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ON THE SHIFTED QR ITERATION APPLIED TO COMPANION MATRICES

DARIO A. BINI ¥, FRANCESCODADDI 2, AND LUCA GEMIGNANI *

Abstract. We shav that the shifted QR iterationappliedto a companionmatrix F maintainsthe weakly
semiseparablstructureof F. More precisely if Aj il = QiRi,Ajs1 = RiQi+ l,i=0;1;:::,
whereAg = F, thenwe prove thatQ;, R; andA; aresemiseparablmatriceshaving semiseparabilityank at
mostl, 4 and3, respectiely. This structuralpropertyis usedto designanalgorithmfor performinga singlestep
of theQRiterationin justO(n) ops. Therobustnessandreliability of this algorithmis discussedApplications
to approximatingpolynomialrootsareshawvn.

Keywords. companiormatrices QR factorization QR iteration,semiseparablmatrices gigewalues,poly-
nomialroots.
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P .
1. Intr oduction. Let p(x) = ?:O aix', be a polynomialof degreen with leading

coefcient a, = 1,letf = (f;) 6 0in C" besuchthatf; = a ;,i = 1: n and
considertheassociatedompaniormatrix
2 3
0O ::: 0 f4
(1) F=F()=§ 2
. 0
@) 1 fy

Sincetheeigervaluesof F coincidewith the zerosof p(x), algorithmsfor computingma-
trix eigervaluescanbe appliedfor approximatingthe zerosof p(x). In fact, the Matlab
functionroots , which providesapproximationgo the zerosof a polynomial,is basedon
theshiftedQR iteration

Ak kl = QxR

(1.2) B Y
Ak+1 = ReQi + Il = Q) AxQx

k = 0;1;2;:::, appliedwith Ag = F, suitablybalancedy meansof a diagonalscaling.
HereandhereafterQ" denoteghetranspos&onjugateof Q.

DespiteF beingsparseandstructuredaftera few stepsof (1.2), the matricesA are
denseandapparentlywith no structure exceptthatthey arein upperHessenbeyform. In
this way, the arithmeticcostof eachiterationis O(n?) arithmetic oating point operations
(ops) andthe QR algorithm doesnot seemto take advantageof the initial structureof
F. In [4] anattemptto overcomethis dravbackhasbeenperformedby usingarestarting
techniqueln [1], [18], therelatedproblemof computingheeigervaluesof aunitarymatrix
in Hessenbeyform is investigated.

Obsenethatthematrix F is suchthatarny submatrixcontainedn thelowertriangular
partof F hasrankat mostl. The samerank propertyholdsfor the submatricegontained
in the uppertriangularpart (diagonalincluded). In general,we call a matrix A weakly
semisepaableof rank(h; k) if all thesubmatricesn thestrictly lower triangularparthave
rankat mosth, andthesubmatricen thestrictly uppertriangularparthave rankatmostk,
wherethevaluesh andk areachiezedby somesubmatrix.We saythatA is semisepable
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of rank (h; k) if thereexist matricesL andU of rankh andk, respectiely, suchthatthe
strictly lower triangularpart Tril (A) of A coincideswith the strictly lower triangularpart
Tril(L) of L andthestrictuppertriangularpartTriu(A) of A coincideswith thestrictupper
triangularpartTriu(U) of U. Accordingto thesede nitions, F is weaklysemiseparablef
rank(1; 1). In particular Tril (F) is weakly semiseparablef rank (1; 0) while Triu(F) is
semiseparablef rank (0; 1) sinceTriu(F) = Triu(f e]).

Semiseparablmatricesarecloselyrelatedto theinversesf bandednatricesandhave
further nice propertieswhich relatethemto their inversesandto their LU and QR factor
izations(see[5], [6], [71, [9], [11], [12], [13], [14], [16], [17] andthereferencesherein).
In particular the matricesL; andU;, generatedby the LU iterationappliedto a semisepa-
rablematrix for eigervaluecomputationaresemiseparablglL1]. Basedon the well-know
relationsbetweenthe QR andLR iterationalgorithms[19], it canbe shavn thata similar
propertyholdsfor thematricesQ; andR; generatedby the QR iterationprovidedthatA is
realsymmetric[8]. Countergampleseasilycanbegivenwherethe semiseparabilityprop-
ertyis notmaintainedy the QR iterationif A is notsymmetric.Algorithmsfor computing
the LU factorizationandfor solving linear systemawith a semiseparablenatrix in O(n)
opshave beendesignedn [11], [5]. Weakly semiseparablmatriceshave beenintroduced
in [15)].

In this paperwe prove that the matricesAyx, Qx and Ry generatedby (1.2) for
k = 1;2;:::, with Ag = F, areweakly semiseparablef rank (1;3), (1;2) and(1;4),
respectrely. Moreover, Triu(Ag) andTriu(Qy) aresemiseparablef rank(0; 3) and(0; 1)
respectiely. Thesefactsenableusto represenQy, Ax andRy with O(n) memoryspace
andto designalgorithmsfor computingAg+1 , givenAy, with compleity O(n).

The paperis organizedin the following way. In section2 we prove the structural
propertieof Ay, Qx andRy by providing analgorithmfor computingthe QR factorization
of Ak kI inO(n) ops.In section3 we describalifferentmethoddor performingthe RQ
step,still in O(n) ops. Section4 containssomeremarksconcerningthe implementation
of thealgorithms.In section5 we reportthe resultsof somenumericalexperimentswyhich
shav that the provided algorithmsare promisingbut still lack the robustnessproperties
neededor areliableuseinsidea numericalpackageFutureresearchs alsodiscussed.

2. Structural propertiesof the matrix sequencegeneratedby the QR iteration.
In this sectionwe analyzethe structuralpropertiesof the matrix sequence$ Ay gk2n,
f QrOkan, fRkOk2 N, generatedy the shifted QR iteration (1.2) appliedwith Ag = F,
whereF is the companiomatrix (1.1) associateavith thevectorf = (f;) 2 C", andwe
assumehatdetF 6 0,i.e.,f; 6 0.

Let usrecallthatfrom (1.2) it followsthat

Ax = PMFPy;
P« = Qk 1Qk 2 Qg

thatis, Ak is unitarily similarto F .

(2.1)

2.1. Structure of Ax. We notethat, sinceF is in upperHessenbey form, all the
matricesAg, k = 0;1;:::, arein upperHessenbeayform, thatis, ai(;}‘) = 0ifi>j+1,
whereAg = (a,-(;:-‘)).

The following simple obsenation plays a substantiakole for the derivation of our
results.

REMARK 1. If f; 6 Othenadirectinspectionshavsthat

2 3
f2:f1 1
f3:f1 0 1
(2.2) F(f) '= : RS
fn:fl 1

1=f 1 0
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Moreover,
(2.3) F=F "+uv"; uvac"
where
2 fo=f 1 3
2=T1

01 fl E
(2.4) U= g : ; :

i fn—fl 0

0 1=f, 0

Pre-multiplyingequation(2.3) by P} and post-multiplyingit by Py, from (2.1) we
immediatelyobtainthe following identity

(2.5) Ac=A"+ WV k=010
where
(2.6) Uc= QP Uk 15 Vk= QP W 1

SinceAy is in upperHessenberform, theentriesin theuppertriangularpartof A H

aregivenby
1w ow. . -
(27) (AkH)i;j - (k) ( )y]( ), | )5
Yn

wherex = (x) = A, Fe, andy®T = (y) = eJA " arethelastcolumnandthe
rst row of A, H respectiely. This propertyis a directconsequencef thefollowing

LEMMA 2.1. LetB = (b; ) bea matrixin lower Hessenbey form,andde ne ; =

bisi, & = det®, & = det®;, whee ® andB; are the leadingandtrailing i i
principal submatrice®f B, respectivelyThen

1)+ v
(dt)Bd.ld’n,- o

(B Yy =

whet, if i = j, theproductin theright handsideis 1,anddy = o, = 1.
Proof. The result follows from the relation (B %)i; = ( 1)'*J detB;; =detB,
whereB;; isthesubmatrixof B obtainedoy removing thej -th row andthei-th column.
Fromthis lemmawe may alsorepresenthe uppertriangularpartof A, H by means

of apairof vectorsw ¥ = (W) = (( 1)) %), z0 = W)= (( 1" T&9)), as

1
Kk 1 K. . .
(2.8) (A M)y = w )zj( )i b i
i
whereb®) = ag'fr)l ~, = 1:n 1, arethelowerdiagonalentriesof A, dfk) anddfk) are

thedeterminantsf theleadingandtrailingi i principalsubmatricesf Al , respectiely,
andwe usethefactthatdet Ay = detF" = ( 1)"*!f,. Hereandbelow, we denotewith
a thecomplex conjugateof the complex numbera.

We have thefollowing representationesultfor Ay.

THEOREM 2.2. ThematrixAy = (a(k)) geneatedat thek-th stepoftheQRiteration,
is suc that

< 0 fori > j + 1;

(k) — 1
a.’ = k), (K k)., (K k), (K A
: ( )yJ '+ ui(;l)vj(;l) + ui(;Z)Vj(;z) fori j;

n
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whee
v 1
1 1Y
5 Xi(k)yj(k) - Wi(k)zj(k)f_ b(k);
Yn 1 =
andb) = ag'j)l.\,‘ =1:n 1

Summinguyp, all the matricesAy generatedy the QR iteration are determinedby
7n 1 parameterspamely:

(i) Thelastcolumnx ) andthe rst rowy T of A, ", respectiely, de ning theupper
triangularpartof A, "
(iii) Thecolumnsu (1k) ; u(zk) of Uy,
(iv) Thecolumnsv(lk) ; v(zk) of V.
In particular the matricesAx areweakly semiseparablef rank (1; ), with 3, and
Triu(Ag) is semiseparablef rankat most3.

2.2. Structur eof R¢. Thestructureof thesequencéR gk2 n easilycanbedescribed
from the QR factorizationof Ay k| . Thereforein this sectionwe describehe QR step
appliedto Ax and,asabyproductwe obtainthe structureof Ry.

Let us recall that Ay is of upper Hessenbey form with lower diagonal entries
b(lk); M bf]k)l, andwith entriesai(;}‘) = ygik)xi(k)yj(k) + ui(;kl)vj(;kl) + ui(;kz)vj(;kz) fori j,i.e.in
theuppertriangularpart. Let usalsodenotewith a(k = (ai(k)), thevectorformedby the
diagonalentriesof A, and,with d® = (d®), g = (g*), the vectorsformedby the
diagonalandsuperdiagonatntriesof Ry, respectiely. The reductionto uppertriangular
form of Ak k| canbeachieredby meansof asequencef Givensrotations

2 3
e (k) (k)
G s! :
Gi(k)=§ Isfk) c:(k) ?ﬁ e 9 1y i=1in L
In i1
wherec® 2 R, jcj2 + js®j2 = 1andl; denoteshei i identity matrix. At the rst

stepG(lk) is chosersothatthe entryin position(2; 1) of G(lk)(Ak kl) is zero. In this
way, only theentriesin the rst two lines of G(lk)Ak differ from the correspondingntries

of Ay k|l . Moreover, for j > i + 1, the former entriesare given by y%k)ki(k)yj(k) +

v + a9 i = 1;,2,] > i, where

) 4 . g 4 . g 4 ; 4
SRR af') — k) w0l ~ k) ufy
257 xg) 0y uz) o 05) upy

while theremainingentriesin the2 2IeadingprincipalsubmatrixofG(k) Ax kl) are
1
givenby
" 4 "
k k), (K k), (k k), ,(k
69 o o al? ok ARy afu) + afvgy

0 dy e alo)

The valuesof d(lk), 5&(1"), 0(1"{ and 0(1"% arenot modi ed by the subsequenGivens
rotations,while the valuesof k(zk), O(Zki ando(zlf% andd(zk) aremodi ed only at the second
stepwhereG(lk) (Ak k1) is pre-multipliedby G(zk). At thei-th step,Gi(k) is choserso
thattheentryin position(i + 1;i) of Gi(k)1 G(lk)(Ak kl) is zero.
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At theendof theentireprocedureéhematrix Ry turnsoutto berepresenteh termsof

its diagonalentriesd(); :: :; d{, its superdiagonagntriesg{®); : : ;g by the vectors
209, y(® andby thematricesty = (0!), i = (v{)) as
8
% di(k) for i = j;
k) gi(k) fori=j 1
(29) r=..- = 1 K K K ‘ ) ) . - .
! 3 Wk'( )yj( N Oi(;l)vj(;l) + Gi(;z)Vj(;z) fori<j 1
n
0 for i > |

In this way the matrix R canbestoredby usingonly 8n 1 parametersThe entire
procesgor computingtheabove representationf Ry is synthesizedbelow.

ALGORITHM 1.
INPUT: ThematricesUy, Vi andthevectorsx ), y®) andb®) whichde ne theentriesof
Ay by meansof Theorem2.2. (For a certainuseof the algorithm,which we will describe
lateron, we might give asinputthe vectora®) with the diagonalentriesof Ay). Theshift
parameter .

OUTPUT: TheGivensparametersi(k) andci(k), i =1:n 1, togethewith thevectors
d®, 20y andthe matricesty = (Oi(;;()), Vi = (vi(;}()) which de ne theentriesof Ry
through(2.9), whereQx Rk = Ak kl.

COMPUTATION:

(k)
1 Leta® = (AxyY + ulfv + ulvian, 8 = b, 8 = U
R = (k)
2. Setal® = ak) (L),
3.Fori=1:n 1do
(@) (ComputeG )q

= 1= e R = a5av (= it e = o),
i, ciz")_=l;.("l)y st =g
(b) (UpdateRy)
Ld === Oy - ofdv L+ 09,
i. g = ct+ sal
ii. d*) = s+ gl
(c) (Updately)
L= 90+ 0 0 = sWal + e 0l =1,
i t= d90 ¢ 500, 0l = 0+ dVal 0 = 1

(d) (Updateg ()
i t= e 4 Ml
. k k k k k
i 20 = s 4 g
iii. 2 = t,
4, Enddo

2.3. Structure of Q. By constructionthe matrix Qy in the QR factorizationAy =
QkRk istheproductof n 1 Givensrotations

_ o K M.
Qk = Gl Gn 1 -

Werecall,from [10], [3], [16], thefollowing lemmaaboutthe structureof Qy, adjusted
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to thecomple eld.
LEMMA 2.3. Letci(k) 2 R andsi(k) 2C,i=1:n 1, betheparametesde ning

theGivensrotationsGi(k),i =1:n 1 Dene
D = diag(L; S(lk),s(lk)s(zk);:"'( 1 15l g .
k k
(210) p(k) s(k)[l ( ). k(é ..... Cl("l )1k]T;
a0 = Do 651l
Then
2
k k k k k k
Op gl . ot plk)
0 d e
k) H k) H .
Q=6P" "= s
k) (k k) (k
@ )&'?(” )l qﬁ(i)pﬁ(i)l
o Sn 1 O " Pn
Thus,theentriesq(;}‘) of Qk aregivenby
8 . . .
0 ifi>j+1
4’ =_ s a, ifi=j+1
; (k) (k) LK) i
( D*HigY) Ils ifi
wheleweassume:gk) =d¥=1

3. Constructive issuesand algorithms. Theresultsof the above sectionallow usto
designa fastalgorithmfor implementingthe singleQR stepin O(n) opsprovidedthatAg
is a companionmatrix. In this sectionwe discusssomerelatedcomputationalssuesand
describdn detailsthe new algorithm.

For the sale of clarity, we rst provide the descriptionof an algorithm for the QR
andRQ stepshy ignoring numericalissuedik e over ow/under ow problems.Numerical
dravbacksandtheway to overcomehemwill bediscussedateronin section3.3

3.1. The QR step. The QR stepcanbe carriedout by usingAlgorithm 1. For real
data,the arithmeticcostof this algorithmis 5n opsfor computingthe Givensrotations,
11n opsfor computingRy, 12n opsfor updatingby andén opsfor updating®®). The
overall costis 34n ops.

3.2. The RQ step. In orderto completethe QR iterationwe have to computethe
vectorsb®*V | x (k+D) y(k+D)  and the matricesUy+1 , Vks1, which de ne the matrix
Ak+1 = RkQk + «l by meansof Theorem2.2, giventhe matricesQyx andRy of the
factorizationAy kI = QgRk. By allowing redundang of representationye useas
inputvariablealsothevectora (k) with thediagonalentriesof Ay. More preciselywe have
to performthefollowing task:

GIVEN:

(i) thevectorss(¥) andc™®) de ning Qx by meansof the Givensrotations,

(ii) thelastcolumnx ) andthe rst rowy T of A, ", respectiely, de ning the upper
triangularpartof A, H by meanof (2.7),

(iii) thematricesUy, Vi, suchthat(2.5) holds,

(iv) the vectorsd®), g, ¥ andthe matrix 8, de ning (togethemwith y (¥ and V)
thematrix Ry through(2.9),

(v) the shift parameter .

COMPUTE:
(i) thevectorsa®®*D | b(k*1) de ning the diagonalandsubdiagonaéntriesof A1 ,
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(i) thevectorsx (k*D | y&+1) de ning theuppertriangularpartof A, 1 ,
(jij) thematricesUx+1 andVk+1 suchthat(2.5 holdsfor Ag.q .
Thecomputatiorof a®*) andb®*Y is straightforvardandfollows from therelation
Ax+1 = R¢Qk + «! inthelight of therepresentationsf Qx andRy, givenin Lemma
2.3andin (2.9), respectiely:

k+1) _ k
A = g

h(|<+1) — dl('li('%. Si(k). i=1:n 1L

Ci(k)lci(k) + 0 Si(k) + k i=1:n; whereco=cy =1

ObsenrealsothatfromtheequationsdJx+; = QxUx andVi+1 = QkVk wemayeasily
computeUy+; andVi+1 by justapplyingn 1 Givensrotationsto the two columnsof
Uk andVk atthecostof 24(n 1) ops. For the orthogonalityof Givensrotations,this
computatioris robustandstable.

The computationof x(k*D) and y(*1) deseres special attention. We propose
differentalgorithmsfor this subtask.

Method 1 Rewrite (2.5 as
A = QFAQK Uk VL,
andfromx®*D = A R, y®DT = el A Il obtainthat

x® = QP A Qren Uk VL en;

yEDT = e;Q AcQr €] Uk Vi,

The computationatostof the above expressionis O(n) ops. In fact, multiplication of a
vectorby Q is reducedo applyingn 1 Givensrotationsandthe productof a vectorby
thematrix A still hasalinearcostdueto the semiseparabilitypf Ag.

Method 2 FromtheequatiorAy,; = QE Ak Qx obtainthat

X(k+l) = QE AkHlen;

y(k+l) T = e-jl_—QkH Ak H Qk:

In this way the computationis reducedto computingproductsof Givensrotationswith
vectorsandto solving systemshaving a semiseparableoefcient matrix in Hessenbey
form. The latter computationcanbe accomplishedy computingthe QR factorizationof
thematrix Ay andby solvingtwo triangularsemiseparableystemsBoththecomputations
clearly have linear cost. In fact, the QR factorizationof Ay canbe computedby applying
Algorithm 1, while the solutionof triangularsemiseparablsystemscanbe computedoy
meansof Algorithm 2 in Section4.

Method 3 FromtheequatiorAx+1 = RAKR, ! we deducethat

kt1) = A Hg —p Ha H - (R Hy ).
x© D = A Fe, =R TA MR ey = rO R, T x®);
1 T
k) T = oT — oTR HA HpH - )T RH .
y( DT = e1Ak+l - ele Ak Rk - r(k)y() Rk'
1;1

Thecomputatiorof x **1 andy (**1) pasedbn thelatterformulasis reducedo solvinga
triangularsemiseparablsystemandto multiplying a triangularsemiseparablmatrix with
a vector, respectrely. Both computationscanbe performedin O(n) ops(comparewith
Algorithm 2 in Section4).
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Method 4 FromtheequationA, /I = Q' A, " Qx deducethat(y **V )T = hTQy,
wherehT is the rst row of Q! A,. Now, sinceQ!! = G G{W" it follows thath
is alinearcombinationof the rst two rowsof A, H  More precisely

h=cEelAa M) +siEla M)

thatis, from the structureof A 1 we nd that

()
k k k k
eIAkH — (k)(y( ),yé);::.. k))_ (y( ). ( );:::. (k))
Yn
K).....
e-ZrAkH = (k)( ), y( )! yr(1k))r
K
y()

where (¢ =

NGO (A )21, ie.,from (2.5

(k) k), (k) (k),,(k)
(bl + U21V11+ Uz.5V1:2):

Oncey **) hasbeencomputedthe vectorx **1) canbe recoveredfrom the nonlinear
system

AE+1X(k+1) = €n;

which canbe solved by meansof substitutionin the following way. Rewrite the systemas
(wherefor the sale of simplicity we omit theindex k andwe considem = 5)

02
a by
X1y2 @ b
X1y3 X2ys @z s +
X1Y4 X2Ya X3ysa a2 Iy

X X X X a
12’5 02Y5 3Ys X4Ys as 31 2 3 2 3

X1

X2 Uz V2ii 0 X2
UgiVai  U2;iVa; 0 X3 4 = :

i=1 Ug;iVa;i  U2;iVai  U3;iVai 0 X4

UgiVsi UziVsi Us;iVsi UgiVs; O X5
Setx; = y, andcomputex, from the rst equation,computexz from the second
equationandsoforth until x, is computedromthe(n 1)-stequation.Onceagainthe
semiseparablstructureof A, enablesisto computex (K*D) in O(n) ops.
A similar substitutiontechniquecan be appliedto computey (k*1)  oncethe vector
x ¢*1) hasbeencomputed.

(3.1)

R OOOOo

Method 5 This methodis valid if ¢ = 0, i.e., if no shift is performedin the QR
iteration.In fact,in thiscasewe have Ax+1 = Ry Qy sothatwe obtain

X(k+l) - Rk H len

3.2 N 1
(3-2) y(k V= WQE €1
i1
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3.3. Numerical issues. In this sectionwe areconcernedvith numericalissuef sta-
bility androbustnes®of the differentalgorithmsfor performingthe QR iterationdescribed
in the previoussection.

An importantobsenation relatedto theseissuesconcernghe growth of the vectors
G0 00y 0 ()

1 %2 V1 V2 -

REMARK 2. SinceQy is unitary, it follows from the relationsu (1'”1) = Qku(lk),

u(2k+1) - Qku(zk)’v(lkﬂ) _ ka(lk)’v(2k+1) - ka(zk) that

kuik = kuPk= 1;

xXn
kugok = kud k= (" jfijd)?;
i=1

X
Wk= kOk= (it

ILETRN,
kvik = kv@k = 1;

wherek k denoteghe Euclideannorm. Therefore,in the computationof Uy and Vi, we
do nothave to expectnumericalproblemssuchasover ow or breakdevns.

A differentsituationholdsfor the vectorsx (k) andy (¢); their computatioris numeri-
cally muchmoredelicate.

We may easily obtainuniform boundsfor kx ¥k andky (K'k. In fact, sincex®) =
A, Her, wehave

Y o 1
kxWk kA Mk=kF Pk KkF HkF:P n 1+ W(1+ ifij?);
i=1
wherek kg denotegheFrobeniusiorm. Similarly we have
U
(k) 1 F 1 X l- i2
ky"™k kF 'k n 1+ jf1j2(1+ ifije):
i=1

Moreover, fromtherelationja;j j  kAkg, valid for theFrobeniusrormk kg, we deduce
that

<<

K 1
@+ i3 ik
i=1

k)., (k k), (k k
NCNCEVO RN CEN G t, 1

+ T o

jf1j?
Indeedtheserelationsare usefulto keepundercontrol the roundingerrorsgeneratedy
a oating point computationof the algorithmsof the previous section. However, unlike
the caseof the matricesUx and V, the uniform boundednessf x (X) andof y(¢) does
not guaranteehat numericalbreakdavn is avoided. The following exampleclari es the
situation.

ConsidethematrixA = (a;j ) suchthata;; = 1 ',j i,where0< < 1,say =
1=10. The rst rowy ' andthelastcolumnx of A aresuchthaty™ = (1; ; %;:::; " 1)
andx = (" ;:::; 2517, Clearlyit holdsa; = Xjyj=xq forj  i. Moreover,

the moduli of the component®f x, y andof x;y; =x; areboundedirom above by 1. If
n > 309 working with the [EEE oating point arithmetic,we encounteunder ow in the
computatiorof x; = 10 "*! sothattheexpressiorx;y; =x; would generate breakdavn
dueto adivision by zero.

The situationillustratedby this exampleis not arti cial atall asit couldseemat rst
glance. In fact, during corvergenceof the QR iteration,the matrix Ax tendsto anupper
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triangularmatrix,and,if theshift stratgy is appliedfor approximatingasimpleeigervalue,
theentryin position(n; n 1) of Ax cornvergessuperlinearlyto zero.Thisimpliesthatthe
lastcolumnof A H convemessuperlinearlyto a multiple of e,,, thatis, x( ) convergesto
zero.

An attemptto keephandlethis dif culty is to usea suitablerepresentatioof thevec-
torsx (K) andy (). To this regard, it is importantto point out thatthe representationf Qy
givenin Lemma2.3 shavs thatthe lastcolumnaswell asthe rst row of Qi suffer from
thesameproblemasx (K) andy (¥). In fact,from the equations

213

(k)
C
k k 1
Qken = ( 1)n 1(5(1) ( ) )Ds(k)g : z;
(k)

2 Ch'1
(3.3) c<k>
—
Qx €1 = Dsw g (k) 2 ;
Dgsw = diag(1; s(lk),s(lk)s(zk);:"'( "t (k) sﬁk)l

whichwe deducérom Lemma2.3, we nd thatcomputingthecomponentsf p®) andg®
may generateover ow andunder ow even for moderatevaluesof n dueto the property

jS(k)j jC(k)j 1,i=1:n 1 Infact,thematrix Qx is morecorvenientlyrepresentedy

meansm‘therensparameters(k) c(k) i = 1:n 1, ratherthanby meanof thevectors
q® andp®). Moreover, thlsIatterrepresentatlonf Q allows oneto performnumerical
computationsvith Qy, suchasthe evaluationof matrix-vectorproductswithoutincurring
in any numericalbreakdevn.

Anotherusefulremarkis thatthe representationf y *1) givenby (3.2), in thecase
whereno shift strategyy is applied,is givenin termsof the rst row of Qy, i.e. (compare

with (3.9),

1
1 1 — :
y(k+1) — WQkH e = WDS“‘) E . z
rs. r (k)
11 11 Cho 1
1

Theseconsiderationsuggesto representhevectorsx **1) andy (k*) by meansof
(k) (k)

the Givensparameters;” andc; andby auxiliary vectorsw (**1) andz <1 | suchthat
k k
4 KO = (P A D 20
y(k+1) - Bs(k)w(kﬂ) :

In thisway, if no shift stratgy is applied,thenfrom (3.2) and(3.4) we nd that

k+1) — (K)..... (k) 1)T

w (k)(c SR

+1 k k) \T
Z(k ) = DS(k)R: S(k)(l ();313;051)]) .

Thus,w&*D) is readily availablefrom the Givensrotationsandfrom r{) without numer

ical problemswhile z*D is obtainedby solving a triangularsemiseparablsystem.For
thecomputationalssuegelatedto thelatterproblemwe referthereadeito section4 andto
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Algorithm 2. With this representatiome expectmorerobustnes&venin the computation
of z(*) |

A differentway to represenk (k) andy (¥) is derived from equation(2.8), wherethe
uppertriangularpartof A H is givenin termsof thelower diagonakentriesof A, by means
of two auxiliary vectors.Let usrewrite this representatiobelov, wherethis time w (<+1)
andz(**D denotethe vectorswith componentg( 1)' *d*) and(( 1)" 'd¥)), re-
spectvely (comparewith Lemmaz2.1),

k+1 (k+1
w (k¥1) = (b(l +1) Iq1 ) b(lm) z(k+1) -

(3.6) ) ]
y( ) = Db(k+1) W( 1) .

4. Implementation. We are readyto describeimplementationof the QR and RQ
stepswhich aim to remove the breakdaevn situationsencounteredh the original computa-
tions of section3. They arebasedon the representationf x (¥} andof y®) providedin
(3.4). Similarimplementationganbebasedn (3.6).

Let usconsideithe QR stepasdescribedn Algorithm 1 andreplacethevectorsx (<),
20y () py 7Y 20 andw (k)| respectiely, suchthat

k 1 k 1
x® = (1 s P sh P)Dgh 2™
k 1 k 1
2 (K) =( 1) 1(35 ) ( ))Ds(k ) z(k);
y(k) = Ds(k 1)W(k)Z

Thesereplacementmodify the computationakchemenf Algorithm 1 only in the stagesl,
(b) and(d), which now become

1 k
1.a0 = (—— 20w + VS + u VR, 1, B = b0, = Uy, 200 = 20,

Wi AW i2Vi2
(b) (UpdateRk)
m&kﬁm—kﬂﬁﬁm+ﬂﬂld%m,
(ii) g(k) — (k)t + S(k)al(l‘:g_’
i) d) = sfts d9gl.
(d) (Update2®))
(t= 20 a9,
(i) 2%) = S(k)s(k 1)2(k)+ SOPON
(iii) 2 =

The computationabostof this modi cation is slightly higherthanthe one of Algorithm

1 but still remainslinearin n. Possiblenumericaltroublesin this modi cation might be
(k)

(k -

(k 1)

encounteredh the computatiorof theratio ——-. It is worth observingthatif s; is

numericallyzero,then con/ergencehastaken placeandthe algorithmstops(or continues
afterde ating the approximateceigervalue). Moreover, in the caseof linear corvergence
(k)

it holdsthat limy; is a nonzeroconstant,whereasin the caseof superlinear

[ B
Sk D
(k)

cornvergencadt holdslimy; (k T = = 0.

Concerninghe |mplementat|omf the RQ step,considerthe mostsimplecasewhere
no shift strateyy is appliedsothatwe may rely on method5. Indeed,from (3.5 we may
recoverw **1) at no additionalcost,whereador computingz (*2) we have to solve the
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linearsystem
(4 1) Ds(k) Rk Ds(i)Z(kﬂ') = b

' =19 ()

= (L ) ;
whereRy = (r )Y is de ned by thevectorsd®, g, 2% y(©) andby the matricesBy,
Vi asin (2.9).

Thefollowing algorithmsolvesthe triangularsemiseparableystem(4.1). Thealgo-

rithm relieson thestructureof thematrix D gx) RY! Ds(lk) whichis obtainedrom (2.9) and
whoseentriesarereportedbelow

8
k s
di( ) if i=7]
s gt ifi=j+1
1
(Sj(k) :::Si(k)1 ( (k)z(k)(s(k 1) (k 1))+
% (1Y a7+ v9a2) it >+
"0 if i< j

ALGORITHM 2.

INPUT: Thevectorsd®, g, 209w andthe matricesBy (O(k)) Vi (v(k))
togetherwith the G|vensparameters(k b andc(k Y which de ne the entriesof Rk by
meanf (2.9). Theright-handsidevectorb andthecomponentsn‘ sk,

OuTPUT: Thesolutionz **1) of thesystem(4.1).

COMPUTATION:

Setz®D = p=d(9 2D = (b, + gRIAKD g0, = L= =0
Fori = 3:ndo

—~(k) k kK+1) \ - .
1. i;j—sf)l i1t 0 215)2252))J=12,
_ (k) (k1 (K (k1) (k) _(k+1
2. = st B s, s,2MY),
k k) (k) _(k k k k k k
3. z§ o= (b+ g ’1s.< Y R A C

Enddo
The more generalcasewhenthe QR iterationis appliedwith a shift canbe treated
similarly. For instanceapplyingmethod3 with thereplacemen(3.4) yields

— 1= .
W(k+1) = (—:)Ds(k)Rsz(k)Dlag( 11; 21;121; nl)W(k);
i
2 = 10 Dgw R " Dgiy Diag( 1; 25015 n)z®
iy 1
1=1 0= ipi=2mn =8 V=M i=1:n 1

Thecomputatiorof z(k*1) involvesthesolutionof atriangularsemiseparablgystenof the
samekind as(4.1) whereb = WDiag( 1;::0 1n)z®)| sothatwe mayapply Algorithm

2. The computationof w(<*1) requiresthe multiplication of a triangularsemiseparable
matrix anda vector Also thistaskcanbe carriedoutin O(n) ops.

5. Numerical experiments. We have implementedhe QR iterationfor computing
a given numberm of eigervaluesof the matrix F basedon the method3 and5 (if shift
is not performed)andrelying on the representatiori3.4). For the sale of simplicity the
implementatiorandthe numericalexperimentshave beenperformedn thereal eld. The
programhasbeenwritten in Fortran90 andtestedunderthe Linux systemon a computer
with anAthlon 1600cpu.
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testl: Wilkinson's polynomialp(x) = Qi”:l (x @ forn = 10; 20.
test2: Reversedwilkinson's polynomial.p(x) = {‘Q (X 1=i) forn = 10; 20.
test3: Polynomialwith welbseparatedoots,p(x) = in:l (x 1=2"),n = 40.

testd:p(x) = (x" ™+ 1)Qi";;1 (x 1=i)form = 20andn  10°.
test5:p(x) = (x" M+ 1) *0, (x 1=2')form = 40andn  10°.

Theshifttechniqués appliedif thedifferencebetweertwo subsequerdpproximations
aﬁ'frfl) aﬁ'f% hasmoduluslessthan1/10. As stoppingconditionfor the QR iterationwe
choseia‘nfﬁ J < ja%jwith = 10 1. Onceaneigervalue hasbeenapproximated,
we de ated the matrix Ay by removing the lastrow andthelastcolumnandcontinuedto
applythealgorithmto the submatrixobtainedn this way.

In the caseof the Wilkinson polynomial of degreen = 20 the algorithm failed to
corvergeif startingwith no shift,i.e.,with ¢ = 0. Startingwith o = 22, i.e.,by approx-
imating the eigervaluesin decreasingrder, the algorithm provided the approximations
shavn in Table2. In Tables1,2,3,we reportthevaluesi, ; andthe numberof required
iterations.In Tables4 and5, we reportthe valueof the cputime, in secondstequiredfor
computingthe rst m zerosof the polynomialof degreen wheren takesvaluesup to 10°.
We do notreportthe approximatiorerrorssincethey seento bealmostindependenof the
degreen.

As we canseefrom thetables,our algorithmhasa costwhich grows linearly with n,
and allows us to handlepolynomialsof very large degreewith no problemsof memory
storage. In certaincasesthe approximationsare reasonablyprecise,in othercaseg(see
the Wilkinson polynomial of degree20 with zerosapproximatedn increasingorder)the
algorithmfails to corverge. Other casesof breakdevn dueto over ow/under ow have
beenencounteredThis meanghatthe algorithm,even whereimplementedwith the rep-
resentatiorbasedn (3.4), is not robustandneedsmoreinvestigation.Onereasorfor this
weaknesss the factthattherepresentationf A, somehav involvesthe expressiorof the
inverseA, 1 andconsequentlyequiresperformingdivisions. Algorithmsfor the QR iter-
ationwhich performunitary transformation@nddo not requiredivisions (by numbersof
small modulus)have shavn to be stableandrobust. More precisely we refer the reader
to the paper[2] wherethe QR iterationis speci cally designedfor computingeigerval-
uesof a specialclassof matricesincluding arrovheadmatricesand matricesof the kind
diagonal+rank.

A way to overcomethis dif culty is to apply the QR iterationdirectly to the matrix
Ao = F + F ! whichgenerateshe sequencé\ suchthatAy = Al + UK VIOH for
suitablen 2 matricesU®) andV (X), Evenin this casethe weaksemiseparablstructure
of A is maintainedmoreorer, noinversionof Ay is neededanymorein therepresentation

formulas,exceptthatof Ap = F. Whentheeigervalues ;;:::; » havebeencomputed,
wemay nd theeigervalues ; of F in thesetof thesolutionsof theequations + 1 =
i,i = 1;:::;n. Alternatively, therepresentatioof F asaunitaryHessenberplusarank

one matrix could be anotherway for designinginversion-freealgorithmsfor performing
the QR step.Thesewill bethe subjectf our next research.

Acknowledgments. We thank an anorymousrefereefor valuablesuggestionghat
improvedthe presentation.
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i i | iter i i | iter
1| 1.0000000008160 | 17 1| 10.000000000485%9 | 10
2 | 1.99999998547419 6 2 | 8.99999999965316 6
3 | 3.000000@347781 6 3| 8.00000000880380 5
4 | 3.9999998071033 5 4 | 6.99999999955302 5
5| 4.99999947874®5 5 5 6.0000000086H9%5 5
6 | 6.0000@98075247 5 6 | 4.99999999986334 5
7 | 6.9999%815436B9 5 7 | 4.000000000878%4 5
8 | 8.0000@744205D5 5 8 2.99999999994079 5
9 | 8.99998B765156G4 4 9 2.00000000000802 5
10 | 10.00000@287583 1 10 | 0.999999999999289 1
[ 0 0= 12
TABLES.1
Wilkinson's polynomialn = 10.

[ i | iter i i | iter

1| 20.000@139179387 | 10 || 11 | 10.0010102903203 5

2 | 18.99%836133983 6 || 12 | 8.99%9049999966 5

3| 18.0017908192481 51 13| 8.00065781758333 5

4 | 16.99%2997260Q41 5| 14 | 6.9999248560%91 5

5] 16.082784079409 5 || 15 | 5.999999624041.86 5

6 | 14.9893017297257 5| 16 | 5.00000@2676243 5

7 | 14.0004517365527 51 17 | 3.99999986695.13 5

8 | 12.9220088235889 51 18 | 3.0000000Q193€9%6 5

9 | 12.049815886593 51 19| 1.99999999992334 5

10 | 10.997r5006212958 5 || 20 | 1.00000000008987 1

TABLE 5.2
Wilkinson's polynomial,n = 20, o = 22.
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| i
21| 9.53674316406261E-07
22 | 1.907348632812H4E-06
23 | 3.81469726562470E-06
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30 | 4.88281249999877E-04
31 | 9.76562500000066E-04
32 | 1.95312499999969E-03
33 | 3.906250000000R7E-03
34 | 7.81249999999M1E-03
35| 1.56249999999997E-02
36 | 3.12500000000@0E-02
37 | 6.24999999999968E-02
38 0.124999999999997
39 0.25000000000@002
40 0.499999999999206
Q IéABLE 5.3

|
9.09069962808389E-13
1.81%42148785689E-12
3.637169142591383E-12
7.275%90482738G6E-12
1.455D131573262E-11
2.9103093528455E-11
5.82070837885Q5E-11
1.1641537594827 2E-10
2.328306704340°5E-10
10 | 4.656612912698E-10
11 | 9.313225B05563.3E-10
12 | 1.86264515958D9%E-09
13 | 3.72529029327324E-09
14 | 7.45058059357@®B2E-09
15| 1.4901161180640E-08
16 | 2.98023223880377E-08
17 | 5.96046447754437E-08
18 | 1.19209289558090E-07
19 | 2.38418579101%2E-07
20 | 4.76837158203128E-07

O©CoO~NOULEA, WN PP —

;.
W W WWOWWmWomwwowawawowowwowowh ol

=
W W WWmwWwmwowwaowowwwwww D

Polynomial ~ {2, (x 1=2), ¢ = 0.
n cpu [ n cpu n cpu [ n cpu
100 0.01 || 16000 1.59 100 0.00 || 16000 1.56
200 0.02 || 32000 3.12 200 0.01 || 32000 3.38
400 0.04 || 64000 6.47 400 0.02 || 64000 6.78
800 0.07 || 125000 12.63 800 0.04 | 125000 13.02
1600 0.11 || 250000 25.1 1600 0.08 | 250000 28.02
3200 0.26 | 500000 52.3 3200 0.16 || 500000 52.51
6400 0.51 || 1000000 108.8 6400 0.36 | 1000000 116.02
p) = (x" M+ 1) T (x 1=),  pe) = (x" M+ 1) ST (x 1=2),
m = 20 m = 40

TABLES.4
Computingm zewosof p(x): cputimein seconds.
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