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STRONG RANK REVEALING CHOLESKY FACTORIZATION

M. GU AND L. MIRANIAN

Abstract. For ary symmetricpositive de nite matrix weintroduceade nition of strongrankrevealing
Cholesk (RRCh)factorizationsimilar to thenotionof strongrankrevealingQR factorizationdevelopedin thejoint
work of GuandEisenstatTherearecertainkey propertiesattachedo strongRRChfactorizationtheimportanceof
whichis discussedby Highamin the context of backward stability in his work on Choleslk decompositiorof semi-
de nite matrices.We prove the existenceof a pivoting strat@y which, if appliedin additionto standardCholesly
decompositionleadsto astrongRRChfactorizationandpresentwo algorithmswhich usepivoting stratgiesbased
ontheideaof local maximumvolumesto computea strongRRChdecomposition.

Key words. Cholesly decomposition|.U decompositionQR decompositionrank revealing, numericalrank,
singularvalues strongrankrevealing QR factorization.
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1. Intr oduction. Choleslk decompositions a fundamentatool in numericallinearal-
gebraandthestandardalgorithmfor its computatioris consideregsoneof themostnumer
ically stableamongall matrix algorithms. In someapplicationsjt is necessaryo compute
decompositiorwith linearly independentolumnsbeing separatedrom linearly dependent
ones,.e.,computetherankrevealingdecompositionywhich is not usuallyachiezed by stan-
dardalgorithms.Oneapplicationof rankrevealingfactorizationgs theactive-setmethoddis-
cusseddy Fletcher[8]. Also, rankrevealingfactorizationcanbe usedto solve least-squares
problemsusingthe methodproposedy Bjorck[1, 2].

Usuallyrankrevealingfactorizationgproduceadecompositionvith two componentsthe
full-rank portion, andthe rank de cient, or redundantpart. In practice,the quality of rank
revealingdecompositionis governedby the following two distanceshow far from singular
thefull-rank portionis, andhow closethe exactrank de cient partis to the numericalrank
de cient portion,whererank de ciency is estimatedvith sometolerance.We developthe-
oreticalboundsfor full-rank andrankde cient component®f strongRRChdecomposition,
which arevery similar to thoseobtainedfor rank revealing QR factorizationsand obsene
thatusingalgorithms3 and4 signi cantly smallerboundsareobtainedn practice.

In particular considerCholesk decomposition

where ,

is apermutatiormatrix,and is identity matrix. The numericalapproximatiorto the
null spaceof is

whichis governedby matrix Hence we needa pivoting strateyy thatreveals
thelineardependencamongcolumnsof amatrixandkeepselementof  boundedy some
slow growing polynomialsin and Highamin [13] hasshavn that nearly the tightest
possibleupperboundfor theerror ,wWhere isthecomputed Cholesly
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factor, is alsogovernedby  which impliesthatstability of the algorithmdependson how
small is.

We introducea strongrank revealing Choleslky (RRCh)decompositiorand proposeto
performCholesly factorizationwith diagonalpivoting, whereon every stageof the factor
izationwe look for the “most linearly independenttolumnin the “not-yet-factored”portion
of the matrix andswap it with the appropriatecolumnin “already-factored”part of the ma-
trix. This pivoting stratgy was rst introducedby Gu andEisenstatn [11] andis known as
maximumlocal volumesstratayy. SinceCholesly factorizatiorrequiressigni cantly lessop-
erationghanQR, algorithmspresentedh this papercomputestrongrankrevealingCholesky
factorizatiormuchfasterthanalgorithmsthatuserankrevealingQR factorization.

The restof the paperis organizedasfollows. In section2, we give an overview of the
previous resultson rank revealingLU and QR factorizations.In section3, we introducea
de nition of strongrankrevealingCholesk decompositionand,in section4, we discusghe
existenceof suchfactorization.Section5 containgthe rst proposedlgorithm. Section6 is
devotedto the secondalgorithmwhichis basedon corvex optimizationapproachComplete
pivoting stratey is discussedh section7, andnumericakexperimentsarepresentedh section
8. Concludingremarksarein the nal section9.

2. Previous resultson rank revealing LU and QR decompositions. Assume
hasnumericalrank Then,accordingto [19], thefactorization

2.1)

where
and and arepermutationmatrices,is a rank revealingLU (RRLU) fac-
torizationif

Givenary rank-de cientmatrix , exactarithmeticGaussiareliminationwith
completepivoting, unlike partial pivoting, will revealthe rank of the matrix. However, for
nearly singularmatriceseven completepivoting may not reveal the rank correctly This is
shavn in thefollowing exampleby PetersandWilkinson [24]:

Thereareno small pivots, but this matrix hasa very small singularvaluewhensizeof is
sufciently large.

Severalpapers[4, 18, 19], werededicatedo the questionof whetherthereis a pivoting
stratgy thatwill forceentrieswith magnitudegomparabldo thoseof smallsingularvalues
to concentratén thelower-right cornerof U, sothatLU decompositiomevealsthe numerical
rank. In [4] the existenceof suchpivoting is shovn for the caseof only onesmall singular
value,andfor RRLU factorization thefollowing boundis obtained:

where denotesth singularvalueof
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Later, in [18] generalizedcaseof morethanone small singularvalueis discussedand
resultsaresummarizedn thefollowing theorem:

THEOREM 2.1. [18]
Let benonsingularthenfor anyinteger there exist permutations
and sudthat

whele is unitlowertriangular and is uppertriangular, with boundedy:
whee
for providedthat the quantityinsidebradketsis positive

However, boundsobtainedin [18] mayincreasevery rapidly (fasterthanexponential,in
the worst case)becausaf its combinatorialnature. In [19] the following improved bounds
areobtained:

THEOREM 2.2. [19]

Let with numericalrank and Thee
existpermutations and  sudthat

whele is unit lower triangular and is uppertriangular. If

then

and

Pan,in [23], usingSchurComplementactorizationsandlocal maximumvolumes,deduced
thefollowing bounds:
THEOREM 2.3. [23]
Let with Thenthere exist permutations
and sudthat
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whee is unit lower triangular and is uppertriangular,

and

Theseboundsarevery similar to thoseobtainedin rank revealing QR factorizationsn [6,
11, 15]. Oneof thede nitions of rankrevealingQR factorizationpresentedn [6, 15] is the
following: assume hasnumericalrank , is orthogonal, is upper
triangularwith nonneative diagonalentries, and isa
permutatiormatrix. Thenwe call factorization

(2.2)
rankrevealingQR (RRQR)actorizationif
(2.3) — and

where is afunctionboundedy low-degreepolynomialin  and Other, lessrestric-
tive de nitions arediscussedn [6, 22].

RRQRfactorizatiorwas rst introducedby Golub[9], who,with Businger 3], developed
the rst algorithmfor computingthe factorization. The algorithm was basedon QR with
columnpivoting, andworkedwell in practice.However, thereareexamples(Kahanmatrix,
[20]) wherethefactorizationit producedails to satisfycondition

PierceandLewis in [25] developedanalgorithmto computesparsanulti-frontal RRQR
factorization. In [21] Meyer and Pierce presentadvancestowardsthe developmentof an
iterative rank revealingmethod.HoughandVavasisin [17] developedanalgorithmto solve
anill-conditionedfull rank weightedleast-squareproblemusing RRQR factorizationasa
partof their algorithm. Also, a URV rankrevealingdecompositiowasproposedy Stevart
in [26].

In [15 Hong and Pan showved that there exists RRQR factorizationwith

and Chandrasekaraand Ipsenin [6] developedan ef cient
algorithmthatis guaranteetio nd anRRQRgiven .

In someapplications,suchasrank de cient least-squaresomputationsand subspace
tracking,whereelementof areexpectedo besmall,RRQRdoesnotleadto a stable
algorithm. In thesecasesstrongRRQR, rst presentedn [11], is beingused:factorization

is calleda strongrankrevealingQR (RRQR)factorizationif

1. _—
2.
for and where and arefunctionsboundedby
low-degreepolynomialsin  and
PanandTangin [22] developedanalgorithmthat,given computestrongRRQR
with and Later, in [11], a different,but mathe-

matically equivalentalgorithm,waspresentedy Gu andEisenstat.The new algorithmwas
basedon theideaof local maximumvolumes. The sameideawill be usedin this paperto
developanef cient algorithmsfor computingstrongrankrevealingCholesk decomposition.
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3. Strong rank revealing Cholesky decomposition. In this section,we explore the
ideaof usingsigni cant gapsbetweersingularvaluesto de ne thenumericakankof amatrix
andintroducestrongrankrevealingCholesk decomposition.

Givenary symmetricpositive de nite matrix , we considera partial Cholesly
decompositiorwith thediagonalpivoting

(3.1)

where

, , and is identity matrix. Accordingto the
interlacingpropertyof singularvalues for any permutation we have

and
for and Hence,
and
Assumethat sothat would bethenumericalrankof  Thenwe
would like to choosepermutatiormatrix  in suchaway that is sufciently large
and is sufciently small. In thispapemewill call factorization astrongrank
revealingCholesk (RRCh)decompositiotif it satis esthefollowing conditions:
1. _
2.
for , Where and areboundedby somelow degree

polynomialsin and

4. The existenceof strong rank revealing Cholesky decomposition. In this section
we prove the existenceof permutatiommatrix ~ which makesa strongRRChdecomposition
possible.lt is provenin Theorem4.2 of this sectionthat permutatiormatrix obtainedusing
Lemmad.1is the onenecessaryor strongRRChdecompositiorwith elementsof
boundedy slow growing functionin  and

Accordingto thede nition givenattheendof theprevioussection strongRRChdecom-
positionrequiresthateverysingularvalueof  is sufciently large,everysingularvalueof

is sufciently small,andeveryelementof is boundedAs rst obsenedin [11],

hence

(4.1)

ThisimpliesthatstrongRRChdecompositioralsoresultsin alarge
Let usintroducenotation.
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1. If isanonsingular matrix then denoteghe 2-normof the -th row of
and
2. Forary matrix , denoteghe 2-normof the -th columnof
3. denoteghe permutationrmatrix obtainedby interchangingows and in the
identity matrix.

4. In thepartial Cholesky factorization

of a matrix where and arede ned in section3, let bethe
pair ( ).
Now, given andsomerealnumber Algorithm 1 below constructsa strongRRCh

decompositiorby performingcolumnandrow interchangeso maximize
ALGORITHM 1. ComputestrongRRChdecompositiongiven .

while there exists and sud that

whee and do
Findsudh and ;
Compute and
endwhile;
This algorithminterchanges pair of columnsandrows whenthisincreases by

atleastafactorof Sincethereis only a nite numberof permutationgo perform,andnone
repeatthealgorithmstopseventually

To prove that Algorithm 1 computesstrong RRCh decompositionwe rst express

in termsof and Obsene that  is sym-

metricpositive de nite matrix, hence

is a symmetricpositive de nite squareroot of Let us write ~ Then
where is not strictly lower triangular but insteadblock lower triangu-

lar:

Since the permutation swapsrows of andde-

stroys its lower triangularstructure. So we use Givensrotationsto re-triangularizeit, i.e.,
where is anorthogonamatrix. Then,

where is blocklowertriangular
Now assume and where permutesrows and
of  The following lemmaexpresses in termsof and

LEMMA 4.1.
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Proof: To provethislemmawe applyLemma3.1,[11] to  obtaining

Thenwe obsenre that

which provesthelemma.
Let

Then,accordingo Lemmad4.1, Algorithm 1 canberewritten asfollows:
ALGORITHM 2. ComputestrongRRChdecompositiongiven .

while do
Find and sud that ;
Compute and
endwhile;
SinceAlgorithm 1 is equivalentto Algorithm 2, it eventuallystopsand nds permutation
for which Thisimpliesthatcondition  of thede nition of strongRRCh
decompositionn section3 is satis ed with Theoremd.2 discussedbelon will
imply thatcondition  is alsosatis ed with which means

thatAlgorithms 1 and2 computestrongRRChdecompositiongiven
THEOREM 4.2. (Theoem3.2in [11])

Supposeve have
Let
If whee is someconstantand ~ then
and -
Thistheoremappliedto impliescondition  of thede nition of strongRRChdecom-

position,andhencethe existenceof RRChdecompositioris proved.

Theorem4.2 and Lemma4.1 combinedtogetherleadto Algorithm 3 which, on every
stepof the Choleslk decompositiorwith diagonalpivoting, compares (de ned at
the beginning of the next section)with  If thenTheorem4.2 andLemma
4.1imply that canbemadeatleast timesbiggerby interchangingheappropriate
rowsin  We dothe swapsuntil is largeenough.e. andthenwe
resumestandardCholesly decompositiorwith diagonalpivoting.
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5. Computing strong RRCh decomposition: Algorithm 3. Givenarealnumber
andatolerance Algorithm 3 computesnumericalrank andproducesa strongRRCh
decompositionlt is acombinationof Algorithms1 and2, but uses

andcomputes and recursvely for greateref ciency. Obserethat
is differentfrom asde ned in Theorem4.2, but clearly if then
is alsogreatetthan andhencetheresultof Theoremd.2is applicableto Algorithm
3. In thealgorithmbelow thelargestdiagonalelementof  is denotedby
Updateandmodi cation formulasarepresentedh section5.1and5.2.
ALGORITHM 3.

Initialize
while do

Compute

Update ;

while do
Find and sudthat or
Compute
Modify

endwhile

endwhile

5.1. Updating formulas. Throughousection$.1and5.2lower-casdettersdenoterow
vectors,uppercasdettersdenotematrices andGreeklettersdenoterealnumbers.

Onthe th stepwe have
and
Let
By Cholesly factorizationwe have that
Then,
for

and
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5.2. Modi cations formulas. We wantto interchangehe th and th diagonal
elementsof . This correspondgo interchanginghe th and th rows of

whichwill be doneby reducingthis generalinterchangeo the interchangeéetweerthe th
and strows.

5.2.1. Interchangewithin the last diagonal elementsof . If , then
interchanginghe th and st columnsof correspondso interchanginghe
stand th diagonalelementsof and . Thisinterchangdeaves lower

triangularand  block-diagonaland will only swap the rst and th columnsof and

5.2.2. Interchangewithin the rst  diagonalelementsof . If , thenwe inter-
changehe thand throwsof Thisleaves unchangedand is notlowertriangularary
more. But we canre-triangularizet usingGivensrotations.Denote , Where

is lower triangular Then

since affectsonlytheuppereft cornerof , whichisidentity. Now ,
hence andpost-multiplicatiorby anorthogonamatrix doesnot affectthe
2-normsof rows of Thisimpliesthat justhadits thand th elementpermuted.
Also, hasits thand th rows permuted.

The main costof this reductioncomesfrom computingre-triangularizatiorof — after
swappingits thand th rows,which takesabout ops.

5.2.3. Inter changebetween th and st diagonal elementsof . Supposeve
have

Here, is not lower triangularanymore,so we re-triangularizet ,
where is lowertriangular Noticethatin matrix only theelement needs
to bereducedo zero,hence is asingleGivensrotationmatrix thataffectsonly the th and
st rows of a matrix if multiplied from the right, andthe th and st column
if multiplied from theleft. Let's assumehatwe performedthe st stepof Cholesly
decompositiorzeroingout elementgo theright of element We have

wherewe usedthefactthat , sincetheupperleft cornerof
is justtheidentity. Write

and

where , ,and . Fromthe
expressiorfor  we canseethat
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where is computedusingbacksubstitution.Also,
sothat
It followsthat

and
Sim-

plifying,
We alsohave

Substitutingheserelationsinto the matrix, we get

Then ,and

for
Thecostof the ststepof Cholesly decompositioris about ops, thecostof
computing isabout ops, andthe costof computing is about ops,
hencethe“grandtotal” costof modi cationsis about ops.

Reasoningery similar to theanalysisperformedn [11] section4.4 shovs thatthetotal
numberof interchangegwithin theinnerloop) upto the -th stepof Algorithm 1 is bounded
by ~, which guaranteethatthe Algorithm 3 will halt.

6. Computing strong RRCh decompositionusing max norm and 2-norm estima-
tors: Algorithm 5. In this sectionwe discusshow cornvex optimizationapproachcan be
usedasan alternatve to carryingon modi cations andupdatesn sections5.2 and5.1 and
presentAlgorithm 5.

The corvex optimizationmethodwas rst developedby William Hagerin [12]. It is
basedon theideaof nding a maximumof an appropriatefunction over a corvex set(the
maximumwill beattainedat avertex of thatset)by jumpingfrom vertex to vertex according
to a certainrule. The verticescan be visited only once,and sincewe have nitely mary
verticesthealgorithmwill haltin a nite numberof iterations.
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We wish to develop estimatordor

and

usingthemethoddescribedelow, insteacf carryingonmodi cationsandupdatesiescribed
in sectionb.

Assume is aninvertiblesquarematrix,and is ary matrix, (here  will be
matrix and  will be ). Denote

and

We aregoingto usethefollowing lemmawhichis discussedhn [14]:
LEMMA 6.1.

Using this lemma and the algorithm discussedin [12] we obtain an estimator for
ALGORITHM 4.

Pick atrandomsud that
loop
Compute ,
wheee and is -thunitvector
if
stop
else

end

endloop

Estimatorfor computing is thesameasthe previousonewith the excep-
tion of differentcomputatiorof , whichbecomes:

, where

We wish to constructan algorithmsimilar to Algorithm 3, but usingthe above estima-
tionsinsteadof carryingon modi cations andupdatesiescribedn section5. Algorithm 5,
presentedn this section,performsregular Cholesly decompositiorwith diagonalpivoting
until for somesmall Every, for instance, th stepwe usecorvex
optimizationapproacho estimatethe largestentry of andmaxnorm of and
nd and thatcorrespondo thesevalues.While

or

we do the interchanges Whenthereis no needfor swapswe estimate to seeif
is smallerthen A simplecalculationshowvsthatif we permute -
thand -throwsof  andre-triangularizet back,obtainingnew matrix then
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. Henceif thenwe shouldgo
onestepbackto andconsider -ststageof the Cholesly decompositionsincewe

do notwantto have elementdessthan onthediagonalof

The main advantageof corvex optimizationapproachover modi cations and updates
is ef ciency. The overall costof estimationscombinedwith the potentialswapsis usually
while modi cations combinedwith swapscost
ALGORITHM 5.

while do
Compute
do
while do
Find and sud that or
Compute
endwhile
if breakendif
enddo
endwhile
In thefollowing tablelet and  bethe averagenumberof iterationsit took to esti-
mate and .Theaverageof theratiosof theactualvaluesoverthe
estimatednesis denotecby  and
Matrix Order | Estimationof Estimationof
96 2 3.4635 2 1.3955
Kahan 192 2 3.4521 2 1.0788
384 2 3.4462 2 1.1053
96 2 1.0000 2 1.7684
Extended 192 2 1.0000 2 2.2863
Kahan* 384 2 1.0000 2 1.0000
96 2 2.3714 2 1.1778
Generalized|| 192 2 1.0000 2 1.9075
Kahan 384 2 1.0000 2 1.9992

On averagejt takesabouttwo “jumps” from vertex to vertex of the appropriatecorvex  to
obtainthe desiredresult. Hence,in algorithm5 we just solve two systemgwo times,which
takesabout ops.

Theremaybeonly nitely mary iterationsin the“do-enddd’ loop, sothealgorithmwiill
eventuallyhalt.

7. Effects of pivoting on Cholesky factorization.

7.1. Complete Pivoting. In this sectionwe give an example, discoveredin [5, sec-
tion 2], of asymmetricpositive semi-de nitematrix for which Cholesk decompositiorwith
completepivoting doesnotresultin strongRRChdecompositiotbecauseondition  of the
de nition in section3 is violated.
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Considerthe following matrix, discoseredby Highamin [13]:

where for some Letusscale i.e., put
andconsidematrix Whenwe performCholesly decom-
positionwith completepivotingon wewill obsenethat,becausef thewaythis matrix

is designedno pivoting will benecessarySuppose

Then

It is provenin [5, Lemma2.3] that

(7.1) - as

Simplecalculationshowvs that

To make thelimit provedabove morepractical,we have to bound away from zeroto avoid
andhence beingtoo singular We want to be greaterthan

some x edtolerance which usuallyis on the orderof the machineprecision. Simplema-

nipulationwith Taylor expansionshows thatquantity growslike

(7.2)

for large insteadof afactorof asin

The practical growth rate is much slower than the theoretical, but it is still super
polynomial,implying thatCholesly decompositiorwith completepivotingwill notbestrong
RRChdecompositiobecauseondition  in thede nition is violated.

Matrix alsoplaysakey role in backwardserroranalysisfor Cholesly decom-
position of semi-de nite matrices,asdiscussedy Highamin [13]. As he shows quantity

contritutesgreatly to the accurag of Choleslk decomposition. If

we performCholesly factorizationwithout ary of the pivoting stratgiesdescribedn Algo-
rithms 3 and4 we getthefollowing boundsobtainedby Highamfor theerrorof the Cholesly
decomposition:

where isthemachineprecision, issomesmallconstant, isthecomputed -th Cholesly

factor and is thecomputedrankof . As discussedn [5, section4], the above boundis

aboutthe bestresultthat could have beenexpectedandre ects the inherentsensitvity of
(with  beingtheprecise -th Cholesky factor)to smallperturbation®f
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7.2. Generalization of . In this sectionwe constructgeneralizationso the Kahan
matrix. We constructamatrix, suchthat Cholesk decompositionwith diagonalpivotingfails
to nd astrongRRChdecompositiorior thesamereasorasin the previoussection:condition

of thede nition of strongRRChdecompositions violated.

Considetthe matrices

where and and We introduceanuppertriangularmatrix
if i =]
(7.3) ifi ]
ifi ]
Let's call matrix a GeneralizedKahanmatrix, and consider
matrix with numericalrank  If we choosecolumnscalingappropriatelythen
therewill benodiagonakwapsduringCholesly decompositionvith diagonalpivoting. Then
for matrix wehave where istheupperleft cornerof
isthetop rowsof and is thelower rows of Lemma7.1proved
belown givesaclueasto how to designmatrices by choosing and appropriatelyand
to have grow fasterthanary polynomial.
Let'scompute explicitly.
LEMMA 7.1.

Proof by induction:

Basecase:if then —true.
Inductive step:

We have that , hence

Combiningtermsandusingtheinductive assumptionye get

After simplifying notationwith we obtain:
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If we put and forall and ,thenwe obtainexactly the Kahanmatrix.
In generalmatrix  canhave morethanonesmallsingularvalue , whereaghe Kahanmatrix
hasonly one.

8. Numerical experimentsimplementedin Matlab. We usedthefollowing setsof test
matrices

1. Random: isan matrixwith randomentries choserfrom auniformdistribution
ontheintenval
2. ScaledRandom: a randommatrix, whose th row is scaledby factor , where
andthe machineprecisionis

3. GKS: anuppertriangularmatrix whose th diagonalelementis ~ andwhose
elemenis ~ for
4. Kahan: we choose
5. ExtendedKahan: thematrix where
and

wherewe choose is apowerof 2;

and and is a symmetricHadamardmatrix.
6. ExtendedKahan*: we choose and
7. GeneralizedKahan: describedn section7.2, and consistof blocks;
put , and
For eachmatrix wechose ,set ~and
In Algorithm 5 we set for for for

Theresultsaresummarizedn thetablebelow. Theoreticaupperboundsfor

and

- ifk n
are and . We obsene from our
if k=n
experimentghattheoreticaboundsaremuchlargerthantheseobtainedn practice.

Denote and

numberof iterationsin theinnerwhile loops; denotegesultsof Algorithm 3, and
denotegesultsof Algorithm 5.
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Matrix Order | Rank N

Est | Mod | Est Mod | Est Mod

96 96 0 0 1 1 1 0 0 0

Random 192 192 0 0 1 1 1 0 0 0

384 384 0 0 1 1 1 0 0 0
96 43 0 0 3.10 3.10| 1.54| 98 1.54
Scaled 192 82 0 0 3.63 3.63 | 1.18| 139 | 1.18
random 384 158 0 0 6.24 6.24 | 1.29| 196 | 1.29
96 95 0 0 1.12 1.12 | 0.71| 98 0.71
GKS 192 191 0 0 1.09 1.09 | 0.71] 139 | 0.71
384 383 0 0 1.07 1.07 | 0.71| 196 | 0.71
96 95 1 1 2.54 254 | 098 | 98 0.98
Kahan 192 191 1 1 1.26 1.26 | 0.98 | 139 | 0.98
384 298 1 1 8.15 8.15 | 0.98 | 196 | 0.98
96 64 0 0 5.27 5.27 | 2.60| 98 2.60
Extended 192 128 0 0 10.0 10.0 | 5.20| 139 | 5.20
Kahan 384 256 0 0 16.9 16.9 | 104 | 196 | 104
96 64 8 32 2.97 1.49 | 2.60| 2.60| 0.38
Extended 192 128 | 11 64 | 6.04 1.09 | 5.20 | 5.20 | 0.19
Kahan* 384 256 3 128 | 12.1 15 | 104 | 10.4| 0.96
96 94 1 1 4.04 404 | 235| 9.8 | 2.35
Generalized|| 192 134 2 2 21.7 199 | 6.21 | 13.9| 6.59
Kahan 384 131 2 2 13.4 145 | 421 | 19.6 | 4.12

9. Conclusion. We have introduceda de nition of strongrankrevealingCholesk de-
composition similar to the notion of strongrankrevealing QR factorization.We provedthe

existenceof suchdecompositiorfor any symmetricpositive de nite matrix andpre-
sentedwo ef cient algorithmsfor computingit. Numericalexperimentshaw thatif isthe
numericalrankof ,thenboundswhichgovernthegapbetween -th and -stsingular

valuesof matrix andthe normof theapproximatenull spaceof obtainedn practiceus-
ing our algorithmsaresereral ordersof magnitudesmallerthantheoreticalbones.Algorithms
presentedn this paperproducestrongrank revealing Choleslky factorizationat lessercost
thananalogouslgorithmswhich usestrongrankrevealingQR factorization.
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