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STRONG RANK REVEALING CHOLESKY FACTORIZATION
�

M. GU AND L. MIRANIAN
�

Abstract. For any symmetricpositivede�nite ����� matrix � weintroduceade�nition of strongrankrevealing
Cholesky (RRCh)factorizationsimilar to thenotionof strongrankrevealingQRfactorizationdevelopedin thejoint
work of GuandEisenstat.Therearecertainkey propertiesattachedto strongRRChfactorization,theimportanceof
which is discussedby Highamin thecontext of backwardstability in hiswork onCholesky decompositionof semi-
de�nite matrices.We prove theexistenceof a pivoting strategy which, if appliedin additionto standardCholesky
decomposition,leadsto astrongRRChfactorization,andpresenttwo algorithmswhichusepivotingstrategiesbased
on theideaof local maximumvolumesto computeastrongRRChdecomposition.

Key words. Cholesky decomposition,LU decomposition,QR decomposition,rankrevealing,numericalrank,
singularvalues,strongrankrevealingQR factorization.

AMS subject classi�cations. 65F30.

1. Intr oduction. Cholesky decompositionis a fundamentaltool in numericallinearal-
gebra,andthestandardalgorithmfor its computationis consideredasoneof themostnumer-
ically stableamongall matrix algorithms. In someapplications,it is necessaryto compute
decompositionwith linearly independentcolumnsbeingseparatedfrom linearly dependent
ones,i.e., computetherankrevealingdecomposition,which is not usuallyachievedby stan-
dardalgorithms.Oneapplicationof rankrevealingfactorizationsis theactive-setmethoddis-
cussedby Fletcher[8]. Also, rankrevealingfactorizationcanbeusedto solve least-squares
problemsusingthemethodproposedby Björck [1, 2].

Usuallyrankrevealingfactorizationsproduceadecompositionwith two components:the
full-rank portion,andthe rankde�cient, or redundant,part. In practice,thequality of rank
revealingdecompositionis governedby the following two distances:how far from singular
the full-rank portion is, andhow closetheexact rankde�cient part is to thenumericalrank
de�cient portion,whererankde�ciency is estimatedwith sometolerance.We develop the-
oreticalboundsfor full-rank andrankde�cient componentsof strongRRChdecomposition,
which arevery similar to thoseobtainedfor rank revealingQR factorizations,andobserve
thatusingalgorithms3 and4 signi�cantly smallerboundsareobtainedin practice.

In particular, considerCholesky decomposition
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factor, is alsogovernedby :

�

which implies thatstability of thealgorithmdependson how
small ?%: ? B is.

We introducea strongrank revealingCholesky (RRCh)decompositionandproposeto
performCholesky factorizationwith diagonalpivoting, whereon every stageof the factor-
izationwe look for the“most linearly independent”columnin the“not-yet-factored”portion
of thematrix andswap it with theappropriatecolumnin “already-factored”partof thema-
trix. This pivoting strategy was�rst introducedby Gu andEisenstatin [11] andis known as
maximumlocalvolumesstrategy. SinceCholesky factorizationrequiressigni�cantly lessop-
erationsthanQR,algorithmspresentedin thispapercomputestrongrankrevealingCholesky
factorizationmuchfasterthanalgorithmsthatuserankrevealingQRfactorization.

Therestof thepaperis organizedasfollows. In section2, we give an overview of the
previous resultson rank revealingLU andQR factorizations.In section3, we introducea
de�nition of strongrankrevealingCholesky decomposition,and,in section4, wediscussthe
existenceof suchfactorization.Section5 containsthe�rst proposedalgorithm.Section6 is
devotedto thesecondalgorithmwhich is basedonconvex optimizationapproach.Complete
pivotingstrategy is discussedin section7, andnumericalexperimentsarepresentedin section
8. Concludingremarksarein the�nal section9.

2. Previous results on rank revealing LU and QR decompositions. Assume
�
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Givenany rank-de�cientmatrix
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, exactarithmeticGaussianeliminationwith
completepivoting, unlike partial pivoting, will reveal the rank of the matrix. However, for
nearlysingularmatriceseven completepivoting may not reveal the rank correctly. This is
shown in thefollowing exampleby PetersandWilkinson [24]:

� �

� 

 

 

!

"

9

"

9

"

<%<%<

9

"

"

9

"

<%<%<

9

"

...
...

"

#�$

$

$

%

<

Thereareno small pivots,but this matrix hasa very smallsingularvaluewhensizeof
�

is
suf�ciently large.

Severalpapers,[4, 18, 19], werededicatedto thequestionof whetherthereis a pivoting
strategy thatwill forceentrieswith magnitudescomparableto thoseof smallsingularvalues
to concentratein thelower-right cornerof U, sothatLU decompositionrevealsthenumerical
rank. In [4] theexistenceof suchpivoting is shown for thecaseof only onesmall singular
value,andfor RRLU factorization
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Later, in [18] generalizedcaseof morethanonesmall singularvalueis discussed,and
resultsaresummarizedin thefollowing theorem:

THEOREM 2.1. [18]
Let
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However, boundsobtainedin [18] mayincreasevery rapidly (fasterthanexponential,in

theworst case)becauseof its combinatorialnature.In [19] the following improvedbounds
areobtained:
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Pan,in [23], usingSchurComplementfactorizationsandlocal maximumvolumes,deduced
thefollowing bounds:

THEOREM 2.3. [23]
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Theseboundsarevery similar to thoseobtainedin rank revealingQR factorizationsin [6,
11, 15]. Oneof thede�nitions of rankrevealingQR factorizationpresentedin [6, 15] is the
following: assume�
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< Other, lessrestric-
tivede�nitions arediscussedin [6, 22].

RRQRfactorizationwas�rst introducedbyGolub[9], who,with Businger[3], developed
the �rst algorithmfor computingthe factorization. The algorithmwasbasedon QR with
columnpivoting, andworkedwell in practice.However, thereareexamples(Kahanmatrix,
[20]) wherethefactorizationit producesfails to satisfycondition
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PierceandLewis in [25] developedanalgorithmto computesparsemulti-frontalRRQR
factorization. In [21] Meyer and Piercepresentadvancestowardsthe developmentof an
iterative rankrevealingmethod.HoughandVavasisin [17] developedanalgorithmto solve
an ill-conditionedfull rank weightedleast-squaresproblemusingRRQRfactorizationasa
partof their algorithm.Also, a URV rankrevealingdecompositionwasproposedby Stewart
in [26].

In [15] Hong and Pan showed that there exists RRQR factorizationwith 4
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algorithmthatis guaranteedto �nd anRRQRgiven = .

In someapplications,suchas rank de�cient least-squarescomputationsandsubspace
tracking,whereelementsof

�

�
�

�

���

areexpectedto besmall,RRQRdoesnot leadto astable
algorithm. In thesecasesstrongRRQR,�rst presentedin [11], is beingused:factorization


'&

<

&
�

is calleda strongrankrevealingQR(RRQR)factorizationif

1. �

�



�
�

���

�

�




�

�




�




=

�

>

�

�

�

� 


&

�
�

(

�

��� � 


�

�




�



=

�

>

�3�

2.





�

�
�

�

�
�

� �
, �




(




B




=

�

>

�

for
"

(�� ( = and
"

(

�

( >

9

=

�

where 


�




=

�

>

�

and 


B




=

�

>

�

arefunctionsboundedby
low-degreepolynomialsin = and >

<

PanandTangin [22] developedanalgorithmthat,given ���

"

computesstrongRRQR
with 


�




=

�

>

� �

	

"

�

�

B

=




>

9

=

�

and 


B




=

�

>

� �

�

< Later, in [11], a different,but mathe-
maticallyequivalentalgorithm,waspresentedby Gu andEisenstat.Thenew algorithmwas
basedon the ideaof local maximumvolumes. The sameideawill be usedin this paperto
developanef�cient algorithmsfor computingstrongrankrevealingCholesky decomposition.
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3. Strong rank revealing Cholesky decomposition. In this section,we explore the
ideaof usingsigni�cant gapsbetweensingularvaluesto de�ne thenumericalrankof amatrix
andintroducestrongrankrevealingCholesky decomposition.

Givenany symmetricpositivede�nite matrix
� ( *

� , �

, we considera partialCholesky
decompositionwith thediagonalpivoting
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4. The existenceof strong rank revealing Cholesky decomposition. In this section
we provetheexistenceof permutationmatrix
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whichmakesa strongRRChdecomposition
possible.It is provenin Theorem4.2of this sectionthatpermutationmatrix obtainedusing
Lemma4.1 is theonenecessaryfor strongRRChdecompositionwith elementsof

�

�




�

�




�

boundedby slow growing functionin = and >

<

Accordingto thede�nition givenat theendof theprevioussection,strongRRChdecom-
positionrequiresthateverysingularvalueof

���

is suf�ciently large,everysingularvalueof
&

�

is suf�ciently small,andeveryelementof
�

�




�

�




� is bounded.As �rst observedin [11],
�����



�����

�����



� �

�����



� �

�����



��
 � �

�����



��� �

B

�����




&

� �3�

hence

�����



��� ���

�

�

�
	 �

�

�



��� � � ��

�




�����



�����

� �#�

�

�
	 �

�

�



&

� �

<(4.1)

This impliesthatstrongRRChdecompositionalsoresultsin a large
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Proof: To provethis lemmawe applyLemma3.1,[11] to �
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Then,accordingto Lemma4.1,Algorithm 1 canberewrittenasfollows:
ALGORITHM 2. ComputestrongRRChdecomposition,given = .



�	� � ��� �

�

� 

���

�

�
� ���

�

while

�



� � �6�

=

�

���

�

do
Find � and

�

such that �

�

�




�

�




�

�

B

�
�

�

�

&

�

�

� �

�
�

�

�

�
�

� �

B

� � ;

Compute



�	� � ��� �

�

�



�
�

, � ���-�	�




�
, � ���

�

and
�
� ��� �

�
, ��� �

�

endwhile;
SinceAlgorithm 1 is equivalentto Algorithm 2, it eventuallystopsand�nds permutation

�

for which

�



� � � �

=

�

( �

< This impliesthatcondition

 &

�

of thede�nition of strongRRCh
decompositionin section3 is satis�edwith 


B




=

�

>

� �

�

< Theorem4.2discussedbelow will
imply that condition



"

�

is alsosatis�ed with 


�




=

�

>

� �

	

"

�

�

B

=




>

9

=

���

which means
thatAlgorithms1 and2 computestrongRRChdecomposition,given =

<

THEOREM 4.2. (Theorem3.2 in [11])
Supposewehave

�

� ���

�

�

�

�

�!"

<

Let
�




�

�

=

� � !�	��

�
, ���

�

�

�
�

�

�

�

"

B

�
�

�
�

�

�



�

� �

�

�




�




�

�

"

B

<

If

�




�

�

=

�

(��

�

where � is someconstantand 


�



=

�

>

���

	

"

�

�

B

=




>

9

=

�

, then

�

�



�

�
���

�

�




�

�




�




=

�

>

�

�

"

( �	( =

and
�

�



�

� �

(

�

��� �



�

�




�




=

�

>

�3�

"

(

�

( >

9

=

<

This theorem,appliedto �

�




�

impliescondition



"

�

of thede�nition of strongRRChdecom-
position,andhencetheexistenceof RRChdecompositionis proved.

Theorem4.2 andLemma4.1 combinedtogetherleadto Algorithm 3 which, on every
stepof theCholesky decompositionwith diagonalpivoting,compares

@

�



�	� �6�

=

�

(de�ned at
thebeginningof thenext section)with �

< If
@

�



� � � �

=

�

� �

�

thenTheorem4.2 andLemma
4.1 imply that

�����



��� �

canbemadeat least � timesbiggerby interchangingtheappropriate
rows in �

�

< We do theswapsuntil
�����



��� �

is largeenough,i.e.
@

�



�	� �6�

=

�

� �

�

andthenwe
resumestandardCholesky decompositionwith diagonalpivoting.
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5. Computing strongRRCh decomposition:Algorithm 3. Givena realnumber�

�

"

anda tolerance�

�

Algorithm 3 computesnumericalrank = andproducesa strongRRCh
decomposition.It is a combinationof Algorithms1 and2, but uses

@

�


 �	� �6�

=

� � !
	��

�
� ��� �-, ��� � � � �!�

!
	������

�

�

�

�

�




�

� 


�

�

� �

�

�

�

��� �

&

� �

� �

� �

�

�

� � �����

andcomputes�

� 
 � � �

and
�

�




�

�




� recursively for greateref�ciency. Observethat
@

�


 � � � �

=

�

is different from

�


 � �

=

���

as de�ned in Theorem4.2, but clearly if
@

�


 � � �6�

=

�

� � then
�


 � �

=

�

is alsogreaterthan � andhencetheresultof Theorem4.2 is applicableto Algorithm
3. In thealgorithmbelow thelargestdiagonalelementof

&

�

is denotedby
!
	�� 


� # 	
	 


&

� ���

<

Updateandmodi�cation formulasarepresentedin section5.1and5.2.
ALGORITHM 3.

=

� � �

� �

� 
 ����� 
 �	� � �

�

�
� ���

�

Initialize �


 ��� � (6*

� , �

�

�

�




�

�




�

( *

� , � �#�

�

while
!�	��




�
# 	
	




&

� ���
�

� do
� � 	
��	 !
	��

�
�
�

�
�0�#�



!�	��




�
# 	
	




&

� ��� �

�

=

� �

=

�

"

;
Compute�

� 

�

�-, � � ���
�-�	�




�-, � � ���
�

�

�

�
� ��� �
�-, � � ���

�

�

Update�



�

�
�

�

�

�




�

�




� ;
while

@

�



� � �6�

=

���

� do
Find � and

�

such that �

�



�

�




�

�




�

�
�

�

�

�

�

� or
	




&

� � � �

�

�



��� ���

�

Compute�

�



�
�

, � � �-���




�
, � � �

��� �
� ��� �
�

, � ���

�

Modify �



��� �

�

�

�




�

�




� ;
endwhile

endwhile

5.1. Updating formulas. Throughoutsections5.1and5.2lower-caselettersdenoterow
vectors,upper-caselettersdenotematrices,andGreeklettersdenoterealnumbers.

On the



=

9

"

�

th stepwehave

�+�
�

���-�
�

���-�
�

��� �#���
�

" and
� �

�

�%�-�
�

&

�-�
�

"

<

Let
&

�-�
� � ��


B

�




�

�
���

" �

�
�-�

��� ���

� " �

�

�




�-�
�

�



�1�
�

�



�



� � �

<

By Cholesky factorization,we havethat

�
�

� �

���-�
�

� 


"

� �
�

�

�

�

�

�



�




�

� �

�
�

�

� �

�

�
�

�-�
�

9

� �




"

�




"

<

Then,

�

B

�



�

�
���

�

B

�



�

�-�
� � � �

B

�

�




B for
"

(��
( =

9

"

� �

B

�



�

�
� �

"

�




B

and

�

�




�

� 


�

�
�

�

9

�




� �




B

� �




B

"

<
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5.2. Modi�cations formulas. We want to interchangethe � th and



=

� � �

th diagonal
elementsof

�	�	�




. This correspondsto interchangingthe � th and



=

� � �

th rows of
�	�

which will bedoneby reducingthis generalinterchangeto the interchangebetweenthe = th
and




=

�

"

�

st rows.

5.2.1. Inter changewithin the last >

9

= diagonal elementsof
�

. If
�

�

"

, then
interchangingthe




=

�"� �

th and



=

�

"

�

st columnsof
�




correspondsto interchangingthe



=

�

"

�

st and



=

� � �

th diagonalelementsof
�

and
�

. This interchangeleaves
�

lower
triangularand

�

block-diagonalandwill only swap the �rst and
�

th columnsof
�




� and
�

�




�

�




��<

5.2.2. Inter changewithin the �rst = diagonalelementsof
�

. If � � = , thenwe inter-
changethe = th and � th rowsof

�

< This leaves
�

unchanged,and
�

is not lower triangularany
more. But we canre-triangularizeit usingGivensrotations.Denote

� �-, � ���

@

�

� , where @

�

is lower triangular. Then

� �-, � ����� 
 � 


�1, �

�

@

�

�

�

�




@

� 
 �

@

� �

@

� 
 �

since� affectsonly theupperleft =�5 = cornerof
�

, whichis identity. Now @

��� � ���-,
�

���

�




,
hence @

�

�
�

�

�

�

�

�
�

�

�




�-,
�

�

andpost-multiplicationby anorthogonalmatrixdoesnotaffectthe
2-normsof rowsof

�

�




�
< This impliesthat �



��� �

justhadits = th and � th elementspermuted.
Also,

�

�




�

�




� hasits = th and � th rowspermuted.
The main costof this reductioncomesfrom computingre-triangularizationof

�

after
swappingits � th and = th rows,which takesabout�

=


'&

>

9

=

�

�ops.

5.2.3. Inter changebetween = th and



=

�

"

�

st diagonal elementsof
�

. Supposewe
have

���-, ���
�

�	�	


�1, � �
�

� ���-, ���
�

������
 �	


�-, ���
�

<

Here,
���-, � �

�
�

is not lower triangularanymore,sowe re-triangularizeit
� �-, � �

�
���

@

�




� ,
where @

�

is lower triangular. Noticethatin matrix
���-, ���

�
�

only theelement



=

�

=

�

"

�

needs
to bereducedto zero,hence� is asingleGivensrotationmatrix thataffectsonly the = th and




=

�

"

�

st rows of a matrix if multiplied from the right, andthe = th and



=

�

"

�

st column
if multiplied from the left. Let's assumethat we performedthe




=

�

"

�

st stepof Cholesky
decompositionzeroingoutelementsto theright of element

�



=

�

"

�

=

�

"

�

< We have

�
�1, � �

� ������
 �	


�1, � �
�

�

@

�

�


 �

�

@

��
 �

@

���

@

��
 �

whereweusedthefactthat �




�

�

� �

, sincetheupper-left



=

�

"

�

5




=

�

"

�

cornerof
�

is just theidentity. Write

� �

�

 

 

!

�
�-�

�

�

� �

�

B

��� ���

� �




�

�




B

��� �#�1�
�

#

$

$

%

and @

� �

�

 

 

!

�
�-�

�

�

B

@

�

�

�
��� �

�

��� �

�

�

@

�




�

@

�




B

��� �#�1�
�

#

$

$

%

�

where

�

�

	

�

B

���

B

�

@

� ���

�

,
@

�
�

�



���
�

�	�
�

B

� �

�

, and
@

�

B

�



�
�
�

9

���

B

���

�

. Fromthe
expressionfor

�

we canseethat

�

�
�

�

� �

�

�
�

�-�
�

9

� ���

�

"

���
"

�
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where
�)�

�

���

� �

�-� � is computedusingbacksubstitution.Also,

�

�




�

� 


���

�

�




�

�

�

�

B

"

�

�

�

�




�-� �

�

9

�




� �

"

�����

���




B

���

�




� � "

�

sothat

�

B

�

� �

�1� �

� � ��� � � �)�

�




�-� �

� 
 � ���"� 
 � � �������

B

�	� � ���

<

It follows that

@

�

� �

�

�

�

�

� �

�-� �

9

�

B

�

� �

�-� �

�

@

�

�

"

�

@

� �

�

�

�

� �

�-� �

9


 � � � � � ���

@

�

�

"

�

@

� �

�

and

@

�

�




�

@

�




�

� �


 "

9

���

B

� 


@

�

�

��� �




9


 ��� � 


@

�

�

� � �




�

�

�




�-� �

�




9


 �




�

� � �




�

@

� � �

@

�

� � � 


@

�

�

�

@

� � �

@

�

"

< Sim-

plifying,

"

9

���

B

�



@

�

�

� �

"

9

�

B

�

�

B

� �

B

�

�

B

� � � �



@

�

�

� � � �

�

B <

We alsohave

�

�




�-�
�

� 


9



� 


�

� � � 
 �

@

�
�

�

@

� � ��� �#
 �
�

���

9

� � 


@

�
�

�

@

�

9

�#


�

@

�
�

�

@

�

� ��� �#




�

�
�

9

�

@

�
�

���

@

�

9

�#


�

@

�
�

�

@

�

� ����� �



@

�

B

�

@

�

9

�



�

@

� � �

@

�

<

Substitutingtheserelationsinto thematrix,weget

@

�

�
�

�

@

�����$�



�

B

�




9

� �




�

���

�

B

� � � �




@

�

B

�

@

�

9

�




�

@

�
�

�

@

�

� �

�

B

@

�
�

�

@

�

"

<

Then �

�



@

��� ���

"

�

@

�

, and

�

�



@

�
�

�

B

�

�

�



�
�

�

B

�



� � � � � �

B

�

�

@

�

B

9

�

B

�

� �

B

�

for
"

( � ( =

9

"

<

Thecostof the



=

�

"

�

ststepof Cholesky decompositionis about
&�


>

9

=

�

B �ops, thecostof
computing

�

is about =

B �ops, andthecostof computing
�

�




�

�




� is about� =




>

9

=

�

�ops,
hencethe“grandtotal” costof modi�cationsis about� >

B

�
&

> =

9

&

=

B �ops.
Reasoningverysimilar to theanalysisperformedin [11] section4.4shows thatthetotal

numberof interchanges(within theinnerloop)up to the = -th stepof Algorithm 1 is bounded
by =��	�

	�


�

> , whichguaranteesthattheAlgorithm 3 will halt.

6. Computing strong RRCh decompositionusing max norm and 2-norm estima-
tors: Algorithm 5. In this sectionwe discusshow convex optimizationapproachcan be
usedasan alternative to carryingon modi�cations andupdatesin sections5.2 and5.1 and
presentAlgorithm 5.

The convex optimizationmethodwas �rst developedby William Hagerin [12]. It is
basedon the ideaof �nding a maximumof an appropriatefunction over a convex set(the
maximumwill beattainedat avertex of thatset)by jumpingfrom vertex to vertex according
to a certainrule. The verticescan be visited only once,andsincewe have �nitely many
vertices,thealgorithmwill halt in a �nite numberof iterations.
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We wish to developestimatorsfor

?

�

�




�

� 


�

?

��� �

� !
	��

� , �




�

�




�

� 


�




� , �

and �

��� �


 � � � � !�	��

�




�

� 
 � � ���

usingthemethoddescribedbelow, insteadof carryingonmodi�cationsandupdatesdescribed
in section5.

Assume� is an invertiblesquarematrix, and � is any > 5�� matrix, (here � will be
matrix

� �

and � will be
�

�




�

�




� ). Denote

?�� ?

�����	��

�

� �

�

��� �




�

��� !
	��

�




�

� 


�

� �

and

? � ?

��� �

� ��!
	��

� , �







�

� � �




<

We aregoingto usethefollowing lemmawhich is discussedin [14]:
LEMMA 6.1.

? � ?

��� �

� !
	��

���

	��

? ��� ?��

?�� ?

� �
>�� ?�� ?

�����	��
��

� !
	��

���

	��

?���� ?�B

?�� ?

�

<

Using this lemma and the algorithm discussedin [12] we obtain an estimator for
?

�

�




�

�




�

?

��� �

�

ALGORITHM 4.

Pick � at random,such that ?�� ?

���

"

loop
Compute

�




���

� �




�

� , �




� �




�

�




�

�




�

�

where
� �"!

�$#.>


�


�

��%'� �&% ��' � 	
��	 !
	��

�




�

�




and
�&%

is
'

-th unit vector
if ?��#?�� �(�




�

stop
else

' � 	 � 	 !
	��

�




�




�

�

� ���&%

�

end
endloop
Estimatorfor computing ?

�

�
�

�

?

�����)��
�� is thesameasthepreviousonewith theexcep-
tion of differentcomputationof � , whichbecomes:

�
�

�

�

� ,
�




�

�

� �0�

where
� �

&
�

�




�

�

<

We wish to constructan algorithmsimilar to Algorithm 3, but usingtheabove estima-
tions insteadof carryingon modi�cations andupdatesdescribedin section5. Algorithm 5,
presentedin this section,performsregular Cholesky decompositionwith diagonalpivoting
until

!
	��



�
# 	
	




&

� � �

( � for somesmall �

< Every, for instance,>

�

"

�

th stepwe useconvex
optimizationapproachto estimatethelargestentryof �



� � �

andmaxnormof
�

�




�

�




� and
�nd � and

�

thatcorrespondto thesevalues.While

!�	��

�
, �







�

�




�

�



�




�
, �

�

� �

�

or
*

!
	��

�


�


&

�
�

� �
� !
	��

�




�

�



�
�

���

���

we do the interchanges.Whenthereis no needfor swapswe estimate�

��� �



��� �

to seeif
"

�

�

�����



��� � �

"

�

�

�



��� �

is smallerthen �

< A simplecalculationshowsthatif wepermute� -
th and = -th rowsof

���

andre-triangularizeit back,obtainingnew matrix @

��� � �����

�

�

then
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@

� � 


=

�

=

���

"

�

�

� 


@

� � ���

"

�

�

� 
 � � �

. Henceif @

� ��


=

�

=

���

"

�

�

� 
 � � �

( � thenwe shouldgo
onestepbackto =

9

"

andconsider



=

9

"

�

-ststageof theCholesky decomposition,sincewe
donotwantto haveelementslessthan � on thediagonalof

� �

<

The main advantageof convex optimizationapproachover modi�cations andupdates
is ef�ciency. The overall costof estimationscombinedwith the potentialswapsis usually

�




>

B

�3�

while modi�cationscombinedwith swapscost
�




>��

�

<

ALGORITHM 5.

=

� � �

� �

� 
 ����� 
 �	� � �

�

�
� ���

�

while
!�	�� 


� # 	
	 


&

� ���
�

� do
� � 	
��	 !
	��

�
� � � �0�#�


 !�	�� 


� # 	
	 


&

� ��� �

�

=

� �

=

�

"

;
Compute�

� 
 � �-, � � ��� �-�	�




�-, � � ��� �

�

�

�
� ��� � �-, � � ��� �

�

do
while

@

�


 � � �6�

=

���

� do
Find � and

�

such that �

�



�

�




�

�




�

� �
�

�

�

�

� or
	




&

�
�

� �

�

�



�
�

���

�

Compute�

�



�
�

, � � �-���




�
, � � �

��� �
� ��� �
�

, � ���

�

endwhile
if

"

�

�

�



�
�

���

� breakendif
=

� �

=

9

"

�

enddo
endwhile
In thefollowing tablelet

8

�

and

8

B betheaveragenumberof iterationsit took to esti-
mate

!�	��

�




�

�



�
�

���

and ?

�

�




�

�




�

?

��� � .Theaverageof theratiosof theactualvaluesoverthe

estimatedonesis denotedby �

�

and � B

<

Matrix Order Estimationof �����	�


��

�




��
���� Estimationof �����

�������

�! "! �$# "$#

96 2 3.4635 2 1.3955
Kahan 192 2 3.4521 2 1.0788

384 2 3.4462 2 1.1053
96 2 1.0000 2 1.7684

Extended 192 2 1.0000 2 2.2863
Kahan* 384 2 1.0000 2 1.0000

96 2 2.3714 2 1.1778
Generalized 192 2 1.0000 2 1.9075

Kahan 384 2 1.0000 2 1.9992
On average,it takesabouttwo “jumps” from vertex to vertex of theappropriateconvex % to
obtainthedesiredresult. Hence,in algorithm5 we just solve two systemstwo times,which
takesabout &.=

B �ops.
Theremaybeonly �nitely many iterationsin the“do-enddo” loop,sothealgorithmwill

eventuallyhalt.

7. Effectsof pivoting on Cholesky factorization.

7.1. Complete Pivoting. In this sectionwe give an example,discoveredin [5, sec-
tion 2], of asymmetricpositivesemi-de�nitematrix for whichCholesky decompositionwith
completepivotingdoesnotresultin strongRRChdecompositionbecausecondition


'&
�

of the
de�nition in section3 is violated.
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Considerthefollowing matrix,discoveredby Highamin [13]:

�


�� ��� � # 	
	 
 "

��!'�

< <%<

��!

�

� �

�

�

 

 

 

 

 

 

!

"

9

�

9

�

<%< <

9

�

9

�

< <%<

9

�

"

9

�

<%< <

9

�

9

�

< <%<

9

�

"

...
...

...
...

...
...

...
"

9

�

< <%<

9

�

#

$

$

$

$

$

$

%

()*

���

�

�

where
� � ���

���


�� �3� ! � �

�

# % 
�� �

for some
�

< Let usscale�


�� �3�

i.e., put
� 
�� ��� � # 	
	 
 � � �

9

"

�

<%< <

�

"

�

�


�� �

andconsidermatrix

&


�� ��� � 
�� �




� 
�� �

< WhenweperformCholesky decom-
positionwith completepivotingon

&


�� �3�

wewill observethat,becauseof thewaythismatrix
is designed,nopivotingwill benecessary. Suppose

&


�� ���$�

&

��� 
�� �

&

�

B


�� �

&

B

� 
�� �

&

B B


�� �

"

� �

�

�

�

�

� � �

�

"

�

�

�

&

�

"

�

�




�

�




�

� �0�

�

"

<

Then &

���

��

�

�
�

&

�

B


��
��� �

�




�

� 


�

<

It is provenin [5, Lemma2.3] that

?

&

���

��

�

�
�

&

�

B


��
�

?
B

�

?

�

�




�

� 


�

?
B
	

*

"

�




>

9

� �



�

�

9

"

�

as
�

	

�

<(7.1)

Simplecalculationshowsthat

?

�

�




�

�



�

?

�����

� �



"

� ���

�

�
�

<

To make thelimit provedabovemorepractical,we have to bound
�

away from zeroto avoid
�

# 	
	



"

��!'�

<%< <

��!
�

�
�

�3�

andhence

&


��
�3�

beingtoo singular. We want
!

�

�
�

to begreaterthan
some�x edtolerance�

�

which usuallyis on theorderof themachineprecision.Simplema-
nipulationwith Taylorexpansionsshowsthatquantity ?

�

�




�

�




�

?

��� � growslike

�

�
�

�

�

B

�
� ���������

�

(7.2)

for large
�

insteadof a factorof
&

�

asin

��

<

"

�

<

The practical growth rate is much slower than the theoretical,but it is still super-
polynomial,implying thatCholesky decompositionwith completepivotingwill notbestrong
RRChdecompositionbecausecondition


 &
�

in thede�nition is violated.
Matrix

�

�




�

�




� alsoplaysa key role in backwardserroranalysisfor Cholesky decom-
positionof semi-de�nite matrices,asdiscussedby Highamin [13]. As he shows quantity

?%: ?%B

�

?

�

�




�

�




�

?%B contributesgreatly to the accuracy of Cholesky decomposition.If
we performCholesky factorizationwithout any of thepivoting strategiesdescribedin Algo-
rithms3 and4 wegetthefollowing boundsobtainedby Highamfor theerrorof theCholesky
decomposition:

?

�

9 @

�

�

@

��


�

?�B (

&

�

&
�



� �

"

� �
�

�

� ?%: ?%B

�

" �

B

�

?

�

?%B

�

�



�

B

�3�

where
�

is themachineprecision,
�

is somesmallconstant,@

�

� is thecomputed
�

-th Cholesky
factor, and

�

is thecomputedrankof
�

. As discussedin [5, section4], theabove boundis
aboutthe bestresult that could have beenexpectedandre�ects the inherentsensitivity of

�

9

�

�

�




� (with
�

� beingtheprecise
�

-th Cholesky factor)to smallperturbationsof
�

<
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7.2. Generalization of �


�� �

. In this sectionwe constructgeneralizationsto theKahan
matrix. Weconstructamatrix,suchthatCholesky decompositionwith diagonalpivotingfails
to �nd astrongRRChdecompositionfor thesamereasonasin theprevioussection:condition


'& �

of thede�nition of strongRRChdecompositionis violated.
Considerthematrices

��� �

�

� � �

<%<%<

� �#�

�




���

� �

���

� �

< <%<

�

�

�

�




�

where
� �

and
�

�

( *

2

�

�

and4�� >

< We introduceanuppertriangularmatrix �

� (6*

�

�

�

�

�

� 


�

��� � �

��

�

�	

"

�

if i = j
� �

if i � j
9

�




�

�

� �

if i � j

<(7.3)

Let's call matrix �

� � � # 	 	 
 "

��! �

<%< <

��!

� � �

�

�

�

a GeneralizedKahanmatrix, andconsider
matrix

� �

�




�

�

�

with numericalrank =

< If we choosecolumnscalingappropriatelythen
therewill benodiagonalswapsduringCholesky decompositionwith diagonalpivoting. Then
for matrix

�

wehave
�

� �

���

�
�

B

�

9

�

� �

�

� �

�




� �#�

�

where�

�

is theupperleft = 5 = cornerof
�

�#� � �

is thetop = rowsof
� �#�

and �

� �!�

is thelower



>

9

=

�

rowsof �

�

< Lemma7.1proved
below givesa clueasto how to designmatrices�

�

by choosing
�

�

and
�

�

appropriatelyand
to have

�

�
�

���

�
�

B grow fasterthanany polynomial.

Let's compute
�




�
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�

�

� �

<%< <

�

�

�

�




�

�

�
�

�

���

explicitly.
LEMMA 7.1.
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Proof by induction:
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Combiningtermsandusingtheinductiveassumption,we get
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After simplifying notationwith �
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we obtain:
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If we put 4

�

"

� ��� �

"

and �

� � �

for all � and
�

, thenwe obtainexactly theKahanmatrix.
In general,matrix �

�

canhavemorethanonesmallsingularvalue,whereastheKahanmatrix
hasonly one.

8. Numerical experimentsimplementedin Matlab. Weusedthefollowingsetsof test
matrices� :

1. Random: is an >�5�> matrixwith randomentries,chosenfrom auniformdistribution
on theinterval


 � �

"

�

.
2. ScaledRandom: a randommatrix, whose � th row is scaledby factor �

�

, where
�

� & �

� andthemachineprecisionis �

�

"

<

"

5

"

�

� ���

<

3. GKS: an uppertriangularmatrix whose
�

th diagonalelementis
"

�

�

�

andwhose
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elementis 9
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<

4. Kahan: wechoose
��� �
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&��

5. ExtendedKahan: thematrix �
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�

)

is a symmetricHadamardmatrix.
6. ExtendedKahan* : wechoose�

�

�

B
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�

� +

B

�

B

)

�
�



���

7. GeneralizedKahan: describedin section7.2,
���

and �
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�

� & blocks;
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For eachmatrix
���

�




� wechose>

��
	� �

"



&

�

�

& � , set �

�

"

�

�

> and �

�

�

5

"

�

�
�

� 5

?

�

?�B

< In Algorithm 5 we set 4

�

� for >

�

�� �

4

�

"

�

for >

�

"



&

�

4

�
&

�

for >

�

�

& �

<

Theresultsaresummarizedin thetablebelow. Theoreticalupperboundsfor
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�
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< We observe from our

experimentsthattheoreticalboundsaremuchlargerthantheseobtainedin practice.

Denote�
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� and �
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� �

numberof iterationsin theinnerwhile loops; �

!

� denotesresultsof Algorithm 3, and
��� � denotesresultsof Algorithm 5.
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Matrix Order Rank N
"  " #

Est Mod Est �

 

Mod Est �

#

Mod
96 96 0 0 1 1 1 0 0 0

Random 192 192 0 0 1 1 1 0 0 0
384 384 0 0 1 1 1 0 0 0
96 43 0 0 3.10 ��� �����
	

�

3.10 1.54 98 1.54
Scaled 192 82 0 0 3.63 ��� 
����
	

�

3.63 1.18 139 1.18
random 384 158 0 0 6.24 
�� �����
	

�

6.24 1.29 196 1.29
96 95 0 0 1.12 ��� �����
	

#

1.12 0.71 98 0.71
GKS 192 191 0 0 1.09 ��� �����
	

�

1.09 0.71 139 0.71
384 383 0 0 1.07 
�� �����
	

�

1.07 0.71 196 0.71
96 95 1 1 2.54 ��� �����
	

#

2.54 0.98 98 0.98
Kahan 192 191 1 1 1.26 ��� �����
	

�

1.26 0.98 139 0.98
384 298 1 1 8.15 
��������
	

�

8.15 0.98 196 0.98
96 64 0 0 5.27 ��� �����
	

�

5.27 2.60 98 2.60
Extended 192 128 0 0 10.0 ��� 
����
	

�

10.0 5.20 139 5.20
Kahan 384 256 0 0 16.9 
�� �����
	

�

16.9 10.4 196 10.4
96 64 8 32 2.97 ��� �����
	

#

1.49 2.60 2.60 0.38
Extended 192 128 11 64 6.04 ��� �����
	

#

1.09 5.20 5.20 0.19
Kahan* 384 256 3 128 12.1 ��� �����
	

�

1.5 10.4 10.4 0.96
96 94 1 1 4.04 ��� 
����
	

#

4.04 2.35 9.8 2.35
Generalized 192 134 2 2 21.7 ��� �����
	

�

19.9 6.21 13.9 6.59
Kahan 384 131 2 2 13.4 
�� �����
	

�

14.5 4.21 19.6 4.12

9. Conclusion. We have introduceda de�nition of strongrankrevealingCholesky de-
composition,similar to thenotionof strongrankrevealingQR factorization.We provedthe
existenceof suchdecompositionfor any symmetricpositive de�nite > 5 > matrix andpre-
sentedtwo ef�cient algorithmsfor computingit. Numericalexperimentsshow thatif = is the
numericalrankof

�

, thenboundswhichgovernthegapbetween= -th and



=

�

"

�

-stsingular
valuesof matrix

�

andthenormof theapproximatenull spaceof
�

obtainedin practiceus-
ing ouralgorithmsareseveralordersof magnitudesmallerthantheoreticalones.Algorithms
presentedin this paperproducestrongrank revealingCholesky factorizationat lessercost
thananalogousalgorithmswhichusestrongrankrevealingQRfactorization.
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