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SOME THEORETICAL RESULTS DERIVED FROM POLYNOMIAL
NUMERICAL HULLS OF JORDAN BLOCKS

�

ANNE GREENBAUM
�

Abstract. The polynomial numericalhull of degree � for a squarematrix � is a set in the complex plane
designedto give usefulinformationaboutthenormsof functionsof thematrix; it is de�ned as
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for all polynomials
�

of degree � or less���

In a previous paper[V. Faber, A. Greenbaum,and D. Marshall, The polynomialnumericalhulls of Jordan
blocksandrelatedmatrices, LinearAlgebraAppl., 374(2003),pp.231–246]analyticexpressionswerederived for
the polynomialnumericalhulls of Jordanblocks. In this paper, we explore someconsequencesof theseresults.
We derive lower boundson thenormsof functionsof JordanblocksandtriangularToeplitzmatricesthatapproach
equalitiesasthematrix sizeapproachesin�nity . Wedemonstratethatevenfor moderatesizematricesthesebounds
give fairly goodestimatesof thebehavior of matrixpowers,thematrixexponential,andtheresolventnorm.Wegive
new estimatesof the convergencerateof the GMRESalgorithmappliedto a Jordanblock. We alsoderive a new
estimatefor the�eld of valuesof ageneralToeplitzmatrix.

Keywords. polynomialnumericalhull, �eld of values,Toeplitzmatrix.
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1. Intr oduction. The polynomialnumericalhull of degree � for an � by � matrix �

wasintroducedby Nevanlinnain [15, 16] andfurtherstudiedby Greenbaumin [8]. It is aset
designedto givemoreinformationthanthespectrumalonecanprovideaboutthebehavior of
thematrix undertheactionof polynomialsandotherfunctions.It is de�ned as

(1.1)  "!$#%�'&)(+*-,/.103254768#9�
&:4<;+= 68#%,�&�=?>�6"."@A!CBCD

where � is a positive integerand @
! denotesthesetof polynomialsof degree � or less. In

thispaper48E�4 will alwaysdenotethe2-normfor vectorsandtheassociatedspectralnormfor
matrices: 4�FG4H(JI5KMLONQPRNTS�U8V�4�FXWO4ZY .

While it is clearthat  
!

#%�
& providesa convenientlower boundon thenormsof poly-
nomialsof degree � or lessin � ; i.e., 476[#%�'&�4\;]I^KML`_:aMb�c-dfeOgO= 68#9,h&:= , it alsomay provide
estimatesof thenormsof otherfunctionssuchas iRj

e or #9kmlonp�
&rq

V , wheres�;ut and k^."0

areparameters.Sinceany primary matrix function v�#%�'& canbewritten asa polynomialof
degreeatmost �Gnxw in � [11], we canwrite

(1.2) 4�v�#9�
&�4H(y476{z`#9�
&:4'; I^KRL

_:aMb�|M}h~�dfeOg

= 6•z€#%,�&�=‚•

Thepolynomial 6
z is theonethatmatchesv at theeigenvaluesof � , and,if an eigenvalue

ƒ…„

correspondsto a Jordanblock of size †

„�‡

w , thenthe�rst †

„

nˆw derivativesof 6
z also

matchthoseof v at
ƒ•„

. If v�#9�
& canbewell approximatedby a lowerdegreepolynomial,say,
6•!�#9�
& , then 4:v�#%�'&�4 alsocanberelatedto themaximumvalueof 6‰! on  G!$#9�
& .

An equivalentde�nition of thepolynomialnumericalhull is [8]:

(1.3)  
!

#%�'&)(+*-,5.Š032‹I5Œf•

ŽZ•�•

c

‘

df_’g�U[V

476[#%�'&�4A(“wmBC•

”

ReceivedSeptember30,2003.Acceptedfor publicationApril 19,2004.Recommendedby MichaelEiermann.
�

University of Washington,MathematicsDept., Box 354350,Seattle,WA 98195,U.S.A. This researchwas
supportedin partby NSFgrantDMS-0208353.

81



ETNA
Kent State University 
etna@mcs.kent.edu

82 Sometheoreticalresultsderived from polynomialnumericalhullsof Jordanblocks

That is, if one considerspolynomialsof the form 68#9�
&p(•l�–y—

!

˜

U8VO™

˜

#%�šn3,hlh&

˜

, then
if ,›.y G!$#%�'& then the coef�cients that minimize 476[#%�
&:4 are just

™

V

(‹•:•�•
(

™

!x(œt ,
while if ,3• .x ! #%�
& , thentherearecoef�cients thatmake 4ž68#9�
&�4"Ÿ w . This establishesa
closeconnectionbetweenthepolynomialnumericalhull andtheidealGMRESalgorithm[9],
whoseconvergenceafter � stepsis measuredby thequantity

(1.4) I5Œ¡•

ŽZ•�•

c

‘

d‚¢’g�U8V

476[#%�
&:4R•

This quantityis lessthan w , andwe saythat idealGMRES(� ) converges,if andonly if tu• .

 ! #9�
& .
A relatedsetde�ned in [8] is

(1.5) £ ! #9�
&)(+*-¤

�
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D^¨¥(¦wmD�•:•�•ZD’�•BC•

For any matrix � , £
!

#%�'&'©ª 
!

#9�
& , andit wasarguedin [8], basedon resultsin [5], that if
� is a normalmatrix or a triangularToeplitz matrix, thenthesetwo setsareidentical. The
preciseclassof matricesfor which thesetwo setsareidenticalis not known.

A numberof simplepropertiesof polynomialnumericalhulls werederivedin [4, 8, 15,
16]. Herewe list severalof thesefor futurereference:

THEOREM 1.1.
(i)  G!$#«E & is invariantunderunitarysimilarity transformations.
(ii) For scalars ¬�D«­®.Š0 ,  "!$#9¬8lo–®­¯�'&)(ª¬Š–®­‰ G!`#%�'& .
(iii) If £"#9�
& denotesthe�eld of values( £Š#%�
&?(+*-¤

�

�
¤°2�¤

�

¤±(¦wMB ) and ²�#%�'& thespectrum,
then £"#9�
&5(³ 

V

#%�
&µ´š 
Y

#9�
&µ´¶•�•:•�´· µ¸/#%�'&/(³ µ¸º¹

V

#%�
&5(»•�•:•�( ²�#9�
& ,
where † is thedegreeof theminimalpolynomialof � .

(iv) If  
!

#%�
&H´ˆ¼ , then  
!

#9�
&º´ pco
!

#9¼H& , where

pco
!

#T¼H&)(›*Rk/.Š0½2/= 68#Tkm&:=$¾¿I^KML
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= 68#9,h&:=�>�6Š.µ@
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BC•

Proof.
(i) If Á is a unitary matrix and 6 any polynomial, then 68#TÁ

�

�
ÁX&]( Á

�

68#9�
&ÂÁ‹Ã

476[#9Á
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ÁX&:4A(§4ž68#9�
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#9Á

�

�
Á°&?(ˆ 
!

#9�
& .
(ii) If ­½(Åt , thenit is clearthat  G!`#%¬[lh&°(Ä*Æ¬?B , so assume­·Ç (]t . For any polynomial

61.G@H! , de�ne ¤°.G@A! by ¤$#9¬�–°­¯,�&�(È68#9,h& , or, ¤$#%,�&?(È68#«#9,On±¬[&�•Æ­8& . Clearly, every
¤¥.G@A! canbewritten in this form for some61."@<! , andthen6[#%�'&?(J¤$#9¬8lo–É­¯�'& .
It follows that kÊ.¿ G!$#9�
& if andonly if 4768#9�
&:4µ;Ë= 6[#9kC&�=M>h6x.¿@<! if andonly if

4Z¤$#9¬8lo–®­8�
&�4';+= ¤$#%¬"–È­8kC&�=�>{¤°."@H! if andonly if ¬Š–®­8k^.µ "!$#%¬[l'–È­¯�'& .
(iii) It follows from de�nition (1.1) that, for every � ,  

!
#9�
&É´Ì²�#%�'& , sinceif #�Í�D

ƒ

& is
an eigenpairof � then 68#9�
&žÍË(»68#

ƒ

&žÍ Ã 476[#%�'&�4ˆ;Î= 68#

ƒ

&:= . For �·;Ì† ,
 

!
#9�
&¥(]²�#9�
& , sinceif 6 is the minimal polynomialof � then 4ž68#9�
&�4G(³t but

68#9,h&?(3t only at theeigenvaluesof � . Theinclusions 

˜

#9�
&º´u 

˜

¹

V

#%�
& areclear
from de�nition (1.1). For aproof that  

V

#9�
&)(J£Š#%�
& , see[8] or [15].
(iv) This followsdirectly from de�nition (1.1).

In [4] analyticexpressionswerederivedfor thepolynomialnumericalhulls of a Jordan
block. It wasshown thatthehulls of degreesw through�Gnˆw for an � by � Jordanblock are
disksabouttheeigenvaluewith radii rangingbetweenwhn
Ï5#«wÆ•Æ�

Y

& and whn
Ï5#�Ð¡ÑmÒ?�8•R�¯& . These
resultswereusedto derive fairly tight innerandouterboundson thepolynomialnumerical
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hullsof bandedtriangularToeplitzmatrices,usingthefactthata triangularToeplitzmatrix is
just apolynomialin theJordanblockwith eigenvaluezero.

In this paperwe explore someconsequencesof theseresults. We derive lower bounds
on the normsof functionsof Jordanblocksand triangularToeplitz matricesthat approach
equalitiesasthe matrix sizeapproachesin�nity . We demonstratewith numericalexamples
that theseboundsprovide fairly goodestimatesof the normsof powers,exponentials,and
resolventsof suchmatrices,evenfor moderatesizematrices.We alsoderive a new estimate
of the�eld of valuesof a generalToeplitzmatrix.

2. Norms of Functionsof a Matrix. Thefollowing theoremrelatesthenormof a func-
tion v�#9�
& to the sizeof the polynomial 6 z de�ned in (1.2) on  G¸

q

V

#9�
& , where † is the
degreeof theminimalpolynomial.

THEOREM 2.1. Let � haveminimalpolynomial
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˜ . Let v�#%,�& be
ascalarvaluedfunction,whosedomainincludes
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V
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˜ with ×

˜

‡

w , assume
that

ƒ
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nˆw timesdifferentiableat
ƒ

˜ . Let v�#%�'& betheprimarymatrix functionassociatedwith thestemfunction v�#9,h& . Then
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Proof. See[11, pp. 391and412–413].This follows from thefact that v�#%�'&<(ª6¯z…#9�
& ,
where6•z€#%,�& is thepolynomialof degree †]nªw thatmatchesv at eachpoint

ƒ

˜ , andwhose
derivatives of order wmD:•�•�•�Dž×

˜

nyw matchthoseof v at eachpoint
ƒ

˜ with ×

˜

‡

w . The
expressionon theright-handsideof (2.1) is theHermite-Lagrangeinterpolationformulafor
suchapolynomial.

Thefollowing corollariesshow how to applyTheorem2.1to differenttypesof matrices.

COROLLARY 2.2. If � is diagonalizableandhasdistincteigenvalues
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COROLLARY 2.3. If � is similar to an � by � Jordanblock è?#

ƒ

& with eigenvalue
ƒ

, and
if v�#9,h& is a scalarvaluedfunctionthat is �Gnxw timesdifferentiableat
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, then
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At �rst glance,it mayappearthat theboundin Theorem2.1 is a discontinuousfunction
of the matrix entries,sinceit dependson the eigenvaluesandtheir algebraicmultiplicities;
yetanarbitrarilysmallchangein thematrixentriesmaychangecompletelythemultiplicities
of theeigenvalues.For v suf�ciently smooth,however, i.e., for vŠ#��^nÉw-& -timescontinuously
differentiableon a convex setcontaining

ƒ

V

D�•:•�•ZD

ƒ

Ó in its relative interior or for v analytic
on a simply connectedopenset containing

ƒ

V

D�•:•�•:D

ƒ

Ó , this is not the case. In this case
the interpolationpolynomial for v canbe representedby a Newton formula usingdivided
differences,andit canbeshown thatthecoef�cients of this formulaarecontinuousfunctions
of theinterpolationpoints

ƒ

V

D:•�•:•ZD

ƒ

Ó [11, p. 395].
Usingknowledgeof thenormsof in�nite Toeplitzmatrices,onecanobtainupperbounds

on 4�v�#žè?#

ƒ

&«&�4 to go with the lower boundof Corollary2.3 appliedto �§(yè?#

ƒ

& . By de�ni-
tion, v�#7è?#

ƒ

&«& is thetriangularToeplitzmatrixwhosediagonalsarethevaluesv

d

„

g

#

ƒ

&Â•

ä�å

. The
normof anin�nite triangularToeplitzmatrix with thesediagonalsis

(2.4) I^KML

ê

_

q{ë

ê ì

V

Ù

Ù

Ù

Ù

Ù
é

q

V

Ú

„

UO¢

v

d

„

g

#

ƒ

&

ä�å
#%,Xn

ƒ

&

„

Ù

Ù

Ù

Ù

Ù

•

Sincethe�nite matrix v�#žè?#

ƒ

&«& canbethoughtof astherestrictionof thein�nite matrix to a
�nite dimensionalsubspace,its norm is lessthanor equalto thatof the in�nite matrix, and
thereforeexpression(2.4) givesanupperboundon 4:v�#7è?#

ƒ

&«&:4 . It followsthatif  

é

q

V

#7è?#

ƒ

&«&

approachesa disk of radius w about
ƒ

as �®íïî (which will beshown to bethecasein the
next section),thentheinequality(2.3) for �3(+è?#

ƒ

& approachesanequalityas ��íœî .
Notealsothat if ð is a triangularToeplitzmatrix with diagonalsñ

¢ , ñ

V , •:•�• , ñ
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q
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ðò(
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˜

è

˜

, where èš(•è?#%th& is the Jordanblock with eigenvaluezero. Norms of
functionsof ð can be estimatedby applying Corollary 2.3 to ð directly, or they can be
estimatedby applyingCorollary2.3 to è , usingthefactthat v�#%ð
&?(›v�#9óh#7è¯&«& , where óh#%,�&?(

—

é

q

V

˜

UO¢
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˜

,

˜

is thesymbolof theToeplitzmatrix. We will usethelatterapproach.

3. The Polynomial Numerical Hulls of Jordan Blocks. The following theoremwas
establishedin [4], wherepart of it wasshown to be essentiallyequivalent to muchearlier
resultsprovedby Goluzin[6], [7, Theorem6, pp.522–523]andby SchurandSzegö [20].

THEOREM 3.1. Thepolynomialnumericalhull of anydegree�GŸu� for an � by � Jordan
block with eigenvalue

ƒ

is a diskabout
ƒ
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odd.For � odd, ô
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It follows from this theoremthat all of the hulls of degrees w through �un§w for an
� by � Jordanblock aredisks aboutthe eigenvaluewith radii betweenw¥n3Ï5#žwÆ•R�

Y

& and
wHnÉÏ5#%ÐfÑCÒ)�8•R�¯& .

4. Examples. Using Theorem3.1 togetherwith Corollary 2.3, we cannow give good
lower boundson thenormsof functionsof Jordanblocks. Accordingto theargumentsafter
(2.4), theselower boundsapproachexactexpressionsasthematrix sizeapproachesin�nity ,
andthe following examplesshow that theboundscanbequitegoodevenfor moderatesize
valuesof � . In mostcases,theseboundsarenot the bestknown; by carefully studyinga
speci�c functiononeoftencanimproveuponestimatesderivedin this generalsetting.Still,
as will be demonstrated,the estimatesderived from polynomial numericalhulls are often
closeto optimalfor matricesof this type.

Let è?#

ƒ

& denotethe � by � Jordanblock with eigenvalue
ƒ

. Then
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Figure4.1(a)showsa plot of 4Rè�#

ƒ

&

!

4 andthelowerbound(4.1) for a �mt by �mt Jordanblock
with eigenvalue

ƒ

(Ën±•
� . As canbe seenfrom the �gure, theestimate(4.1) is quite close
to theactualvalueof 4Rè�#

ƒ

&

!

4 , althoughslightly sharperestimatescanbeobtainedby other
means;see,for example,[1].

Similarly, onecangivea lowerboundon thenormof theexponentialof aJordanblock:

(4.2) 4Zi

j��

d

ë

g

4';xi

j��

d

ë

g

Ù

Ù

Ù

Ù

Ù é

q

V

Ú

Õ

UO¢

s

Õ

×

å

ô
Õ

é

q

Vrõ

é

Ù

Ù

Ù

Ù

Ù

;ˆi

j��

d

ë

g

Ù

Ù

Ù

Ù

Ù é

q

V

Ú

Õ

U‰¢

s

Õ

×

å

#žwHnÊÐfÑCÒ€#TùR�¯&Â•R�¯&
Õ

Ù

Ù

Ù

Ù

Ù

•

This estimateis plottedin Figure4.1(b), alongwith theactualvalue 4�iÆj��

d

ë

g

4 , againfor a �Mt

by �Mt Jordanblock with eigenvalue
ƒ

(]n±•�� . This estimateis lessprecisethantheonefor
matrixpowersbut still givesagoodideaof theactualbehavior of thematrixexponential.The
differencebetweenthecurvesbecomessmallerasthematrix sizeincreases.

Polynomialnumericalhulls also can be usedto gain information about the resolvent
norm, 4m#9kml¥nÈ�'&

q

V

4 , for valuesof k throughoutthecomplex plane.The
ÿ

-pseudospectrum
of amatrix � [3] is de�ned as

���
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q
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4';
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BC•

Thesesetsareespeciallyusefulbecausethey indicatehow theeigenvaluesof � canchange
whenthematrix is perturbedby a matrix of givennorm; that is, an equivalentde�nition of
the

ÿ

-pseudospectrumis [3]:

���

#%�'&?(“*Rk/.Š0½2xk is aneigenvalueof �¿–�� for some� with 4��µ4
¾

ÿ

Bh•

In [17] boundswerederivedonthepseudospectraof Toeplitzmatrices,andthesebounds
areof courseapplicableto thesimplestToeplitzmatrix,aJordanblock. It wasshown thatthe

ÿ

-pseudospectrumof an � by � Jordanblockcontainsthediskabouttheeigenvalueof radius

ÿ

V��

é

andis containedin thedisk abouttheeigenvalueof radius w�–

ÿ

.
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FIG. 4.1. Normsof functionsof a Jordanblock of size ����� � with eigenvalue !"��#�� $ . (a) Normof %

�

!m�'&

(solid)andlowerbound(4.1) (dashed),(b) Normof (*),+.-0/21 (solid)andlowerbound(4.2) (dashed).

Sincetheresolventcanbewrittenasa polynomialin thematrix:
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it follows from Corollary2.3that
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Thequantityontheright in (4.3) is maximizedby taking ,<n
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correspondsto shifting k by thatscalar. Thenexpression(4.3) canbewrittenas
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Thus,on the disk of radius = k€= , the resolvent norm is greaterthanor equalto the ex-
pressionin (4.4), or, put anotherway, the
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pseudospectrumof è?#%tC& containsthedisk of radius = k…= about t . For = k…= small, this result is
slightly weaker thantheonein [17], since
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FIG. 4.2. Contour plot of the logarithm base10 of the resolventnorm (solid) and the lower bound(4.4)
(dashed)for a � � by � � Jordanblock with eigenvalue � .
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Thusfor largevaluesof = k…= this innerboundon the
ÿ

-pseudospectrumapproachestheouter
boundof [17].

Figure4.2 shows a contourplot of the logarithmbase10 of theresolventnorm 4M#9kml/n
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for a �Mt by �Mt Jordanblockwith eigenvalue t . (Thepictureis just shiftedby
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for anonzero
eigenvalue.)As canbeseenfrom the�gure, theinnerboundsonpseudospectraderivedfrom
(4.4) arefairly closeto theactualpseudospectra.

For onemoreexample,we considerthetriangularToeplitzmatrix whosesymbolis:
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This examplewasconsideredin [1], whereit wasnotedthat thepowersof thematrix show
many peaksandvalleys. Sincea triangularToeplitzmatrix is just a polynomialin theJordan
block with eigenvaluezero,any functionof a triangularToeplitzmatrix is a functionof è\(

è?#%tC& , so that for this example �

!

(

ú

óh#7è¯&Qü

! . Figure4.3 shows 4Z�

!

4 andthe lower bound
(2.3) appliedto è with v�#%,�&o(Åóh#%,�&

! . A matrix of size �ª(Ëw2@ wasused. It is interesting
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FIG. 4.3. Normsof powers of an G�H by G�H triangular Toeplitzmatrix with symbol(4.5). Solid line is
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Sooneobtainsthesamecriterionfor theconvergenceof ordinaryGMRES(� ), with theworst
possibleinitial vector.

A lowerboundontherateof convergenceof idealGMRESis obtainedby notingthatfor
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For relatedresultsinvolving speci�c initial vectors,see[12] or [14].
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5. The Field of Valuesof a Toeplitz Matrix. While wehavenotyetbeenableto derive
expressionsfor all of thepolynomialnumericalhulls of anarbitraryToeplitzmatrix,we can
usetheresultaboutJordanblocksto derive boundson thehull of degree w (i.e., the �eld of
values)of anarbitraryToeplitzmatrix. It is shown in [18] thatthe�eld of valuesof an � by �

Toeplitzmatrix approachestheclosureof the �eld of valuesof the in�nite Toeplitzoperator
as �1í•î . It is furthershown in [2] thatfor bandedToeplitzmatriceswith a�x edbandwidth

T

, the rateof convergenceis Ï5#��?q

Y

& . Herewe give an explicit inner boundon the �eld of
valuesof anarbitraryToeplitzmatrix thatapproachesthatof the in�nite operatorat therate
that ô=U

õ

é

approachesw . Relatedwork canalsobefoundin [13].
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COROLLARY 5.2. If � in Theorem5.1is a normalmatrixor a triangularToeplitzmatrix,
then
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6. Further Discussion. The polynomialnumericalhull of degree †¶n›w for a matrix
� with minimal polynomialof degree† playsa specialrole: thenormof any functionof �

canbe boundedbelow by the maximumabsolutevalueof a certainpolynomialon this set.
For JordanblocksandtriangularToeplitzmatricesof at leastmoderatesize,this lowerbound
turnsout to bea fairly goodestimateof 4:v�#%�'&�4 for a varietyof functions v . This might not
bethecasefor othermatrices,andbetterestimatesmightbeobtainedby approximatingv�#%�
&

by a polynomialof somelower degree � andrelating 4:v�#%�
&:4 to thesizeof this polynomial
on thehull of degree� .

It appearsto be dif�cult to determine(theoretically)thepolynomialnumericalhulls of
mostmatrices.However, asthis paperillustrates,oncethesehulls areknown, a greatdealof
informationcanbederivedeasilyaboutthebehavior of functionsof thematrix.
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