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TIKHONO V REGULARIZA TION WITH NONNEGATIVITY CONSTRAINT
�

D. CALVETTI
�

, B. LEWIS � , L. REICHEL � , AND F. SGALLARI �

Abstract. Many numericalmethodsfor the solutionof ill-posedproblemsarebasedon Tikhonov regulariza-
tion. Recently, RojasandSteihaug[15] describedabarriermethodfor computingnonnegative Tikhonov-regularized
approximatesolutionsof lineardiscreteill-posedproblems.Their methodis basedonsolvingasequenceof param-
eterizedeigenvalue problems.This paperdescribeshow the solutionof parametrizedeigenvalueproblemscanbe
avoidedby computingboundsthatfollow from theconnectionbetweentheLanczosprocess,orthogonalpolynomials
andGaussquadrature.
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1. Intr oduction. Thesolutionof large-scalelineardiscreteill-posedproblemscontin-
uesto receiveconsiderableattention.Lineardiscreteill-posedproblemsarelinearsystemsof
equations
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(1.1)

with a matrix of ill-determinedrank. In particular,
�

hassingularvaluesthat “cluster” at
theorigin. Thus,

�

is severely ill-conditionedandmaybesingular. We allow ���

� �

. The
right-handsidevector




of lineardiscreteill-posedproblemsthatarisein theappliedsciences
andengineeringtypically is contaminatedby anerror !

�"�

�

, which, e.g.,maystemfrom
measurementerrors. Thus,


#�%$ 
'&

! , where
$


is the unknown error-free right-handside
vectorassociatedwith




.
We would like to computea solutionof thelineardiscreteill-posedproblemwith error-

freeright-handside,

�'���($ 
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(1.2)

If
�

is singular, thenwe maybe interestedin computingthesolutionof minimal Euclidean
norm.Let $

�

denotethedesiredsolutionof (1.2). We will referto $

�

astheexactsolution.
Let

�,+

denotethe Moore-Penrosepseudo-inverseof
�

. Then
�.-0/1�2�,+3


is the least-
squaressolutionof minimal Euclideannorm of (1.1). Due to the error ! in




and the ill-
conditioningof

�

, thevector
�4-

generallysatis�es
5

�6-

5�785

$

�

5

�

(1.3)

andthenis not a meaningfulapproximationof $

�

. Throughoutthis paper
5,9.5

denotesthe
Euclideanvectornormor theassociatedinducedmatrixnorm.Weassumethatanestimateof

5

$

�

5

, denotedby : , is availableandthat thecomponentsof $

�

areknown to benonnegative.
We saythat thevector $

�

is nonnegative,andwrite $

�<; =

. For instance,we maybe ableto
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determine: from knowledgeof thenormof thesolutionof arelatedproblemalreadysolved,
or from physicalpropertiesof the inverseproblemto besolved. Recently, Ahmadet al. [1]
consideredthe solutionof inverseelectrocardiographyproblemsandadvocatedthat known
constraintson thesolution,amongthema boundon thesolutionnorm,be imposed,instead
of regularizingby Tikhonov'smethod.

Thematrix
�

is assumedto besolargethatits factorizationis infeasibleor undesirable.
The numericalmethodsfor computingan approximationof $

�

discussedin this paperonly
requiretheevaluationof matrix-vectorproductswith

�

andits transpose
���

.
RojasandSteihaug[15] recentlyproposedthatanapproximationof $

�

bedeterminedby
solvingtheconstrainedminimizationproblem
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�	�
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(1.4)

andthey presenteda barrierfunctionmethodfor thesolutionof (1.4).
Let

���

-

denotetheorthogonalprojectionof
�4-

ontotheset
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�
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(1.5)

i.e.,weobtain
���

-

by settingall negativeentriesof
�

-

to zero.In view of (1.3), it is reasonable
to assumethattheinequality

5

�

�

-

5��

:(1.6)

holds.Thentheminimizationproblems(1.4) and
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(1.7)

have the samesolution. Thus, for almostall linear discreteill-posedproblemsof interest,
the minimization problems(1.4) and (1.7) are equivalent. Indeed,the numericalmethod
describedby RojasandSteihaug[15, Section3] solvestheproblem(1.7).

Thepresentpaperdescribesa new approachto thesolutionof (1.7). Our methodmakes
useof theconnectionbetweentheLanczosprocess,orthogonalpolynomials,andquadrature
rulesof Gauss-typeto computeupperandlowerboundsfor certainfunctionals.Thisconnec-
tion makesit possibleto avoid thesolutionof largeparameterizedeigenvalueproblems.A
nicesurvey of how theconnectionbetweentheLanczosprocess,orthogonalpolynomials,and
Gaussquadraturecanbe exploited to boundfunctionalsis providedby GolubandMeurant
[6].

Recently, RojasandSorensen[14] proposedamethodfor solvingtheminimizationprob-
lem

�����

�	�
����


5

�'���0


5
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(1.8)

without nonnegativity constraint,basedon theLSTRSmethod.LSTRSis a schemefor the
solution of large-scalequadraticminimization problemsthat arisein trust-region methods
for optimization. The LSTRS methodexpressesthe quadraticminimization problemasa
parameterizedeigenvalueproblem,whosesolutionis determinedby an implicitly restarted
Arnoldi method.Matlabcodefor theLSTRSmethodhasbeenmadeavailableby Rojas[13].

The solutionmethodproposedby RojasandSteihaug[15] for minimizationproblems
of the form (1.7) with nonnegativity constraintis an extensionof the schemeusedfor the
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solutionof minimizationproblemsof theform (1.8) without nonnegativity constraint,in the
sensethatthesolutionof (1.7) is computedby solvinga sequenceof minimizationproblems
of theform (1.8). RojasandSteihaug[15] solveeachoneof thelatterminimizationproblems
by applyingtheLSTRSmethod.

Similarly, our solutionmethodfor (1.7) is anextensionof theschemefor thesolutionof

�����

���
�	� 


5

����� 


5

(1.9)

describedin [5], becauseaninitial approximatesolutionof (1.7) is determinedby �rst solv-
ing (1.9), usingthemethodproposedin [5], andthensettingnegativeentriesin thecomputed
solution to zero. Subsequently, we determineimproved approximatesolutionsof (1.7) by
solving a sequenceof minimization problemswithout nonnegativity constraintof a form
closelyrelatedto (1.9). The methodsusedfor solving the minimizationproblemswithout
nonnegativity constraintaremodi�cationsof amethodpresentedby GolubandvonMatt [7].
Weremarkthat(1.6) yields

5

� -

5 �

: , andthelatterinequalityimpliesthattheminimization
problems(1.8) and(1.9) have thesamesolution.

This paperis organizedasfollows. Section2 reviews thenumericalschemedescribed
in [5] for thesolutionof (1.9), andSection3 presentsanextensionof this scheme,which is
applicableto thesolutionof thenonnegatively constrainedproblem(1.7). A few numerical
exampleswith thelatterschemearedescribedin Section4, wherealsoacomparisonwith the
methodof RojasandSteihaug[15] is presented.Section5 containsconcludingremarks.

Ill-posedproblemswith nonnegativity constraintsarisenaturally in many applications,
e.g.,whenthecomponentsof thesolutionrepresentenergy, concentrationsof chemicals,or
pixel values.Theimportanceof theseproblemsis seenby themany numericalmethodsthat
recentlyhave beenproposedfor their solution,besidesthe methodby RojasandSteihaug
[15], seealsoBerteroandBoccacci[2, Section6.3],Hankeet al. [8], NagyandStrakos[11],
andreferencestherein.Codefor somemethodsfor thesolutionof nonnegatively constrained
least-squaresproblemshasbeenmadeavailableby Nagy[10]. Thereprobablyis notonebest
methodfor all large-scalenonnegatively constrainedill-posedproblems.It is thepurposeof
thispaperto describeavariationof themethodby RojasandSteihaug[15] whichcanreduce
thecomputationaleffort for someproblems.

2. Minimization without nonnegativity constraint. In order to be able to compute
a meaningfulapproximationof the minimal-normleast-squaressolution $

�

of (1.2), given
� � � 
 �

, the linear system(1.1) hasto be modi�ed to be lesssensitive to the error ! in



.
Sucha modi�cation is commonlyreferredto asregularization,andoneof themostpopular
regularizationmethodsis due to Tikhonov. In its simplestform, Tikhonov regularization
replacesthesolutionof the linearsystemof equations(1.1) by thesolutionof theTikhonov
equations
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(2.1)

For eachpositivevalueof theregularizationparameter
�

, equation(2.1) hastheuniquesolu-
tion
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It is easyto seethat
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Theselimits generally do not provide meaningfulapproximationsof $

�

. Thereforethe
choice of a suitableboundedpositive value of the regularizationparameter

�

is essen-
tial. The value of

�

determineshow sensitive the solution
� �

of (2.1) is to the error ! ,
how large the discrepancy


��(��� �

is, and how close
� �

is to the desiredsolution $

�

of
(1.2). For instance,thematrix

� � � & ���

is moreill-conditioned,i.e., its conditionnumber
�

�

� � � &������ / �

5

� � � &����

5 5 �

� � � &������


 �

5

is larger, thesmaller
�

�

=

is. Hence,the
solution

� �

is moresensitive to theerror ! , thesmaller
�

�

=

is.
Thefollowing propositionestablishestheconnectionbetweentheminimizationproblem

(1.9) andtheTikhonov equations(2.1).
PROPOSITION 2.1. ([7]) Assumethat

5

�6-

5 �

: . Thenthe constrainedminimization
problem(1.9) hasa uniquesolution

���

� of theform (2.2) with
�




�

=

. In particular,
5

� �

�

5

�

:
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(2.3)

Introducethefunction
�

�

� � / �

5

� �
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(2.4)

PROPOSITION 2.2. ([5]) Assumethat
�,+3


�

� =

. Thefunction(2.4) canbeexpressedas
�

�

� � � 


�

�

�

�

�

� &������ 


�

�

�



� �

�

= �

(2.5)

which showsthat
�

�

���

is strictly decreasingandconvex for
�

�

=

. Moreover, theequation
�

�
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(2.6)

hasa uniquesolution
�

, such that
=	� �
���

, for any
�

that satis�es
=	���
�

5

� + 


5

�

.
We would like to determinethesolution

�


 of theequation
�

�
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:

�

)

(2.7)

Sincethe value of : , in general,is only an available estimateof
5

$

�

5

, it is typically not
meaningfulto computea very accurateapproximationof

�


 . We outline how a few steps
of Lanczosbidiagonalizationappliedto

�

yield inexpensively computableupperandlower
boundsfor

�

�

� �

. Theseboundsareusedto determineanapproximationof
�


 .
Applicationof �

�

�����

�

�
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stepsof Lanczosbidiagonalizationto thematrix
�

with
initial vector




yieldsthedecompositions
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where
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� � . Further,
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5

. Throughoutthis paper
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denotes
the #%$	# identity matrixand !
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is the # th axisvector. Thematrix �
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is bidiagonal,
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(2.9)

with positivesubdiagonalentries
�

�

�0�21 � ) ) ) �0���

� � ; �

�

denotestheleading�3$4� submatrixof
�

�

� �
�

�

. Theevaluationof thepartialLanczosbidiagonalization(2.8) requires� matrix-vector
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productevaluationswith boththematrices
�

and
� �

. We tacitly assumethatthenumberof
Lanczosbidiagonalizationsteps� is smallenoughsothat thedecompositions(2.8) with the
statedpropertiesexist with

�2�

� �

�

=

. If
���

� � vanishes,thenthedevelopmentsimpli�es; see
[5] for details.

Let �
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, i.e.,
� �

� � �

� � �

�

�

� �/� �

�

hasorthonormalcolumnsand
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is upperbidiagonal.Let
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de�ned for
�

�

=

. UsingtheconnectionbetweentheLanczosprocessandorthogonalpoly-
nomials,the functions
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�

�
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canbe interpretedasGauss-typequadraturerulesassociated
with anintegral representationof
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�
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. This interpretationyields
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detailsarepresentedin [5]. Herewe just remarkthat the factor
5
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5

in (2.10) and(2.11)
canbecomputedas
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)

�

�

� , wheretheright-handsideis de�ned by (2.8) and(2.9).
Wenow turn to thezero-�nderusedto determineanapproximatesolutionof (2.7). Eval-

uationof thefunction
�

�

���

for severalvaluesof
�

canbeveryexpensivewhenthematrix
�

is large.Ourzero-�nderonly requiresevaluationof thefunctions
�
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andof thederivative
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for several valuesof
�

. WhentheLanczosdecomposition(2.8) is available,the evaluation
of the functions

���

�

�

���

and derivative (2.13) requiresonly 


�

�

�

arithmetic �oating point
operationsfor eachvalueof

�

; see[5].
We seekto �nd avalueof

�

suchthat

:

�������

�

�

���

�

:

�
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(2.14)

wheretheconstant
=	�

���

�

determinestheaccuracy of thecomputedsolutionof (2.7). As
alreadypointedout above, it is generallynot meaningfulto solve equation(2.7) exactly, or
equivalently, to let

�

/1���

.
Let

�

beacomputedapproximatesolutionof (2.7) whichsatis�es(2.14). It followsfrom
Proposition2.2that

�

is boundedbelow by
�


 , andthisavoidsthatthematrix
�

�

��& ���

has
a largerconditionnumberthanthematrix
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.
We determinea valueof

�

thatsatis�es(2.14) by computinga pair
�

�
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, suchthat

:
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(2.15)

It follows from (2.12) that the inequalities(2.15) imply (2.14). For many lineardiscreteill-
posedproblems,thevalueof � in apair

�

�
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thatsatis�es(2.15) canbechosenfairly small.
Our methodfor determininga pair

�

�
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that satis�es (2.15) is designedto keepthe
numberof Lanczosbidiagonalizationsteps� small. Themethodstartswith �

���

andthen
increases� if necessary. Thus,for a givenvalueof �

;��

, wedetermineapproximations
�
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� ,
#
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, of thelargestzero,denotedby
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, of thefunction
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PROPOSITION 2.3. ([5]) Thefunction
�

�

�

�

� �

, de�ned by (2.11), is strictly decreasing
andconvex for

�

�

=

. Theequation

�
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(2.16)

hasa uniquesolution
�

, such that
=	� �
���

, for any
�

that satis�es
=	���
�

5
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5

�

.
Thepropositionshowsthatequation(2.16) hasauniquesolutionwheneverequation(2.7)

hasone.Let theinitial approximation
�

�

-

�

� of
���

satisfy
���
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-

�

� . We usethequadratically
convergentzero-�nderby GolubandvonMatt [7, equations(75)-(78)]to determineamono-
tonically decreasingsequenceof approximations
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, of
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. Theiterations

with thezero-�nderareterminatedassoonasanapproximation
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� , suchthat
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(2.17)

hasbeenfound. We usedthis stoppingcriterion in the numericalexperimentsreportedin
Section4. A factordifferentfrom

��� � =

couldhave beenusedin thenegative termin (2.17).
Thefactorhasto bebetweenzeroandone;alargerfactormayreducethenumberof iterations
with thezero-�nder, but increasethenumberof Lanczosbidiagonalizationsteps.

If
�

���
�

� alsosatis�es
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(2.18)

thenboth inequalities(2.15) hold for
�"� �

���
�

� , andwe accept
�

���
�

� asanapproximationof
thesolution

�


 of equation(2.7).
If the inequalities(2.17) hold, but (2.18) doesnot, thenwe carryout onemoreLanczos

bidiagonalizationstepandseekto determinean approximationof the largestzero,denoted
by
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� � , of thefunction
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usingthesamezero-�nderasabovewith initial approximatesolution
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� satis�esboth(2.17) and(2.18). We thensolve
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(2.19)

Thesolution,denotedby 	

�

, yieldstheapproximation
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(2.20)

of
�

�

� . The vector 	
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is a Galerkinapproximationof
�
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, suchthat
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�
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�

���
�

�

�

;
see[3, Theorem5.1]. We remarkthat in actualcomputations,	

�

is determinedby solvinga
least-squaresproblem,whoseassociatednormalequationsare(2.19); see[5] for details.

3. Minimization with nonnegativity constraint. This sectiondescribesour solution
methodfor (1.7). Ourschemeis avariationof thebarrierfunctionmethodusedby Rojasand
Steihaug[15] for solving linear discreteill-posed problemswith nonnegativity constraint.
Insteadof solvingasequenceof parameterizedeigenvalueproblems,asproposedin [15], we
solve a sequenceof Tikhonov equations.Similarly as in Section2, we usethe connection
betweenthe Lanczosprocess,orthogonalpolynomials,andGaussquadratureto determine
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how many stepsof the Lanczosprocessto carry out. Analogouslyto RojasandSteihaug
[15], we introducethefunction

���
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�	� /1�
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in the interior of the set(1.5). Such
vectorsaresaidto bepositive,andwe write
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. Thebarrierparameter
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determines
how muchthesolutionof theminimizationproblem
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(3.2)

is penalizedfor beingcloseto theboundaryof theset(1.5). We determinean approximate
solutionof (1.7) by solvingseveralminimizationproblemsrelatedto (3.2) for a sequenceof
parametervalues

�#�
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, thatdecreasetowardszeroas # increases.
Similarly asRojasandSteihaug[15], we simplify the minimizationproblem(3.2) by

replacingthe function
���

�

�	�

by the �rst few termsof its Taylor seriesexpansionat
� �

�

�

�

�

�

�

� ) ) ) �

�

�



�

,

�

�

�

� &

�

� / �
���

�

� � &

���

���

�

� � �

�

�

&

�

�

�

�
�

�

���

�

�	�

�

�

where
�

�
�

�

� � � �

�

�����0�

�


 �����

����

�

� �

�
�

�

�	� � �

�

� &����



�

��� ���

�����

� �




�

i.e.,
� ���

�����

�

�

�

�

�

�

� ) ) ) �

�

��
 . Hereandbelow
�

��� � ��� � ) ) ) ���




� � �

�

. For
�

�

=

and
�

�x ed,we solve thequadraticminimizationproblemwith respectto
�

,

�����

���

�! 

�	� 


 

�

�

�

� &

�

� )

This is a so-calledtrust-region subproblemassociatedwith theminimizationproblem(3.2).
Letting "

/1� � &

�

yieldstheequivalentquadraticminimizationproblemwith respectto " ,

�����

�$# ��� 
&%

�

�

"

�

�

�

�

� &'���



�

�

"

�

�

�

�


�& �����

��(�

�

�

"*)

)

(3.3)

We determinean approximatesolution of the minimization problem (1.7) by solv-
ing several minimizationproblemsof the form (3.3) associatedwith a sequencesof pairs

�+��� � ��� �+�

�

!

�

� �

�

!

�

�

, #

� = � � � ��� ) ) )

, of positive parametervaluesandpositive approxi-
matesolutionsof (1.7), suchthattheformerconvergeto zeroas# increases.Thesolution "

�

!

�

of (3.3) associatedwith thepair
�+�

�

!

�

� �

�

!

�

�

determinesa new approximatesolution
�

�

!

� � �

of (1.7) anda new value
�

�

!

� � �

of thebarrierparameter;seebelow for details.
Weturn to thedescriptionof ourmethodfor solving(3.3). Themethodis closelyrelated

to theschemedescribedin Section2.
TheLagrangefunctionalassociatedwith (3.3) shows thatnecessaryandsuf�cient con-

ditionsfor a feasiblepoint " to bea solutionof (3.3) and
� � �

to bea Lagrangemultiplier
arethatthematrix

� � � &����




�

&����

bepositivesemide�niteand
�-,

�

�

�

�

� &'���



�

&������

"

� �

�


�& �����

����

�

�.,/,

� �

� 5

"

5��

�

:

�

� � = �

(3.4)
�-,$,$,

� ��; = )
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For eachparametervalue
�

�

=

anddiagonalmatrix
�

with positive diagonalentries,
thelinearsystemof equations(3.4)(i) is of asimilar typeas(2.1). Thesolution " dependson
theparameter

�

, andwe thereforesometimesdenoteit by "

�

. Introducethefunction
�

�

� � /1�

5

"

�

5��

� �

�

= )

Equation(3.4)(i) yields
�

�

� � �

�




�

� & ��� �

�

� 


�

�

�

�

�

� &���� 


�

&�������


� �

�

�


�& ����� 
�� � �3�

(3.5)

andwe determinea valueof
�

�

=

, suchthatequation(3.4)(ii) is approximatelysatis�ed,by
computingupperandlowerboundsfor theright-handsideof (3.5) usingtheLanczosprocess,
analogouslyto theapproachof Section2. Applicationof � stepsof Lanczostridiagonalization
to thematrix

� &'���




�

with initial vector
� � 
 & �����


��

�

yieldsthedecomposition
�

�

�

� &���� 


�

���
� ��� ��� � & � �

!

�

�

�

(3.6)

where
�

�
���

�6�

�

and
� �

�#�

�

satisfy
�

�

�

�
�

� �
�

���
�

!

�

�

�

�

�


�&������


 �
�

� �

5

�

�


�& �����


��
�

5

���

�

�

� �
� = )

The matrix
� ��� �

�

�

�

is symmetricand tridiagonal,andsince
� � �(& ���




�

is positive
de�nite for

�

�

=

, sois
� �

.
Assumethat

� �

�

� =

, otherwisetheformulassimplify, andintroducethesymmetrictridi-
agonalmatrix �

�
�

� �

�#�

�

�

� � �
� �

�

� �/�

with leadingprincipalsubmatrix
�

�

, lastsub-andsuper-
diagonalentries

5

� �

5

, and last diagonalentry chosenso that �

�
�

� � is positive semide�nite
with onezeroeigenvalue.Thelastdiagonalentrycanbecomputedin 


�

�

�

arithmetic�oat-
ing pointoperations.

Introducethefunctions,analogousto (2.10) and(2.11),
�




�

�

� � / �

5

�

�


�&������

 ���

5��

!

�

�

�

�
�

&����
�

�



�

!

�

�

(3.7)
�

�

�

�

� � / �

5

�

�


�&������

 ���

5��

!

�

�

�

�

� �

� �

&����"�

� �

�



�

!

�

)

(3.8)

Similarly asin Section2, theconnectionbetweentheLanczosprocessandorthogonalpoly-
nomialsmakesit possibleto interpretthe functions

�
�

�

�

� �

asGauss-typequadraturerules
associatedwith anintegral representationof theright-handsideof (3.5). This interpretation
yields,analogouslyto (2.12),

�




�

�

� � �

�

�

� � �

�

�

�

�

��� � �

�

= �

(3.9)

see[4] for proofsof theseinequalitiesandfor furtherpropertiesof thefunctions
�

�

�

�

���

.
Let

= �

� �

�

bethesameconstantasin equation(2.14). Similarly asin Section2, we
seekto determinea valueof

�

�

=

, suchthat

:

����� �

�

�

� �

�

:

�

)

(3.10)

This condition replacesequation(3.4)(ii) in our numericalmethod. We determinea pair
�

�

� � �

, suchthat

:

�
�

�
�

�




�

�

� �3�

�

�

�

�

���

�

:

�

)

(3.11)

Thevalueof
�

soobtainedsatis�es(3.10), becauseit satis�esboth(3.9) and(3.11). For many
linearsystemsof equations(3.4)(i), the inequalities(3.11) canbesatis�ed alreadyfor fairly
smallvaluesof � .
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For �

� ���

�

���6� ) ) )

, until a suf�ciently accurateapproximationof (1.7) hasbeenfound,
wedeterminethelargestzero,denotedby

� �

, of thefunction

�

�

�

�

� � / �

�

�

�

�

� � �

�

:

�

&

�

� =

� � �

�����

:

�

� �

(3.12)

usingthe quadraticallyandmonotonicallyconvergentzero-�ndersdiscussedby Golub and
von Matt [7]. The iterationswith thezero-�ndersareterminatedwhenanapproximatezero

�

��� �

� hasbeenfound,suchthat
�

� =

� � �

�����

:

�

&

:

� �

�

�

�

�

�

��� �

�

�

�

:

�

�

(3.13)

cf. (2.17). Thepurposeof theterm
�

�

-

� �

�

� � �

:

�

in (3.12) is to make thevalues
�

�

�

�

�

�

!

�

�

�

,
#

� = ��� ��� � ) ) )

, convergeto themidpointof aninterval of acceptablevalues;cf. (3.13).
If, in addition,

�

��� �

� satis�es

:

�
�

�
�

�




�

�

�

���
�

�

�3�

(3.14)

thenbothinequalities(3.11) hold for
��� �

���
�

� , andwe accept
�

���
�

� andasanapproximation
of thelargestzeroof

�
�

�

���

.
If (3.13) holds,but (3.14) is violated,thenwe carryout onemoreLanczostridiagonal-

izationstepandseekto determineanapproximationof thelargestzero,denotedby
���

� � , of
thefunction �

�

�

� �

�

� � / �

�

�

�

� �

�

��� �

:

�

.

Let
�

���
�

� satisfyboth inequalities(3.11). Thenwe determineanapproximatesolution 	"

of thelinearsystemof equations(3.4)(i) usingtheLanczosdecomposition(3.6). Thus,let 	

�

denotethesolutionof

�

� � &
�

���
�

�

�"�

� �

��� �

5

�

�


�&������

 ���

5

!

�

)

Then

	"

/ ��� �

	

�

(3.15)

is a Galerkinapproximationof thevector "

� 
 �
�

�

.

Wearein apositionto discusstheupdatingof thepair
� �

�

!

�

� �

�

!

�

�

. Let 	" bethecomputed
approximatesolutionof the minimizationproblem(3.3) determinedby

� � �

�

!

�

and
� �

�

�

!

�

. De�ne
�

�

!

�

/ �

	"

� �

�

!

�

andcomputethecandidatesolution
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�#/1� �
�

!

�

&


 �
�

!

�

(3.16)

of (1.7), wheretheconstant



�

=

is chosensothat
�

�

is positive. As in [15], we let
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(3.17)

Let �

�

=

bea user-speci�edconstant,andintroducethevector

� �

!

� � �
� �

�

�

�

�

�

�

�

� ) ) ) �
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(3.18)
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andthematrix
� � �

�����

� �

�

!

� � �


 . Thepurposeof theparameter� is to avoid that
�

�

!

� � �

has
componentsvery closeto zero,sincethis would make

5

�


 �

5

very large. Following Rojas
andSteihaug[15], wecompute �

/ ���

�

� 


�

	"

� ��� 
�� � �

(3.19)

andupdatethevalueof thebarrierparameteraccordingto

���

!

� �/� /1�

�

�

�

�

�

� �

!

� � �

�

� � / � �
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� = 


�

)

(3.20)

In ourcomputedexamples,weusethesamestoppingcriteriaasRojasandSteihaug[15].
Let

�

�

� �

bethequadraticpartof thefunction
� �

�

�	�

de�ned by (3.1), i.e.,

�

�

� � / �

�

�

�

�

�

�

�'��� 


�

�'� )

Thecomputationsareterminatedandthevector
�

�

givenby (3.16) is acceptedasanapproxi-
matesolutionof (1.7), assoonaswe �nd a vector

�

�

!

� �/�

, de�ned by (3.18), which satis�es
at leastoneof theconditions

�

�

�

�

�

!

� � �

� �
�
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�

�

!
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� � ��� �
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� � �
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� � �
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� � �

5

)

(3.21)

Here

�

is de�ned by (3.19), and
���

,
�

� and
�

�

areuser-suppliedconstants.
We brie�y commenton the determinationof the matrix

�

andparameter
� � �

�
�/�

in
the �rst systemof equations(3.4)(i) that we solve. Beforesolving (3.4)(i), we computean
approximatesolution 	

�

, givenby (2.20), of the minimizationproblem(1.9) asdescribedin
Section2. Let 	

� � �

���
�

� denotethe correspondingvalueof the regularizationparameter,
andlet 	

�

�

be the orthogonalprojectionof 	

�

onto the set (1.5). If 	

�

�

is a suf�ciently ac-
curateapproximatesolution of (1.7), then we are done; otherwisewe improve 	

�

�

by the
methoddescribedin this section.De�ne

�

�
�/�

by (3.18) with #

� =

and
�

�

replacedby 	

�

, let
� �
�

�����

� �

�
�/�


 , andlet
�

�
� �

begivenby (3.20) with #

� =

and

�

/ � ����
 �

�

��� � �

	

����� �

�
�/�

.
We now candetermineandsolve (3.4). Thefollowing algorithmsummarizeshow thecom-
putationsareorganized.

ALGORITHM 3.1. ConstrainedTikhonov Regularization
1. Input:

�����

�����

,

����

�

, � ,
���

,
�

� ,
�

�

,
�

.
Output:

�

,
�

, approximatesolution
�

�

of (1.7).
2. Apply the methodof Section2 to determinean approximatesolution 	

�

of (1.9).
Computetheassociatedorthogonalprojection 	

�

�

ontotheset(1.5) andlet
�

��/1�

	

�

�

.
If

�

�

is a suf�ciently accurateapproximatesolutionof (1.7), thenexit.
3. Determine the initial positive approximate solution

�

�
�/�

by (3.18), let
� �

�

�����

� �

�
� �


 , and compute
� � �

�
�/�

as describedabove. De�ne the linear system
(3.4)(i). Let #

/ � �

.
4. Computethe approximatesolution 	" , givenby (3.15), of the linear system(3.4)(i)

with
��� �

���
�

� andthenumberof Lanczostridiagonalizationsteps� , chosensothat
theinequalities(3.13) and(3.14) hold.

5. Determine
�

�

according to (3.16) with



givenby (3.17), and
�

�

!

� � �

using(3.18).
Compute

�

by (3.19). If thepair
� �

�

!

� �/�

�

�

�

satis�esoneof the inequalities(3.21),
thenacceptthevector

�

�

asanapproximatesolutionof (1.7) andexit.
6. Let

� � �

� � �

� �

�

!

� �/�


 and let
� � �

�

!

� � �

begivenby (3.20). De�ne a new linear
systemof equations(3.4)(i) using

�+��� � �

. Let #

/1�

#

& �

. Goto4.
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4. Computed examples.We illustratetheperformanceof Algorithm 3.1whenapplied
to a few typical linear discreteill-posedproblems,suchthat the desiredsolution $

�

of the
associatedlinear systemsof equationswith error-free right-handside(1.2) is known to be
nonnegative. All computationswerecarriedout usingMatlabwith approximately

���

signif-
icant decimaldigits. In all examples,we let :

/1�

5

$

�

5

andchosethe initial values �

� �

and
�

�

-

�

�

� � =

. Then
�

�

�

�

�

-

�

�

� �

:

�

, i.e.,
�

�

-

�

� is larger than
�

� , the largestzeroof
�

�

�

� �

.
Theerrorvectors! usedin theexampleshavenormallydistributedrandomentrieswith zero
meanandarescaledsothat ! is of desirednorm.

0 50 100 150 200 250 300
-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4
exact and computed approximate solutions

exact
(2.20)
projected (2.20)
(3.16)

FIG. 4.1. Example4.1: Solution �

� of theerror-freelinear system(1.2) (bluecurve),approximatesolution �

�

determinedwithoutimposingnonnegativity in Step2 of Algorithm3.1(black curve),projectedapproximatesolution
�

��� determinedin Step2 of Algorithm 3.1 (magentacurve),and approximatesolutiondeterminedby Steps4-6 of
Algorithm3.1(redcurve).

Example4.1.ConsidertheFredholmintegral equationof the�rst kind

�	�




�

�

�

� � � � �

�

� �




� � 


�

���3� �
�

�

�

�

� �

(4.1)

discussedby Phillips [12]. Its solution,kernelandright-handsidearegivenby

�

�

� � / �

%

� &	�
���

���

1

� �3�

if
�

�

�

�

�

�

= �

otherwise
�(4.2)
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� � � � / �<�
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� � � �3�




�

��� / �
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���

�

�

�

�

�

� &
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�

�����

�
�

�

��� � &

�

�

�

�

���

�
�

�

�

�

�

�3)

(4.3)

We discretizethe integral equationusing the Matlab codephillips from the program
packageRegularizationTools by Hansen[9]. Discretizationby a Galerkin methodusing

�

= =

orthonormalbox functionsas test and trial functionsyields the symmetricinde�nite
matrix

� � �

1 - -

�

1 - -

and the right-handside vector
$


<� �

1 - -

. The codephillips also
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50 100 150 200 250 300
-8

-6

-4

-2

0

2

4

6

8
x 10

-3 blow-up of exact and computed approximate solutions

exact
(2.20)
projected (2.20)
(3.16)

FIG. 4.2. Example4.1: Blow-upof Figure 4.1.

determinesa discretizationof the solution (4.2). We considerthis discretizationthe exact
solution $

� � �

1 - -

. An errorvector ! is addedto
$


to give theright-handside



of (1.1) with
relativeerror

5

!

5

�

5

$


5

� 


9

� =




1

. This correspondsto
5

!

5

��� ) �

9

� =




�

.
Let :

/1�

5

$

�

5

and
�

/ � = ) ���	�

. ThenStep2 of Algorithm 3.1 yields an approximate
solution 	

�

, de�ned by (2.20), using only � Lanczosbidiagonalizationsteps;thus only �

matrix-vector productevaluationsare requiredwith eachone of the matrices
�

and
���

.
Sincethe vector 	

�

is not requiredto be nonnegative, it representsan oscillatory approxi-
matesolutionof (1.2); seetheblackcurvesin Figures4.1 and4.2. Therelative error in 	

�

is
5

	

� �

$

�

5

�

5

$

�

5

��� ) � �

9

� =




�

.
Let 	

�

�

denotetheorthogonalprojectionof 	

�

ontotheset(1.5). Themagentacurvesin
Figures4.1 and4.2display 	

�

�

. Notethat 	

�

�

agreeswith 	

�

for nonnegativevalues.Clearly,
	

�

�

is a betterapproximationof $

�

than 	

�

; we have
5

	

�

�

�

$

�

5

�

5

$

�

5

��� )

�

�

9

� =




�

.
Let thecoef�cients in thestoppingcriteria (3.21) for Algorithm 3.1 be givenby

� �

/ �

�

9

� =


��

,
�

�

/ � �

9

� =


��

, and
���

/ ���

9

� =


��

�

. Thesearethevaluesusedin [15]. Let �

/1���

9

� =




1

in (3.18). Theseparametersarerequiredin Step5 of Algorithm 3.1. Theredcurvesof Figures
4.1 and4.2 show theapproximatesolution

�

�

determinedby Steps4-6 of thealgorithm.The
computationof

�

�

requiredtheexecutionof eachof thesestepstwice,atthecostof
� �

Lanczos
tridiagonalizationstepsthe�rst time,and � Lanczostridiagonalizationstepsthesecondtime.
In total,

� �

matrix-vectorproductevaluationwererequiredfor thecomputationsof
�

�

. This
includeswork for computing 	

�

. The relative error
5

�

� �

$

�

5

�

5

$

�

5

� 
�) � �

9

� =




1

is smaller
thanfor 	

�

�

; this is alsoobviousform Figure4.2. Speci�cally, themethodof Section3 gives
a nonnegativeapproximatesolution

�

�

, whoseerroris about
���

�

of theerrorin 	

�

�

. �

Example4.2. This examplediffers from Example4.1 only in that no error vector ! is
addedto theright-handsidevector

$



determinedby thecodephillips. Thus,

 �

$



. Rojasand
Steihaug[15] havealsoconsideredthis example.In theabsenceof anerror ! in




, otherthan
round-off errors,fairly stringentstoppingcriteriashouldbeused.Letting

�

/ � = ) �	��� 


yields
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exact and computed approximate solutions

exact
(2.20)
projected (2.20)
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FIG. 4.3. Example4.2: Solution �

� of theerror-freelinear system(1.2) (bluecurve),approximatesolution �

�

determinedwithoutimposingnonnegativity in Step2 of Algorithm3.1(black curve),projectedapproximatesolution
�

��� determinedin Step2 of Algorithm 3.1 (magentacurve),and approximatesolutiondeterminedby Steps4-6 of
Algorithm3.1(redcurve).

after
�

Lanczosbidiagonalizationstepstheapproximatesolution 	

�

in Step2 of Algorithm 3.1.
Therelative error in 	

�

is
5

	

� �

$

�

5

�

5

$

�

5

� � ) �	�

9

� =




1

. Theassociatedorthogonalprojection
	

�

�

onto(1.5) hasrelativeerror
5

	

�

�

�

$

�

5

�

5

$

�

5

� 
�) 
 =

9

� =




1

. Thecomputationof 	

�

and 	

�

�

requirestheevaluationof
�

matrix-vectorproductswith
�

and
�

matrix-vectorproductswith
� �

. RojasandSteihaug[15] report the approximatesolutiondeterminedby their method
to have a relative error of

� ) = �

9

� =




�

andits computationto requirethe evaluationof
�

�

�

matrix-vectorproducts.
Theapproximatesolution 	

�

�

canbeimprovedby themethodof Section3, however, at
a fairly highprice.Using

� �

/1� �

9

� =




�

,
�

�

/1� �

9

� =


��

,
�

�

/1� �

9

� =


 �

1

, and �

/ ���

9

� =




1

,
we obtaintheapproximatesolution

�

�

with relative error
5

�

� �

$

�

5

�

5

$

�

5

� 
 ) � 


9

� =




1

. The
evaluationof

�

�

requiresthe computationof
� ���

matrix-vector products,with at most
� �

consecutiveLanczostridiagonalizationsteps.
We concludethat when the relative error in




is fairly large, suchas in Example4.1,
themethodof thepresentpapercandetermineanapproximatesolution

�

�

with signi�cantly
smallererror thantheprojectedapproximatesolution 	

�

�

. However, whentherelative error
in




is small, thenthemethodof thepresentpapermight only give minor improvementsat
highcost. �

Example4.3.Considertheblur- andnoise-freeimageshown in Figure4.5. The�gure de-
pictsthreehemispheres,but becauseof thescalingof theaxes,they look likehemi-ellipsoids.
Theimageis representedby

��
��

$

��
 �

pixels,whosevaluesrangefrom
=

to
�	
�


. Thepixel
valuesarestoredrow-wisein thevector $

�#���

�

�

���

, whichwesubsequentlyscaleto haveunit
length.After scaling,thelargestentryof $

�

is
� ) 


9

� =




�

. Theimagein Figure4.5is assumed
not to be available,only :

/ �

5

$

�

5

anda contaminatedversionof the image,displayedin
Figure4.6, areknown. We would like to restoretheavailableimagein Figure4.6 to obtain
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exact
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projected (2.20)
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FIG. 4.4. Example4.2: Blow-upof Figure 4.3.

FIG. 4.5. Example4.3: Blur- andnoise-freeimage.

(anapproximationof) theimagein Figure4.5.
The imagein Figure4.6 is contaminatedby noiseandblur, with the blurring operator

representedby anonsymmetricToeplitzmatrix
���#�

�

�

���

�

�

�

���

of ill-determinedrank;thus,
�

is numericallysingular. Due to thespecialstructureof
�

, only the �rst row andcolumn
have to be stored. Matrix-vectorproductswith

�

and
� �

arecomputedby using the fast
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FIG. 4.6. Example4.3: Blurredandnoisyimage.

FIG. 4.7. Example4.3: Computedapproximatesolutionwithoutpositivityconstraint (2.20).

Fourier transform.Thevector
$
 /1� �

$

�

representsa blurredbut noise-freeimage.Theerror
vector !

�0�

�

�

���

representsnoiseandhasnormallydistributedentrieswith zeromean.The
vectoris scaledto yield therelativeerror

5

!

5

�

5

$



5

� �

9

� =




1

in theavailableright-handside
vector


 �
$


�&

! . Thelatterrepresentstheblurredandnoisyimageshown in Figure4.6. The
largestentryof




is
� ) =

9

� =




�

.
The methodof Section2 with

�

� = ) ���

requires
� �

Lanczosbidiagonalizationsteps
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FIG. 4.8. Example4.3: Projectedcomputedapproximatesolutionwithoutnonnegativity constraint.

FIG. 4.9. Example4.3: Computedapproximatesolutionwith nonnegativity constraint (3.16).

to determinethe vector 	

�

, given by (2.20) anddisplayedin Figure4.7, with relative error
5

	

� �

$

�

5

�

5

$

�

5

�

�

)

�

9

� =




�

. Note theoscillationsaroundthebasesof thehemispheres.The
nonnegative vector 	

�

�

, obtainedby projecting 	

�

onto (1.5), is shown in Figure4.8. It has
relativeerror

5

	

�

�

�

$

�

5

�

5

$

�

5

�

�

) �

9

� =




�

. Thelargestentryof 	

�

�

is
� ) 


9

� =




�

.
The oscillationsaroundthe hemispherescan be reducedby the methodof Section3.

With �

/ � 


9

� =


��

,
���

/1� �

9

� =




1

,
�

�

/1� �

9

� =




1

, and
�

�

/ � �

9

� =


 �

-

, we obtain the
vector

�

�

, givenby (3.16), with relative error
5

�

� �

$

�

5

�

5

$

�

5

� � )

�

9

� =




�

. Figure4.9 depicts
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�

�

. Note that theoscillationsaroundthebasesof thehemispheresareessentiallygone. The
largestcomponentof

�

�

is
� ) 


9

� =




�

. Thecomputationof
�

�

requiredthecompletionof Steps
4 and5 of Algorithm 3.1once,anddemandedcomputationof

� �

Lanczostridiagonalization
steps.Theevaluationof

�

�

requiredthata total of
� � =

matrix-vectorproductswith
�

or
���

becomputed,includingthe

 �

matrix-vectorproductevaluationsneededto compute	

�

�

. �
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FIG. 4.10. Example4.4: Blur- andnoise-freeimage.

50 100 150 200 250

50

100

150

200

250

FIG. 4.11. Example4.4: Blurredandnoisyimage.
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FIG. 4.12. Example4.4: Computedapproximatesolutionwithoutpositivityconstraint (2.20).
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250

FIG. 4.13. Example4.4: Projectedcomputedapproximatesolutionwithoutnonnegativity constraint.

Example4.4. The datafor this examplewas developedat the US Air ForcePhillips
Laboratoryand hasbeenusedto test the performanceof several available algorithmsfor
computingregularizednonnegative solutions. The dataconsistsof the noise-andblur-free
imageof thesatelliteshown in Figure4.10, thepoint spreadfunctionwhichde�nes theblur-
ring operator, andtheblurredandnoisy imageof thesatellitedisplayedin Figure4.11. The
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FIG. 4.14. Example4.4: Computedapproximatesolutionwith nonnegativity constraint (3.16).

imagesarerepresentedby
��
��

$

�	
 �

pixels. The pixel valuesfor the noise-andblur-free
imageandfor thecontaminatedimagearestoredin thevectors $

�

and



, respectively, where



is theright-handsideof (1.1). Thus, $

�

and



areof dimension
��
��

�

� �	
�


�

�

. Thematrix
�

in (1.1) representstheblurring operatorandis determinedby thepoint spreadfunction;
�

is a block-Toeplitzmatrix with Toeplitz blocksof sizesize
�	
�


�

�

$

� 
�


�

�

. The matrix is
notexplicitly stored;matrix-vectorproductswith

�

and
� �

areevaluatedby thefastFourier
transform.Similarly asin Example4.3, thevector

$
 /1� �

$

�

representsa blurrednoise-free
image.Weconsiderthedifference!

/1� 
 �
$




to benoise,andfoundthat
5


 �
$




5

�

�

)

�

9

� =


��

and
5


 �
$




5

�

5

$



5

� �6) �

9

� =




�

. Thus



is contaminatedby a signi�cant amountof noise.
Let :

/ �

5

$

�

5

, and assumethat the blur- andnoise-freeimageof Figure 4.10 is not
available.Given

�

,



and : , wewould like to determineanapproximationof this image.We
let

�

/ � = ) �

�




in Algorithm 3.1.
The methodof Section2 requires

� �

Lanczosbidiagonalizationstepsto determinethe
vector 	

�

, givenby (2.20) andshown in Figure4.12. Therelativeerrorin 	

�

is
5

	

� �

$

�

5

�

5

$

�

5

�

= )

�


 �

. Theprojection 	

�

�

of 	

�

ontotheset(1.5) hasrelative error
5

	

�

�

�

$

�

5

�

5

$

�

5

� = )

�

���

.
As expected,this error is smallerthanthe relative error in 	

�

. Figure4.13displays 	

�

�

. We
remarkthat the graybackgroundin Figure4.12 is of no practicalsigni�cance. It is caused
by negative entriesin thevector 	

�

. This vectoris rescaledby Matlab to have entriesin the
interval [0,255]beforeplotting. In particular, zeroentriesaremappedto apositivepixel value
andaredisplayedin gray.

Theaccuracy of theapproximatesolution 	

�

�

canbeimprovedby themethodof Section
3. We usethe samevaluesof the parameters� ,

� �

,
�

� , and
�

�

as in Example4.3. After
executionof Steps4-6 of Algorithm 3.1 followed by Steps4-5, a terminationcondition is
satis�ed,andthealgorithmyields

�

�

with relative error
5

�

� �

$

�

5

�

5

$

�

5

� = )

� �

�

. Figure4.14
shows

�

�

. Step4 requirestheevaluationof
� �

�

Lanczostridiagonalizationstepsthe�rst time,
and


 �

Lanczostridiagonalizationstepsthesecondtime. The computationof
�

�

demandsa
total of

� � �

matrix-vectorproductevaluationswith either
�

or
� �

, includingthe
� �

matrix-
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vectorproductsrequiredto determine	

�

and 	

�

�

.
The relative error in

�

�

is smallerthan the relative errorsin computedapproximations
of $

�

determinedby several methodsrecentlyconsideredin the literature. For instance,the
smallestrelativeerrorachievedby themethodspresentedin [8] is

= )

�


 �

, andtherelativeerror
reportedin [15] is

= )

�




� . �

Weconcludethissectionwith somecommentson thestoragerequirementof themethod
of thepresentpaper. Theimplementationusedfor thenumericalexamplesreorthogonalizes
the columnsof the matrices

� �

,
� �

, and
� �

in the decompositions(2.8) and (3.6). This
securesnumericalorthonormalityof thecolumnsandmaysomewhat reducethenumberof
matrix-vectorproductsrequiredto solve the problems(comparedwith no reorthogonaliza-
tion). However, reorthogonalizationrequiresstorageof all the generatedcolumns. For in-
stancein Example4.3,Lanczosbidiagonalizationwith reorthogomalizationrequiresstorage
of

�

�

� and
�

�

� , andLanczostridiagonalizationwith reorthogonalizationrequiresstorageof
�

�

� . The latter matrix may overwrite the former. We generallyapply reorthogonalization
when it is importantto keepthe numberof matrix-vectorproductevaluationsas small as
possible,andwhensuf�cient computerstorageis availablefor thematrices

� �

,
���

, and
� �

.
Theeffect of lossof numericalorthogonality, thatmayarisewhenno reorthogonalizationis
carriedout, requiresfurther study. Without reorthogonalization,the methodof the present
papercanbe implementedto requirestorageof only a few columnsof

� �

,
���

, and
� �

si-
multaneously, at theexpenseof having to computethematrices

�
�

,
�

�

, and
�

�

twice. The
schemeby RojasandSteihaug[15] is basedon the implicitly restartedArnoldi method,and
thereforeits storagerequirementcanbekeptbelow apredeterminedbound.

5. Conclusion. The computedexamples illustrate that our numerical method for
Tikhonov regularizationwith nonnegativity constraintcangivea morepleasingapproximate
solutionof theexactsolution $

�

thantheschemeof Section2, whenthelattergivesanoscil-
latory solution. Our methodis closelyrelatedto a schemerecentlyproposedby Rojasand
Steihaug[15]. A carefulcomparisonbetweentheirmethodandoursis dif�cult, becausefew
detailson the numericalexperimentsareprovided in [15]. Nevertheless,we feel that our
approachto Tikhonov regularizationwith nonnegativity constraintbasedon the connection
betweenorthogonalpolynomials,GaussquadratureandtheLanczosprocess,is of indepen-
dentinterest.Moreover, Examples4.2and4.4 indicatethatour methodmaybecompetitive.
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