

(assumingaconstantnumberof 	�
 iterationspereigenvalue).Numericalexperimentsshow
thatour root-�nder exhibitsa stablebehavior.

We organizethe paperas follows. In Sect. 2 we reducethe polynomial root-�nding
problemto solvinganeigenvalueproblemfor a realdiagonalplusrank-onematrix. In Sect.
3, for thesakeof completeness,wedescribeouradaptationof the 	�
 algorithmfrom [3]. In
Sect. 4 we presentanddiscussthe resultsof our extensive numericalexperiments.Finally,
conclusionanddiscussionarethesubjectsin Sect.5.
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2. An eigenvalue algorithm for computing polynomial roots. Assumethatwe seek
numericalapproximationsof therootsof the � -degreepolynomial�

��� � ,
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representedby meansof a blackbox for computingthepolynomialat any point � . Hereafter
we write 	 ��
 =>& . By using the Lagrangeinterpolationformula appliedon the nodes
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By evaluatingbothsidesof this formulaat thepoint � � � , we obtainthe following simple
expressionfor theleadingcoef�cients of �

�M� � ,
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The root-�nding problemfor �

��� � given in the form (2.2) canbe easily recastedinto
a matrix settingas the computationof the eigenvaluesof a generalizedcompanionmatrix
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��� � .
THEOREM 2.1. Let �

�M� � bethe � -th degreepolynomial(2.1) anddenoteby � a primitive
� th rootof 1. De�ne theunitarydiagonalplusrank-onematrix
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Proof. FromtheSherman-Morrison-Woodbury formula(see[6], page50)appliedfor the

computationof thedeterminantof ��+>=
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An alternativederivationof this theoremrelatesthematrix
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First observethat
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Hence,Theorem2.1followswhenwesubstitute(2.6) and(2.7) into theequation(2.5).
Theadvantageof thematrix formulationof theroot-�nding problemprovidedby Theo-

rem2.1is thatwell establishedtechniquesof numericallinearalgebracanbeusedto compute
the eigenvaluesof

�

�

. Becauseof its robustness,the 	�
 iterationis usuallythe methodof
choicefor �nding theeigendecompositionof amatrix numerically[16, 6, 1].

REMARK 2.2. Oursecondderivationof Theorem2.1showsthat
�

�

is similar bya unitary
transformationto theFrobeniusmatrix . associatedwith �

��� � . However, theconditioning
of theroot-�nding problemfor a polynomial�

��� � expressedby meansof (2.2), (2.3) canbe
much different from that for the root-�nding problemfor the samepolynomialgivenin the
powerform. We only point out that thesensitivityof the 	 
 processappliedto thematrices

�

�

and . with respectto arbitrary (not structured) initial perturbationsof thematrix entries
shouldbecomparable.

Next wemodify thematrix
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to speedupthecomputationof its eigenvaluesby meansof
the 	�
 algorithm. We introducea matrix
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in a fastandrobustway.
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of a real diagonalplus rank-onematrix. We recall from [7] that the inverseof a Moebius
transformationis still a Moebiustransformationde�ned by

,
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By combiningthis propertywith Theorem4.3of [20], we obtainthefollowing simpleresult.
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unit circle onto the real axis in the complex plane. Moreover, supposethat
�
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Basedon theaboveresultswedeviseanalgorithmfor approximatingtherootsof an � th
degreepolynomial�
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root-�nding methodis obtainedby incorporatingsucha variantof 	�
 in theFastRoots
procedurein orderto carryout theeigenvaluecomputationatstep9 ef�ciently .
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Thecomputationof theeigenvaluesof a generalizedsemiseparablematrix
�

I �� can
beef�ciently performedby meansof theclassical	�
 iterationwith linearshift. The 	�
 al-
gorithmwith linearshift appliedto thematrix

�

�

�

�

de�nesasequenceof similarmatrices
accordingto thefollowing rule:

(3.2)

�

���

=��

�

+  � 	

�




�

�

���

'

� =��

�

+  � 


�

	

�

��� ( � �

where 	

�

is unitary, 


�

is uppertriangular, +� denotestheidentity matrix of order � and �

�

is aparametercalledtheshiftparameter. The�rst equationof (3.2) yieldsa 	�
 factorization
of the matrix

���

=	�

�

+  . Underquite mild assumptionsthe matrix
�
�

tendsto an upper
triangularor, at least,a block uppertriangularform thusyielding somedesiredinformation
abouttheeigenvaluesof

�

.
The following resultsare proved in [3]. The �rst of them statesthat the generalized

semiseparablestructureis invariantunderthe 	�
 iterativeprocess(3.2).
THEOREM 3.1. Let

���

, � � & ������� �




�

�

& , be the matricesgenerated at the �r st



�

�

& iterationsby the 	�
 algorithm (3.2) starting with
�

�

�

�

I��
 of the form (3.1),

where 


�

������� � 
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are assumedto be nonsingular. Then,each
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, with ����� �
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 . That is, for � ��� �
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admitsthefollowing representation:
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Thestructured	�
 algorithmfor generalizedsemiseparablematricescanbede�ned by
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which, givena generalizedsemiseparablerepresentationof
�
�

��� togetherwith thevalueof
theshift parameter�

�

� � , yieldsa generalizedsemiseparablerepresentationof
�
�

satisfying
(3.2). The next result is concernedwith the complexity of sucha map. Its proof in [3]
is constructive andprovidesa fast implementationof the 	�
 iteration(3.2) appliedto the
computationof theeigenvaluesof a generalizedsemiseparablematrix

�

�

�

�

.
THEOREM 3.2. Under thehypothesesof Theorem3.1, there existsan algorithmwhich

givenan input
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� ���
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� ���
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���
� , �
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� ��� , �
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� ��� , �
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���
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� , �
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� and �

	

�

� astheoutputat thecostof ��� � � �ops.
If, for a�x edindex

�

� , thematrices
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and
�

�

�

=��

�

�

+
 aresingular, then�

�

�

isaneigenvalue
of

�

�

, and a de�ation techniqueshouldbe employed. When we work in �nite precision
arithmetic,we alsoapplyde�ation if theentriesof thematrix

�

�

�

satisfya suitablestopping
criterion. Let

�

�

�

� & - � =�����& - �.=��"! I /

	

 ���� � �

	

 ���� � be the leadingprincipalsubmatrix
of

�

�

�

obtainedfrom
�

�

�

by deletingits last � rowsandcolumns.It is easilyseenthat
�

�

�

� & -

� =�����& - � =��"! admitsa representationsimilar to theoneprovidedby Theorem3.1. Such



ETNA
Kent State University 
etna@mcs.kent.edu

202 Acceleratedandrobust ��� -like polynomialroot-�nding

arepresentationis foundsimplyby truncatingthecorrespondingrepresentationof thematrix
�

�

�

of a largersize.Hence,
�

�

�

� & - � =�����&4- � =��"! I �  �� � and,therefore,all thematrices
generatedby meansof the 	�
 scheme(3.2) appliedto

�

�

I �  for thecomputationof its
eigenvaluesstill satisfy(3.3).

4. Numerical experiments. In this sectionwe describeanddiscussthe resultsof our
experimentsin which we testedthe speedand the accuracy of our root-�nding algorithm.
We have implementedin Matlab the function FastRoots describedin the Section2 and
usedit for computingthe rootsof polynomialsof both small andlarge degree. At the step
9 of FastRoots , we appliedthe structured	�
 iteration for generalizedsemiseparable
matricesdevisedin [3] andsummarizedin theprevioussection.To avoid possibleunfortunate
selectionsof therandomparametersde�ning theMoebiustransformation, �M� � , werepeated
steps4–8twiceandde�ned the�nal setof parametersthatminimizedthein�nity normof the
correspondingmatrix

�

=

	 


�

.
We testedthe following polynomials,mostof which arechosenor modi�ed from [21]

and[18]:
1. the“Wilkinsonpolynomial”: �

��� ���

�

 

� � �

���>= � � ;
2. thescaled“Wilkinson polynomial”: �

��� � �

�

 

��� �

�M�>= � � � � ;
3. theChebyshev polynomial: �

�M� ����� S � � �>��� � ��S � �M� � � � =>& ��� �M� � � & ;
4. themonicpolynomialwith zerosequallyspacedon thecurve � ���

�

	���� 	�� ��� � ,
=>& �	� ��& , namely�

�M� ���
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� ���  �
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'

�
� �
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= 	 ���
	��
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�
� �
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 �� �

� � ;

5. the polynomial �

��� ���
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���

� � , � � � ��� , whichhasarootdistributionsim-
ilar to thetransferfunctionof anFIR low-pass�lter [10];

6. the randompolynomial �

�M� � � �M�

 

=<&�� �

;
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�����

	

� �
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� with �

�

�

$
� �

rand
�

	 rand, �

� � ��� rand
�

	 rand.
Tables4.1, 4.2, 4.3, 4.4 and4.5 show the resultsof our numericalexperimentsfor the

polynomialsfrom 1) to 5) by reportingthedegree� , anestimatefor themaximumcondition
numberof theroots,themaximum,minimumandaverageabsoluteerrorof thecomputedroot
approximationsover 100 experiments. Conditionnumbersare found from the Lagrange's
representationof the polynomial �

�M� � wherewe assumethat the leadingcoef�cient
;

 is
known exactly whereasthe computedvalues #%$ �

�

�

�

$ � � satisfy #%$ �

�

�

�

$ � � �

�

�

�

$ � �G&

�'&

$ � ,
where #

&

$
#�� �)(�*

�

� and *

�

� is the machineprecision. The poor resultsreportedin Table
4.5 canbe explainedby observingthe growth of the coef�cients generatedat intermediate
stepsby theMatlabfunctionpoly employedto computethecoef�cients of thepolynomial
5) givenits zeros.Table4.6reportstheoutputdatafor thepolynomial5) in thecasewherethe
valuesattainedby thepolynomialontherootsof unity areevaluatedby usingits factorization
asaproductof linearterms.Figure4.1coversour testswith randompolynomialsof theform
6) of high degree. It shows the *�*)*,+)* � and the running � (-�.* for polynomialsof degree

���/�
� �'N �

'

� for � �O&H���������10 . Our testprogramreturnsthesevaluesastheoutput. The
errorvalueis computedasthemaximumof theminimumdistancebetweeneachcomputed
eigenvalueandthesetof “true” eigenvaluescomputedby the function eig of Matlab. For
eachsizewe carriedout 100numericalexperiments.In each�gure, the�rst plot reportsthe
averagevalueof theerrors,andthesecondplot reportstheratiobetweentheaveragevaluesof
runningtimefor polynomialshaving degree���/�
� and ���2�

�

&�� . Since� � �

�

& � �,� ��� � � N

andtheproposedalgorithmfor computingall thezerosof �

��� � is expectedto haveaquadratic
cost,this ratioshouldbecloseto 4 for large ���/�
� , whichwasindeedobservedin thesetests.

5. Conclusion. In thispaperwehavepresentedanovel root-�nding algorithmbasedon
eigenvaluecomputationswhich is appealingbecauseof its memoryrequirementsandcom-
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Wilkinson polynomial
� cond maxerr minerr average
10 1.61e+12 0.07 8.09e-05 0.004
20 6.64e+29 47.2 8.59 18.1

TABLE 4.1

ScaledWilkinson polynomial
� cond maxerr minerr average
10 4.52e+07 2.42e-06 5.13e-10 5.32e-08
20 3.46e+16 0.4 0.05 0.12

TABLE 4.2

putationalcost.By exploiting thestructureof theassociatedeigenvalueproblemsenablesus
to yield a quadratictime usinga linear memoryspace.The resultsof extensive numerical
experimentscon�rm therobustnessandtheeffectivenessof theproposedapproach.Theac-
curacy of computedresultsis generallyin accordancewith theestimateson theconditioning
of polynomialrootsfor polynomialsrepresentedby meansof aninterpolationon therootsof
unity.
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� cond maxerr minerr average
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FIG. 4.1. Randompolynomialsof degree ����������������� , �! "�# %$ .
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