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ON THE SHIFTED QR ITERATION APPLIED TO COMPANION MATRICES �

DARIO A. BINI y, FRANCESCODADDI z, AND LUCA GEMIGNANI x

Abstract. We show that the shiftedQR iterationappliedto a companionmatrix F maintainsthe weakly
semiseparablestructureof F . More precisely, if A i � � i I = Q i R i , A i +1 := R i Q i + � i I , i = 0; 1; : : :,
whereA 0 = F , thenwe prove thatQ i , R i andA i aresemiseparablematriceshaving semiseparabilityrankat
most1, 4 and3, respectively. This structuralpropertyis usedto designanalgorithmfor performinga singlestep
of theQR iterationin just O(n) �ops. Therobustnessandreliability of this algorithmis discussed.Applications
to approximatingpolynomialrootsareshown.

Keywords. companionmatrices,QR factorization,QR iteration,semiseparablematrices,eigenvalues,poly-
nomialroots.

AMS subject classi�cations. 65F15,15A18,65H17.

1. Intr oduction. Let p(x) =
P n

i =0 ai x i , be a polynomialof degreen with leading
coef�cient an = 1, let f = (f i ) 6= 0 in Cn be suchthat f i = � ai � 1, i = 1 : n and
considertheassociatedcompanionmatrix

(1.1) F = F (f ) =

2

6
6
6
6
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... 0
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5

:

Sincetheeigenvaluesof F coincidewith thezerosof p(x), algorithmsfor computingma-
trix eigenvaluescanbe appliedfor approximatingthe zerosof p(x). In fact, the Matlab
functionroots , whichprovidesapproximationsto thezerosof a polynomial,is basedon
theshiftedQR iteration

Ak � � k I = Qk Rk

Ak+1 = Rk Qk + � k I = QH
k Ak Qk

(1.2)

k = 0; 1; 2; : : :, appliedwith A0 = F , suitablybalancedby meansof a diagonalscaling.
Hereandhereafter, QH denotesthetransposeconjugateof Q.

DespiteF beingsparseandstructured,aftera few stepsof (1.2), thematricesAk are
denseandapparentlywith no structure,exceptthat they arein upperHessenberg form. In
this way, thearithmeticcostof eachiterationis O(n2) arithmetic�oating point operations
(�ops) and the QR algorithmdoesnot seemto take advantageof the initial structureof
F . In [4] anattemptto overcomethis drawbackhasbeenperformedby usinga restarting
technique.In [1], [18], therelatedproblemof computingtheeigenvaluesof aunitarymatrix
in Hessenberg form is investigated.

ObservethatthematrixF is suchthatany submatrixcontainedin thelower triangular
partof F hasrankat most1. Thesamerankpropertyholdsfor thesubmatricescontained
in the uppertriangularpart (diagonalincluded). In general,we call a matrix A weakly
semiseparableof rank(h; k) if all thesubmatricesin thestrictly lower triangularparthave
rankatmosth, andthesubmatricesin thestrictly uppertriangularparthaverankatmostk,
wherethevaluesh andk areachievedby somesubmatrix.We saythatA is semiseparable
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of rank(h; k) if thereexist matricesL andU of rankh andk, respectively, suchthat the
strictly lower triangularpartTril (A) of A coincideswith thestrictly lower triangularpart
Tril (L ) of L andthestrictuppertriangularpartTriu(A) of A coincideswith thestrictupper
triangularpartTriu(U) of U. Accordingto thesede�nitions, F is weaklysemiseparableof
rank(1; 1). In particular, Tril (F ) is weaklysemiseparableof rank(1; 0) while Triu(F ) is
semiseparableof rank(0; 1) sinceTriu(F ) = Triu(f eT

n ).
Semiseparablematricesarecloselyrelatedto theinversesof bandedmatricesandhave

furthernicepropertieswhich relatethemto their inversesandto their LU andQR factor-
izations(see[5], [6], [7], [9], [11], [12], [13], [14], [16], [17] andthereferencestherein).
In particular, thematricesL i andUi , generatedby theLU iterationappliedto a semisepa-
rablematrix for eigenvaluecomputation,aresemiseparable[11]. Basedon thewell-know
relationsbetweentheQR andLR iterationalgorithms[19], it canbeshown thata similar
propertyholdsfor thematricesQi andRi generatedby theQRiterationprovidedthatA is
realsymmetric[8]. Counterexampleseasilycanbegivenwherethesemiseparabilityprop-
erty is notmaintainedby theQRiterationif A is notsymmetric.Algorithmsfor computing
the LU factorizationandfor solving linear systemswith a semiseparablematrix in O(n)
opshave beendesignedin [11], [5]. Weaklysemiseparablematriceshavebeenintroduced
in [15].

In this paperwe prove that the matricesAk , Qk and Rk generatedby (1.2) for
k = 1; 2; : : :, with A0 = F , areweakly semiseparableof rank (1; 3), (1; 2) and(1; 4),
respectively. Moreover, Triu(Ak ) andTriu(Qk ) aresemiseparableof rank(0; 3) and(0; 1)
respectively. Thesefactsenableusto representQk , Ak andRk with O(n) memoryspace
andto designalgorithmsfor computingAk+1 , givenAk , with complexity O(n).

The paperis organizedin the following way. In section2 we prove the structural
propertiesof Ak , Qk andRk by providing analgorithmfor computingtheQRfactorization
of Ak � � k I in O(n) ops.In section3 wedescribedifferentmethodsfor performingtheRQ
step,still in O(n) ops. Section4 containssomeremarksconcerningthe implementation
of thealgorithms.In section5 we reporttheresultsof somenumericalexperimentswhich
show that the provided algorithmsare promisingbut still lack the robustnessproperties
neededfor a reliableuseinsidea numericalpackage.Futureresearchis alsodiscussed.

2. Structural propertiesof the matrix sequencesgeneratedby the QR iteration.
In this sectionwe analyzethe structuralpropertiesof the matrix sequencesf A k gk2 N,
f Qk gk2 N, f Rk gk2 N, generatedby the shiftedQR iteration (1.2) appliedwith A0 = F ,
whereF is thecompanionmatrix (1.1) associatedwith thevectorf = (f i ) 2 Cn , andwe
assumethatdet F 6= 0, i.e., f 1 6= 0.

Let usrecallthatfrom (1.2) it follows that

Ak = PH
k F Pk ;

Pk = Qk � 1Qk � 2 � � � Q1;
(2.1)

thatis, Ak is unitarily similar to F .

2.1. Structur e of Ak . We note that, sinceF is in upperHessenberg form, all the
matricesAk , k = 0; 1; : : :, arein upperHessenberg form, that is, a(k )

i;j = 0 if i > j + 1,

whereAk = (a(k )
i;j ).

The following simple observation plays a substantialrole for the derivation of our
results.

REMARK 1. If f 1 6= 0 thenadirectinspectionshowsthat

(2.2) F (f ) � 1 =

2

6
6
6
6
6
4

� f 2=f 1 1
� f 3=f 1 0 1

...
...

...
� f n =f 1 1

1=f 1 0

3

7
7
7
7
7
5

:
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Moreover,

(2.3) F = F � H + UV H ; U;V 2 Cn � 2;

where

(2.4) U =

2
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6
4

� 1 f 1

0 f 2
...

...
0 f n

3

7
7
7
5

; V =

2

6
6
6
6
6
4

f 2=f 1 1
f 3=f 1 0

...
...

f n =f 1 0
� 1=f 1 0

3

7
7
7
7
7
5

:

Pre-multiplyingequation(2.3) by PH
k andpost-multiplyingit by Pk , from (2.1) we

immediatelyobtainthefollowing identity

(2.5) Ak = A � H
k + Uk V H

k ; k = 0; 1; : : : ;

where

(2.6) Uk = QH
k Uk � 1; Vk = QH

k Vk � 1:

SinceAk is in upperHessenberg form, theentriesin theuppertriangularpartof A � H
k

aregivenby

(2.7) (A � H
k ) i;j =

1

y(k )
n

x(k )
i y(k )

j ; i � j;

wherex = (x (k )
i ) = A � H

k en andy (k )T = (y(k )
i ) = eT

1 A � H
k arethe lastcolumnandthe

�rst row of A � H
k , respectively. This propertyis adirectconsequenceof thefollowing

LEMMA 2.1. Let B = (bi;j ) bea matrix in lower Hessenberg form, andde�ne � i =
bi;i +1 , d̂i = det bB i , ~di = det eB i , where bB i and eB i are the leadingand trailing i � i
principal submatricesof B , respectively. Then

(B � 1) i;j =
(� 1)i + j

det B
d̂i � 1

~dn � j

j � 1Y

` = i

� ` ; i � j;

where, if i = j , theproductin theright handsideis 1, andd̂0 = ~dn = 1.
Proof. The result follows from the relation (B � 1) i;j = (� 1)i + j det B i;j =det B ,

whereB i;j is thesubmatrixof B obtainedby removing thej -th row andthei -th column.
Fromthis lemmawe mayalsorepresenttheuppertriangularpartof A � H

k , by means

of a pairof vectorsw (k ) = (w(k )
i ) = (( � 1)i � 1d̂(k )

i ), z (k ) = (z(k )
i ) = (( � 1)n � i ~d(k )

n � i ), as

(2.8) (A � H
k ) i;j = w(k )

i z(k )
j

1
�f 1

j � 1Y

` = i

�b(k )
` ; i � j;

whereb(k )
` = a(k )

` +1 ;` , ` = 1 : n � 1, arethelowerdiagonalentriesof Ak , d̂(k )
i and ~d(k )

i are
thedeterminantsof theleadingandtrailing i � i principalsubmatricesof AH

k , respectively,
andwe usethefactthatdet Ak = det F H = (� 1)n +1 �f 1. Hereandbelow, we denotewith
�a thecomplex conjugateof thecomplex numbera.

We have thefollowing representationresultfor Ak .
THEOREM 2.2. ThematrixAk = (a(k )

i;j ), generatedat thek-thstepof theQRiteration,
is such that

a(k )
i;j =

8
<

:

0 for i > j + 1;
1

y(k )
n

x(k )
i y(k )

j + u(k )
i; 1 �v(k )

j; 1 + u(k )
i; 2 �v(k )

j; 2 for i � j;
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where

1

y(k )
n

x(k )
i y(k )

j = w(k )
i z(k )

j
1
�f 1

j � 1Y

` = i

�b(k )
` ;

andb(k )
` = a(k )

` +1 ;` , ` = 1 : n � 1.
Summingup, all the matricesAk generatedby the QR iterationare determinedby

7n � 1 parameters,namely:
(i) Thesubdiagonalentriesb(k ) = (b(k )

1 ; : : : ; b(k )
n � 1).

(ii) Thelastcolumnx (k ) andthe�rst row y (k )T of A � H
k , respectively, de�ning theupper

triangularpartof A � H
k .

(iii) Thecolumnsu (k )
1 ; u (k )

2 of Uk ,
(iv) Thecolumnsv (k )

1 ; v (k )
2 of Vk .

In particular, the matricesAk areweakly semiseparableof rank (1; � ), with � � 3, and
Triu(Ak ) is semiseparableof rankat most3.

2.2. Structur eof Rk . Thestructureof thesequencef Rk gk2 N easilycanbedescribed
from theQR factorizationof Ak � � k I . Thereforein thissectionwedescribetheQRstep
appliedto Ak and,asabyproduct,we obtainthestructureof Rk .

Let us recall that Ak is of upper Hessenberg form with lower diagonal entries
b(k )

1 ; : : : ; b(k )
n � 1, andwith entriesa(k )

i;j = 1
y ( k )

n
x(k )

i y(k )
j + u(k )

i; 1 �v(k )
j; 1 + u(k )

i; 2 �v(k )
j; 2 for i � j , i.e., in

theuppertriangularpart. Let usalsodenote,with a (k ) = (a(k )
i ), thevectorformedby the

diagonalentriesof Ak and,with d(k ) = (d(k )
i ), g(k ) = (g(k )

i ), thevectorsformedby the
diagonalandsuperdiagonalentriesof Rk , respectively. Thereductionto uppertriangular
form of Ak � � k I canbeachievedby meansof asequenceof Givensrotations

G(k )
i =

2

6
6
4

I i � 1

c(k )
i s(k )

i

� �s(k )
i c(k )

i
I n � i � 1

3

7
7
5 = I i � 1 � G(k )

i � I n � i � 1; i = 1 : n � 1;

wherec(k )
i 2 R, jc(k )

i j2 + js(k )
i j2 = 1 andI i denotesthei � i identity matrix. At the�rst

stepG(k )
1 is chosenso that theentry in position(2; 1) of G(k )

1 (Ak � � k I ) is zero. In this
way, only theentriesin the�rst two linesof G(k )

1 Ak differ from thecorrespondingentries
of Ak � � k I . Moreover, for j > i + 1, the former entriesaregiven by 1

y ( k )
n

x̂(k )
i y(k )

j +

û(k )
i; 1 �v(k )

j; 1 + û(k )
i; 2 �v(k )

j; 2 , i = 1; 2, j > i , where

"
x̂(k )

1

x̂(k )
2

#

= G(k )
1

"
x(k )

1

x(k )
2

#

;

"
û(k )

1;1

û(k )
2;1

#

= G(k )
1

"
u(k )

1;1

u(k )
2;1

#

;

"
û(k )

1;2

û(k )
2;2

#

= G(k )
1

"
u(k )

1;2

u(k )
2;2

#

;

while theremainingentriesin the2� 2 leadingprincipalsubmatrixof G(k )
1 (Ak � � k I ) are

givenby
"

d(k )
1 g(k )

1

0 d(k )
2

#

= G(k )
1

"
a(k )

1 � � k
1

y ( k )
n

x̂(k )
1 y(k )

2 + û(k )
1;1 �v(k )

2;1 + û(k )
1;2 �v(k )

2;2

b(k )
1 a(k )

2 � � k

#

:

The valuesof d(k )
1 , x̂(k )

1 , û(k )
1;1, and û(k )

1;2 arenot modi�ed by the subsequentGivens

rotations,while thevaluesof x̂ (k )
2 , û(k )

2;1 andû(k )
2;2 andd(k )

2 aremodi�ed only at thesecond

stepwhereG(k )
1 (Ak � � k I ) is pre-multipliedby G(k )

2 . At thei -th step,G(k )
i is chosenso

thattheentryin position(i + 1; i ) of G(k )
i � 1 � � � G(k )

1 (Ak � � k I ) is zero.
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At theendof theentireprocedurethematrixRk turnsoutto berepresentedin termsof
its diagonalentriesd(k )

1 ; : : : ; d(k )
n , its superdiagonalentriesg(k )

1 ; : : : ; g(k )
n � 1, by thevectors

x̂ (k ) , y (k ) andby thematricesbUk = (û(k )
i;j ), Vk = (v(k )

i;j ) as

(2.9) r (k )
i;j =

8
>>>><

>>>>:

d(k )
i for i = j;

g(k )
i for i = j � 1;
1

y(k )
n

x̂(k )
i y(k )

j + û(k )
i; 1 �v(k )

j; 1 + û(k )
i; 2 �v(k )

j; 2 for i < j � 1;

0 for i > j:

In this way thematrix Rk canbestoredby usingonly 8n � 1 parameters.Theentire
processfor computingtheaboverepresentationof Rk is synthesizedbelow.

ALGORITHM 1.
INPUT: ThematricesUk , Vk andthevectorsx (k ) , y (k ) , andb(k ) whichde�ne theentriesof
Ak by meansof Theorem2.2. (For a certainuseof thealgorithm,which we will describe
lateron,we might giveasinput thevectora (k ) with thediagonalentriesof Ak ). Theshift
parameter� k .
OUTPUT: TheGivensparameterss(k )

i andc(k )
i , i = 1 : n � 1, togetherwith thevectors

d(k )
i , x̂ (k ) , y (k ) andthematricesbUk = (û(k )

i;j ), Vk = (v(k )
i;j ) which de�ne theentriesof Rk

through(2.9), whereQk Rk = Ak � � k I .
COMPUTATION:

1. Let a (k ) = ( 1
y ( k )

n
x(k )

i y(k )
i + u(k )

i; 1 �v(k )
i; 1 + u(k )

i; 2 �v(k )
i; 2 ) i =1: n , b̂

(k )
= b(k ) , bUk = Uk ,

x̂ (k ) = x (k ) .
2. Seta (k ) = a (k ) � � k (1; : : : ; 1).
3. For i = 1 : n � 1 do

(a) (ComputeGi )

i. 
 i = 1=
q

ja(k )
i j2 + jb(k )

i j2, � i = a(k )
i =ja(k )

i j, (� i = 1 if a(k )
i = 0),

� i = 
 i =� i ,
ii. c(k )

i = a(k )
i � i , s(k )

i = b(k )
i � i .

(b) (UpdateRk )
i. d(k )

i = 
 i =� i , t = 1
y ( k )

n
x̂(k )

i y(k )
i +1 + û(k )

i; 1 �v(k )
i +1 ;1 + û(k )

i; 2 �v(k )
i +1 ;2,

ii. g(k )
i = c(k )

i t + s(k )
i a(k )

i +1 ,

iii. d(k )
i +1 = � �s(k )

i t + c(k )
i a(k )

i +1 .
(c) (UpdateÛk )

i. t = c(k )
i û(k )

i; 1 + s(k )
i û(k )

i +1 ;1, û(k )
i +1 ;1 = � �s(k )

i û(k )
i; 1 + c(k )

i û(k )
i +1 ;1, û(k )

i; 1 = t,

ii. t = c(k )
i û(k )

i; 2 + s(k )
i û(k )

i +1 ;2, û(k )
i +1 ;2 = � �s(k )

i û(k )
i; 2 + c(k )

i û(k )
i +1 ;2, û(k )

i; 2 = t.

(d) (Updatex̂ (k ) )
i. t = c(k )

i x̂(k )
i + s(k )

i x̂(k )
i +1 ,

ii. x̂(k )
i +1 = � �s(k )

i x̂(k )
i + c(k )

i x̂(k )
i +1 ,

iii. x̂(k )
i = t.

4. Enddo

2.3. Structur e of Qk . By construction,thematrix Qk in theQR factorizationAk =
Qk Rk is theproductof n � 1 Givensrotations

Qk = G(k )
1

H
� � � G(k )

n � 1

H
:

Werecall,from [10], [3], [16], thefollowing lemmaaboutthestructureof Qk , adjusted
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to thecomplex �eld.
LEMMA 2.3. Let c(k )

i 2 R ands(k )
i 2 C, i = 1 : n � 1, be theparameters de�ning

theGivensrotationsG(k )
i , i = 1 : n � 1. De�ne

(2.10)
Ds( k ) = diag(1; � s(k )

1 ; s(k )
1 s(k )

2 ; : : : ; (� 1)n � 1s(k )
1 s(k )

2 � � � s(k )
n � 1);

p(k ) = D � 1
s( k ) [1; c(k )

1 ; c(k )
2 ; : : : ; c(k )

n � 1]T ;
q(k ) = Ds( k ) [c(k )

1 ; c(k )
2 ; c(k )

3 ; : : : ; c(k )
n � 1; 1]T :

Then

Qk = G(k )
1

H
� � � G(k )

n � 1

H
=

2

6
6
6
6
6
6
6
4

q(k )
1 p(k )

1 q(k )
2 p(k )

1 : : : : : : q(k )
n p(k )

1

�s(k )
1 q(k )

2 p(k )
2 : : : q(k )

n p(k )
2

�s(k )
2

...
...

... q(k )
n � 1p(k )

n � 1 q(k )
n p(k )

n � 1

O �s(k )
n � 1 q(k )

n p(k )
n

3

7
7
7
7
7
7
7
5

:

Thus,theentriesq(k )
i;j of Qk aregivenby

q(k )
i;j =

8
><

>:

0 if i > j + 1
�s(k )

i if i = j + 1
(� 1)i + j c(k )

i � 1c(k )
j

Q j � 1
` = i s(k )

` if i � j

where weassumec(k )
0 = c(k )

n = 1.

3. Constructive issuesand algorithms. Theresultsof theabovesectionallow usto
designa fastalgorithmfor implementingthesingleQR stepin O(n) opsprovidedthatA 0

is a companionmatrix. In this sectionwe discusssomerelatedcomputationalissuesand
describein detailsthenew algorithm.

For the sake of clarity, we �rst provide the descriptionof an algorithm for the QR
andRQ stepsby ignoringnumericalissueslike over�ow/under�ow problems.Numerical
drawbacksandtheway to overcomethemwill bediscussedlateron in section3.3

3.1. The QR step. The QR stepcanbe carriedout by usingAlgorithm 1. For real
data,the arithmeticcostof this algorithmis 5n opsfor computingthe Givensrotations,
11n opsfor computingRk , 12n opsfor updatingbUk and6n opsfor updatingx̂ (k ) . The
overall costis 34n ops.

3.2. The RQ step. In order to completethe QR iterationwe have to computethe
vectorsb(k+1) , x (k+1) , y (k+1) and the matricesUk+1 , Vk+1 , which de�ne the matrix
Ak+1 = Rk Qk + � k I by meansof Theorem2.2, given the matricesQk andRk of the
factorizationAk � � k I = Qk Rk . By allowing redundancy of representation,we useas
inputvariablealsothevectora (k ) with thediagonalentriesof Ak . Morepreciselywehave
to performthefollowing task:

GIVEN:
(i) thevectorss(k ) andc(k ) de�ning Qk by meansof theGivensrotations,
(ii) thelastcolumnx (k ) andthe�rst row y (k )T of A � H

k , respectively, de�ning theupper
triangularpartof A � H

k by meansof (2.7),
(iii) thematricesUk , Vk , suchthat(2.5) holds,
(iv) the vectorsd(k ) , g(k ) , x̂ (k ) andthe matrix bUk de�ning (togetherwith y (k ) andVk )

thematrix Rk through(2.9),
(v) theshift parameter� k .

COMPUTE:
(j) thevectorsa (k+1) , b(k+1) de�ning thediagonalandsubdiagonalentriesof Ak+1 ,
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(jj) thevectorsx (k+1) , y (k+1) de�ning theuppertriangularpartof A � H
k+1 ,

(jjj) thematricesUk+1 andVk+1 suchthat(2.5) holdsfor Ak+1 .
Thecomputationof a (k+1) andb(k+1) is straightforwardandfollowsfrom therelation

Ak+1 = Rk Qk + � k I in the light of the representationsof Qk andRk , given in Lemma
2.3andin (2.9), respectively:

a(k+1)
i = d(k )

i c(k )
i � 1c(k )

i + gi �s
(k )
i + � k i = 1 : n; wherec0 = cn = 1;

b(k+1)
i = d(k )

i +1 �s(k )
i ; i = 1 : n � 1:

Observealsothatfrom theequationsUk+1 = Qk Uk andVk+1 = Qk Vk wemayeasily
computeUk+1 andVk+1 by just applyingn � 1 Givensrotationsto the two columnsof
Uk andVk at the costof 24(n � 1) ops. For the orthogonalityof Givensrotations,this
computationis robustandstable.

The computationof x (k+1) and y (k+1) deserves special attention. We propose
differentalgorithmsfor this subtask.

Method 1 Rewrite (2.5) as

A � H
k+1 = QH

k Ak Qk � Uk+1 V H
k+1

andfrom x (k+1) = A � H
k+1 en , y (k+1) T = eT

1 A � H
k+1 obtainthat

x (k+1) = QH
k Ak Qk en � Uk+1 V H

k+1 en ;

y (k+1) T = e1QH
k Ak Qk � eT

1 Uk+1 V H
k+1 :

The computationalcostof the above expressionis O(n) ops. In fact,multiplication of a
vectorby Qk is reducedto applyingn � 1 Givensrotationsandtheproductof a vectorby
thematrix Ak still hasa linearcostdueto thesemiseparabilityof Ak .

Method 2 FromtheequationAk+1 = QH
k Ak Qk obtainthat

x (k+1) = QH
k A � H

k Qk en ;

y (k+1) T = eT
1 QH

k A � H
k Qk :

In this way the computationis reducedto computingproductsof Givensrotationswith
vectorsand to solving systemshaving a semiseparablecoef�cient matrix in Hessenberg
form. The lattercomputationcanbeaccomplishedby computingtheQR factorizationof
thematrixAk andby solvingtwo triangularsemiseparablesystems.Boththecomputations
clearlyhave linearcost. In fact, theQR factorizationof A k canbecomputedby applying
Algorithm 1, while thesolutionof triangularsemiseparablesystemscanbe computedby
meansof Algorithm 2 in Section4.

Method 3 FromtheequationAk+1 = Rk Ak R� 1
k wededucethat

x (k+1) = A � H
k+1 en = R� H

k A � H
k RH

k en = �r (k )
n;n R� H

k x (k ) ;

y (k+1) T = eT
1 A � H

k+1 = eT
1 R� H

k A � H
k RH

k =
1

�r (k )
1;1

y (k )T

RH
k :

Thecomputationof x (k+1) andy (k+1) basedon thelatterformulasis reducedto solvinga
triangularsemiseparablesystemandto multiplying a triangularsemiseparablematrixwith
a vector, respectively. Both computationscanbe performedin O(n) ops(comparewith
Algorithm 2 in Section4).
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Method 4 FromtheequationA � H
k+1 = QH

k A � H
k Qk deducethat (y (k+1) )T = hT Qk ,

wherehT is the�rst row of QH
k Ak . Now, sinceQH

k = G(k )H
n � 1 � � � G(k )H

1 , it follows thath
is a linearcombinationof the�rst two rowsof A � H

k . Moreprecisely

h = c(k )
1 (eT

1 A � H
k ) + s(k )

1 (eT
2 A � H

k );

thatis, from thestructureof A � H we�nd that

eT
1 A � H

k =
x(k )

1

y(k )
n

(y(k )
1 ; y(k )

2 ; : : : ; y(k )
n ) = (y(k )

1 ; y(k )
2 ; : : : ; y(k )

n );

eT
2 A � H

k =
x(k )

2

y(k )
n

(� (k ) ; y(k )
2 ; : : : ; y(k )

n );

where� (k ) =
y(k )

n

x(k )
2

(A � H
k )2;1, i.e., from (2.5)

� (k ) =
y(k )

n

x(k )
2

(�b(k )
1 + u(k )

2;1 �v(k )
1;1 + u(k )

2;2 �v(k )
1;2 ):

Oncey (k+1) hasbeencomputed,the vectorx (k+1) canbe recoveredfrom the nonlinear
system

AH
k+1 x (k+1) = en ;

which canbesolvedby meansof substitutionin thefollowing way. Rewrite thesystemas
(wherefor thesakeof simplicity we omit theindex k andwe considern = 5)

0

B
B
B
B
@

2

6
6
6
6
4

�a1
�b1

�x1 �y2 �a2
�b2

�x1 �y3 �x2 �y3 �a3 �b3

�x1 �y4 �x2 �y4 �x3 �y4 �a4
�b4

�x1 �y5 �x2 �y5 �x3 �y5 �x4 �y5 �a5

3

7
7
7
7
5

+

2X

i =1

2

6
6
6
6
4

0
�u1;i v2;i 0
�u1;i v3;i �u2;i v3;i 0
�u1;i v4;i �u2;i v4;i �u3;i v4;i 0
�u1;i v5;i �u2;i v5;i �u3;i v5;i �u4;i v5;i 0

3

7
7
7
7
5

1

C
C
C
C
A

2

6
6
6
6
4

x1

x2

x3

x4

x5

3

7
7
7
7
5

=

2

6
6
6
6
4

0
0
0
0
1

3

7
7
7
7
5

:

(3.1)

Setx1 = yn andcomputex2 from the �rst equation,computex3 from the second
equation,andso forth until xn is computedfrom the(n � 1)-st equation.Onceagainthe
semiseparablestructureof Ak enablesusto computex (k+1) in O(n) ops.

A similar substitutiontechniquecan be appliedto computey (k+1) oncethe vector
x (k+1) hasbeencomputed.

Method 5 This methodis valid if � k = 0, i.e., if no shift is performedin the QR
iteration.In fact,in thiscasewehaveAk+1 = Rk Qk sothatweobtain

x (k+1) = R� H
k Qk en

y (k+1) =
1

�r (k )
1;1

QH
k e1

(3.2)
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3.3. Numerical issues.In thissectionweareconcernedwith numericalissuesof sta-
bility androbustnessof thedifferentalgorithmsfor performingtheQR iterationdescribed
in theprevioussection.

An importantobservation relatedto theseissuesconcernsthe growth of the vectors
u (k )

1 ; u (k )
2 ; v (k )

1 ; v (k )
2 .

REMARK 2. SinceQk is unitary, it follows from the relationsu (k+1)
1 = Qk u (k )

1 ,
u (k+1)

2 = Qk u (k )
2 , v (k+1)

1 = Qk v (k )
1 , v (k+1)

2 = Qk v (k )
2 that

ku (k )
1 k = ku (0)

1 k = 1;

ku (k )
2 k = ku (0)

2 k = (
nX

i =1

jf i j2)
1
2 ;

kv (k )
1 k = kv (0)

1 k =
1

jf 1j
(

nX

i =1

jf i j2)
1
2 ;

kv (k )
2 k = kv (0)

2 k = 1;

wherek � k denotestheEuclideannorm. Therefore,in thecomputationof Uk andVk , we
donothaveto expectnumericalproblemssuchasover�ow or breakdowns.

A differentsituationholdsfor thevectorsx (k ) andy (k ) ; their computationis numeri-
cally muchmoredelicate.

We may easilyobtainuniform boundsfor kx (k ) k andky (k ) k. In fact, sincex (k ) =
A � H

k e1, wehave

kx (k ) k � kA � H
k k = kF � H k � kF � H kF =

vu
u
t n � 1 +

1
jf 1j2

(1 +
n � 1X

i =1

jf i j2);

wherek � kF denotestheFrobeniusnorm.Similarly wehave

ky (k ) k � kF � 1k �

vu
u
t n � 1 +

1
jf 1j2

(1 +
n � 1X

i =1

jf i j2):

Moreover, from therelationjai;j j � kAkF , valid for theFrobeniusnormk � kF , wededuce
that

x(k )
i y(k )

j =y(k )
n = x(k )

i y(k )
j =x(k )

1 �

vu
u
t n � 1 +

1
jf 1j2

(1 +
n � 1X

i =1

jf i j2); i � j:

Indeedtheserelationsareuseful to keepundercontrol the roundingerrorsgeneratedby
a �oating point computationof the algorithmsof the previous section. However, unlike
the caseof the matricesUk andVk , the uniform boundednessof x (k ) andof y (k ) does
not guaranteethat numericalbreakdown is avoided. The following exampleclari�es the
situation.

ConsiderthematrixA = (ai;j ) suchthatai;j = � j � i , j � i , where0 < � < 1, say� =
1=10. The�rst row y T andthelastcolumnx of A aresuchthaty T = (1; �; � 2; : : : ; � n � 1)
andx = (� n � 1; : : : ; � 2; �; 1)T . Clearly it holdsai;j = x i yj =x1 for j � i . Moreover,
the moduli of the componentsof x , y andof x i yj =x1 areboundedfrom above by 1. If
n > 309, working with theIEEE �oating point arithmetic,we encounterunder�ow in the
computationof x1 = 10� n +1 sothattheexpressionx i yj =x1 would generatea breakdown
dueto a divisionby zero.

Thesituationillustratedby this exampleis not arti�cial at all asit couldseemat �rst
glance. In fact,during convergenceof theQR iteration,thematrix A k tendsto an upper
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triangularmatrix,and,if theshift strategy is appliedfor approximatingasimpleeigenvalue,
theentryin position(n; n � 1) of Ak convergessuperlinearlyto zero.This impliesthatthe
lastcolumnof A � H

k convergessuperlinearlyto a multiple of en , thatis, x (k )
1 convergesto

zero.
An attemptto keephandlethis dif�culty is to usea suitablerepresentationof thevec-

torsx (k ) andy (k ) . To this regard,it is importantto point out thattherepresentationof Qk

givenin Lemma2.3 shows that the lastcolumnaswell asthe �rst row of Qk suffer from
thesameproblemasx (k ) andy (k ) . In fact,from theequations

Qk en = (� 1)n � 1(s(k )
1 � � � s(k )

n � 1)D � 1
s( k )

2

6
6
6
4

1
c(k )

1
...

c(k )
n � 1

3

7
7
7
5

;

QH
k e1 = Ds( k )

2

6
6
6
4

c(k )
1
...

c(k )
n � 1
1

3

7
7
7
5

;

Ds( k ) = diag(1; � s(k )
1 ; s(k )

1 s(k )
2 ; : : : ; (� 1)n � 1s(k )

1 � � � s(k )
n � 1);

(3.3)

whichwededucefromLemma2.3, we�nd thatcomputingthecomponentsof p(k ) andq(k )

may generateover�ow andunder�ow even for moderatevaluesof n dueto the property
js(k )

i j; jc(k )
i j � 1, i = 1 : n � 1. In fact,thematrixQk is moreconvenientlyrepresentedby

meansof theGivensparameterss(k )
i ; c(k )

i , i = 1 : n� 1, ratherthanby meansof thevectors
q(k ) andp(k ) . Moreover, this latterrepresentationof Qk allows oneto performnumerical
computationswith Qk , suchastheevaluationof matrix-vectorproducts,without incurring
in any numericalbreakdown.

Anotherusefulremarkis that the representationof y (k+1) givenby (3.2), in thecase
whereno shift strategy is applied,is given in termsof the �rst row of Qk , i.e. (compare
with (3.3)),

y (k+1) =
1

�r (k )
1;1

QH
k e1 =

1

�r (k )
1;1

Ds( k )

2

6
6
6
4

c(k )
1
...

c(k )
n � 1
1

3

7
7
7
5

:

Theseconsiderationssuggestto representthevectorsx (k+1) andy (k+1) by meansof
theGivensparameterss(k )

i andc(k )
i andby auxiliaryvectorsw (k+1) andz (k+1) , suchthat

x (k+1) = (� 1)n � 1(s(k )
1 � � � s(k )

n � 1)D � 1
s( k ) z (k+1) ;

y (k+1) = Ds( k ) w (k+1) :
(3.4)

In this way, if noshift strategy is applied,thenfrom (3.2) and(3.4) we �nd that

w (k+1) =
1

�r (k )
1;1

(c(k )
1 ; : : : ; c(k )

n � 1; 1)T ;

z (k+1) = Ds( k ) R� H
k D � 1

s( k ) (1; c(k )
1 ; : : : ; c(k )

n � 1)T :

(3.5)

Thus,w (k+1) is readilyavailablefrom theGivensrotationsandfrom r (k )
1;1 without numer-

ical problems,while z (k+1) is obtainedby solvinga triangularsemiseparablesystem.For
thecomputationalissuesrelatedto thelatterproblemwereferthereaderto section4 andto
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Algorithm 2. With this representationwe expectmorerobustnessevenin thecomputation
of z (k+1) .

A differentway to representx (k ) andy (k ) is derivedfrom equation(2.8), wherethe
uppertriangularpartof A � H

k is givenin termsof thelowerdiagonalentriesof Ak by means
of two auxiliary vectors.Let usrewrite this representationbelow, wherethis time w (k+1)

andz (k+1) denotethe vectorswith components(( � 1)i � 1d̂(k )
i ) and (( � 1)n � i ~d(k )

n � i ), re-
spectively (comparewith Lemma2.1),

x (k+1) = (b(k+1)
1 � � � b(k+1)

n � 1 )D � 1

b( k +1) z (k+1) ;

y (k+1) = Db( k +1) w (k+1) :
(3.6)

4. Implementation. We are readyto describeimplementationsof the QR andRQ
stepswhich aim to remove thebreakdown situationsencounteredin theoriginal computa-
tions of section3. They arebasedon the representationof x (k ) andof y (k ) provided in
(3.4). Similar implementationscanbebasedon (3.6).

Let usconsidertheQR stepasdescribedin Algorithm 1 andreplacethevectorsx (k ) ,
x̂ (k ) , y (k ) by z (k ) , ẑ (k ) andw (k ) , respectively, suchthat

x (k ) = (� 1)n � 1(s(k � 1)
1 � � � s(k � 1)

n � 1 )D � 1
s( k � 1) z (k ) ;

x̂ (k ) = (� 1)n � 1(s(k � 1)
1 � � � s(k � 1)

n � 1 )D � 1
s( k � 1) ẑ (k ) ;

y (k ) = Ds( k � 1) w (k ) :

Thesereplacementsmodify thecomputationalschemeof Algorithm 1 only in thestages1,
(b) and(d), whichnow become

1. a (k ) = (
1

w(k )
n

z(k )
i w(k )

i + u(k )
i; 1 �v(k )

i; 1 + u(k )
i; 2 �v(k )

i; 2 ) i; 1;n , b̂
(k )

= b(k ) , bUk = Uk , ẑ (k ) = z (k ) .

(b) (UpdateRk )

(i) d(k )
i = 
 (k )

i , t =
1

w(k )
n

ẑ(k )
i w(k )

i +1 s(k � 1)
i + û(k )

i; 1 �v(k )
i +1 ;1 + û(k )

i; 2 �v(k )
i +1 ;2,

(ii) g(k )
i = c(k )

i t + s(k )
i a(k )

i +1 ,

(iii) d(k )
i +1 = � s(k )

i t + c(k )
i a(k )

i +1 .

(d) (Updateẑ (k ) )

(i) t = c(k )
i ẑ(k )

i � s( k )
i

s( k � 1)
i

ẑ(k )
i +1 ,

(ii) ẑ(k )
i +1 = s(k )

i s(k � 1)
i ẑ(k )

i + c(k )
i ẑ(k )

i +1 ,

(iii) ẑ(k )
i = t.

The computationalcostof this modi�cation is slightly higher thanthe oneof Algorithm
1 but still remainslinear in n. Possiblenumericaltroublesin this modi�cation might be

encounteredin thecomputationof theratio
s(k )

i

s(k � 1)
i

. It is worth observingthat if s(k � 1)
i is

numericallyzero,thenconvergencehastakenplaceandthealgorithmstops(or continues
afterde�ating theapproximatedeigenvalue).Moreover, in thecaseof linearconvergence

it holds that lim k !1
s(k )

i

s(k � 1)
i

is a nonzeroconstant,whereasin the caseof superlinear

convergenceit holdslim k !1
s(k )

i

s(k � 1)
i

= 0.

Concerningthe implementationof theRQ step,considerthemostsimplecasewhere
no shift strategy is appliedso thatwe mayrely on method5. Indeed,from (3.5) we may
recover w (k+1) at no additionalcost,whereasfor computingz (k+1) we have to solve the
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linearsystem

Ds( k ) RH
k D � 1

s( k ) z (k+1) = b;

b = (1; c(k )
1 ; : : : ; c(k )

n � 1)T ;
(4.1)

whereRk = (r (k )
i;j ) is de�ned by thevectorsd (k ) , g(k ) , x̂ (k ) , y (k ) andby thematricesbUk ,

Vk asin (2.9).
The following algorithmsolvesthe triangularsemiseparablesystem(4.1). Thealgo-

rithm relieson thestructureof thematrixDs( k ) RH
k D � 1

s( k ) which is obtainedfrom (2.9) and
whoseentriesarereportedbelow

8
>>>>>>>>><

>>>>>>>>>:

�d(k )
i if i = j;

� s(k )
i �g(k )

i if i = j + 1;

(s(k )
j : : : s(k )

i � 1)
�

1

�w(k )
n

�w(k )
i ẑ

(k )
j ( �s(k � 1)

j � � � �s(k � 1)
i � 1 )+

(� 1)i + j (v(k )
i; 1 û

(k )
j; 1 + v(k )

i; 2 û
(k )
j; 2 )

�
if i > j + 1;

0 if i < j:

ALGORITHM 2.
INPUT: The vectorsd(k ) , g(k ) , ẑ (k ) , w (k ) , andthe matricesbUk = (û(k )

i;j ), Vk = (v(k )
i;j ),

togetherwith theGivensparameterss(k � 1)
i andc(k � 1)

i which de�ne theentriesof Rk by
meansof (2.9). Theright-handsidevectorb andthecomponentsof s(k ) .
OUTPUT: Thesolutionz (k+1) of thesystem(4.1).
COMPUTATION:
Setz(k+1)

1 = b1=�d(k )
1 , z(k+1)

2 = (b2 + �g(k )
1 s(k )

1 z(k+1)
1 )=�d(k )

2 , 
 2;1 = 
 2;2 = � 2 = 0.
For i = 3 : n do

1. 
 i;j = s(k )
i � 1(� 
 i � 1;j + û

(k )
i � 2;j s(k )

i � 2z(k+1)
i � 2 ), j = 1; 2,

2. � i = s(k )
i � 1 �s(k � 1)

i � 1 (� i � 1 � ẑ
(k )
i � 2 �s(k � 1)

i � 2 s(k )
i � 2z(k+1)

i � 2 ),

3. z(k+1)
i = (bi + �g(k )

i � 1s(k )
i � 1z(k+1)

i � 1 � v(k )
i; 1 
 i; 1 � v(k )

i; 2 
 i; 2 + �w(k )
i � i =w(k )

n )=�d(k )
i ,

Enddo
The moregeneralcasewhenthe QR iteration is appliedwith a shift canbe treated

similarly. For instance,applyingmethod3 with thereplacement(3.4) yields

w (k+1) =
� n

�r (k )
1;1

D
� 1
s( k ) Rk Ds( k ) Diag(� � 1

1 ; � � 1
2 ; : : : ; � � 1

n )w (k ) ;

z (k+1) = �r (k )
n;n Ds( k ) R� H

k D � 1
s( k ) Diag(�� 1; �� 2; : : : ; �� n )z (k ) ;

� 1 = 1; � i =
i � 1Y

j =1

� j ; i = 2 : n; � i = s(k � 1)
i =s(k )

i ; i = 1 : n � 1:

Thecomputationof z (k+1) involvesthesolutionof atriangularsemiseparablesystemof the
samekind as(4.1) whereb = 1

�r ( k )
n;n

Diag(�� 1; : : : ; �� n )z (k ) , sothatwe mayapplyAlgorithm

2. The computationof w (k+1) requiresthe multiplication of a triangularsemiseparable
matrix anda vector. Also this taskcanbecarriedout in O(n) ops.

5. Numerical experiments. We have implementedthe QR iterationfor computing
a given numberm of eigenvaluesof the matrix F basedon the method3 and5 (if shift
is not performed)andrelying on the representation(3.4). For the sake of simplicity the
implementationandthenumericalexperimentshave beenperformedin thereal �eld. The
programhasbeenwritten in Fortran90 andtestedundertheLinux systemon a computer
with anAthlon 1600cpu.
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test1: Wilkinson'spolynomialp(x) =
Q n

i =1 (x � i ) for n = 10; 20.
test2: ReversedWilkinson'spolynomial.p(x) =

Q n
i =1 (x � 1=i) for n = 10; 20.

test3: Polynomialwith well separatedroots,p(x) =
Q n

i =1 (x � 1=2i ), n = 40.
test4: p(x) = (xn � m + 1)

Q m +1
i =2 (x � 1=i) for m = 20andn � 106.

test5: p(x) = (xn � m + 1)
Q m

i =1 (x � 1=2i ) for m = 40andn � 106.
Theshift techniqueis appliedif thedifferencebetweentwo subsequentapproximations

a(k+1)
n;n � a(k )

n;n hasmoduluslessthan1/10. As stoppingconditionfor theQR iterationwe
choseja(k )

n;n � 1j < � ja(k )
n;n j with � = 10� 11. Onceaneigenvalue� hasbeenapproximated,

we de�ated thematrix Ak by removing the last row andthe lastcolumnandcontinuedto
applythealgorithmto thesubmatrixobtainedin this way.

In the caseof the Wilkinson polynomial of degreen = 20 the algorithm failed to
convergeif startingwith noshift, i.e.,with � 0 = 0. Startingwith � 0 = 22, i.e.,by approx-
imating the eigenvaluesin decreasingorder, the algorithm provided the approximations
shown in Table2. In Tables1,2,3,we reportthevaluesi , � i andthenumberof required
iterations.In Tables4 and5, we reportthevalueof thecputime, in seconds,requiredfor
computingthe�rst m zerosof thepolynomialof degreen wheren takesvaluesup to 106.
We donot reporttheapproximationerrorssincethey seemto bealmostindependentof the
degreen.

As we canseefrom thetables,our algorithmhasa costwhich grows linearly with n,
andallows us to handlepolynomialsof very large degreewith no problemsof memory
storage. In certaincasesthe approximationsare reasonablyprecise,in other cases(see
the Wilkinson polynomialof degree20 with zerosapproximatedin increasingorder) the
algorithm fails to converge. Other casesof breakdown due to over�ow/under�ow have
beenencountered.This meansthat thealgorithm,evenwhereimplementedwith therep-
resentationbasedon (3.4), is not robustandneedsmoreinvestigation.Onereasonfor this
weaknessis thefactthat therepresentationof Ak somehow involvestheexpressionof the
inverseA � 1

k , andconsequentlyrequiresperformingdivisions.Algorithmsfor theQR iter-
ationwhich performunitary transformationsanddo not requiredivisions(by numbersof
small modulus)have shown to be stableandrobust. More precisely, we refer the reader
to the paper[2] wherethe QR iteration is speci�cally designedfor computingeigenval-
uesof a specialclassof matricesincluding arrowheadmatricesandmatricesof the kind
diagonal+rank1.

A way to overcomethis dif�culty is to apply the QR iterationdirectly to the matrix
A0 = F + F � 1 which generatesthesequenceAk suchthatAk = AH

k + U (k ) V (k )H for
suitablen � 2 matricesU (k ) andV (k ) . Evenin this casetheweaksemiseparablestructure
of A0 is maintained;moreover, no inversionof Ak is neededanymorein therepresentation
formulas,exceptthatof A0 = F . Whentheeigenvalues� 1; : : : ; � n have beencomputed,
wemay�nd theeigenvalues� i of F in thesetof thesolutionsof theequations� + � � 1 =
� i , i = 1; : : : ; n. Alternatively, therepresentationof F asaunitaryHessenberg plusarank
onematrix could be anotherway for designinginversion-freealgorithmsfor performing
theQRstep.Thesewill bethesubjectsof ournext research.

Acknowledgments. We thank an anonymousrefereefor valuablesuggestionsthat
improvedthepresentation.
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i � i iter
1 1.000000000081050 17
2 1.999999993547419 6
3 3.000000043477431 6
4 3.999999980710313 5
5 4.999999447874695 5
6 6.000001980752747 5
7 6.999996815436769 5
8 8.000002744205705 5
9 8.999998765156054 4

10 10.00000022875783 1

i � i iter
1 10.00000000004859 10
2 8.999999999765816 6
3 8.000000000480380 5
4 6.999999999455802 5
5 6.000000000369495 5
6 4.999999999846834 5
7 4.000000000037894 5
8 2.999999999994979 5
9 2.000000000000302 5

10 0.9999999999999289 1
� 0 = 0 � 0 = 12

TABLE 5.1
Wilkinson's polynomialn = 10.

i � i iter i � i iter
1 20.00004391793787 10 11 10.00101029035203 5
2 18.99958361338783 6 12 8.999690499995966 5
3 18.00179081927481 5 13 8.000065781753833 5
4 16.99529972600241 5 14 6.999992485609691 5
5 16.00827840794409 5 15 5.999999762404186 5
6 14.98930172974257 5 16 5.000000226762443 5
7 14.01045173655527 5 17 3.999999966695113 5
8 12.99200882355489 5 18 3.000000002193996 5
9 12.00498158865593 5 19 1.999999999923354 5

10 10.99750062124958 5 20 1.000000000003987 1
TABLE 5.2

Wilkinson's polynomial,n = 20, � 0 = 22.
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