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A NOTE ON THE EFFICIENCY OF RESIDUAL-BASED A-POSTERIORI ERROR
ESTIMATORS FOR SOME MIXED FINITE ELEMENT METHODS

GABRIEL N. GATICA

Abstract. In this papeme presentiuni ed proofof theefciency of residual-based-posteriorerrorestimates
for thedual-mixed variationalformulationsof linearboundarywalueproblemsn the plane.We consideitheinterior
problemdeterminedy a secondrderelliptic equationin divergenceform with mixedboundaryconditions andthe
exterior transmissiorproblemgiven by the sameequationin a boundeddomain,coupledwith Laplaceequationin
the surroundingunboundedexterior region. The correspondingsalerkinschemeaeducego a mixed nite element
methodwith Lagrangemultipliersfor the rst problem,andto the couplingof themixed nite elementmethodwith
the boundaryelementmethodfor the secondone. Our analysismakes useof inverseinequalitiesin nite element
subspaceandthelocalizationtechniquebasedn triangle-lubbleandedge-ibblefunctions.
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1. Intr oduction. Oneof the mainadwantagesn usingdual-mixedvariationalformula-
tionslies on the possibility of introducingfurtherunknovnswith a physicalinterest,suchas
stressesnd ux es,sothatthey canbe approximatedirectly, thusavoiding any numerical
postprocessingielding additionalsourcef error. This facthasmotivatedthe utilization of
the mixed nite elementmethodfor the numericalsolution of diverseproblemsin elastic-
ity, heatconduction,andotherareas(see,e.g. [5]). However, in orderto guaranteea good
convergencebehaviour of thesediscretesolutions,one usually needsto apply a re nement
algorithmbasedon a-posteriorierror estimates.Theseare representedby global quantities

that are expressedn termsof local estimators  de ned on eachelement of a given
triangulation. The estimator is saidto be efcient (resp. reliable)if thereexists
(resp. ) suchthat .

The rst resultsconcerninga-posteriorerroranalysisof mixedformulationsaregivenin
[16], whereanestimatoiof explicit residualtypeis obtainedor the Stokesproblem.Then,es-
timatorsbasecdn residualsandon the solutionof local problemsusingRaviart-Thomasand
Brezzi-Douglas-Marinspacesare providedin [1] for elliptic partial differentialequations
of secondorder The main novelty of the approachn [1] is the useof a Helmholtzdecom-
positionto prove reliability andef ciency of error estimatordor mixed nite elements.In
connectionwith Raviart-Thomasspaceswe alsorefer to [4] wherea non-naturalnorm is
employedto derive residualerrorestimators.The dravbackof the approachin [4] is theuse
of a saturationassumption.This hypothesids avoidedin [ 7], wherea Helmholtzdecompo-
sition is alsoappliedto obtainreliable andef cient residual-baseérror estimatorsfor the
Poissonproblemin the usualnorm of . In addition, the analysisfrom
[7] is extendedin [8] to the linear elasticity problemwith mixed boundaryconditions. A
comparisorof four differentkindsof errorestimatordor mixed nite elementdiscretizations
by Raviart-Thomaselementss presentedn [14].

A-posteriorierrorestimatorgor thecombinatiorof themixed nite elemenmethodwith
othertechniquesave alsobeendevelopedin recentyears.In particular a similar approach
to the onefrom [7] is utilized in [10] to derive a reliable residual-base@-posteriorierror
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estimatorfor the coupling with the boundaryelementmethodof an exterior transmission
problemin the plane(seealso[15] and[13]). Theseresultsare obtained,independently
in [13], wherethe proof of reliability is also givenin details. However, exceptfor some
remarksgivenin [10] on the tools that shouldbe used,which refer mainly to the analysis
in [6], [7], and[9], no explicit proof for the ef ciency is available neitherin [10] nor in

[13]. Onthe otherhand,the mixed nite elementmethodwith Lagrangemultipliers from

[2] is consideredn [12] to obtainareliableresidual-based-posteriorierrorestimatorfor the

Poissorproblemwith mixed boundaryconditionsin a boundednnerregion of theplane. It

is importantto remarkthat the estimatordrom [12] and[10] (or [13]), althoughrelatedto

differentproblems have severaltermsin commonandotherwith the samestructure.

According to the above, the purposeof this noteis to presenta uni ed and detailed
proof for the ef ciency of the residual-based-posteriorierror estimatorgprovided in [127]
and[10] (or[13]). Ouranalysiswhichmakesuseof theinverseinequalitiesn nite element
subspaceandthe localizationtechniquebasedon bubblefunctions(see[ 18], [8], and[7]),
even for the termsinvolving boundaryintegral operators,could also be extendedto other
dual-mixedvariationalformulations,suchasthe onestudiedin [3].

Therestof thepaperis organizedasfollows. In Section2 we presentheboundaryalue
problemsfrom[2] and[10], andstatetheassociatedual-mixedvariationalformulations.The
mixed nite elementschemesredescribedn Section3, andthecorrespondingesultsonthe
uniguesolvability, stability, anda-priori errorestimatesrealsoestablishedhere.ln Section
4 werecallfrom [17], [10], and[13] thereliableresidual-based-posteriorierrorestimators.
Finally, the proofsof ef ciency aregivenin Section5. Throughouthis paper and , with
or without subscriptsgdenotepositive constantsindependentf the parameterandfunctions
involved,which maytake differentvaluesat differentocurrences.

2. The boundary value problems. In this sectionwe presentheboundaryvalueprob-
lemsof interestandprovide the correspondinglual-mixedvariationalformulations.

2.1. An interior problem. We describeherethe boundaryvalue problemandthe cor-
respondingdual-mixed variational formulation studiedin [2]. In fact,let be a simply
connectedlomainin  with polygonalboundary , andsuchthatall its interior angledie

in . Also, let and  bedisjointopensubsetof |, with , such

that . Then,given , , andamatrix valuedfunction
inducingastronglyelliptic differentialoperatoywe considerthe modelboundary

valueproblem:Find suchthat

(2.2) in on and on

where is theunit outwardnormalto . We recallthatthe Soboler space is

the dual of , Where on

The correspondingluality pairing with respecto the inner productis denotedby

For the derivationof theweakformulation,we de ne rst the ux variable
in asadditionalunknavn. Thenweintegrateby partsin  andobsenrethattheDirichletand
Neumannconditionsbecomenow naturaland essentiaboundaryconditions,respectiely.
Thus,thelatteris imposedweakly, which yieldsthe introductionof the Lagrangemultiplier

In this way, asshavn in [2], the dual-mixed variationalformulationof (2.1) becomes:
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Find suchthat
(2.2)

where and aretheboundedilinearformsde ned by

and

THEOREM 2.1. Thek existsa unique
solutionof (2.2), andthefollowing continuousdependenceesultholds

Proof. SeeTheorem?2.1in [2] for details.00

2.2. An exterior transmission problem. We now describethe boundaryvalue prob-
lem andthe correspondinglual-mixed variationalformulationstudiedin [10] (seealso[15]
and[13]). Indeed,let beaboundedandsimply connectediomainin with Lipschitz-
continuousboundary . Then,given , anda matrix valuedfunction
asin Section2.1, we considerthe exterior problem:Find sud that

in in

(2.3) as

whosepartialdifferentialequationsn  and arecoupledby thefollowing transmission
conditions:

(2.4)

for almostall , where denotegheunit outwardnormalat

In orderto establishthe weakformulation,similarly asin the previous section,we rst
introducethe ux variable in andthetrace asfurther
unknowns. Then,we performintegrationby partsin , andincorporateheboundaryintegral
equationsarising from Greens representatiofiormulafor in , Which, becauseof
(2.4) andthede nitionsof and , become

(2.5) - on
and

(2.6) - on
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Hereafter is aconstant, is theidentity operatorand , and aretheboun-
dary integral operatorof the simple,double,adjoint of the doubleand hypersingulatayer
potentialsrespectiely, whoseexplicit de nitions andmainmappingpropertiescanbe seen,
e.g.,in [13]. Also, we let be the duality pairing between and

with respectto the inner product, and de ne the spaces
, , and

As shavn in [10] (seealso[15] and[13]), the dual-mixed variationalformulation of
(2.3-(2.4) reducedo: Find suchthat

2.7)

where and aretheboundedilinearformsde ned by

and

THEOREM 2.2. Thek existsa unique
solutionof (2.7), andthe following continuousdependenceesultholds

Proof. Seg[10] and[15]. O

3. The mixed nite elementmethods. In this sectionwe recallfrom [2] and[10] (see
also[15] and[13]) the Galerkinschemesssociatedvith eachoneof the dual-mixedformu-
lations(2.2) and(2.7). For this purposewe introduce rst somenecessaryotations.

Throughoutherestof the paper andfor eachpolygonaldomain , we let be
aregularfamily (in the senseof [11]) of triangulationsof by triangles of diameter
where standsfor . We assuméhat  satis esthe minimumangle
condition,which meanghatthereexists suchthat

where istheareaof . Also,welet bethesetof all edgesf thetriangulation
denoteby thediameterof each , andgiven , standdor the setof its
edgeslIn addition,we write ,andfor ary subset of we
set . In addition,for each we let bethelocal

Raviart-Thomasspaceof orderzero,thatis

and given a non-n@jative integer anda subset of standsfor the spaceof
polynomialsde nedon of degree
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3.1. The mixed nite element method with Lagrange multipliers. The Galerkin
schemassociatewvith (2.2), which constitutesa mixed nite elemenimethodwith Lagrange
multipliers,is establishedhere.We assumehatall the pointsin becomeverticesof

for all . Then,the nite elementsubspacesmployedin [2] for theunknavns and
aregiven,respectiely, by

and

In orderto de ne the nite elementsubspacdor , We introducean in-
dependenpartition of , denote , and
supposehatthereexists suchthat . Then,we set

In this way, the Galerkinschemeassociatedvith the continuousormulation(2.2) reads
asfollows: Find suchthat
(3.1)

THEOREM 3.1. Assumehattheindependenpartitionon  andtheoneinducedby
are uniformlyregular. Thenthere exists sud that for all thediscrete
scheme(3.1) hasa uniquesolution . Moreover, there exist

, independentf and , suc that

and

Proof. SeeLemmata3.1,3.2,3.3,andTheorem3.4in [2]. O
Due to the sufcient but not necessarcondition , and since, as proved in
[2], the constant is only known to live in , we assumdrom now on thateachedge
is containedn anedge , for some . Certainly thisimplicitly
requiresthatthe endpointsof  beverticesof , whichis alsoassumedn whatfollows.
Then,for each we set , Where isthesgmentcontainingedge .

3.2. The coupling of mixed nite elementand boundary element methods. The
Galerkinschemeassociatedvith (2.7), which becomesa couplingof mixed nite element
andboundaryelementmethodsjs providednow. Indeed,the nite elementsubspacessed
in [10], [15], and[13] for theunknovns , ,and aregiven,respectiely, by
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and
whencethediscreteschemeaeads:Find suchthat
3.2

THEOREM 3.2. Thediscretescheme(3.2) hasa uniquesolution
. Moreover, there exist , independenof , sud that

and

Proof. Seg[10] and[15]. O

4. Theresidual-based-posteriori error estimates. In thissectionwerecallfrom [12]
and[10] (seealso[13]) thereliablea-posteriorierrorestimatedor thediscretescheme$3.1)
and (3.2), respectrely. To this end, we needto specify somenotations. Given a vector

valuedfunction denedin , anedge , andthe unit

tangentialvector  along , we let be the correspondingump across , thatis
,Where istheothertriangleof having asedge.Here,

thetangentialvector is given by where is the unit outward

normalto . Also, for each wedenoteby  theorthogonalprojectionfrom

onto , thatis — , for which thereexists

independendf , suchthatthefollowing approximatiorpropertyholds:

In addition, given vectorandscalarfunctions and , respectiely, we let be the
scalar— —, andwe denoteby thevector — —

THEOREM 4.1. Let and
be the uniquesolutionsof the continuousand discrete formulations(2.2)

and (3.1), respectivelyand assumehat the Neumanrdata . Thenthere exists
,independenof and , sud that

(4.1)

wheie for anytriangle wede ne
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(4.2) —

with

(4.3) —

Proof. SeeTheorem3.1in [12]. O

We remarkherethatthe rst four termsin (4.2) arethe standardandwell known ones
for the mixed nite elementmethodwithout Lagrangemultipliers (see,e.g. [7]). Sincewe
areusingRaviart-Thomassubspacesf orderzerofor , we alsoobsere thatwhen isa
piecavise constantliagonalmatrix, the secondermin thede nition of  vanishes.

THEOREM 4.2. Let and
be the uniquesolutionsof the continuousand discreteformulations(2.7)
and(3.2), respectivelyThenthere exists , independendf , sud that
(4.4)
whete for anytriangle wede ne
(4.5)
with
- and -

Proof. SeeTheorem3in [10] or Theoren¥.1in [13]. O

It isimportantto remark,asstatedn Sectionl, thatnotmuchdetailsareprovidedneither
in[10] norin [13] for theefciency of , andthereadersarejustreferredin [10] to therelated
analysisn [6], [7], and[9]. In particular it is mentionedhattheargumentdor quasi-uniform
meshe®ntheboundarygivenin [6] canalsobeadoptedn this case.



ETNA
Kent State University
etna@mcs.kent.edu

A-posteriorierrorestimatorsor somemixed nite elemenimethods 225

5. Ef ciency of the a-posteriori error estimates. In this sectionwe give a uni ed
prooffor the ef ciency of the a-posteriorierrorestimates and . In otherwords,we shav

theexistenceof , independentdf |, suchthat

(5.1)

and

(5.2)

where denotesoneor severaltermsof higherorder Similarly asin [7] and[8], our

analysiss basednthelocalizationtechniquantroducedn [ 18] (seealso[1]) andtheinverse
inequalitiedn nite elemensubspaceée€ 11]). Thisproceduras evenappliedto theterms
in involving boundaryintegral operators.

5.1. Preliminaries. We rst recall from [17] that given , , and
, thereexistsan extensionoperator thatsatis es
and . In addition,we de ne
andlet and betheusualtriangle-hubbleandedge-tubblefunctions,respectiely (see
(1.5) and (1.6) in [18]), which satisfy , , on
in , , on , and
in . Additional propertiesof , ,and , arecollectedin the following
lemma.
LEMMA 5.1. Thee exist positiveconstants , ,and , dependingonlyon andthe
shapeof thetriangles,sud that for all and , there hold
(5.3)
(5.4)
(5.5)

Proof. SeeLemmal.3in [17]. O
Thefollowing inverseestimatewill alsobeused.

LEMMA 5.2. Let sud that . Thenthere existsa positiveconstant
,dependingnlyon , , ,andtheshapeofthetriangles,sud that
(5.6)

Proof. SeeTheorem3.2.6in [11]. O

5.2. Upper boundsfor thetermsde ning and . In thissectionwe boundeachone
of the termsde ning the reliable a-posteriorierror estimates and . To this respectwe
obsenethatthe rst fourtermsde ning coincidewith thoseof , andhencethe proofsof
thecorrespondingipperboundssene for bothestimates.

Throughoutthis section,we assumefor simplicity that , ,

, , and are polynomialsfor each , , and (last3
functions),respectrely. Otherwiseadditionalhigherorderterms,givenby the errorsarising
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from suitablepolynomial approximationswhich is guaranteedy the correspondindocal
regularity of the discretesolutionswill appeain theboundshelow.

Since in , we notethat ,
andhence

(5.7)

In orderto boundothercomponentsf and , we consideraHelmholtzdecomposition

of the error . In fact, let be the weak solution of the boundaryvalue
problem: in on . Since in
and is simply connectedit follows thatthereexists , With , such
that . Thus,usingthat andthat is -
orthogonato , we nd that

(5.8)

and

(5.9)

Thefollowing threelemmataprovide the correspondingipperboundsfor theremaining
threetermsthatarecommonto and .

LEMMA 5.3. Thek exists , independendf , sud that for eath there
holds

(5.10)

Proof. SeeLemma6.1in [7]. O
LEMMA 5.4. Ther exists , independenof , sud thatfor each there
holds

(5.11)

Proof. SeeLemma6.2in [7]. O

As a consequencef the estimateg5.9) - (5.11), and using the fact that the number
of trianglesin is boundedindependenthof , which follows from the minimum angle
conditionsatis edby , wededucehat

(5.12)
LEMMA 5.5. Thek exists , independendf , sud that for eath there
holds

(5.13)
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Proof. We adaptheproofof Lemma6.3in [7]. In fact,applyingtheestimatg5.3), using
that andthat on ,andintegratingby parts,we nd that

Then,Cauchy-Schwrz's inequality the inverseinequality (5.6), andthe estimate(5.3)
yield

whence

whichimplies(5.13 andcompletegheproof. O
It follows easilyfrom the previouslemmathat

(5.14)

Thefollowing lemmaprovidesthe upperboundfor the fth termde ning

LEMMA 5.6. Thee exists , independentdf , sud thatfor eath there
holds
(5.15)

Proof. Since on we obsene that , andhence

on . Then,denoting on ,

applyingthe estimatg5.4), consideringhat on andthat on ,and

usingGausss formula,we nd that

wherethe last equality makesusefrom (5.8) that
, andthat is -orthogonalto . We alsoobsene, since
, that
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Next, applyingCauchy-Schwrz'sinequality Lemmab. 3 theinverseestimatg5.6), and
then(5.5), we obtainthat

(5.16)

whence

whichyields(5.15 and nishes theproof.0
Applying (5.19, thefactthatthenumberof trianglesin  is boundedindependentlyf
, andusing(5.9), we get

(5.17)

Thefollowing two lemmatagive the upperboundgor two similartermsappearingn the
de nitions of and , respectiely.

LEMMA 5.7. Ther exists ,independendf and , sudthat
(5.18)
Proof. Let usde ne —— on . Then, usingthat
in andthat on ,wededucehat —
on . Henceapplyingtheestimatg5.4) andthefactthat on ,weobtain
that
(5.19)

For thesecondntegral ontheright handsideof (5.19 we proceedexactly asin theproof
of Lemma5.6and nd (see(5.16) that

which, using Cauchy-Schwrz's inequality the fact that the numberof trianglesin is
boundedijndependentlyf , andequation(5.9), impliesthat

(5.20)
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Ontheotherhand,let usde ne oneach , andintroducethe
trivial extensions on and on . Then,it is easy
on on
toseethat and belongto , andthat and areequialentto
and , respectiely.

Accordingto the above notationsusinganinverseinequalityfor the piecavise polyno-
mial , applyingthe boundednessf the tangentialderivative (asan operatorfrom
into ), andnotingthat andthat , we get

(5.21)

Finally, it is notdif cult to seethat(5.18 followsfrom (5.19), (5.20, and(5.21). O

LEMMA 5.8. Let - . Thenthere exists , independent
of ,sudthat
(5.22)
Proof. Wede ne now ——on . Since
in and - on (cf. (2.5), we deducethat
— on ,where - . Thus,usingthe

sameargumentsof the proof of Lemmab.7, onecanshaw that

Next, replacing by - , andapplyingthe continuity properties
of theboundaryintegral operators and ,we nd that

(5.23)

which completeghe proof.O

Theupperboundgor theremainingtwo termsde ning  aregivenin thefollowing two
lemmata.
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LEMMA 5.9. Therexists ,independendf and , sudthatfor each
there holds
(5.24)

Proof. We adaptthe proofof Lemma6.5in [8]. Applying the estimatg5.4) andGausss
formula,notingthat on  andthat on ,wededuce
that

where is ary trianglecontainedn . Next, Cauchy-Schwarz'sinequality estimateg(5.5),
andinverseinequality(5.6), give

which, usingthat ,yields

Theabove inequalityandthefactthat , imply (5.24) andcompletethe
proof of thelemma.Ol
As a consequencef the estimatg(5.24), andusingthattheindependenpartition of

is uniformly regular, we deducehe existenceof , independentf and , suchthat
(5.25)

LEMMA 5.10. Assumehat is locally smooth,say .
Thenthere exists ,independendf and , sudthatfor each there holds
(5.26)

Proof. Applying theapproximatiorpropertysatis edby , we easilyobtain
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which nishestheproof. O
Theestimatg5.26) yieldsthe existenceof , independendf and , suchthat

(5.27)

In this way, the efciency of (cf. (5.1) is obtainedfrom the estimateg5.7), (5.12),
(5.1, (5.19), (5.18, (5.29, and(5 27. In particular we concludefrom (5.27) that the
correspondingp.o.t.is of

The following two lemmataprovide the upperboundsfor the remainingtermsde ning

LEMMA 5.11. Let - . Thenthere exists ,
independentf , sud that

(5.28)

Proof. We rst recallfrom (2.6) that - on . Hence,
includingthis null expressiorinto thede nition of , andthenapplyingthe estimate(5.4),
we nd that

Then,we let oneach , andobsene that . Hence,
usinganinverseinequalityfor the piecavisepolynomial , andapplyingthecontinuityprop-
ertiesof theboundaryintegral operators and , wededucehat

which, notingthat and , yields(5.28 and nishes the proof. O
LEMMA 5.12. Assumdhat is locally smooth,say ,
andlet - . Thenthere exists , independenbf , sut
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that
(5.29)

Proof. Asin Lemmab.8, welet - on ,andnotefrom (2.5
that . Then,usingthe approximatiorpropertyof , we get
andhence

whichtogethewith (5.23 completethe proof. O

Consequentlythe ef ciency of  (cf. (5.2)) is obtainedfrom the estimateg5.7), (5.12),
(5.19), (5.22), (5.29, and (5.29. In particular we concludefrom (5.29 that the corres-
pondingh.o.t.is of
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