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A NOTE ON THE EFFICIENCY OF RESIDUAL-BASED A-POSTERIORI ERROR
ESTIMATORS FOR SOME MIXED FINITE ELEMENT METHODS

�

GABRIEL N. GATICA
�

Abstract. In thispaperwepresentauni�ed proofof theef�ciency of residual-baseda-posteriorierrorestimates
for thedual-mixedvariationalformulationsof linearboundaryvalueproblemsin theplane.Weconsidertheinterior
problemdeterminedby asecondorderelliptic equationin divergenceform with mixedboundaryconditions,andthe
exterior transmissionproblemgivenby thesameequationin a boundeddomain,coupledwith Laplaceequationin
thesurroundingunboundedexterior region. ThecorrespondingGalerkinschemereducesto a mixed �nite element
methodwith Lagrangemultipliersfor the�rst problem,andto thecouplingof themixed�nite elementmethodwith
theboundaryelementmethodfor thesecondone. Our analysismakesuseof inverseinequalitiesin �nite element
subspacesandthelocalizationtechniquebasedon triangle-bubbleandedge-bubblefunctions.

Keywords. mixed�nite elements,boundaryelements,residual-basedestimates,ef�ciency.
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1. Intr oduction. Oneof themainadvantagesin usingdual-mixedvariationalformula-
tionslies on thepossibilityof introducingfurtherunknownswith a physicalinterest,suchas
stressesand�ux es,so that they canbe approximateddirectly, thusavoiding any numerical
postprocessingyielding additionalsourcesof error. This facthasmotivatedtheutilization of
the mixed �nite elementmethodfor the numericalsolutionof diverseproblemsin elastic-
ity, heatconduction,andotherareas(see,e.g. [5]). However, in orderto guaranteea good
convergencebehaviour of thesediscretesolutions,oneusuallyneedsto apply a re�nement
algorithmbasedon a-posteriorierror estimates.Thesearerepresentedby global quantities

� that areexpressedin termsof local estimators��� de�ned on eachelement� of a given
triangulation.The estimator� is saidto be ef�cient (resp. reliable)if thereexists �	��

�

(resp. ����
�� ) suchthat ���

�������������������

���

� .
The�rst resultsconcerninga-posteriorierroranalysisof mixedformulationsaregivenin

[16], whereanestimatorof explicit residualtypeis obtainedfor theStokesproblem.Then,es-
timatorsbasedon residualsandon thesolutionof localproblems,usingRaviart-Thomasand
Brezzi-Douglas-Marinispaces,areprovided in [1] for elliptic partial differentialequations
of secondorder. Themainnovelty of theapproachin [1] is theuseof a Helmholtzdecom-
positionto prove reliability andef�ciency of error estimatorsfor mixed �nite elements.In
connectionwith Raviart-Thomasspaces,we also refer to [4] wherea non-naturalnorm is
employedto derive residualerrorestimators.Thedrawbackof theapproachin [4] is theuse
of a saturationassumption.This hypothesisis avoidedin [7], wherea Helmholtzdecompo-
sition is alsoappliedto obtainreliableandef�cient residual-basederror estimatorsfor the
Poissonproblemin the usualnorm of  "!$#&%('*),+�-/.10

�

!2+�- . In addition,the analysisfrom
[7] is extendedin [8] to the linear elasticityproblemwith mixed boundaryconditions. A
comparisonof four differentkindsof errorestimatorsfor mixed�nite elementdiscretizations
by Raviart-Thomaselementsis presentedin [14].

A-posteriorierrorestimatorsfor thecombinationof themixed�nite elementmethodwith
othertechniqueshave alsobeendevelopedin recentyears.In particular, a similar approach
to the one from [7] is utilized in [10] to derive a reliable residual-baseda-posteriorierror
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cepcíon throughtheAdvancedResearchGroupsProgram.

218



ETNA
Kent State University 
etna@mcs.kent.edu

A-posteriorierrorestimatorsfor somemixed�nite elementmethods 219

estimatorfor the coupling with the boundaryelementmethodof an exterior transmission
problemin the plane(seealso [15] and [13]). Theseresultsare obtained,independently,
in [13], wherethe proof of reliability is also given in details. However, except for some
remarksgiven in [10] on the tools that shouldbe used,which refer mainly to the analysis
in [6], [7], and [9], no explicit proof for the ef�ciency is available neitherin [10] nor in
[13]. On the otherhand,the mixed �nite elementmethodwith Lagrangemultipliers from
[2] is consideredin [12] to obtaina reliableresidual-baseda-posteriorierrorestimatorfor the
Poissonproblemwith mixedboundaryconditionsin a boundedinnerregion of theplane.It
is importantto remarkthat the estimatorsfrom [12] and[10] (or [13]), althoughrelatedto
differentproblems,haveseveraltermsin commonandotherwith thesamestructure.

According to the above, the purposeof this note is to presenta uni�ed and detailed
proof for the ef�ciency of the residual-baseda-posteriorierror estimatorsprovided in [12]
and[10] (or [13]). Ouranalysis,whichmakesuseof theinverseinequalitiesin �nite element
subspacesandthe localizationtechniquebasedon bubblefunctions(see[18], [8], and[7]),
even for the termsinvolving boundaryintegral operators,could also be extendedto other
dual-mixedvariationalformulations,suchastheonestudiedin [3].

Therestof thepaperis organizedasfollows. In Section2 wepresenttheboundaryvalue
problemsfrom [2] and[10], andstatetheassociateddual-mixedvariationalformulations.The
mixed�nite elementschemesaredescribedin Section3, andthecorrespondingresultsonthe
uniquesolvability, stability, anda-priorierrorestimatesarealsoestablishedthere.In Section
4 we recall from [12], [10], and[13] thereliableresidual-baseda-posteriorierrorestimators.
Finally, theproofsof ef�ciency aregivenin Section5. Throughoutthis paper, � and � , with
or withoutsubscripts,denotepositiveconstants,independentof theparametersandfunctions
involved,whichmaytakedifferentvaluesatdifferentocurrences.

2. The boundary valueproblems. In thissectionwepresenttheboundaryvalueprob-
lemsof interest,andprovidethecorrespondingdual-mixedvariationalformulations.

2.1. An interior problem. We describeheretheboundaryvalueproblemandthecor-
respondingdual-mixed variational formulation studiedin [2]. In fact, let + be a simply
connecteddomainin

�

� with polygonalboundary� + , andsuchthatall its interiorangleslie
in ! ������� - . Also, let 	�
 and 	
� bedisjoint opensubsetsof � + , with � 	�
������ 	
�����

�

� , such
that � +

���

	�
��

�

	�� . Then,given ��� 0

�

! +�- , ���� ��

� � �

!�!

!"	��/- , andamatrixvaluedfunction
#

� � !

�

+�- inducinga stronglyelliptic differentialoperator, we considerthemodelboundary
valueproblem:Find $%�  

�

! +�- suchthat

&

#&% '�!

#('

$ -

�

� in +)�*$

�

� on 	



� and !

#('

$ -�+-,

�

� on 	
�

�(2.1)

where , is theunit outwardnormalto 	�� . We recall that theSobolev space 
�

� �,�

! !

!.	
�*- is
thedualof  

�/�,�

!�!

!"	
�

- , where  

� � �

! !

!"	
�

-10

�32
4

� 57680

4

�1 

�

! +�-9�

4:�

� on 	

1;=<

Thecorrespondingduality pairingwith respectto the 0

�

!.	
�

-

& innerproductis denotedby
>

+?�@+�A .
For thederivationof theweakformulation,we de�ne �rst the�ux variableB80

�

#�'

$

in + asadditionalunknown. Thenweintegratebypartsin + andobservethattheDirichletand
Neumannconditionsbecomenow naturalandessentialboundaryconditions,respectively.
Thus,thelatter is imposedweakly, which yieldsthe introductionof theLagrangemultiplier

C

0

�

&

$D� 576E�  

�/�,�

!�!

!.	
�

- .
In this way, asshown in [2], the dual-mixedvariationalformulationof (2.1) becomes:
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Find !.B �/$��

C

- �  "!$#&%('*),+�-�. 0

�

! +�- .  

� �,�

! !

!"	��/- suchthat
�

!.B ��� -����*!�� ��! $��

C

- -

�

� 	
�E�  "! #&% '*) +�- �

�/!.B � !

4

��� - -

�

&


��

�

4����

�

>

� ���
A�	 !

4

��� - � 0

�

!2+�- .  

�/�,�

!�!

!"	
�*- �

(2.2)
where

�

and � aretheboundedbilinearformsde�ned by

�

!.B ��� - 0

�


��

!

#

�

�

B -�+��

���

�

and

�*!"B1��!

4

��� - - 0

�


��

4

#&%(' B

���

�

>

B +�� ���
A <

THEOREM 2.1. There existsa unique !"B � $��

C

- �  "!$#&%('�),+�-�. 0

�

! +�-�.1 

� �,�

! !

!.	
�

-

solutionof (2.2), andthefollowingcontinuousdependenceresultholds

�

!"B � $��

C

-

� �

���

�

�

�����! 

��"

�

�

�

�$#&%�')(

�

*)*

 

5
6

",+

<

Proof. SeeTheorem2.1 in [2] for details.

2.2. An exterior transmission problem. We now describethe boundaryvalueprob-
lem andthecorrespondingdual-mixedvariationalformulationstudiedin [10] (seealso[15]
and[13]). Indeed,let + be a boundedandsimply connecteddomainin

�

� with Lipschitz-
continuousboundary	�� . Then,given ���10

�

! +�- , anda matrix valuedfunction #

�1� !

�

+ -

asin Section2.1, we considertheexteriorproblem:Find $%�  

�

-/.�0

!

�

�

- such that

&

#�% '*!

# '

$ -

�

� in + �

&21

$

�

� in
�

�43

�

+)�

$ !

�

-

�65

!87�- as �?�

�

� ��9:��; �

(2.3)

whosepartialdifferentialequationsin + and
�

�

3

�

+ arecoupledby thefollowing transmission
conditions: <

%/=

>@?�>

*

>�A

�

$ !

�

-

�

<

%/=
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*
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$ !

�
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�
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�
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*
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�
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�
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-9�

(2.4)

for almostall �

!

��	
� , where , !

�

!

- denotestheunit outwardnormalat �

! .
In orderto establishtheweakformulation,similarly asin theprevioussection,we �rst

introducethe�ux variableB 0

�

#�'

$ in + andthetrace
C

0

�

$D� 576 �  

� � �

!"	
�

- asfurther
unknowns.Then,weperformintegrationby partsin + , andincorporatetheboundaryintegral
equationsarisingfrom Green's representationformula for $ in

�

�

3

�

+ , which, becauseof
(2.4) andthede�nitions of B and

C

, become

C

�IH

7

�,J

�LKNM

C

&PO

!.B +-, -��

� on 	
�

�(2.5)

and

B +@,

�

&NQ

C

�

H

7

�,J

&

KSRTM"!.B + , - on 	
��<(2.6)
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Hereafter, � is a constant,
J

is the identity operator, and O , K , K

R

and Q are the boun-
dary integral operatorsof thesimple,double,adjointof the doubleandhypersingularlayer
potentials,respectively, whoseexplicit de�nitions andmainmappingpropertiescanbeseen,
e.g., in [13]. Also, we let

>

+ �-+ A be the duality pairing between 

�

�/�,�

!.	
�*- and  

� � �

!"	��*-

with respectto the 0

�

!.	 � -

& inner product, and de�ne the spaces 

� �,�

!

!.	 � -E0

� 2

� �

 

� � �

!"	��/- 0

>

7 ���
A

�

� ;
,  �

�/�,�

!

!"	
�*- 0

� 2��

�  

�

� �,�

!.	
�*- 0

>

�

�$7 A

�

� ;
, and

 

!

!$#�% '*),+�- 0

�82

� �  "! #&%('/) +�- 0

>

� +-, �$7 A

�

� ; .
As shown in [10] (seealso [15] and [13]), the dual-mixed variationalformulation of

(2.3)-(2.4) reducesto: Find !.B �

C

�/$ - �  

!

!$#&%('*),+�- .  
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!

!"	 � - . 0

�
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�
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C
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!

!.	
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-

�
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�

4 ���

	

4

� 0

�

! +�- �

(2.7)

where
�

and � aretheboundedbilinearformsde�ned by

�

! !"B��

C

-�� ! � ��� - -�0

�
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4
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<

THEOREM 2.2. There existsa unique !.B �

C

�/$ - �  

!

! #&%('�),+�-	.  

� �,�

!

!.	
��-	. 0

�

! +�-

solutionof (2.7), andthefollowingcontinuousdependenceresultholds

�

!"B �

C

� $ -

� �

�

�

�

�$� �! 

� "

<

Proof. See[10] and[15].

3. The mixed �nite elementmethods. In this sectionwe recall from [2] and[10] (see
also[15] and[13]) theGalerkinschemesassociatedwith eachoneof thedual-mixedformu-
lations(2.2) and(2.7). For this purpose,we introduce�rst somenecessarynotations.

Throughouttherestof thepaper, andfor eachpolygonaldomain + , we let 2����

;

���

! be
a regular family (in thesenseof [11]) of triangulationsof �

+ by triangles� of diameter� � ,
where � standsfor =
	��

2

� � 0 �E�

�
�

;
. We assumethat �
� satis�es theminimumangle

condition,which meansthat thereexists � 
 � suchthat �

�

�

�

�

�

�

� � �

�

���

�

�

		� �

�
�

� where � � � is theareaof � . Also, we let �

� bethesetof all edgesof thetriangulation�
� ,

denoteby ��� thediameterof each�

���

� , andgiven � �

�
� , � !$�	- standsfor thesetof its

edges.In addition,we write �

�

! +�- 0

�82

�

���

�

0

���

+
; , andfor any subset� of � + we

set �

�

!�� - 0

� 2

�

���

�

0

���

�
; . In addition,for each� �

�
� we let ���

!

! �	- bethelocal
Raviart-Thomasspaceof orderzero,thatis

���

!

!$�	-�0

�����

	� 

!

H

7

�

M
�

H

�

7

M
�

H

�

�

�

�

M
"
�

and given a non-negative integer # and a subset$ of
�

� , %'&&!($ - standsfor the spaceof
polynomialsde�ned on $ of degree �

# .
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3.1. The mixed �nite element method with Lagrange multipliers. The Galerkin
schemeassociatedwith (2.2), whichconstitutesamixed�nite elementmethodwith Lagrange
multipliers,is establishedhere.Weassumethatall thepointsin �

	

��

�

	�� becomeverticesof
�
� for all � 
�� . Then,the�nite elementsubspacesemployedin [2] for theunknowns B and

$ aregiven,respectively, by

 

B

�

0

�82

� �  "!$#&%('*),+�- 0 � � � �����

!

! �	-�		� �

�
�

; �

and

 ��

�

0

��� 4

� 0

�

! +�- 0

4

� ����%

!

! �	- 		� �

�
���

<

In orderto de�ne the �nite elementsubspacefor
C

�  

� �,�

! !

!.	 � - , we introducean in-
dependentpartition 2	�

�

� �

�

�

� � <?< < �

�

��


; of 	 � , denote
�

� 0

�

=
	 �

2

�

�

�
�

��0�� �

2

7 � < <?< ��� ;=; , and
supposethatthereexists � 
�� suchthat

�

�

�

� � . Then,we set

 ��

�

�

0

�

�
�)�  

� � �

! !

!"	
�

- 0 �=�

�

��� � %
�

!

�

�
�

-�	�� �

2

7 �
< <?<

���
;

+

<

In this way, theGalerkinschemeassociatedwith thecontinuousformulation(2.2) reads
asfollows: Find !.B

�

�/$

�

�

C

�

�

- �  

B

�

.  

�

�

.� 

�

�

� suchthat

�

!"B

�

��� -���� !�� ��! $

�

�

C

�

�

- -

�

� 	4� �  

B

�

�

� !"B

�

��!

4

��� - -

�

&



�

�

4����

�

>

� ���
A�	 !

4

��� - �  ��

�

.� ��

�

�

<

(3.1)

THEOREM 3.1. Assumethat theindependentpartition on 	D� andtheoneinducedby � �

are uniformlyregular. Thenthere exists �

!

��!$����7�� such that for all �

�

�

!

�

� thediscrete
scheme(3.1) hasa uniquesolution !"B

�

�/$

�

�

C

�

�

- �1 

B

�

.  

�

�

.  

�

�

� . Moreover, there exist

�D� � 
 � , independentof � and
�

� , such that
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�
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�
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�
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Proof. SeeLemmata3.1,3.2,3.3,andTheorem3.4in [2].
Due to the suf�cient but not necessarycondition �

�

�

!

�

� , and since,as proved in
[2], theconstant�

! is only known to live in !$� �$7�� , we assumefrom now on thateachedge
�

� �

�

!"	��/- is containedin anedge �

�
� , for some�)�

2

7 �
<?<?<

���
;
. Certainly, this implicitly

requiresthat theendpointsof �

�
� be verticesof �
� , which is alsoassumedin what follows.

Then,for each�

���

�

!.	
�

- we set
�

� � 0

�

�

�

���

� , where �

�
� is thesegmentcontainingedge� .

3.2. The coupling of mixed �nite element and boundary element methods. The
Galerkinschemeassociatedwith (2.7), which becomesa couplingof mixed �nite element
andboundaryelementmethods,is providednow. Indeed,the �nite elementsubspacesused
in [10], [15], and[13] for theunknowns B ,

C

, and $ aregiven,respectively, by
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 �

�

0

� 2

�)�  

�/�,�

!

!.	
�*- 0 �=� � ��% ��!

�

-�	

�

���

�

!.	
�*- ; �

and

 �

�

0

� 2
4

� 0

�

! +�- 0

4

� � � %

!

!$�	-�		� �

� �

; �
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(3.2)

THEOREM 3.2. Thediscretescheme(3.2) hasa uniquesolution !"B
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Proof. See[10] and[15].

4. The residual-baseda-posteriori error estimates. In thissectionwerecallfrom [12]
and[10] (seealso[13]) thereliablea-posteriorierrorestimatesfor thediscreteschemes(3.1)
and (3.2), respectively. To this end, we needto specify somenotations. Given a vector-
valuedfunction � 0
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In addition,given vectorandscalarfunctions � and 4 , respectively, we let �����
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Proof. SeeTheorem3.1 in [12].
We remarkherethat the �rst four termsin (4.2) arethestandardandwell known ones

for themixed �nite elementmethodwithout Lagrangemultipliers (see,e.g. [7]). Sincewe
areusingRaviart-Thomassubspacesof orderzerofor B

� , we alsoobserve thatwhen # is a
piecewiseconstantdiagonalmatrix, thesecondtermin thede�nition of � � vanishes.
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Proof. SeeTheorem3 in [10] or Theorem4.1 in [13].
It is importantto remark,asstatedin Section1, thatnotmuchdetailsareprovidedneither

in [10] norin [13] for theef�ciency of
�

, andthereadersarejustreferredin [10] to therelated
analysisin [6], [7], and[9]. In particular, it is mentionedthattheargumentsfor quasi-uniform
mesheson theboundarygivenin [6] canalsobeadoptedin this case.
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5. Ef�ciency of the a-posteriori error estimates. In this sectionwe give a uni�ed
proof for theef�ciency of thea-posteriorierrorestimates� and � . In otherwords,we show
theexistenceof ��� � ����
�� , independentof � , suchthat

���
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< �-< �(5.2)

where
�

<

�

< � < denotesoneor several termsof higherorder. Similarly as in [7] and[8], our
analysisis basedonthelocalizationtechniqueintroducedin [18] (seealso[1]) andtheinverse
inequalitiesin �nite elementsubspaces(see[11]). Thisprocedureis evenappliedto theterms
in � involving boundaryintegraloperators.

5.1. Preliminaries. We �rst recall from [17] that given # ��� �
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lemma.

LEMMA 5.1. There exist positiveconstants��� , ��� , and ��� , dependingonly on # andthe
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Proof. SeeLemma1.3in [17].
Thefollowing inverseestimatewill alsobeused.
LEMMA 5.2. Let � � � �����

2

�
; such that �
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� . Thenthereexistsa positiveconstant
� , dependingonlyon # , � , � , andtheshapeof thetriangles,such that
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(5.6)

Proof. SeeTheorem3.2.6in [11].

5.2. Upper boundsfor the terms de�ning � and
�
. In thissectionweboundeachone

of the termsde�ning the reliablea-posteriorierror estimates� and
�
. To this respect,we

observe thatthe�rst four termsde�ning � coincidewith thoseof
�
, andhencetheproofsof

thecorrespondingupperboundsserve for bothestimates.
Throughoutthis section,we assumefor simplicity that !
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!"	��/- (last 3
functions),respectively. Otherwise,additionalhigherorderterms,givenby theerrorsarising
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from suitablepolynomialapproximations,which is guaranteedby the correspondinglocal
regularityof thediscretesolutions,will appearin theboundsbelow.
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In orderto boundothercomponentsof � and
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, weconsideraHelmholtzdecomposition
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Thefollowing threelemmataprovidethecorrespondingupperboundsfor theremaining
threetermsthatarecommonto � and

�
.
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Proof. SeeLemma6.1in [7].
LEMMA 5.4. There exists � 
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Proof. SeeLemma6.2in [7].
As a consequenceof the estimates(5.9) - (5.11), and using the fact that the number

of trianglesin �
� is bounded,independentlyof � , which follows from the minimum angle
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LEMMA 5.5. There exists � 
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Proof. Weadapttheproofof Lemma6.3in [7]. In fact,applyingtheestimate(5.3), using
that #
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Then,Cauchy-Schwarz's inequality, the inverseinequality(5.6), andtheestimate(5.3)
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Thefollowing lemmaprovidestheupperboundfor the�fth termde�ning � .
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Next, applyingCauchy-Schwarz'sinequality, Lemma5.3, theinverseestimate(5.6), and
then(5.5), we obtainthat
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whence
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whichyields(5.15) and�nishes theproof.
Applying (5.15), thefactthatthenumberof trianglesin �

� is bounded,independentlyof
� , andusing(5.9), we get
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Thefollowing two lemmatagivetheupperboundsfor two similar termsappearingin the
de�nitions of � and

�
, respectively.
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For thesecondintegralontheright handsideof (5.19) weproceedexactlyasin theproof

of Lemma5.6and�nd (see(5.16)) that
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On theotherhand,let usde�ne 
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Finally, it is notdif�cult to seethat(5.18) followsfrom (5.19), (5.20), and(5.21).
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whichcompletestheproof.

Theupperboundsfor theremainingtwo termsde�ning � aregivenin thefollowing two
lemmata.
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Proof. Weadapttheproofof Lemma6.5in [8]. Applying theestimate(5.4) andGauss's
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Theabove inequalityandthefactthat ���
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proofof thelemma.
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LEMMA 5.10. Assumethat
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Proof. Applying theapproximationpropertysatis�edby ��� , weeasilyobtain
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In this way, the ef�ciency of � (cf. (5.1)) is obtainedfrom the estimates(5.7), (5.12),
(5.14), (5.17), (5.18), (5.25), and (5.27). In particular, we concludefrom (5.27) that the
correspondingh.o.t. is of 5
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that
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Proof. As in Lemma5.8, we let 
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which togetherwith (5.23) completetheproof.
Consequently, theef�ciency of

�
(cf. (5.2)) is obtainedfrom theestimates(5.7), (5.12),

(5.14), (5.22), (5.28), and (5.29). In particular, we concludefrom (5.29) that the corres-
pondingh.o.t. is of 5

!(�

���,�

- .
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