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ORTHOGONAL LAURENT POLYNOMIALS AND QUADRATURES ON THE
UNIT CIRCLE AND THE REAL HALF-LINE

RUYMAN CRUZ-BARROSO AND PABLO GONZALEZ-VERA Y

Abstract. The purposeof this paperis the computationof quadraturdormulasbasedon Laurentpolynomials
in two particularsituations:the RealHalf-Line andthe Unit Circle. Comparatie resultsanda connectiorwith the
split Levinsonalgorithmareestablishedlllustrative numericalexamplesareapproximatentegralsof theform

1 )
1 (x+ )

with f (x) acontinuousfunctionon[ 1;1],! (x) 0 aweightfunctiononthisintenaland 2 R suchthat
j J > lisrequired.HeretheclassicalGaussiamuadraturés anextremelyslon procedure.

T(x)dx ; r=1;2;3;:::

Keywords. orthogonalLaurentpolynomials,L-GaussiamuadratureSzeyo quadraturethree-ternrecurrence
relations split Levinsonalgorithm,numericalquadrature.
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1. Orthogonal Laur ent Polynomials. The importantrole playedby the theory of or-
thogonalpolynomialsin the constructiorof ann-point quadratureule

X
(1.1) In(f)= Ajf(x)
j=1
to approximatentegralsof theform
z b
(1.2) I (f)= f(x)d (x) ; 1 a<b +1
a

( beinga positive measurepothatl , (f ) exactly integratespolynomialsof degreeaslarge
aspossible,is well known. Indeed,let’ ,(x) bethe n-th orthonormalpolynomialwith re-

spectto the measure andlet x1;:::; X, beits n distinct zeros. Then positive weights
Az;:::; An canbeuniquelydeterminedsothatthe correspondingjuadraturdormulal , (f )
satisesl,(P) =1 (P)forallP 2 4, 1 ( «: spaceof polynomialsof degreek at most,

. spaceof all polynomials). This is the well known n-point Gauss-Christdél (or Gaus-
sian)formulafor themeasure on(a;b) (for acomprehensie survey onthistopic see[ 11]).
Furthermoretheseformulasare“optimal” in the sensehatthereis notann-pointrule (1.1)
whichisin ,,. It holds

1
(1.3) AA=p———; j=1:1n
J E:ol' F(x)

The numericalpower and effectivenessof suchrules whendealingwith smoothinte-
grandsf (x) hasbeenconvincingly demonstrated However, corvergencecan becomeex-
tremely slow if the integral has singularitiesnearthe integrationinterval (a;b). In order
to overcomethis drawback, quadraturdormulasexactly integratingrationalfunctionswith
prescribedpolesoutside(a; b) have beenconsiderechsan alternatve in the lastyears(see
e.g. [17], [23] or [3]). Thus,in this paperwe shall be concernedvith quadraturdormu-
las (1.1) exactly integrating rational functionswith all their polesgt the origin andthe in-
nity (Laurentpolynomials)in orderto estimatean integral like ¢f(z)d (z), beinga
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positve measuresupportedon S~ C with eitherS = (a;b) ;0 a< b +1 or
S=T = fz2 C :jzj= 1g(theunit circle). Herethetheoryof orthogonalLaurentpoly-
nomialswill representhebasicingredienin theconstructiorof thecorrespondingjuadrature
rules.

Thus,in generallet be a positive Borel measuréan the cgmplex planeandconsider
theHilbert spacel»( ) of measurabléunctions (z) for which j (2)j?d (z) < +1 . As
usual,in L,( ) wecande ne theinnerproduct

z

(1.4) < >=<: > = (2) (2)d (2); ; 2La():

Suppos¢ghatf k(z)gE:O is asystemof linearlyindependentfunctionsin L,( ). By ap-
plying the Gram-Schmidbrthogonalizatiorprocesgo f k(z)gE:0 anew systemof linearly
independentunctionsf’ k(z)g”:() canbe obtainedsuchthat’ , (z) is alinearcombination
of then + 1functionsf (z)g,_, and

Z

n(2);"'m(@)>= "n(@) m(2)dz=kKn nm; kn > 0

When the processis repeatedfor each natural n, an essentially unique system
f! n(z)gf]:0 of orthogonafunctionswith respecto themeasure is obtained.If moreover
z

i'n@ii?= §'a(@i%d (2)= 1

thenf' n(z)grl]:0 is called an orthonormalsystem. For our purposeswve will concentrate

onthelinearly independensystemof monomialshothwith positve andnegative exponents,

say:::;z 2%z 1;1;z;z?;::: yielding the so-calledLaurent polynomials Indeed,for p and

q mtegeﬁgsuchthatp 0, pgq Will denotethe spaceof Laurentpolynomialsof the form

L(z) = -p jz) with j 2 C and thespaceof all Laurentpolynomials.Obsere that
ok = k-

Now, in orderto generat@asequencef nestedsubspacesf Laurentpolynomialssimilar
to the sequencef subspace$ g, ,, we will startfrom two nondecreasingequencesf
nonna@ative integersf p(n)gi_, andfq(n)gi_, suchthatp(n) + q(n) = n forall n =
0;1;2;::: andset

Ln = p(n);g(n) = Span 2 p(n) j q(n)
ObsenethatLy = Spanflg,dim (L) = n+ landthatL, L+ . Furthermordf
g(n) = Otheng(n) = nandL, = o, = . Inthesequel,n orderto guarantedhat
n=o Ln = ,wewill assumehatlim,y p(n) = limn1 g(n) = 1 andfurtherrestrict
oursehesto the particularcase
h.i
n+1 n
(1.5) p(n) = E 5 ; gn)=n pn)=E > ;o n 0

where,asusual E [x] denotegheintegerpartof x. In otherwords,the sequencép(n)g has
inducedthefollowing “ordering” in

0;0 » 1;0 » 11, 21y et

Thus, accordingto this ordering we can constructa unique sequence(up to a sign)
f' n(2)di-, of Laurentpolynomialssatisfying:
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1.'"n2Lynky, 1 ; n=12;::0

2.<'"1(2);R> =0foralR2 L, ;(.e., n? Lp 1)

30" n(@ii? =<"n(2:"n(@)> = L
In this casef' n(z)gi-, will be calledan orthonormalLaurentpolynomial sequenceor-
respondingo themeasure andthe orderinginducedby p(n) = E % which hasbeen
the mostextensiely treatedcasein theliterature. For otherchoicesof p(n), see,e.g.,[27],
[4] or [3(]. As alreadysaid,in therestof the paperwe will concentraten measures sup-
portednot on the whole complex planeC but eitheron intervals (a; b) of the positive real
half-line or on the unit circle T . In the two following sectionsthe differencesand simi-
larities for sequencesf orthogonalLaurentpolynomialsconcerningooth situationswill be
displayed.In this respectandin orderto x a uniquelydeterminedsequencef orthogonal
Laurentpolynomialswe will usetheconcepbf leadingcoefcient associateavith aLaurent
polynomial(see[7]). Thus,for a givenLaurentpolynomialR thereexistsa uniquenatural
numbem suchthatR 2 L, andR 62, 1;n is calledthe“L-degree”of R for the ordering
establishedbove. Obsenethatif P (z) is a polynomialof degreen, therits L-degreeis just

2n. IndeedP(z) 2 nn = Lon andP(z) 625, ;. SettingR(z) = jq(:”)p(n) 2z, one
de nestheleadingcoefcient of R as ) if nisevenor ) if nis odd. Clearly, for an
orthogonakequencé ,(z)gi-, of Laurentpolynomials, ,(z) hasanon-zerdeadingco-
efcient for eachn, whichwill besometimesssumegbositive. Whenequalto one, ,(z) is
saidmonic. Clearly, anorthonormakequencé' ,(z)g of Laurentpolynomialswith positive
leadingcoefcient for eachn is uniquelydetermined.

The paperis organizedasfollows: In Section2, n-point quadraturdormulasfor a mea-
sure onS = (a;b); 0 a < b 1, exactlyintegratingLaurentpolynomialsbe-
longing to certainsubspace®sf dimension2n are characterized.A three-termrecurrence
relationfor the sequenc®f orthogonalLaurentpolynomialsanda Christofel-Darbouxfor-
mula are also mentioned. The sameproblemis studiedin Section3 for the unit circle
T =fz2 C :jzj = 1g andunlike the situationin Section2, it is proved that there
cannot exist ann-point quadraturdormulawith nodeson T thatis exactin anappropriate
subspacef of dimension2n. The correspondindormulaswith highestdegreeof exact-
nessin this situation(2n 1) arecharacterizednda three-ternrecurrenceelationfor the
sequencef monicorthogonalLaurentpolynomialson the unit circle is proved. In Section4
we establisithatthemonicorthogonalaurentpolynomialsarecloselyrelatedto the rst and
secondsingularpredictorpolynomialscomputedecursvely for the split Levinsonalgorithm.
Finally, in Section5 illustrative numericalexamplesaregiven.

2. The RealHalf-Line: L-GaussianQuadratur es. In this sectionwe will assumehat
the measure is supportedon theinterval (a;b) where0 a < b +1 . Thus,we are
interestedn approximating

Zy

(2.1) I (f)= f(x)d (x)
a

by meansf ann-pointquadratureule
X

(2.2) In(f)= Af(x)

j=1

wherethe nodes(which areassumedlistinctandin (a; b)) andweightsareto be determined
by imposing

(2.3) I (R)=1n(R)
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for any Laurentpolynomial R with L-degreeas large as possible,i.e., R 2 Ly, where
N = N (n) andaslarge as possible. For this purpose,proceedin a way similar to the
polynomialcase.Thus,sinceL,, 1 isaTchebyshe spaceof dimensiom onary subintenal
of (a;b), givenn distinct nodesxq; x2;:::;Xn on (a;b), the weightsA1;:::; A, canbe
determinedsothat

X
(2.4) | (R)=1,(R)= Af(x); 8R2L, 1
j=1

Furthermorejt alsoholdsthatif L, 1(f; ) representshe unique Laurentpolynomialin
L, 1 interpolatingf atthenoded x; gj":l , then

(2.5) In(f) =1 (Ln o(f;)):

For thisreason , (f ) givenby (2.4) sometimewwill becalledof interpolatorytype.
Now, in orderto mcreasdhe“LFdegree”of exactnessve have thefollowing result.
THEOREM 2.1. Letl,(f) = i=1 Ajf (xj) bean n-point quadmature formula su
thatx; 6 Ofori = 1;:::;n. Thenl,(f)=1 (f)forallf 2 L., withr Oif andonlyif
1. In(f)is ofmterpolatorytype
2.

(2.6) < R,(X);h(x) >=0; 8h(x)2 L, (irte;;Ry(X) ? L);

Qn
wheeR,(x) = L&) = 12 X XD oL,

Proof. Similar to the proof of Theorem3 1 (in the next section). Seealso[20] for the
polynomialsituationwithr = n 1.

2

It shouldbetakeninto accountthat sincewe aredealingwith real-valuedfunctions,we
do not needcomplex conjugatesn theinnerproduct. On the otherhandandconcerninghe
integerr, oneactuallyhasO r n 1, sinceit is very easyto checkthattheredoes
not exist an n-point quadraturdormulawhichis exactin Ly with N 2n. Thus,we are
interestedn constructingquadraturdormulas like (2.2), exactin Lp+r withO r n 1.
From(2.6) it follows that

X
(2.7) Rn(z) = iti(2)
j=r+l

wheref' ,(2)di_, is the correspondingequencef orthonormalLaurentpolynomialsfor
the measure on (a;b). Now, the following questionimmediatelyarises: Is it possible
to choosethe parameters j in (2.7) sothatR, (z) hasexactly n distinctzerosin (a; b)?. A
positveresponseanbegivenwhenthelargestdomainof exactnesssrequiredj.e.r = n 1.
THEOREM 2.2. Let' ,(x) denotethen-th orthonormalLaurentpolynomialwith respect
tothemeasue on(a;b). Then,
n(X) hasexactlyn distinctzeoson (a;b).
2. Thezeosof' (x) and' 11 (X) interlace

3. Letxy;:::; Xy bethezeosof' ,(x). Thenthere exist positiveweightsAy, ..., An,
sud that
X0 Zy
(2.8) Ih(f) = Aif(xj)=1(f) = f(x)d (x); 8f 2 Loy 1:

=1 a
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Proof. Seg[7], [19 or[1€].

2

REMARK 2.3. Thequadmature formulasgivenby (2.8) were earlier introducedin [19]
(seealso[18]). Throughthis last papera new area of mathematicavas openedleading
to a strong momentproblem and relatedtopics (continuedfractions, two-point Padé ap-
proximants,: : ;) and whele orthogonal Laurent polynomialsmadetheir appeaance These
quadrature rules which we shall referto as L-Gaussianformulas,havebeenconsideed by
differentauthorsin the last years (see[ 7], [4] or [5]). For alternativeapproadcessee] 26]
and[22]. Asfor numericalexperimentsee[26], [2] and[15].

In the restof the sectionwe will surey the mostrelevant featuresof the L-Gaussian
formulasin connectionwith the orthogonalLaurentpolynomials. The closestparallelism
with classicalGaussiarformulasandorthogonalpolynomialswill be speciallyemphasized.
We startwith athree-ternrecurrenceelation(see[26)):

THEOREM 2.4. LetfRp(z)gl-, bethe sequencef orthogonal Laurent polynomials

normalizedasfollows. SetR, (z) = %, whee B, (z) is a monicpolynomialof degreen.
Then
(2.9) Rn+1(2) = (2 n+l )Zd(n)Rn(Z) n+1Rn 1(2); n 0

withR 1(z) 0O,Ro(z) 1,whee

d(n) = 1 if niseven

0 if nisodd
and
0 1
1= 0, 1= —; a = ——; = nil —— 3 n 1
1 n 1 n
Here,
Z,
k= xd (x) ;7 n=<RytPM > g =< Ryt (G >

a

(Recallp(n) = E % , g(n) = E % ). Furthermoe, both , and , are positivefor
n 1
2
REMARK 2.5. In [7] a Favard-typetheoemfor thesequencéRn (z)g} -, is proved.

polynomialcasearealsotrue. Since' , 2 L, = p(n);q(n) @ndhasn distinct zeroson
(0;1 ) wecanwrite' n(X) = vox P(M +  + u,x%M (u,v, 6 0): Wewill alsorequire
the normalizationconditions:u, > Ofor alln = 0;1;2;:::. First, we needthe following
Christofel-Darbouxformula (se€ 24)):

THEOREM 2.6 (Christofel-Darbouy. Letf' (x)gi-, betheorthonormalsequencef
Laurentpolynomials.Then,setting (n) = ( 1)", onehas
(2.10) 2

0070 = 2 gy

(n) (n) 3
"n+1 (X)' n(Y) % "n(X)" net (y)g

Xy

i=0
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Letlj 2 L, 1 besuchthatlj (xx) = j« , wherefxy;:::;xng asusualarethe zerosof
then-th orthonormalaurentpolynomial' , (x). Clearlyl2 2 Lon 1,henceA; = | I2 >
0; j = 1;:::;n. Ontheotherhand,from (2.10 W|thx = x; andlettingy tendto x, , the
following theorem:anbe proved(seg] 6] for details):

THEOREM 2.7. Let' ,(X) bethen-th orthonormalLaurentpolynomialfor themeasue

. Then,theweightsf A; g'_; aregivenby
A = P15 1%2 ;o= Lo
io (%)

REMARK 2.8. As a conclusionwe can say that the n-point L-Gaussianquadrature
rule (1.1) is completelycharacterizedin terms of the orthonormal Laurent polynomials
f! k(z)g'k‘:O which canberecursivelycomputedyrelation(2.9).

3. The Unit Circle: Sze@ Quadratur es. In this sectionwe shall be concernedvith
positve measuresupportedntheunitcircle T whichin thesequelwill bedenotedcoy (in
orderto avoid a possibleconfusionwith the measure on(0;1 ) consideredn Section2).
Sincewe will dealnow with complex-valuedfunctions,complex conjugationwill be again
requiredin theinnerproductinducedby , i.e.

Z
(3.1) <fig>= f €& g(@)d(); f;g2L,(T)
We areinterestedn approximatingheintegral
z Y4
(3.2) I (f)= f(2)d (2) = f e d()
T

by ann-pointquadratureule with nodeson T,

X
(3.3) In(f) = if(z), z6z (86k); 2T ; 8 =1:::n
j=1

Thus,startingfrom n distinctnodesz;;:::;z, onT, andsinceL, ; is alsoaTcheby-
shey spaceof dimensiom on T , weights 1;"'; n canbedeterminedsothat
(3.4) I (f)=1,(f); 8f 2L, 1:

Hereit alsoholdsthatl , (f ), characterizedy (3.4), canberepresenteds
(3.5) n(f)=1 (Ra 1(f;));

whereR, 1(f; ) is the Laurentpolynomialin L, 31 which interpolatesf at the nodes
fzgi., . However, the rst differencewith the real half-line appearsvhenan appropriate
selectiorof thenodesf z; g'_; is requiredin orderto increasehedimensionof the subspace
of Laurentpolynomialswhereexactnesf the quadraturdormulatakesplace. Becauseof
theinnerproduct(3.1), we needthefollowing subspaceforr 0,

Le =ff2 5f 2Lig=  quypa)s

whereforf 2 :f (z2) = f (“substarconjugation”).Undertheseconditions,orthogo-
nality |mmedlatelyarlsesasfollows (comparewith Theorem?2.1).
THEOREM 3.1. Letl(f) = j=1 if (z;) beann- pomtquadratureformulasum that

z; 6 Oforj = 1;:::;n. Thenl, (f ) isexactinL,L, ; r 0,if andonlyif
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1. I,(f)isexactinL, 1:

2.
(3.6) < Rn(2);9(z)> =0; 8g2L, (ire;;Rn? Ly);
Qn(z) — o (z z)
wheeRn (2) = Sioyt = —Z5m— 2 La.
Proof.- “_) " 1.- Trivial. 2.- RecallthatL,L, = (p(n)+ a(r)) ;(a(n)+ p(r)) and
L, = p(rya(r)- Thus,< Rn(z);9(z) > = Oforall g(z) 2 L, is equvalentto
< Ry(2);2 > = 0forall p(r) j q(r). Now,
z
j - Qn(2)
. - j - .
< Rn(2);2Z > Rn(z)z ! ()d O ()d:
Forj = q(r) andsinceQn(z) hasexactdegreen, we seethat
Qn (2) 2 -
Zp(n)= a(r), (p(n)+ qg(r));(n p(n) q(r)) (p(n)+ q(r));(q(n) a(r))

(p(n)* a(r) s(a(n)+ q(r)) = Lnlr
Ontheotherhand,forj = p(r) we have

Qn (2) 2

zp(n) p(r)

(p(n) p(r)i(n p(n) p(r)) = (p(n)  p(r)):(a(n)+ p(r))

(p(n)+ a(r))i(a(ny+ p(r)) = LnLr

Thus,for p(r) j o(r),Rn(z2)z 1 2 L,L, . Thereforeonecanwrite
<Ry (2):Z > =1 Ru(@z' =1, Ro(2)z!) =0

sinceRn(z) = O.
“( =" Letz;:::;z, bethezerosof R, (z) 2 ,gn sothat(3.6) holds. Thena quadrature

formulabaseduponthesenodessuchasl , (f ) = i=1 i f (z), canbedeterminedsothat
it is exactin L, 1. SettlngL(J)(z) 2 Ly 1suchthatL(J)(zk) = jk;then j =1 (L))
forallj = 1;:::;

P .
TakeL(z) 2 L L, andde neA(z) = L(2) s L(z)LW(2): Thus,A 2 Ll
A(z;) = Oforallj = 1;:::;n, andwe canwrite

(DS, o,

A@) = —mran

r-

ObserethatA(z) = R, (2)H (z) with H(z) = Zq(,) : HencesettingT(z) = H (z) 2 L,;
we have

I (A@) =1 (Ra(2)T (2)) =< Rn(2);T(2)> =0
whichyields

I (L@) = 1 A@)+ Pjn:1 L)L (2) =1 (A@2) +

+ | Pjn:l L(Zj)L(j)(Z) = Pjn:l | (L(j)(z))L(zj) = 1n(L):
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Considemow the family of monic Szeyo polynomialsf ,(z)gi_, orthogonalwith respect
totheinnerproduct(3.1), i.e.,forn = 0; 1;:::then ,(z) satis es

(3.7) < 2 (2;z">=0 0O m n 1
and
(3.8) < (@) n(@> =< n(@232"> = 0= a1

where | is then-th Toeplitzdeterminanof thetrigonometricmomentsof . Set ,(z) =
z"  (2) (reciprocalpolynomial). Then,from the above orthogonalityconditionsboth for
f n(2)di-, andf ,(z2)gi-, (recallthat ,(z) denoteghen th orthogonalaurentpoly-
nomial with respectto the measure ) the following relation between ,(z) and ,(2) is
deduced:

39) n(@D= 5 m@ e (D= p 0 (2

Ontheotherhandi,it is well known (seg[1]) thatthe zerosof the polynomial ,(z) are
locatedn D = fz2 C :jzj < 1lgandconsequentlyhezerosof ,(z)inE =fz2C
jzj > 1g. Fromthisfactand(3.9) we obtainthefollowing result

LEMMA 3.2. Thezeosof ,,(z) and 2,41 (2) arelocatedin D andE respectively

2
REMARK 3.3. Actuallyr in Theoem3.1 shouldbetakensuchthat0 r n 1
Indeedassume n,ie,r = n+ kwithk 0.ThenL,L: =  (h+qk):(n+p(k) SiNCE

forp(n) = E % andq(n) = n  p(n) (—QE 5 it holdsthatp(r + s) = p(r) + p(s) and
g(r + s) = q(r) + q(s). Thus,if Qn(z) = ?:1 (z z),then

jQn(2)j* = Qn(2)Qn(2) 2 nn Lokr (z=¢€):

Henceg 0 < R iQn(2)j%d () andl, jQn(2)j> = 0.
Let us next seewhat happenswith the largestreachabledomainof exactnessij.e., if
r = n 1. Unlikethesituationonthe half-line we have thefollowing negative result.
THEOREM 3.4. Thek cannotexistan n-point quadrature formulawith nodeson T to
beexactin LnL(, 1) . Proof.- Supposehatthereexistssuchaformula:

X
In(f) = if(z)=1()

j=1

wherejzijj = 1fori = 1;:::;n. De ne Ry (z) = % 2 L,. Thenby Theorem
31, Rn ’) Ln 1-
Thus,if f «(2)gi-, is asequencef orthogonalLaurentpolynomials,thenR,(z) =

onT byLemma3.2anda contradictionarises.
2
Now, the next stepwould beto considetthecaser = n 2. More precisely onemight
wonderis it possibleto constructan n—pointquadraturéor@ulawith distinctnodesf z; g on
T tobeexactinL,L(, 2 ?By Theorem3.1if Ry (z) = % thenRy(z) ? Ln ».
Hence,

(3.10) Ra(z)= @+ (2  2C



ETNA
Kent State University
etna@mcs.kent.edu

R. Cruz-Barros@mndP. Gonzlez-\éra 121

wheref «(z)gi., is asequencef orthogonalLaurentpolynomials. So, from (3.10) the
above questioncanbereformulatedasfollows: Is it possibleto nd  and in (3.10 sothat
Rn(z) hasits zeroson T ?

THEOREM 3.5. Parametes and in (3.10 can be corvenientlychosenso that

Rn(z) = n(2)+ . 1(2) hasexactlyn distinctzeosonT.
Proof. SettingR,(z) = Nzg((nz)), with N (z) beinga polynomial of degreen at most

dependingon and . Theseparametershouldbe chosensothatN (z) satis esthe fol-
lowing:

1. N, (z) hasexactdegreen.

2. N,(z2) = aNn(z)with , 6 0.

3.<Np(2);z> =0,1 k n 1,<Np(2);1> 60,< Np(2);2"> 60.
Now by usingTheorem6.2in [17] the prooffollows.

2
Hence from Theorems3.1 and3.5we obtainthethefollowing result
THEOREM 3.6. Letfz; :::;z,gbethen distinctzeosof Ry (z2) =  n(2)+ 1 1(2)
asgivenin Theoema3.5. Then there exist positivenumbes 1;:::; , sud that
X
In(f) = if(z)=1 (), 8 2LaLpn 2 :
i=1
Proof. It only remainsto prove thatthe weights 1;:::; n arepositve. Indeed,for
1 j nletL0)(z) 2 L, 4y besuchthatl(z) = jx forl j;k n. Then,for

z2T,jLj(2)j?2 Lm nlm 1y = Lnln 2 ascanbechecledeasily Now, the proof
immediatelyfollows, since

X
o<1 jLjj? = Wlj(z)i2= 5 j=121:0n
k=1
2
So,from Theorems3.1and3.6 quadraturdormulaswith nodeson T which areexactin
LnL(n 2 canbeessentiallcharacterizethy meansof theLaurentpolynomialsof theform

(3.11) Rn(z)= n(@+ (2

which by analogy with the polynomial situation (seee.g. [1]) could be called “para-
orthogonal aurentpolynomials”.Onthe otherhand,onealsohasthat

Lnltn 29 =L plin 1 = (n 1:n 1)°

Quadraturdormulaswith nodeson T to beexactin (n 1);n 1) Wereearlierintroduced
by Jonesgtal. ([17]) in connectiorwith the solutionof the trigonometricnomentproblem
(seealso[29] and[14]). Suchquadraturesverenamed'Szegd formulas”andall studiedin a
seriesof recentpapers{13], [29], [8] [9].

As aconsequencenakingR,(z) = n(2) + o 1(z) = S8, by Theoremb.1in
[17] onecanwrite
Nn(2)= nln@+ na(2)]; n80; jnj=1

In[17] polynomialsof theform ,(z)+ | (z) arecalled“para-orthogonal”ln thenext
sectionwe will concentrat@ntheparticularcases, = 1.
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In the restof this sectionwe will continueto emphasizehe analogiesand differences
betweenthe real half-line and the unit circle. The following theoremyields an alternatve
expressiorfor theweights j (comparewith Theorem2.7).

THEOREM 3.7. Letf “kgi_, bethesequencef orthonormalLaurentpolynomialsand
setl,(f) = j“:1 if(z)=1 (f)forallf 2L Ly 2 . Then

=t
o k(z)

Proof. Directconsequencef Proposition3.4in [13] and(3.9).
2

REMARK 3.8. Observethat unlike thereal half-line situationnowthenodes z; gj":l in
thequadrature formulaare notthezeosof 7, (z)

THEOREM 3.9 (Three-ternrecurrenceelatior). Letf ,gi_, bethesequencefSdur
parametes (or re ection coefcients) for the measue ,i.e., , = ,(0), whee ,(z)is
the n-th monicSzgo polynomialwith respecto the measue , andletf ,(z)gi., bethe
sequencef monicorthogonal Laurentpolynomials.Then,it holdsthat

(312 n(2)= A+ A, 120V 1@+ 1 a2 20V L@ 0 2

with

1 < . if nis even;
o2 L 1@= 1t A=
" a4 if nis odd:

Proof.- Fromtherecurrenceelationssatis ed by the Szegyod polynomials(see[ 28)):

o2 = o2 1
(3.13) n(@) = z,431@2)+ o, 1(2) =
o n=1;2;:::
n(Z) = nZ n 1(2) + n 1(2) '

we deducetheinitial conditions o(z) = o(z) 1, 1(2) = 2 (2) = % 1+ 1z =
I+ % (since 1(z) = 1(0) + z= 1+ z) andtherelations

(3.14)
1 1 1
an(2) = o an(2) = on Zoon 12+ 20 20 1(2) = Zn 1 2n 1(2) +
1 1 1
+ 2nz_n 2n 1(2) = o0 1 Z 2n 2(Z)+ 2n 1 2n 2(2) + ZnZ_n 2n 1(2) =
1 1 1 1
=z 2D* anamg o 2D g oo 1D = 5o 20D F
1 _ 1
*omip g o 1@ 1z 22 o o a(D) =
1 1 — 1
=z 2D* 17 o 1@ 2 12 155 2 20D)F
1 1 . . 1
* ooy oo 1@ = (ot oan 12) 52 1@+ 1 oan 1 oz 2 2(2)

(2n+ 2n 12) 2n 1(Z)+ 1 j2n 1j2 Z 2n 2(2)
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and
(3.15)
1 1 — o —1
2n+1(2) = Zn+l 2n+l (2) = on+l na1Z 2n(2) + 20(2) = 2n+l o n(2) +
1 _ 1 1 — _
gy on(2) = 2n+1 o n(2) + onir 2nZ 2 1(2) + 2n 1(2) =
— 1 — 1 1 — 1
R ey an(2) + 2n oy 2n 1(2) + Zn+l 2n 1(2) = 2nn1 o 2n(2)
— 1 1 — 1
T oansmr n(Z)  2n o 1(2) + Zne L 2 1(2) = 2n+1 Sy 2n(2)
— 1 — 1 1
+ 2n oot an(2)  2n 20 ns1 2n 1(2) + Zn+l 2 1(2) =
——, o 1 o2 1
= ons t Tn o an(@+ 1 joanf? ZneT 20 1(2) =
_ on o2 1 :
= ot — 2n(2)*+ 1 o 2 20 1(2):
z z
Now (3.12 followsfrom (3.14) and(3.15. 2
REMARK 3.10. For an alternativeproof of Theoem3.9 baseduponceytain continued
fractions,see[30]. Ontheotherhand,if thetrigonometricmoments y = e 'kd()

arereal,then 2 R and(3.12 canbewrittenas

(316) n(@)= n+ a2V i@+ 1 ja 42209 42 n o2

ExAMPLE 3.11. Considerthe biparametricfamily of measues

2 +1 2 +1
d = sin = = d; ; > L
()= sin 5 cos 5

In this caseit is known(see[ 28]) that

-t *l s = 2 R:
M ony + +1o 0 ML T oo 22
When = %,themeasueandthesmur parametes are givenby
2 +1
. 2 +1
= — " = —_ N >
d () sm2 d; oy +1 1
andin the particular case = = % wehaved () = d (Lebesguaneasue) and

n=0 8n=1;2;:::.. NowfromTheoem3.9, wededuce
— (1" . . 1
n(z) =2 n2(2); o2 L 1(2) 7

So, 2n(2) = 2" and 2n+41 (2) = Z% foralln= 0;1;2;:::. Since
Z
< w(@); (@) > =k «(2) K?= d =2; k=0,1;2;:::
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theorthonormalsequencé ~,gl_, is givenby
~ z" - 1
n(2) = p— ; ma1(Z2)= p———; n=012:::
2 2 zn#l

andfrom(3.11) weobtain:
1. If niseven:

z"+
Rn(Z): n(z)"' n l(z): Zni:Z:O() z"+ =0 60; — =1

2. If nis odd:

z" +

Rn(z)= n(2)+ 4 1(2)= Z”T; 60 — =1

Thusthenoded zj g'.; of anyn-pointSzgo formulafor theLebesgueneasue aretheroots

ofz"+ =0; jj= landtheweightsf jg/., aregivenby
.= 1 - 1 — 2 . J — 1 ..... n
1= P _ 2- P 2T pr T e
ko k(%) iy P

(comparewith [20, pp. 73-74]).

4. A connectionwith the split Levinson algorithm. In general,whenone needsto
computean n-point Szegd formulafor a measure on T, wg startfrom the usualknown

informationabout , i.e., its trigonometricmoments | = e d() k22zso
that, asalreadyseenthroughSection3, we essentiallyneedto calculatethe (monic) Szeyo
polynomials o;:::; n. As arule,thesepolynomialsarenot explicitly known (unlessfor

someparticularmeasures ). Hencethey shouldbe computedfrom the relations(3.13).

Thus, the well known Levinsonalgorithmarises[21]. Assumenow (aswill be donein the
restof the section)thatthe trigonometricmoments  arereal (a very commonsituationas
illustratedin Sectiorb). In thiscasel evinson'salgorithmis redundantin thesensehatmore
operationghanthe requiredonesarecarriedout. To overcomethis dravbacka modi cation

of this algorithm was studiedgiving rise to the so-called“split Levinson algorithm” (see
[10)). Here,certainpolynomialscloselyrelatedto Szegd polynomialsare computedso that
the numberof requiredoperationss halved. Let us next seehow thesepolynomialsarisein

the context of the constructionof Szeyd quadraturdormulas. Indeed,in orderto compute
thenodesof ann-point Szegd formulaandsincewe aredealingwith realmomentsjt seems
naturalto handlepolynomials(whosezerosprovide us with the requirednodes)with real

coefcients. In otherwords,theparameters and in (3.11) will bechosersothat

Ri(2)= n@)+ @)= @ _ 2(a@* a2,

zbh(n) zbh(n)

where 6 0, 2R andj 5j= 1L
Setrst , = 1. Thenby (3.13 it follows(now , 2 R )

Nn(z2)= n(Q+ n) o 1D+ 20 1(2) :
Thus,taking , = ﬁ,onehas

(4.1) Nn(z) =  1(2)+ 20 1(2) = Pa(2):
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By [10] it canbeshowvn thatthepolynomialP,, (z) representthe basicingredientin the
“symmetricversion” of the Levinson-splitalgorithm (hereit shouldbe notedthat from the
context of the solutionof Toeplitzsystems, ,,(z) is calledthe “predictor polynomial”). For
thisreasonPpy (z) givenby (4.1) is sometimesalledthe” rst singularpredictorpolynomial
of degreen”, sinceroughlyspeakingt canbeinterpretedasthoughin (3.13, | is forcedto
takethevaluel.

SettingP, (z) = j”:O Pnj 2 in [10] it is provedthatthesequencéPy (z)g satis esthe
following three-ternrecurrenceelation,

4.2) Pna1(z) @A+ 2)Ph(2)+ nzPh 1(2)=0;, n 1;

\glth initial conditionsPy(z) 2, P1(z) = 1+ z, andwhere , =

izo iPni forn land o= .
Ontheotherhand,for , = 1, againby (3.13 it followsthat

Nn(z)= n(n 1) , 1(2) zn 1(2):

Thus,with |, = ﬁ,onecanwriteforn 1,

n =

(4.3) Nn(2)= o 1(2) Zn 1(2) = Pa(2):

Now, P, (2) is the basisof the “antisymmetricversion” of the Levinson-splitalgorithmand
usedto be calledthe “secondsingularpredictorpolynomial” (set , = 1in (3.13). By
de ning Pp(z) 1, thepolynomialsP, (z) for n = 1;2;::: aregivenby P1(z) = 1z,
P>(z) = 1 z?andforn 2it holds

(4.4) Pht1(2) (1+ 2)Pn(2) + ~nzPy 1(2) = O;

P, P,
where~, = —2—with~ = "o iPni andPy(2) = J o Pnj 2.
In orderto |IIustratereIat|ons(4 2) and(4.4), let usconsiderthe Lebesgueneasurei.e.,
d ()=d.Then,

Z
K= e d=0 k 1L, o=2:

From (4.2) it canbe easilychecledthat P (0) = px.o = 1for k 1, which gives
k = ofork 0,andhence y = 1fork 1. Then(4.2 becomes
(4.5) Pr+1(z) (1+2)Pn(2) + 2Py 1(2)=0; n L

with Po(z) 2andPi(z) 1. Since(4.5) is alinearseconcorder nite diferenceequation
with constantoefcients, it holdsthat

Pn(z) = C1 + Coz"; C1;C 2 R:

Fromtheinitial conditions,onehasC; = C, = 1, sothatanexplicit expressiorfor the
polynomialP,, (z) is obtained hamely

(4.6) Ph(2)=2z"+1 n=012;:::
Similarly for thesequencé Py, (z)g onehas

4.7) Pre1(2) (L+2)Pa(2)+ 2Py 1(2)=0; n 2
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withP1(z) =1 zandPy(z) =1 z° Thusforn 2,
(4.8) Pn(z)=1 2Zz":

Clearly, (4.8) holdsfor n = 1.

When dealing with other measures , in general,equation(4.5) or (4.7) cannotbe
explicitly solved so that we needto computerecursiely the polynomialsf P, (z)gt-, or
fPL(2)di-, (for detailsconcerningstability, see[10]).

We concludethis sectionrewriting the polynomialsf P, (z)gt-, andfP,(z)gi-, in
termsof the orthogonalaurentpolynomials ,(z) and ,, 1(2).

THEOREM 4.1. Let beameasueonT with realmomentaandletf gi_, bethe
sequencef monicorthogonal Laurent polynomials. Let P, (z) and P, (z) bethe r stand
secondsingular predictor polynomialsof degreen respectivelyThen

LP@ =2 0@+ @ ) v 1(2)
2. P2 = 2l M L@ @t 0) g @)

Proof.

1. Recallthat 2,(z) = ;& 2n(2) and 2041 (2) = 53+ 2n41 (2). Now for  and
complex numbersgconsider

Rn(z) = n(z) + n 1(2):
Then,for n = 2m it follows that

m(2)+ om 1(2)

andforn=2m+ 1
(2)+ z 2m(2)
Rom+1 (Z) = 2m +1 Sm+l Zm :

Now, makinguseof (3.13), we have

Z om 1)+ ( 2m* ) 2m 1(2):

Thus,taking = land =1 ,n, it followsthat

Rom (2) = Pzénim(Z);
or equialently,
Pam(z) = zZ"Rom(2)=2"[ om(2)+ 2m 1(2)]=
(4.9)

™[ am(2)+ (1 om) 2m 1(2)]; m L
Similarlyforn = 2m + 1,taking = land =1 ,n+1,0necanwrite
(4.10) Pon+1(2) = 2" [ amur @D+ (1 2m+1) 2m(2)]:

So,from (4.9) and(4.10 the prooffollows.
2. It canbeprovedin asimilarway
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5. Numerical Examples. Supposehatthe evaluationof integralsof theform

‘1 ()

1 (X+ )

wheref (x) is acontinuoudunctionon[ 1;1],! (x) 0 aweightfunctionon thisinterval
and 2 R suchthatj j > 1, isrequired.Two methodsareto be proposed:

Method1

Let a andbbearny two positive realnumberssuchthat

(5.1) F(x)dx; r=1;2;3;:::

b_jj+1
a jj U
andintroducethe changeof variablex = h(t) = L. % : Then
z 1 r P z b
fx) _ b a " jj ®) ..
(5.2) TR (x)dx = 3 . g(t) v dt;

whereg(t) = f (h(t)) and (t) = ! (h(t)). Theintegral of theright-handsidein formula
(5.2 canbeapproximatedy a Gauss-Lauremjuadraturdormula.

Method?2

Setz= € ,x= (z+z ') = cos andde ne thesymmetricweightfunction ( ) on

[ ; lby

_ 2" j"I (cos)jsin |

(5.3) ()

jz T
where 6 Oistherootof theequatiorz? + 2z + 1= Owithj j < 1, thatis,
8 P .
< + 2 1 if > 0;
P 1 if <0
Then
Z, z
IO _ i
(5.4) & (x)dx = e ) ()d
with
- 1, € +e'l
! = — _—
o€ )= 5t —

The integral on the right side in formula (5.4) can be approximatedoy an n-point Sz
quadraturdormula.
For the numericalexperimentave will considertwo particularweightfunctions:
Casel:! (x) = pﬁ :Tchebyshe weightfunctionof the rst kind (x 2 ( 1;1)). The

weightfunction (t) = ! (h(t)) is thestrongTchebyshe weightfunctionof the rst kind on
(a; b) givenby
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(t)zp:lp:, O<a<b< +1
b tt a

In this particularsituationexplicit formulasfor the weightsandnodesare known (see
[26)):

p
Xp+1 m = ( + m)+ ( + m)? 2 Xm = ;

Xn+l m

wherem = 1;2;:::;p(n) = E % ,

P- P,

:M, :p%; m:1+COS 2m 1
4

and

A = 2 _ X ck=212:0mon L

n Xg +

Ontheotherhand theweightfunction ( ) on[ ; ]givenby (5.3 is arationalmodi ca-

tion of the Lebesguaneasurenamely

_2y0

R

Choosingthe particularvalues = 1:1;1:01, r = 1,2, thesmoothfunctionf (x) = &*

andn = 10 (numberof nodes)x edwe will approximatehe next four integralswhereexact
valueswerecomputedvith MATHEMATICA:

b=  p—S 4= 4:398898203::
1 1 xXZjx+ 11

et
11 xZjx + 1:01

|
»]

dx = 10:26398779 ::

et
11 xZjx + 1:1j2

»]

dx = 15:06117492 ::

lgq = —ex —dx = 4144873459 ::
1 1 xZjx+ 10152

)

For the Tchebyshe weight function of the rst kind ! (x), the nodesand weights of
the Gaussiamuadraturdormula have explicit expressions. Becauseof the presenceof a
singularity nearthe interval of integration, we canexpectto obtain poor resultsusing this
formula,asis establishedn the next tables:
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Tablel Table2
r= Approximation| Exactvalue r= Approximation| Exactvalue
= 1:01 | 9:36117219:: | 10:2639877:: = 1:01 | 247.983129:: | 414487345::
= 1:1 | 4:39825773:. | 4:39889820:: = 1.1 | 15.0292310:: | 15:0611749::

In orderto improve the slow corvergencein this situationwe usethe two above men-

tionedmethods:
Resultsfor Method1
Choosinga = limpliesb= 21when = 1:1andb= 201when = 1.0l
Thenodesandweightsobtainedare:
Table3 Table4
=11 n= 10 = 101 n=10
Nodes Weights Nodes Weights
1:015968076 0:1140210017 196:7288912 0:5860819973
1:153792215 0:1263777081 1649922240 0:5786005592
1:490163636 0:1541804078 1134050389 0:5584974065
2:180737182 0:2025926653 60:84072229 0:5095745959
3:529658620 0:2733833654 24:34950355 0:3971049908
5:949583872 0:3549351653 8:254788423 0:2312135400
9:629771149 0:4257258654 3:303708313 0:1187439348
14:09241206 0:4741381229 1:772408016 0:0698211241
18:20085084 0:5019408226 1:218239230 0:0497179710
20:66994082 0:5142975291 1:021710633 0:0422365330
Theapproximation®f theabove four integralsare:
Table5 Table6
r=1 | Approximation| Exactvalue r =2 | Approximation| Exactvalue
= 1:01 | 10:26398B1:: | 10:2639877%: = 1:01 | 414487344:: | 4144873459:
= 1:1 | 4:3988982@:: | 4:398898203 = 111 | 150611749:: | 1506117492
Resultsfor Method?2
Expressiongor thetrigonometricnomentdor r = 1; 2 aregivenby
8 4
z 2 5 it r=1;
= e’ ()=
Z g ke 2 2y. .
(1—27§(k(1 Y+ 1+ 9); if r=2
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By usingthe split Levinsonalgorithmcomputedin FORTRAN with doubleprecision,
thefollowing nodesandweightsareobtained:

Table7
r=1 =11 n=10
Nodes Weights
0:5231956081 0:852212623% 0:4170158485
0:9718655888 0:2355361486 3:8990461817
0:6941445801 0:7198356076 1:5283999088
0:9425118124 0:3341728347 0:3334871136
0:1205684668 0:992705014 0:6775681574
Table8
r=1, =101 n=10
Nodes Weights
0:5077320439 0:8615150448 0:4552583228
0:1556028488 0:9878196968 0:8023120227
0:9406267445 0:3394426719 0:3550340683
0:7396737275 0:672965658 2:4403459272
0:9871949772 0:1595182654 18:1061357088
Table9
r=2 =11 n=10
Nodes Weights
0:7826063935 0:6225168535b 5:7286222677
0:2523182279 0:9676443106 0:9628770791
0:9315406380 0:3636372365 0:1801413420
0:4439464841 0:8960533016 0:3067180364
0:9823049310 0:1872886076 28:7314933198
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Table10
r=2; =101 n=10
Nodes Weights

0:9264937183 0:376310231 0:2056746266
0:8669062623 0:4984711951 30:7425691490
0:4037996706 0:9148474332 0:3833193864
0:3361546099 0:9418068158 1:6432603190
0:9954580194 0:0952015315% 10804916890184

Theapproximatiorof theabove four integralsare

Tablell Table12
r= Approximation| Exactvalue r= Approximation| Exactvalue
= 1:.01 | 10:26398@5:: | 10:26398779: = 1:.01 | 4144873471:: | 414:4873459:
= 1:1 | 4:398898196:: | 4:398898203 = 1:1 | 15:0611749:: | 1506117492

FromTables5-6 and11-12onecanseethatboth methodprovide uswith similar numerical
results.In both casegesultsgiven by Gaussiarformulasarestronglyimproved.

Case2:! (x) = 1 x2:Tchebysheweightfunctionof theseconckind (x 2 [ 1;1]).
Theweightfunction (t) = ! (h(t)) is thestrongTchebyshe weightfunctionof thesecond
kind on [a; b] givenby

=" T &

Choosingheparticularvalues = 1:1;1:01,r = 1, thesmoothfunctionf (x) = €* and
againn = 10 (numberof nodes) x ed,we will approximatehenext two integralswith exact
valuescomputedvith MATHEMATICA:

Z 1 p T2
L= &L X 167504127475: ¢
1 X+ L
Z, P—
e X2
l,= S = X4y = 2:03543204817::
2 1 jx+ 1:03 X

For the Tchebyshe weight function of the secondkind ! (x), the nodesandweightsof
the Gaussiamuadraturdormula have alsoexplicit expressionsAs in casel, becaus®f the
presencef asingularityneartheinterval of integration,we canexpectto obtainpoorresults
usingthisformulaasdisplayedn the next table:
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Tablel13
r= Approxiamtion Exactvalue
= 1:.01 2:421155521 :: 2:03543204817::
=11 1.608794159: : : 1:67594127475::

Again, in orderto improve the slow corvergencein this situationwe usethe two men-

tionedmethods:
Resultsfor Method1
Fromtherelation

Zlf(x)pl X2 Z1

L

with

jr

dx =

g(x) = F ()

g(x) dx

1 1 Xgx+ jr

x2);

thementionedxplicit formulasfor thenodesandweightsin casel canbeused.Theapprox-
imationof theabove two integralsare

Table14
r=1 Approximation Exactvalue
= 1:01 | 2:035432(%2::: 2:03543204817::
=11 1:6759412%®::: 1:67594127475: :

Resultsfor Method?2

Expressiongor thetrigonometricnomentsaregivenby

k

8
2
whenr = 1, and

8
3

k = k

> 21

27
I
ik
s
2 +k 1

if k=0
if k=1,
if k 2
if k=0

2(k+3) ; if k

whenr = 2. By thesplit Levinsonalgorithmcomputedn FORTRAN with doubleprecision,

nodesandweightsaregivenby:
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Tablel5
r=1, =11 n=10
Nodes Weights
0:8473567133+ 0:5310241058 0:0809799064
0:9095350917+ 0:4156271369 0:4250829076
0:5968012792 0:8023890784#4 0:6749529041
0:4377179772 0:8991123247 0:2923674821
0:0996095352 0:9950266029 0:5427101048
and,
Tablel6
r=1;, =101 n=10
Nodes Weights
0:8432691294+ 0:5374915584 0:0884264387
0:9380253965+ 0:3465665239 0:8084274344
0:6342873464+ 0:7730973821 0:8785194976
0:4228259917+ 0:906210892 0:3244615048
0:1278951430+ 0:9917876952 0:6277760750

Finally theapproximatiorof thetwo integralsaredisplayedn:

Tablel17
r=1 Approximation Exactvalue
= 1:01 | 2:0354320474::: 2:03543204817::
=11 1:67594123B82::: 1:67594127475: :

Again, numericalresultsofferedby bothmethodsarequite similar.
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