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SOME THEORETICAL RESULTS DERIVED FROM POLYNOMIAL
NUMERICAL HULLS OF JORDAN BLOCKS

ANNE GREENBAUM

Abstract. The polynomialnumericalhull of degree for a squarematrix is a setin the complex plane
designedo give usefulinformationaboutthe normsof functionsof thematrix; it is de ned as

for all polynomials of degree orless

In a previous paper[V. Faber A. Greenbaumand D. Marshall, The polynomialnumerical hulls of Jordan
bloks andrelatedmatrices Linear AlgebraAppl., 374 (2003),pp. 231-246]analyticexpressionsverederived for
the polynomial numericalhulls of Jordanblocks. In this papey we explore someconsequencesf theseresults.
We derive lower boundson the normsof functionsof JordanblocksandtriangularToeplitzmatricesthatapproach
equalitiesasthe matrix sizeapproache nity . We demonstratéhatevenfor moderatesize matricesthesebounds
give fairly goodestimate®f thebehaior of matrix powers,thematrix exponential andtheresohentnorm. We give
new estimatef the corvergencerate of the GMRESalgorithmappliedto a Jordanblock. We alsoderive a new
estimatefor the eld of valuesof ageneralToeplitzmatrix.
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1. Intr oduction. The polynomialnumericalhull of degree for an by matrix
wasintroducedby Nevanlinnain [15, 16] andfurtherstudiedby Greenbaunin [8]. It is aset
designedo give moreinformationthanthe spectrunmalonecanprovide aboutthe behavior of
thematrix underthe actionof polynomialsandotherfunctions.It is de ned as

(1.1)

where is a positive integerand  denoteghe setof polynomialsof degree or less. In
thispaper  will alwaysdenotethe2-normfor vectorsandtheassociatedpectrahormfor
matrices:

While it is clearthat providesa corvenientlower boundon the normsof poly-
nomialsof degree or lessin ; i.e,, , it alsomay provide
estimate®f thenormsof otherfunctionssuchas  or , where and
areparametersSinceary primary matrix function canbe written asa polynomial of
degreeat most in  [11], we canwrite
(1.2)

The polynomial is the onethatmatches attheeigervaluesof , and,if aneigervalue

correspondso a Jordanblock of size , thenthe rst derivativesof  also
matchthoseof at . If canbewell approximatedby alower degreepolynomial,say
, then alsocanberelatedto the maximumvalueof  on

An equivalentde nition of the polynomialnumericalhull is [ 8]:

(1.3)

Receved SeptembeB0, 2003. Acceptedor publicationApril 19,2004.Recommendedy Michael Eiermann.
University of Washington,MathematicsDept., Box 354350, Seattle, WA 98195, U.S.A. This researchwas
supportedn partby NSFgrantDMS-0208353.

81



ETNA

Kent State University
etna@mcs.kent.edu

82 Sometheoreticaresultsderived from polynomialnumericalhulls of Jordanblocks

Thatis, if one considerspolynomialsof the form , then
if thenthe coefcients that minimize arejust ,
while if , thenthereare coefcients thatmake . This establishea

closeconnectiorbetweerthepolynomialnumericahull andtheideal GMRESalgorithm[ 9],
whosecorvergenceafter stepsis measuredby the quantity

(1.4)

This quantityis lessthan , andwe saythatideal GMRES( ) corverges,if andonly if
A relatedsetde nedin [8] is
(1.5) and

For ary matrix , andit wasarguedin [8], basedon resultsin [5], thatif
is a normalmatrix or a triangularToeplitz matrix, thenthesetwo setsareidentical. The
preciseclassof matricesfor which thesetwo setsareidenticalis notknown.
A numberof simple propertiesof polynomialnumericalhulls werederivedin [4, 8, 15,
16]. Herewe list severalof thesefor futurereference:

THEOREM 1.1.
0] is invariantunderunitary similarity transformations.
(iiy For scalas , .
(i) If denoteshe eld of valueq )and thespectrum,
then
whee isthedegreeof theminimalpolynomialof
(iv) If ,then pco , whee

pco

Proof.
@ If is a unitary matrix and ary polynomial, then

@iy If , thenit is clearthat , soassume . For ary polynomial
,de ne by , Or, . Clearly, every
canbewrittenin this form for some , andthen .

It follows that if andonly if if andonly if
if andonly if .
(iii) It follows from de nition (1.1) that, for every , sinceif is
an eigenpairof  then . For ,
, sinceif is the minimal polynomialof then but
only attheeigervaluesof . Theinclusions areclear
from de nition (1.1). For aproofthat , se€[8] or[15)].

(iv) Thisfollowsdirectly from de nition (1.1).

d

In [4] analyticexpressionsverederivedfor the polynomialnumericalhulls of a Jordan
block. It wasshown thatthe hulls of degrees through foran by Jordanblockare
disksabouttheeigervaluewith radii rangingbetween and . These

resultswereusedto derive fairly tight innerandouterboundson the polynomialnumerical
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hulls of bandedriangularToeplitzmatricesusingthefactthatatriangularToeplitzmatrixis
justa polynomialin the Jordarnblock with eigervaluezero.

In this paperwe explore someconsequencesf theseresults. We derive lower bounds
on the normsof functionsof Jordanblocks andtriangularToeplitz matricesthat approach
equalitiesasthe matrix size approache# nity . We demonstratevith numericalexamples
that theseboundsprovide fairly good estimatef the normsof powers, exponentials,and
resohentsof suchmatrices evenfor moderatesizematrices.We alsoderive a new estimate
of the eld of valuesof a generalToeplitzmatrix.

2. Norms of Functions of a Matrix. Thefollowingtheorenrelateshenormof afunc-
tion to the size of the polynomial de nedin (1.2) on , Where is the
degreeof theminimal polynomial.

THEOREM 2.1. Let haveminimalpolynomial

whee aredistinctandeat . Let dgg . Let be
ascalarvaluedfunction,whosedomainincludes . Foreadh  with ,assume
that isin theinterior of thedomainof andthat is timesdifferentiableat
. Let bethe primary matrix functionassociatedvith the stemfunction . Then

(2.1) —
where

Proof. See[11, pp. 391and412-413].This follows from thefactthat ,
where is the polynomialof degree thatmatches ateachpoint , andwhose
derivatives of order matchthoseof at eachpoint  with . The

expressioron theright-handsideof (2.1) is the Hermite-Lagrangénterpolationformulafor
suchapolynomial.O0

Thefollowing corollariesshav how to apply Theorem?.1 to differenttypesof matrices.

COROLLARY 2.2. If s diagonalizableand hasdistincteigenvalues , and
if is a scalarvaluedfunctionwhosedomainincludes , then
(2.2) _

COROLLARY 2.3. If issimilartoan by Jordanblock with eigervalue , and
if is a scalarvaluedfunctionthatis timesdifferentiableat , then

(2.3) S
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At rst glance,t mayappeathatthe boundin Theorem2.1is a discontinuougunction
of the matrix entries,sinceit dependn the eigervaluesandtheir algebraicmultiplicities;
yetanarbitrarily smallchangean the matrix entriesmay changecompletelythe multiplicities

of theeigervalues.For sufciently smoothhowever,i.e.,for -timescontinuously
differentiableon a corvex setcontaining in its relative interior or for  analytic
on a simply connectedopen set containing , this is not the case. In this case

the interpolationpolynomialfor  canbe representedby a Newton formula using divided
differencesandit canbeshown thatthe coefcients of this formulaarecontinuousunctions

of theinterpolationpoints [11, p. 395].

Usingknowledgeof thenormsof in nite Toeplitzmatricespnecanobtainupperbounds
on to go with the lower boundof Corollary 2.3 appliedto . By de ni-
tion, is thetriangularToeplitzmatrixwhosediagonalsarethevalues . The

normof anin nite triangularToeplitzmatrix with thesediagonalds
(2.4) _

Sincethe nite matrix canbethoughtof astherestrictionof thein nite matrixto a
nite dimensionakubspaceits normis lessthanor equalto thatof thein nite matrix, and
thereforeexpression(2.4) givesanupperboundon . It followsthatif
approachesadisk of radius about as (whichwill be shovn to bethecasein the
next section) thentheinequality(2.3) for approacheanequalityas
Notealsothatif is atriangularToeplitzmatrix with diagonals , , then
, Where is the Jordanblock with eigervalue zero. Norms of
functionsof  can be estimatedby applying Corollary 2.3to  directly, or they can be
estimatedy applyingCorollary2.3to , usingthefactthat , Where
is the symbolof the Toeplitzmatrix. We will usethelatterapproach.

3. The Polynomial Numerical Hulls of Jordan Blocks. The following theoremwas
establishedn [4], wherepart of it wasshowvn to be essentiallyequivalentto much earlier
resultsprovedby Goluzin[6], [7, TheoremB, pp.522-523Jandby SchurandSzeyo [20].

THEOREM 3.1. Thepolynomialnumericalhull of anydegree foran by Jordan
block with eigervalue isadiskabout . For , theradiusof thediskis —
For , theradius is the positiveroot of
(3.1)

when is even,andis greaterthan or equalto the positiveroot of this equationwhen is
odd.For odd, is thelargestvalueof thatsatis es

In eithercase

(3.2 —
whee and ,and

(3.3) -
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It follows from this theoremthat all of the hulls of degrees through for an
by Jordanblock are disks aboutthe eigervaluewith radii between and

4. Examples. Using Theorem3.1 togetherwith Corollary 2.3, we cannow give good
lower boundson the normsof functionsof Jordanblocks. Accordingto the amgumentsafter
(2.4), theselower boundsapproachexact expressionsisthe matrix sizeapproaches nity ,
andthe following examplesshow thatthe boundscanbe quite goodevenfor moderatesize
valuesof . In mostcasestheseboundsare not the bestknown; by carefully studyinga
speci ¢ functiononeoften canimprove uponestimatesierivedin this generalsetting. Still,
aswill be demonstratedthe estimatesderived from polynomial numericalhulls are often
closeto optimalfor matricesof thistype.

Let denotethe by Jordarblockwith eigervalue . Then

(4.1)

Figure4.1(a) shavs a plot of andthelowerbound(4.1) fora by Jordarblock
with eigervalue . As canbe seenfrom the gure, the estimate(4.1) is quite close
to theactualvalueof , althoughslightly sharperestimatesanbe obtainedby other

meanssee for example,[1].
Similarly, onecangive alower boundon the normof the exponentialof a Jordarblock:

(4.2) — —
This estimatds plottedin Figure4.1(b), alongwith the actualvalue , againfor a
by  Jordanblock with eigervalue . This estimateis lessprecisethanthe onefor

matrix powershbut still givesagoodideaof theactualbehaior of thematrix exponential.The
differencebetweerthe curvesbecomesmallerasthe matrix sizeincreases.

Polynomialnumericalhulls also can be usedto gain information aboutthe resohent
norm, , for valuesof throughoutthe complex plane.The -pseudospectrum
of amatrix [3]isde nedas

Thesesetsareespeciallyusefulbecausehey indicatehow the eigervaluesof  canchange
whenthe matrix is perturbedoy a matrix of givennorm; thatis, an equivalentde nition of
the -pseudospectruis [3]:

is aneigervalueof for some with

In [17] boundswerederivedonthepseudospectraf Toeplitzmatricesandthesebounds

areof courseapplicableto thesimplestToeplitzmatrix, a Jordarblock. It wasshavn thatthe

-pseudospectrumf an by Jordarblock containghedisk aboutthe eigervalueof radius
andis containedn thedisk aboutthe eigervalueof radius
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FiG. 4.1. Normsof functionsof a Jordanblodk of size with eigervalue . (&) Normof
(solid) andlower bound(4.1) (dashed)(b) Normof (solid) andlower bound(4.2) (dashed).

Sincetheresolentcanbewritten asa polynomialin the matrix:

it follows from Corollary 2.3that

(4.3)
Thequantityontherightin (4.3) is maximizedby taking . To
simplify the notation we cantake , sinceaddinga scalartimestheidentity to just

correspondso shifting by thatscalar Thenexpression(4.3) canbewritten as

(4.4)

Thus, on the disk of radius , the resohentnorm is greaterthan or equalto the ex-
pressionin (4.4), or, put anothemway, the
pseudospectruraf containsthedisk of radius  about . For  small, this resultis
slightly wealerthantheonein [17], since ; speci cally,




ETNA
Kent State University
etna@mcs.kent.edu

Anne Greenbaum 87

0.5~

-05

FIG. 4.2. Contour plot of the logarithm base10 of the resolventnorm (solid) and the lower bound (4.4)
(dashedfora by Jordanblod with eigervalue .

For largervaluesof , however, suchas or , the expressiorfor
islessthan ; for example,

and

Thusfor largevaluesof  thisinnerboundon the -pseudospectrurapproacheshe outer
boundof [17].

Figure4.2 shaws a contourplot of thelogarithmbasel0 of the resohentnorm

andthelowerbound(4.4) (with replacedy its lowerbound ),

fora by Jordarblockwith eigervalue . (Thepictureis justshiftedby for anonzero
eigervalue.)As canbeseerfromthe gure, theinnerboundson pseudospectrderivedfrom
(4.4) arefairly closeto theactualpseudospectra.

For onemoreexample ,we considetthetriangularToeplitzmatrix whosesymbolis:

(4.5) — - -

This examplewasconsideredn [1], whereit wasnotedthatthe powersof the matrix shov
mary peaksandvalleys. SinceatriangularToeplitzmatrix is justa polynomialin the Jordan
block with eigervaluezero,ary functionof atriangularToeplitzmatrix is a function of

, sothatfor this example . Figure4.3 shaws andthe lower bound
(2.3 appliedto  with . A matrix of size wasused. It is interesting
that the peaksandvalleys in the actualnorm have correspondingpeaksand valleys in the
lower bound.To computethelower boundwe differentiated symbolicallyandthenused

aglobalsearchollowedby bisectionto nd the maximumvalueof —— onthe
circle abouttheorigin of radius
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FiG. 4.3. Normsof powes ofan by triangular Toeplitzmatrix with symbol(4.5). Solidline is
dashedine is lower boundfrom (2.3) appliedto with

Finally, considerthe GMRES algorithmappliedto a Jordanblock (or to ary ma-
trix unitarily similar to ). It follows from (1.3) and Theorem3.1 thatideal GMRES( )
corvergesif andonly if ; thatis,

Since is atriangularToeplitzmatrix, it follows from [5] that

Sooneobtainsthesamecriterionfor the corvergenceof ordinaryGMRES( ), with theworst
possibleinitial vector

A lowerboundontherateof corvergenceof ideal GMRES:is obtainedby notingthatfor
ary polynomial with ,

When , theright-handside of this inequalityis minimizedby taking
. Seefor instance[19, Lemma6.26,p. 201]. It follows thatfor ,

An upperboundon is obtainedby consideringanin nite Jordan
block . For , we have

For relatedresultsinvolving speci c initial vectorssee[12] or [14].
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5. The Field of Valuesof a Toeplitz Matrix. While we have notyetbeenableto derive
expressiongor all of the polynomialnumericalhulls of anarbitrary Toeplitz matrix, we can
usethe resultaboutJordanblocksto derive boundson the hull of degree (i.e.,the eld of
values)of anarbitraryToeplitzmatrix. It is shovnin [18] thatthe eld of valuesofan by
Toeplitzmatrix approachethe closureof the eld of valuesof thein nite Toeplitzoperator
as . It isfurthershavnin [2] thatfor bandedloeplitzmatriceswith a x edbandwidth

, the rate of corvergenceis . Herewe give an explicit innerboundon the eld of
valuesof an arbitrary Toeplitzmatrix thatapproachethatof thein nite operatorattherate
that approaches. Relatedwork canalsobefoundin [13].

THEOREM 5.1. Suppose , whee and are polynomialsof
degree orlessand denoteghecomple conjugatetransposeThen

co

Here isthesetde nedin (1.5), andcodenoteghecorvex hull.

Proof. Let beapointin . Then canbewrittenas for a certainvector
satisfying and , . For thisvectorwe have
Hence liesin the eld of valuesof . Sincethis setis corvex, it alsocontains
thecorvex hull of O

COROLLARY 5.2. If in Theoem5.1isanormalmatrixor atriangular Toeplitzmatrix,
then

co

Proof. It is shavnin [5] that when is anormalmatrix or atriangular
Toeplitzmatrix.O

COROLLARY 5.3. If isan by Toeplitzmatrix with symbol
whee and , then

co

Proof. .0

Sincethe closureof the eld of valuesof the Toeplitz operatorwith symbol
is[10, 13

clos co

Corollary5.3impliesthatthe eld of valuesof an by Toeplitzmatrix with a x edband-
width approachethatof the Toeplitzoperatorat leastattheratethat approaches.
Solutionsto theequation initially grow in normfor certaininitial vectors
if andonly if the eld of valuesof extendsinto the right half plane,since
— . It follows from Corollary 5.3 thatthereis (at leasttran-
sient)growthin ,foracertain , if extends
into theright half plane.Similar criteriaarederivedby differentmeansn [1].



ETNA

Kent State University
etna@mcs.kent.edu

a0 Sometheoreticaresultsderived from polynomialnumericalhulls of Jordanblocks

6. Further Discussion. The polynomialnumericalhull of degree for a matrix
with minimal polynomialof degree  playsa specialrole: the normof ary function of
canbe boundedbelow by the maximumabsolutevalue of a certainpolynomial on this set.
For JordarblocksandtriangularToeplitzmatricesof atleastmoderatesize,this lowerbound
turnsoutto be a fairly goodestimateof for avariety of functions . This might not

bethecasefor othermatricesandbetterestimatesnight be obtainedby approximating
by a polynomialof somelower degree andrelating to the sizeof this polynomial
onthehull of dggree .

It appeargo bedif cult to determineg(theoretically)the polynomialnumericalhulls of
mostmatrices.However, asthis paperillustrates,oncethesehulls areknown, a greatdealof
informationcanbe derivedeasilyaboutthe behaior of functionsof the matrix.
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