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ORTHOGONAL LAURENT POLYNOMIALS AND QUADRATURES ON THE
UNIT CIRCLE AND THE REAL HALF-LINE �

RUYMÁN CRUZ-BARROSO AND PABLO GONZÁLEZ-VERA y

Abstract. Thepurposeof this paperis thecomputationof quadratureformulasbasedon Laurentpolynomials
in two particularsituations:theRealHalf-Line andtheUnit Circle. Comparative resultsanda connectionwith the
split Levinsonalgorithmareestablished.Illustrative numericalexamplesareapproximateintegralsof theform

Z 1

� 1

f (x)

(x + � )r
! (x) dx ; r = 1; 2; 3; : : :

with f (x) a continuousfunctionon [� 1; 1], ! (x) � 0 a weight functionon this interval and� 2 R suchthat
j� j > 1 is required.HeretheclassicalGaussianquadratureis anextremelyslow procedure.

Key words. orthogonalLaurentpolynomials,L-Gaussianquadrature,Szegö quadrature,three-termrecurrence
relations,split Levinsonalgorithm,numericalquadrature.

AMS subject classi�cations. 41A55,33C45,65D30.

1. Orthogonal Laur ent Polynomials. The importantrole playedby the theoryof or-
thogonalpolynomialsin theconstructionof ann-pointquadraturerule

(1.1) I n (f ) =
nX

j =1

A j f (x j )

to approximateintegralsof theform

(1.2) I � (f ) =
Z b

a
f (x)d� (x) ; �1 � a < b � + 1

(� beinga positive measure)sothatI n (f ) exactly integratespolynomialsof degreeaslarge
aspossible,is well known. Indeed,let ' n (x) be then-th orthonormalpolynomialwith re-
spectto the measure� and let x1; : : : ; xn be its n distinct zeros. Then positive weights
A1; : : : ; An canbeuniquelydeterminedsothatthecorrespondingquadratureformulaI n (f )
satis�esI n (P) = I � (P) for all P 2 � 2n � 1 (� k : spaceof polynomialsof degreek at most,
� : spaceof all polynomials). This is the well known n-point Gauss-Christoffel (or Gaus-
sian)formulafor themeasure� on (a; b) (for acomprehensivesurvey on this topicsee[11]).
Furthermore,theseformulasare“optimal” in thesensethatthereis not ann-point rule (1.1)
which is in � 2n . It holds

(1.3) A j =
1

P n � 1
k=0 ' 2

k (x j )
; j = 1; : : : ; n:

The numericalpower andeffectivenessof suchrules whendealingwith smoothinte-
grandsf (x) hasbeenconvincingly demonstrated.However, convergencecanbecomeex-
tremely slow if the integral hassingularitiesnearthe integration interval (a; b). In order
to overcomethis drawback,quadratureformulasexactly integratingrationalfunctionswith
prescribedpolesoutside(a; b) have beenconsideredasan alternative in the last years(see
e.g. [12], [23] or [3]). Thus, in this paperwe shall be concernedwith quadratureformu-
las (1.1) exactly integratingrational functionswith all their polesat the origin andthe in-
�nity (Laurentpolynomials)in order to estimatean integral like

R
S f (z)d� (z), � beinga
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positive measuresupportedon S � C with eitherS = (a; b) ; 0 � a < b � + 1 or
S = T = f z 2 C : jzj = 1g (theunit circle). Herethetheoryof orthogonalLaurentpoly-
nomialswill representthebasicingredientin theconstructionof thecorrespondingquadrature
rules.

Thus,in general,let � be a positive Borel measurein the complex planeandconsider
theHilbert spaceL 2(� ) of measurablefunctions� (z) for which

R
j� (z)j2d� (z) < + 1 . As

usual,in L 2(� ) we cande�ne theinnerproduct

(1.4) < �;  > = < �;  > � =
Z

� (z) (z)d� (z); �;  2 L 2(� ):

Supposethatf � k (z)gn
k=0 is asystemof linearly independentfunctionsin L 2(� ). By ap-

plying theGram-Schmidtorthogonalizationprocessto f � k (z)gn
k=0 a new systemof linearly

independentfunctionsf ' k (z)gn
k=0 canbeobtainedsuchthat ' n (z) is a linearcombination

of then + 1 functionsf � k (z)gn
k=0 and

< ' n (z); ' m (z) > =
Z

' n (z)' m (z)dz = kn � n;m ; kn > 0:

When the process is repeated for each natural n, an essentially unique system
f ' n (z)g1

n =0 of orthogonalfunctionswith respectto themeasure� is obtained.If moreover

jj ' n (z)jj2 =
Z

j' n (z)j2d� (z) = 1;

then f ' n (z)g1
n =0 is calledan orthonormalsystem. For our purposeswe will concentrate

on thelinearly independentsystemof monomialsbothwith positiveandnegativeexponents,
say: : : ; z� 2; z� 1; 1; z; z2; : : : yielding theso-calledLaurentpolynomials. Indeed,for p and
q integerssuchthat p � q, � p;q will denotethe spaceof Laurentpolynomialsof the form
L(z) =

P q
j = p � j zj with � j 2 C and� thespaceof all Laurentpolynomials.Observe that

� 0;k = � k .
Now, in orderto generateasequenceof nestedsubspacesof Laurentpolynomialssimilar

to thesequenceof subspacesf � k gk � 0, we will startfrom two nondecreasingsequencesof
nonnegative integersf p(n)g1

n =0 and f q(n)g1
n =0 suchthat p(n) + q(n) = n for all n =

0; 1; 2; : : : andset

L n = � � p(n ) ;q(n ) = Span
�

zj ; � p(n) � j � q(n)
	

:

Observe thatL 0 = Spanf 1g, dim (L n ) = n + 1 andthatL n � L n +1 . Furthermoreif
p(n) = 0 thenq(n) = n andL n = � 0;n = � n . In the sequel,in orderto guaranteethatS 1

n =0 L n = � , wewill assumethatl im n !1 p(n) = l im n !1 q(n) = 1 andfurtherrestrict
ourselvesto theparticularcase

(1.5) p(n) = E
�

n + 1
2

�
; q(n) = n � p(n) = E

hn
2

i
; n � 0;

where,asusual,E [x] denotestheintegerpartof x. In otherwords,thesequencef p(n)g has
inducedthefollowing “ordering” in � :

� 0;0 ; � � 1;0 ; � � 1;1 ; � � 2;1 ; : : : :

Thus, according to this ordering we can construct a unique sequence(up to a sign)
f ' n (z)g1

n =0 of Laurentpolynomialssatisfying:
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1. ' n 2 L n nLn � 1 ; n = 1; 2; : : :.
2. < ' n (z); R > � = 0 for all R 2 L n � 1 (i.e.,' n ? L n � 1).
3. jj ' n (z)jj2

� = < ' n (z); ' n (z) > � = 1:
In this case,f ' n (z)g1

n =0 will be calledan orthonormalLaurentpolynomialsequencecor-
respondingto themeasure� andtheorderinginducedby p(n) = E

�
n +1

2

�
which hasbeen

themostextensively treatedcasein the literature.For otherchoicesof p(n), see,e.g.,[27],
[4] or [30]. As alreadysaid,in therestof thepaperwe will concentrateon measures� sup-
portednot on the whole complex planeC but eitheron intervals (a; b) of the positive real
half-line or on the unit circle T . In the two following sectionsthe differencesandsimi-
larities for sequencesof orthogonalLaurentpolynomialsconcerningbothsituationswill be
displayed.In this respectandin orderto �x a uniquelydeterminedsequenceof orthogonal
Laurentpolynomials,wewill usetheconceptof leadingcoef�cient associatedwith aLaurent
polynomial(see[7]). Thus,for a givenLaurentpolynomialR thereexistsa uniquenatural
numbern suchthatR 2 L n andR 62L n � 1; n is calledthe“L-degree”of R for theordering
establishedabove. Observethatif P(z) is a polynomialof degreen, thenits L-degreeis just
2n. Indeed,P(z) 2 � � n;n = L 2n andP(z) 62L 2n � 1. SettingR(z) =

P q(n )
j = � p(n ) � j zj , one

de�nestheleadingcoef�cient of R as� q(n ) if n is evenor � � p(n ) if n is odd.Clearly, for an
orthogonalsequencef � n (z)g1

n =0 of Laurentpolynomials,� n (z) hasa non-zeroleadingco-
ef�cient for eachn, whichwill besometimesassumedpositive. Whenequalto one,� n (z) is
saidmonic.Clearly, anorthonormalsequencef ' n (z)g of Laurentpolynomialswith positive
leadingcoef�cient for eachn is uniquelydetermined.

Thepaperis organizedasfollows: In Section2, n-point quadratureformulasfor a mea-
sure � on S = (a; b); 0 � a < b � 1 , exactly integrating Laurentpolynomialsbe-
longing to certainsubspacesof dimension2n are characterized.A three-termrecurrence
relationfor thesequenceof orthogonalLaurentpolynomialsanda Christoffel-Darbouxfor-
mula are also mentioned. The sameproblem is studiedin Section3 for the unit circle
T = f z 2 C : jzj = 1g andunlike the situationin Section2, it is proved that there
cannot exist ann-point quadratureformulawith nodeson T thatis exactin anappropriate
subspaceof � of dimension2n. Thecorrespondingformulaswith highestdegreeof exact-
nessin this situation(2n � 1) arecharacterizedanda three-termrecurrencerelationfor the
sequenceof monicorthogonalLaurentpolynomialson theunit circle is proved.In Section4
weestablishthatthemonicorthogonalLaurentpolynomialsarecloselyrelatedto the�rst and
secondsingularpredictorpolynomialscomputedrecursively for thesplit Levinsonalgorithm.
Finally, in Section5 illustrativenumericalexamplesaregiven.

2. The RealHalf-Line: L-GaussianQuadratur es. In thissectionwewill assumethat
the measure� is supportedon the interval (a; b) where0 � a < b � + 1 . Thus,we are
interestedin approximating

(2.1) I � (f ) =
Z b

a
f (x)d� (x)

by meansof ann-pointquadraturerule

(2.2) I n (f ) =
nX

j =1

A j f (x j )

wherethenodes(which areassumeddistinctandin (a; b)) andweightsareto bedetermined
by imposing

(2.3) I � (R) = I n (R)



ETNA
Kent State University 
etna@mcs.kent.edu

116 OrthogonalLaurentpolynomialsandquadratures

for any Laurentpolynomial R with L-degreeas large as possible,i.e., R 2 L N , where
N = N (n) and as large as possible. For this purpose,proceedin a way similar to the
polynomialcase.Thus,sinceL n � 1 is aTchebyshev spaceof dimensionn onany subinterval
of (a; b), given n distinct nodesx1; x2; : : : ; xn on (a; b), the weightsA1; : : : ; An can be
determinedsothat

(2.4) I � (R) = I n (R) =
nX

j =1

A j f (x j ); 8R 2 L n � 1:

Furthermore,it also holds that if L n � 1(f ; �) representsthe uniqueLaurentpolynomial in
L n � 1 interpolatingf at thenodesf x j gn

j =1 , then

(2.5) I n (f ) = I � (L n � 1(f ; �)) :

For this reasonI n (f ) givenby (2.4) sometimeswill becalledof interpolatorytype.
Now, in orderto increasethe“L-degree”of exactnesswe have thefollowing result.
THEOREM 2.1. Let I n (f ) =

P n
j =1 A j f (x j ) be an n-point quadrature formula such

thatx i 6= 0 for i = 1; : : : ; n. Then,I n (f ) = I � (f ) for all f 2 L n + r with r � 0 if andonly if
1. I n (f ) is of interpolatorytype
2.

(2.6) < Rn (x); h(x) > = 0 ; 8h(x) 2 L r (i:e:; Rn (x) ? L r );

where Rn (x) = Qn (x )
x p ( n ) =

Q n
j =1 (x � x j )

x p ( n ) 2 L n .
Proof. Similar to theproof of Theorem3.1 (in thenext section).Seealso[20] for the

polynomialsituationwith r = n � 1.
2

It shouldbetakeninto accountthatsincewe aredealingwith real-valuedfunctions,we
do not needcomplex conjugatesin theinnerproduct.On theotherhandandconcerningthe
integer r , oneactuallyhas0 � r � n � 1, sinceit is very easyto checkthat theredoes
not exist an n-point quadratureformula which is exact in L N with N � 2n. Thus,we are
interestedin constructingquadratureformulas,like(2.2), exactin L n + r with 0 � r � n � 1.
From(2.6) it follows that

(2.7) Rn (z) =
nX

j = r +1

� j ' j (z);

wheref ' n (z)g1
n =0 is the correspondingsequenceof orthonormalLaurentpolynomialsfor

the measure� on (a; b). Now, the following questionimmediatelyarises: Is it possible
to choosetheparameters� j in (2.7) sothatRn (z) hasexactly n distinctzerosin (a; b)?. A
positiveresponsecanbegivenwhenthelargestdomainof exactnessis required,i.e. r = n� 1.

THEOREM 2.2. Let ' n (x) denotethen-th orthonormalLaurentpolynomialwith respect
to themeasure � on (a; b). Then,

1. ' n (x) hasexactlyn distinctzeroson(a; b).
2. Thezerosof ' n (x) and' n +1 (x) interlace.
3. Let x1; : : : ; xn bethezerosof ' n (x). Thenthereexist positiveweightsA1, . . . , An ,

such that

(2.8) I n (f ) =
nX

j =1

A j f (x j ) = I � (f ) =
Z b

a
f (x)d� (x); 8f 2 L 2n � 1:
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Proof. See[7], [19] or [16].
2

REMARK 2.3. Thequadrature formulasgivenby (2.8) were earlier introducedin [19]
(seealso [18]). Through this last paper a new area of mathematicswas openedleading
to a strong momentproblemand relatedtopics (continuedfractions, two-point Padé ap-
proximants,: : :) andwhere orthogonalLaurentpolynomialsmadetheir appearance. These
quadrature rules which we shall refer to as L-Gaussianformulas,havebeenconsideredby
differentauthors in the last years (see[7], [4] or [5]). For alternativeapproachessee[26]
and[22]. Asfor numericalexperimentssee[26], [2] and[15].

In the restof the sectionwe will survey the most relevant featuresof the L-Gaussian
formulasin connectionwith the orthogonalLaurentpolynomials. The closestparallelism
with classicalGaussianformulasandorthogonalpolynomialswill bespeciallyemphasized.
We startwith a three-termrecurrencerelation(see[26]):

THEOREM 2.4. Let f Rn (z)g1
n =0 be the sequenceof orthogonal Laurent polynomials

normalizedasfollows.SetRn (z) = B n (z)
zp ( n ) , where Bn (z) is a monicpolynomialof degreen.

Then

(2.9) Rn +1 (z) = (z � � n +1 )zd(n )Rn (z) � � n +1 Rn � 1(z); n � 0;

with R� 1(z) � 0, R0(z) � 1, where

d(n) =
�

� 1 if n is even
0 if n is odd

and

� 1 = � 0 ; � 1 =
� 0

� � 1
; � n +1 =

� n

� n � 1
; � n +1 = � � n +1

� n � 1

� n
; n � 1:

Here,

� k =
Z b

a
xk d� (x) ; � n = < Rn ; tp(n ) > ; � n = < Rn ; t � (q(n )+1) > :

(Recallp(n) = E
�

n +1
2

�
; q(n) = E

�
n
2

�
). Furthermore, both � n and � n are positivefor

n � 1.
2

REMARK 2.5. In [7] a Favard-typetheoremfor thesequencef Rn (z)g1
n =0 is proved.

For the weightsA1; : : : ; An in the n-point L-Gaussianformula, similar resultsto the
polynomialcasearealsotrue. Since' n 2 L n = � � p(n ) ;q(n ) andhasn distinct zeroson
(0; 1 ) we canwrite ' n (x) = vn x � p(n ) + � � � + un xq(n ) (un vn 6= 0): We will alsorequire
the normalizationconditions:un > 0 for all n = 0; 1; 2; : : :. First, we needthe following
Christoffel-Darbouxformula(see[24]):

THEOREM 2.6 (Christoffel-Darboux). Let f ' n (x)g1
n =0 betheorthonormalsequenceof

Laurentpolynomials.Then,setting� (n) = (� 1)n , onehas
(2.10)

nX

i =0

' i (x)' i (y) =
� (n)vn

un +1

2

6
4(xy)1=2

�
x
y

� � (n )
' n +1 (x)' n (y) �

� y
x

� � (n )
' n (x)' n +1 (y)

x � y

3

7
5

2
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Let l j 2 L n � 1 besuchthat l j (xk ) = � j;k , wheref x1; : : : ; xn g asusualarethezerosof
then-th orthonormalLaurentpolynomial' n (x). Clearlyl2

j 2 L 2n � 1, henceA j = I �
�
l2
j

�
>

0 ; j = 1; : : : ; n. On theotherhand,from (2.10) with x = x j andletting y tendto x j , the
following theoremcanbeproved(see[6] for details):

THEOREM 2.7. Let ' n (x) bethen-th orthonormalLaurentpolynomialfor themeasure
� . Then,theweightsf A j gn

j =1 aregivenby

A j =
1

P n � 1
i =0 ' 2

i (x j )
; j = 1; : : : ; n:

REMARK 2.8. As a conclusionwe can say that the n-point L-Gaussianquadrature
rule (1.1) is completelycharacterizedin terms of the orthonormal Laurent polynomials
f ' k (z)gn

k=0 which canberecursivelycomputedby relation(2.9).

3. The Unit Cir cle: Szeg̈o Quadratur es. In this sectionwe shall be concernedwith
positivemeasuressupportedon theunit circleT which in thesequelwill bedenotedby � (in
orderto avoid a possibleconfusionwith themeasure� on (0; 1 ) consideredin Section2).
Sincewe will dealnow with complex-valuedfunctions,complex conjugationwill be again
requiredin theinnerproductinducedby � , i.e.

(3.1) < f ; g > � =
Z �

� �
f

�
ei� �

g (ei� )d� (� ) ; f ; g 2 L �
2 (T )

We areinterestedin approximatingtheintegral

(3.2) I � (f ) =
Z

T
f (z)d� (z) =

Z �

� �
f

�
ei� �

d� (� )

by ann-pointquadraturerulewith nodesonT,

(3.3) I n (f ) =
nX

j =1

� j f (zj ) ; zj 6= zk (j 6= k) ; zj 2 T ; 8j = 1; : : : ; n

Thus,startingfrom n distinctnodesz1; : : : ; zn on T, andsinceL n � 1 is alsoa Tcheby-
shev spaceof dimensionn onT , weights� 1; : : : ; � n canbedeterminedsothat

(3.4) I � (f ) = I n (f ) ; 8f 2 L n � 1:

Hereit alsoholdsthatI n (f ), characterizedby (3.4), canberepresentedas

(3.5) I n (f ) = I � (Rn � 1(f ; �)) ;

where Rn � 1(f ; �) is the Laurent polynomial in L n � 1 which interpolatesf at the nodes
f zj gn

j =1 . However, the �rst differencewith the real half-line appearswhenan appropriate
selectionof thenodesf zj gn

j =1 is requiredin orderto increasethedimensionof thesubspace
of Laurentpolynomialswhereexactnessof thequadratureformula takesplace. Becauseof
theinnerproduct(3.1), weneedthefollowing subspacesfor r � 0,

L r � = f f 2 � ; f � 2 L r g = � � q( r ) ;p( r ) ;

wherefor f 2 � : f � (z) = f
�

1
�z

�
(“substar-conjugation”).Undertheseconditions,orthogo-

nality immediatelyarises,asfollows(comparewith Theorem2.1).
THEOREM 3.1. Let I n (f ) =

P n
j =1 � j f (zj ) beann-pointquadratureformulasuch that

zj 6= 0 for j = 1; : : : ; n. ThenI n (f ) is exactin L n L r � ; r � 0, if andonly if
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1. I n (f ) is exactin L n � 1:
2.

(3.6) < Rn (z); g(z) > � = 0 ; 8g 2 L r (i:e:; Rn ? L r );

whereRn (z) = Qn (z)
zp ( n ) =

Q n
j =1 (z� z j )

zp ( n ) 2 L n .
Proof.- “=) ” 1.- Trivial. 2.- Recall that L n L r � = � � (p(n )+ q(r )) ;(q(n )+ p(r )) and

L r = � � p( r ) ;q( r ) . Thus, < Rn (z); g(z) > � = 0 for all g(z) 2 L r is equivalent to
< Rn (z); zj > � = 0 for all � p(r ) � j � q(r ). Now,

< Rn (z); zj > � =
Z �

� �
Rn (z)z� j � (� )d� =

Z �

� �

Qn (z)
zp(n )+ j

� (� )d� :

For j = q(r ) andsinceQn (z) hasexactdegreen, we seethat

Qn (z)
zp ( n )+ q( r ) 2 � � (p(n )+ q(r )) ;(n � p(n ) � q( r )) = � � (p(n )+ q(r )) ;(q(n ) � q( r )) �

� � � (p(n )+ q(r )) ;(q(n )+ q(r )) = L n L r � :

On theotherhand,for j = � p(r ) we have

Qn (z)
zp ( n ) � p ( r ) 2 � � (p(n ) � p( r )) ;(n � p(n ) � p( r )) = � � (p(n ) � p( r )) ;(q(n )+ p(r )) �

� � � (p(n )+ q(r )) ;(q(n )+ p(r )) = L n L r � :

Thus,for � p(r ) � j � q(r ), Rn (z)z� j 2 L n L r � . Thereforeonecanwrite

< Rn (z); zj > � = I �
�
Rn (z)z� j �

= I n
�
Rn (z)z� j �

= 0

sinceRn (zj ) = 0.
“ ( = ” Let z1; : : : ; zn bethezerosof Rn (z) 2 L n sothat(3.6) holds.Thena quadrature

formulabaseduponthesenodes,suchasI n (f ) =
P n

j =1 � j f (zj ), canbedeterminedsothat
it is exact in L n � 1. SettingL ( j ) (z) 2 L n � 1 suchthatL ( j ) (zk ) = � j k ; then� j = I � (L ( j ) )
for all j = 1; : : : ; n:

TakeL(z) 2 L n L r � andde�ne A(z) = L (z) �
P n

j =1 L(zj )L ( j ) (z): Thus,A 2 L n L r � ,
A(zj ) = 0 for all j = 1; : : : ; n, andwe canwrite

A(z) =
Qn (z)S(z)
zp(n )+ q(r )

; S(z) 2 � r :

Observe thatA(z) = Rn (z)H (z) with H (z) = S(z)
zq( r ) : Hence,settingT(z) = H � (z) 2 L r ;

wehave

I � (A(z)) = I � (Rn (z)T� (z)) = < Rn (z); T (z) > � = 0;

whichyields

I � (L (z)) = I �

�
A(z) +

P n
j =1 L(zj )L ( j ) (z)

�
= I � (A(z)) +

+ I �

� P n
j =1 L(zj )L ( j ) (z)

�
=

P n
j =1 I � (L ( j ) (z))L (zj ) = I n (L ):

2
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Considernow the family of monicSzegö polynomialsf � n (z)g1
n =0 orthogonalwith respect

to theinnerproduct(3.1), i.e., for n = 0; 1; : : : then� n (z) satis�es

(3.7) < � n (z); zm > � = 0 (0 � m � n � 1)

and

(3.8) < � n (z); � n (z) > � = < � n (z); zn > � = � n =� n � 1;

where� n is then-th Toeplitzdeterminantof thetrigonometricmomentsof � . Set� �
n (z) =

zn � n � (z) (reciprocalpolynomial). Then,from the above orthogonalityconditionsboth for
f � n (z)g1

n =0 andf � n (z)g1
n =0 (recallthat� n (z) denotesthen � th orthogonalLaurentpoly-

nomial with respectto the measure� ) the following relationbetween� n (z) and � n (z) is
deduced:

(3.9) � 2n (z) =
1
zn � 2n (z); � 2n +1 (z) =

1
zn +1 � �

2n +1 (z):

On theotherhand,it is well known (see[1]) that thezerosof thepolynomial� n (z) are
locatedin D = f z 2 C : jzj < 1g andconsequently, thezerosof � �

n (z) in E = f z 2 C :
jzj > 1g. Fromthis factand(3.9) weobtainthefollowing result

LEMMA 3.2. Thezerosof � 2n (z) and� 2n +1 (z) are locatedin D andE respectively.
2

REMARK 3.3. Actually r in Theorem3.1 shouldbe taken such that 0 � r � n � 1.
Indeed,assumer � n, i.e., r = n + k with k � 0. Then,L n L r � = � � (n + q(k)) ;(n + p(k)) since
for p(n) = E

�
n +1

2

�
andq(n) = n � p(n) = E

�
n
2

�
it holdsthatp(r + s) = p(r ) + p(s) and

q(r + s) = q(r ) + q(s). Thus,if Qn (z) =
Q n

j =1 (z � zj ), then

jQn (z)j2 = Qn (z)Qn (z) 2 � � n;n � L n L r � (z = ei� ):

Hence, 0 <
R�

� � jQn (z)j2d� (� ) andI n
�
jQn (z)j2

�
= 0.

Let us next seewhat happenswith the largestreachabledomainof exactness,i.e., if
r = n � 1. Unlike thesituationon thehalf-linewehave thefollowing negativeresult.

THEOREM 3.4. There cannot exist an n-point quadrature formulawith nodeson T to
beexactin L n L (n � 1) � . Proof.- Supposethatthereexistssucha formula:

I n (f ) =
nX

j =1

� j f (zj ) = I � (f )

wherejzi j = 1 for i = 1; : : : ; n. De�ne Rn (z) = (z� z1 ) ��� (z� zn )
zp ( n ) 2 L n . Thenby Theorem

3.1, Rn ? L n � 1.
Thus, if f � k (z)g1

k=0 is a sequenceof orthogonalLaurentpolynomials,thenRn (z) =
� n � n (z) (� n 6= 0). So,thenodesz1; : : : ; zn arethezerosof � n (z), whichcannotbelocated
onT by Lemma3.2anda contradictionarises.

2
Now, thenext stepwould beto considerthecaser = n � 2. More precisely, onemight

wonderis it possibleto constructann-point quadratureformulawith distinctnodesf zj g on

T to beexactin L n L (n � 2) � ? By Theorem3.1 if Rn (z) =
Q n

j =1 (z� z j )

zp ( n ) thenRn (z) ? L n � 2.
Hence,

(3.10) Rn (z) = �� n (z) + � � n � 1(z); �; � 2 C;
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wheref � k (z)g1
k=0 is a sequenceof orthogonalLaurentpolynomials. So, from (3.10) the

abovequestioncanbereformulatedasfollows: Is it possibleto �nd � and� in (3.10) sothat
Rn (z) hasits zerosonT ?

THEOREM 3.5. Parameters � and � in (3.10) can be convenientlychosenso that
Rn (z) = �� n (z) + � � n � 1(z) hasexactlyn distinctzerosonT.

Proof. SettingRn (z) = N n (z)
zp ( n ) , with Nn (z) beinga polynomialof degreen at most

dependingon � and� . Theseparametersshouldbe chosenso that N n (z) satis�es the fol-
lowing:

1. Nn (z) hasexactdegreen.
2. N �

n (z) = � n Nn (z) with � n 6= 0.
3. < Nn (z); zk > � = 0, 1 � k � n � 1, < Nn (z); 1 > � 6= 0, < Nn (z); zn > � 6= 0.

Now by usingTheorem6.2in [17] theproof follows.
2

Hence,from Theorems3.1and3.5we obtainthethefollowing result
THEOREM 3.6. Let f z1 : : : ; zn g bethen distinctzerosof Rn (z) = �� n (z) + � � n � 1(z)

asgivenin Theorem3.5. Then,thereexist positivenumbers � 1; : : : ; � n such that

I n (f ) =
nX

j =1

� j f (zj ) = I � (f ) ; 8f 2 L n L (n � 2) � :

Proof. It only remainsto prove that the weights� 1; : : : ; � n arepositive. Indeed,for
1 � j � n, let L ( j ) (z) 2 L (n � 1) be suchthatL j (zk ) = � j;k for 1 � j; k � n. Then,for
z 2 T , jL j (z)j2 2 L (n � 1) L (n � 1) � = L n L (n � 2) � ascanbecheckedeasily. Now, theproof
immediatelyfollows,since

0 < I �
�
jL j j2

�
=

nX

k=1

� k jL j (zk )j2 = � j ; j = 1; : : : :n:

2
So,from Theorems3.1and3.6quadratureformulaswith nodesonT whichareexactin

L n L (n � 2) � canbeessentiallycharacterizedby meansof theLaurentpolynomialsof theform

(3.11) Rn (z) = �� n (z) + � � n � 1(z);

which by analogy with the polynomial situation (see e.g. [1]) could be called “para-
orthogonalLaurentpolynomials”.On theotherhand,onealsohasthat

L n L (n � 2) � = L (n � 1) L (n � 1) � = � � (n � 1) ;(n � 1) :

Quadratureformulaswith nodeson T to beexactin � � (n � 1) ;(n � 1) wereearlierintroduced
by Jones,et al. ([17]) in connectionwith thesolutionof thetrigonometricmomentproblem
(seealso[29] and[14]). Suchquadratureswerenamed“Szegö formulas”andall studiedin a
seriesof recentpapers:[13], [25], [8] [9].

As a consequence,makingRn (z) = �� n (z) + � � n � 1(z) = N n (z)
zp ( n ) , by Theorem6.1 in

[17] onecanwrite

Nn (z) = � n [� n (z) + � n � �
n (z)] ; � n 6= 0 ; j� n j = 1:

In [17] polynomialsof theform � n (z) + � � �
n (z) arecalled“para-orthogonal”.In thenext

sectionwewill concentrateon theparticularcases� n = � 1.
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In the restof this sectionwe will continueto emphasizethe analogiesanddifferences
betweenthe real half-line and the unit circle. The following theoremyields an alternative
expressionfor theweights� j (comparewith Theorem2.7).

THEOREM 3.7. Let f ~� k g1
k=0 bethesequenceof orthonormalLaurentpolynomialsand

setI n (f ) =
P n

j =1 � j f (zj ) = I � (f ) for all f 2 L n L (n � 2) � . Then

� j =
1

P n � 1
k=0

�
�
� ~� k (zj )

�
�
�
2 :

Proof. Direct consequenceof Proposition3.4 in [13] and(3.9).
2

REMARK 3.8. Observethatunlike therealhalf-line situationnowthenodesf zj gn
j =1 in

thequadratureformulaarenot thezerosof ~� n (z)
THEOREM 3.9 (Three-termrecurrencerelation). Let f � n g1

n =1 bethesequenceof Schur
parameters (or re�ection coef�cients) for the measure � , i.e., � n = � n (0), where � n (z) is
then-th monicSzegö polynomialwith respectto themeasure � , and let f � n (z)g1

n =0 be the
sequenceof monicorthogonalLaurentpolynomials.Then,it holdsthat

(3.12) � n (z) =
�

An + An � 1z( � 1) n
�

� n � 1(z) +
�
1 � j� n � 1j2

�
z( � 1) n

� n � 2(z); n � 2;

with

� 0(z) � 1; � 1(z) = � 1 +
1
z

; An =

8
<

:

� n ; if n is even;

� n ; if n is odd:

Proof.- Fromtherecurrencerelationssatis�edby theSzegö polynomials(see[28]):

(3.13)

� 0(z) = � �
0(z) � 1

� n (z) = z� n � 1(z) + � n � �
n � 1(z)

� �
n (z) = � n z� n � 1(z) + � �

n � 1(z)

9
=

;
n = 1; 2; : : :

we deducethe initial conditions� 0(z) = � 0(z) � 1, � 1(z) = 1
z � �

1(z) = 1
z

�
1 + � 1z

�
=

� 1 + 1
z (since� 1(z) = � 1(0) + z = � 1 + z) andtherelations

� 2n (z) =
1
zn � 2n (z) =

1
zn

�
z� 2n � 1(z) + � 2n � �

2n � 1(z)
�

=
1

zn � 1 � 2n � 1(z) +

+ � 2n
1
zn � �

2n � 1(z) =
1

zn � 1

�
z� 2n � 2(z) + � 2n � 1� �

2n � 2(z)
�

+ � 2n
1
zn � �

2n � 1(z) =

=
1

zn � 2 � 2n � 2(z) + � 2n � 1
1

zn � 1 � �
2n � 2(z) + � 2n

1
zn � �

2n � 1(z) =
1

zn � 2 � 2n � 2(z) +

+ � 2n � 1
1

zn � 1

�
� �

2n � 1(z) � � 2n � 1z� 2n � 2(z)
�

+ � 2n
1
zn � �

2n � 1(z) =

=
1

zn � 2 � 2n � 2(z) + � 2n � 1
1

zn � 1 � �
2n � 1(z) � � 2n � 1� 2n � 1

1
zn � 2 � 2n � 2(z)+

+ � 2n
1
zn � �

2n � 1(z) = (� 2n + � 2n � 1z)
1
zn � �

2n � 1(z) +
�
1� j� 2n � 1j2

� 1
zn � 2 � 2n � 2(z)

= (� 2n + � 2n � 1z) � 2n � 1(z) +
�
1 � j� 2n � 1j2

�
z� 2n � 2(z)

(3.14)
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and

� 2n +1 (z) =
1

zn +1 � �
2n +1 (z) =

1
zn +1

�
� 2n +1 z� 2n (z) + � �

2n (z)
�

= � 2n +1
1
zn � 2n (z) +

+
1

zn +1 � �
2n (z) = � 2n +1

1
zn � 2n (z) +

1
zn +1

�
� 2n z� 2n � 1(z) + � �

2n � 1(z)
�

=

= � 2n +1
1
zn � 2n (z) + � 2n

1
zn � 2n � 1(z) +

1
zn +1 � �

2n � 1(z) = � 2n +1
1
zn � 2n (z)

+ � 2n
1

zn +1

�
� 2n (z) � � 2n � �

2n � 1(z)
�

+
1

zn +1 � �
2n � 1(z) = � 2n +1

1
zn � 2n (z)

+ � 2n
1

zn +1 � 2n (z) � � 2n � 2n
1

zn +1 � �
2n � 1(z) +

1
zn +1 � �

2n � 1(z) =

=
�

� 2n +1 +
� 2n

z

�
1
zn � 2n (z) +

�
1 � j� 2n j2

� 1
zn +1 � �

2n � 1(z) =

=
�

� 2n +1 +
� 2n

z

�
� 2n (z) +

�
1 � j� 2n j2

� 1
z

� 2n � 1(z):

(3.15)

Now (3.12) follows from (3.14) and(3.15). 2
REMARK 3.10. For an alternativeproof of Theorem3.9 baseduponcertaincontinued

fractions,see[30]. On theotherhand,if thetrigonometricmoments� k =
R�

� � e� ik � d� (� )
are real, then� k 2 R and(3.12) canbewrittenas

(3.16) � n (z) =
�

� n + � n � 1z( � 1) n
�

� n � 1(z) +
�
1 � j� n � 1j2

�
z( � 1) n

� n � 2(z); n � 2:

EXAMPLE 3.11. Considerthebiparametricfamilyof measures

d� (� ) =

�
�
�
�sin

�
�
2

� �
�
�
�

2� +1 �
�
�
�cos

�
�
2

� �
�
�
�

2� +1

d� ; �; � > � 1:

In this caseit is known(see[28]) that

� 2n =
� + � + 1

2n + � + � + 1
2 R; � 2n +1 =

� � �
2n + � + � + 2

2 R:

When� = � 1
2 , themeasureandtheSchur parametersaregivenby

d� (� ) =

�
�
�
�sin

�
�
2

� �
�
�
�

2� +1

d� ; � n =
2� + 1

2n + 2� + 1
; � > � 1

and in the particular case� = � = � 1
2 , we haved� (� ) = d� (Lebesguemeasure) and

� n = 0 8n = 1; 2; : : :. NowfromTheorem3.9, wededuce

� n (z) = z( � 1) n
� n � 2(z); � 0(z) � 1; � 1(z) �

1
z

:

So,� 2n (z) = zn and� 2n +1 (z) = 1
zn +1 for all n = 0; 1; 2; : : :. Since

< � k (z); � k (z) > � = k � k (z) k2=
Z �

� �
d� = 2� ; k = 0; 1; 2; : : :



ETNA
Kent State University 
etna@mcs.kent.edu

124 OrthogonalLaurentpolynomialsandquadratures

theorthonormalsequencef ~� n g1
n =0 is givenby

~� 2n (z) =
zn

p
2�

; ~� 2n +1 (z) =
1

p
2� zn +1

; n = 0; 1; 2; : : :

andfrom(3.11) weobtain:
1. If n is even:

Rn (z) = �� n (z) + � � n � 1(z) =
�z n + �

zn= 2
= 0 ( ) �z n + � = 0; � 6= 0 ;

�
�
�
�
�
�

�
�
�
� = 1:

2. If n is odd:

Rn (z) = �� n (z) + � � n � 1(z) =
� zn + �

zn +1 ; � 6= 0;

�
�
�
�
�
�

�
�
�
� = 1:

Thus,thenodesf zj gn
j =1 of anyn-pointSzegö formulafor theLebesguemeasurearetheroots

of zn + � = 0 ; j� j = 1 andtheweightsf � j gn
j =1 are givenby

� j =
1

P n � 1
k=0

�
�
� ~� k (zj )

�
�
�
2 =

1
P n � 1

k=0

�
�
� z jp

2�

�
�
�
2 =

2�
n

; j = 1; : : : ; n

(comparewith [20, pp. 73-74]).

4. A connectionwith the split Levinson algorithm. In general,whenoneneedsto
computean n-point Szegö formula for a measure� on T, we start from the usualknown
informationabout� , i.e., its trigonometricmoments� k =

R�
� � e� ik � d� (� ); k 2 Z, so

that, asalreadyseenthroughSection3, we essentiallyneedto calculatethe (monic) Szegö
polynomials� 0; : : : ; � n . As a rule, thesepolynomialsarenot explicitly known (unlessfor
someparticularmeasures� ). Hencethey shouldbe computedfrom the relations(3.13).
Thus,thewell known Levinsonalgorithmarises[21]. Assumenow (aswill be donein the
restof thesection)that the trigonometricmoments� k arereal (a very commonsituationas
illustratedin Section5). In thiscase,Levinson'salgorithmis redundant,in thesensethatmore
operationsthantherequiredonesarecarriedout. To overcomethis drawbacka modi�cation
of this algorithm was studiedgiving rise to the so-called“split Levinson algorithm” (see
[10]). Here,certainpolynomialscloselyrelatedto Szegö polynomialsarecomputedso that
thenumberof requiredoperationsis halved. Let usnext seehow thesepolynomialsarisein
the context of the constructionof Szegö quadratureformulas. Indeed,in orderto compute
thenodesof ann-pointSzegö formulaandsincewe aredealingwith realmoments,it seems
naturalto handlepolynomials(whosezerosprovide us with the requirednodes)with real
coef�cients. In otherwords,theparameters� and� in (3.11) will bechosensothat

Rn (z) = �� n (z) + � � n � 1(z) =
Nn (z)
zp(n )

=
� n (� n (z) + � n � �

n (z))
zp(n )

;

where� n 6= 0, � n 2 R andj� n j = 1.
Set�rst � n = 1. Thenby (3.13) it follows(now � n 2 R )

Nn (z) = � n (1 + � n )
�
� �

n � 1(z) + z� n � 1(z)
�

:

Thus,taking� n = 1
1+ � n

, onehas

(4.1) Nn (z) = � �
n � 1(z) + z� n � 1(z) = Pn (z):
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By [10] it canbeshown thatthepolynomialPn (z) representsthebasicingredientin the
“symmetricversion” of the Levinson-splitalgorithm(hereit shouldbe notedthat from the
context of thesolutionof Toeplitzsystems,� �

n (z) is calledthe“predictorpolynomial”). For
this reason,Pn (z) givenby (4.1) is sometimescalledthe“�rst singularpredictorpolynomial
of degreen”, sinceroughlyspeakingit canbeinterpretedasthoughin (3.13), � n is forcedto
take thevalue1.

SettingPn (z) =
P n

j =0 pn;j zj in [10] it is provedthatthesequencef Pn (z)g satis�esthe
following three-termrecurrencerelation,

(4.2) Pn +1 (z) � (1 + z)Pn (z) + � n zPn � 1(z) = 0; n � 1;

with initial conditionsP0(z) � 2, P1(z) = 1 + z, and where � n = 
 n

 n � 1

with 
 n =
P n

i =0 � i pn;i for n � 1 and
 0 = � 0.
On theotherhand,for � n = � 1, againby (3.13) it follows that

Nn (z) = � n (� n � 1)
�
� �

n � 1(z) � z� n � 1(z)
�

:

Thus,with � n = 1
� n � 1 , onecanwrite for n � 1,

(4.3) Nn (z) = � �
n � 1(z) � z� n � 1(z) = ~Pn (z):

Now, ~Pn (z) is thebasisof the “antisymmetricversion”of theLevinson-splitalgorithmand
usedto be calledthe “secondsingularpredictorpolynomial” (set � n = � 1 in (3.13)). By
de�ning ~P0(z) � 1, the polynomials ~Pn (z) for n = 1; 2; : : : aregivenby ~P1(z) = 1 � z,
~P2(z) = 1 � z2 andfor n � 2 it holds

(4.4) ~Pn +1 (z) � (1 + z) ~Pn (z) + ~� n z ~Pn � 1(z) = 0;

where~� n = ~
 n
~
 n � 1

with ~
 n =
P n

i =0 � i ~pn;i and ~Pn (z) =
P n

j =0 ~pn;j zj .
In orderto illustraterelations(4.2) and(4.4), let usconsidertheLebesguemeasure,i.e.,

d� (� ) = d� . Then,

� k =
Z �

� �
e� ik � d� = 0; k � 1; � 0 = 2� :

From (4.2) it can be easily checked that Pk (0) = pk ;0 = 1 for k � 1, which gives

 k = � 0 for k � 0, andhence� k = 1 for k � 1. Then(4.2) becomes

(4.5) Pn +1 (z) � (1 + z)Pn (z) + zPn � 1(z) = 0; n � 1;

with P0(z) � 2 andP1(z) � 1. Since(4.5) is a linearsecondorder�nite diferenceequation
with constantcoef�cients, it holdsthat

Pn (z) = C1 + C2zn ; C1; C2 2 R:

Fromtheinitial conditions,onehasC1 = C2 = 1, sothatanexplicit expressionfor the
polynomialPn (z) is obtained,namely

(4.6) Pn (z) = zn + 1; n = 0; 1; 2; : : :

Similarly for thesequencef ~Pn (z)g onehas

(4.7) ~Pn +1 (z) � (1 + z) ~Pn (z) + z ~Pn � 1(z) = 0; n � 2;
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with ~P1(z) = 1 � z and ~P2(z) = 1 � z2. Thus,for n � 2,

(4.8) ~Pn (z) = 1 � zn :

Clearly, (4.8) holdsfor n = 1.
When dealing with other measures� , in general,equation(4.5) or (4.7) cannotbe

explicitly solved so that we needto computerecursively the polynomialsf Pn (z)g1
n =0 or

f ~Pn (z)g1
n =0 (for detailsconcerningstability, see[10]).

We concludethis sectionrewriting the polynomialsf Pn (z)g1
n =0 and f ~Pn (z)g1

n =0 in
termsof theorthogonalLaurentpolynomials� n (z) and� n � 1(z).

THEOREM 4.1. Let � be a measure on T with real momentsand let f � k g1
k=0 be the

sequenceof monicorthogonal Laurent polynomials.Let Pn (z) and ~Pn (z) be the �r st and
secondsingularpredictorpolynomialsof degreen respectively. Then

1. Pn (z) = zE [ n +1
2 ] [� n (z) + (1 � � n )� n � 1(z)]

2. ~Pn (z) = zE [ n +1
2 ](� 1)n +1 [� n (z) � (1 + � n )� n � 1(z)]

Proof.
1. Recallthat � 2n (z) = 1

zn � 2n (z) and� 2n +1 (z) = 1
zn +1 � �

2n +1 (z). Now for � and�
complex numbers,consider

Rn (z) = �� n (z) + � � n � 1(z):

Then,for n = 2m it follows that

R2m (z) =
�� 2m (z) + � � �

2m � 1(z)
zm

andfor n = 2m + 1

R2m +1 (z) =
�� �

2m +1 (z) + � z� 2m (z)
zm +1 :

Now, makinguseof (3.13), wehave

R2m (z) =
�z � 2m � 1(z) + (�� 2m + � )� �

2m � 1(z)
zm :

Thus,taking� = 1 and� = 1 � � 2m , it follows that

R2m (z) =
P2m (z)

zm ;

or equivalently,

(4.9)
P2m (z) = zm R2m (z) = zm [�� 2m (z) + � � 2m � 1(z)] =

= zm [� 2m (z) + (1 � � 2m )� 2m � 1(z)] ; m � 1:

Similarly for n = 2m + 1, taking� = 1 and� = 1 � � 2m +1 , onecanwrite

(4.10) P2m +1 (z) = zm +1 [� 2m +1 (z) + (1 � � 2m +1 )� 2m (z)] :

So,from (4.9) and(4.10) theproof follows.
2. It canbeprovedin asimilar way

2
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5. Numerical Examples. Supposethattheevaluationof integralsof theform

(5.1)
Z 1

� 1

f (x)
(x + � )r ! (x) dx; r = 1; 2; 3; : : :

wheref (x) is a continuousfunctionon [� 1; 1], ! (x) � 0 a weight functionon this interval
and� 2 R suchthatj� j > 1, is required.Two methodsareto beproposed:

Method1
Let a andbbeany two positiverealnumbers,suchthat

b
a

=
j� j + 1
j� j � 1

;

andintroducethechangeof variablex = h(t) = j � j
� �

�
2t � b� a

b� a

�
: Then

(5.2)
Z 1

� 1

f (x)
(x + � )r ! (x) dx =

�
b� a

2

� r �
j� j
�

� r Z b

a
g(t)

� (t)
t r dt;

whereg(t) = f (h(t)) and� (t) = ! (h(t)) . The integral of the right-handsidein formula
(5.2) canbeapproximatedby a Gauss-Laurentquadratureformula.

Method2
Setz = ei� , x = 1

2 (z + z� 1) = cos� andde�ne thesymmetricweightfunction� (� ) on
[� � ; � ] by

(5.3) � (� ) =
2r j� jr ! (cos�)jsin� j

jz � � jr
;

where� 6= 0 is theroot of theequationz2 + 2�z + 1 = 0 with j� j < 1, thatis,

� =

8
<

:

� � +
p

� 2 � 1; if � > 0;

� � �
p

� 2 � 1; if � < 0:

Then

(5.4)
Z 1

� 1

f (x)
(x + � )r ! (x)dx =

Z �

� �
g(ei� )� (� ) d�

with

g(ei� ) =
1
2

f
�

ei� + e� i�

2

�
:

The integral on the right side in formula (5.4) can be approximatedby an n-point Szegö
quadratureformula.

For thenumericalexperimentswe will considertwo particularweightfunctions:
Case1: ! (x) = 1p

1� x 2 :Tchebyshev weightfunctionof the�rst kind (x 2 (� 1; 1)). The
weightfunction� (t) = ! (h(t)) is thestrongTchebyshev weightfunctionof the�rst kind on
(a; b) givenby
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� (t) =
1

p
b� t

p
t � a

; 0 < a < b < + 1

In this particularsituationexplicit formulasfor the weightsandnodesareknown (see
[26]):

xn +1 � m = (� + �� m ) +
p

(� + �� m )2 � � 2; xm =
� 2

xn +1 � m
;

wherem = 1; 2; : : : ; p(n) = E
�

n +1
2

�
,

� =
(
p

b�
p

a)2

4
; � =

p
ab; � m = 1 + cos

�
2m � 1

n
�

�

and

Ak =
2�
n

xk

xk + �
; k = 1; 2; : : : ; n; n � 1:

On theotherhand,theweightfunction� (� ) on [� � ; � ] givenby (5.3) is a rationalmodi�ca-
tion of theLebesguemeasure,namely

� (� ) =
2r j� jr

jz � � jr
; z = ei� :

Choosingtheparticularvalues� = 1:1; 1:01, r = 1; 2, thesmoothfunctionf (x) = ex

andn = 10 (numberof nodes)�x edwewill approximatethenext four integralswhereexact
valueswerecomputedwith MATHEMATICA:

I 1 =
Z 1

� 1

ex

p
1 � x2 jx + 1:1j

dx = 4:398898203: : :

I 2 =
Z 1

� 1

ex

p
1 � x2jx + 1:01j

dx = 10:26398779: : :

I 3 =
Z 1

� 1

ex

p
1 � x2jx + 1:1j2

dx = 15:06117492: : :

I 4 =
Z 1

� 1

ex

p
1 � x2 jx + 1:01j2

dx = 414:4873459: : :

For the Tchebyshev weight function of the �rst kind ! (x), the nodesandweightsof
the Gaussianquadratureformula have explicit expressions.Becauseof the presenceof a
singularitynearthe interval of integration,we canexpect to obtainpoor resultsusing this
formula,asis establishedin thenext tables:
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Table1 Table2

r = 1 Approximation Exactvalue

� = 1:01 9:36117219::: 10:2639877:::

� = 1:1 4:39825773::: 4:39889820:::

r = 2 Approximation Exactvalue

� = 1:01 247:983129::: 414:487345:::

� = 1:1 15:0292310::: 15:0611749:::

In orderto improve the slow convergencein this situationwe usethe two above men-
tionedmethods:

Resultsfor Method1
Choosinga = 1 impliesb = 21when� = 1:1 andb = 201when� = 1:01.
Thenodesandweightsobtainedare:

Table3 Table4

� = 1:1 n = 10

Nodes Weights

1:015968076
1:153792215
1:490163636
2:180737182
3:529658620
5:949583872
9:629771149
14:09241206
18:20085084
20:66994082

0:1140210017
0:1263777081
0:1541804078
0:2025926653
0:2733833654
0:3549351653
0:4257258654
0:4741381229
0:5019408226
0:5142975291

� = 1:01 n = 10

Nodes Weights

196:7288912
164:9922240
113:4050389
60:84072229
24:34950355
8:254788423
3:303708313
1:772408016
1:218239230
1:021710633

0:5860819973
0:5786005592
0:5584974065
0:5095745959
0:3971049908
0:2312135400
0:1187439348
0:0698211241
0:0497179710
0:0422365330

Theapproximationsof theabovefour integralsare:
Table5 Table6

r = 1 Approximation Exactvalue

� = 1:01 10:26398781:: 10:26398779::

� = 1:1 4:398898202:: 4:398898203::

r = 2 Approximation Exactvalue

� = 1:01 414:487344:: 414:4873459::

� = 1:1 15:06117499:: 15:06117492::

Resultsfor Method2
Expressionsfor thetrigonometricmomentsfor r = 1; 2 aregivenby

� k =
Z �

� �
e� ik � � (� )d� =

8
><

>:

4� j � j
1� � 2 � k ; if r = 1;

8� � k +2

(1 � � 2 )3 (k(1 � � 2) + 1 + � 2); if r = 2:
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By usingthe split Levinsonalgorithmcomputedin FORTRAN with doubleprecision,
thefollowing nodesandweightsareobtained:

Table7

r = 1; � = 1:1 n = 10

Nodes Weights

0:5231956081� 0:8522126235i
� 0:9718655888� 0:2355361486i
� 0:6941445801� 0:7198356076i

0:9425118124� 0:3341728347i
� 0:1205684668� 0:992705014i

0:4170158485
3:8990461817
1:5283999088
0:3334871136
0:6775681574

Table8

r = 1; � = 1:01 n = 10

Nodes Weights

0:5077320439� 0:8615150443i
� 0:1556028488� 0:9878196968i

0:9406267445� 0:3394426719i
� 0:7396737275� 0:672965658i

� 0:9871949772� 0:1595182654i

0:4552583228
0:8023120227
0:3550340683
2:4403459272
18:1061357088

Table9

r = 2; � = 1:1 n = 10

Nodes Weights

� 0:7826063935� 0:6225168535i
� 0:2523182279� 0:9676443106i

0:9315406380� 0:3636372365i
0:4439464841� 0:8960533016i

� 0:9823049310� 0:1872886076i

5:7286222677
0:9628770791
0:1801413420
0:3067180364
28:7314933198
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Table10

r = 2; � = 1:01 n = 10

Nodes Weights

0:9264937183� 0:376310231i
� 0:8669062623� 0:4984711951i

0:4037996706� 0:9148474332i
� 0:3361546099� 0:9418068158i
� 0:9954580194� 0:0952015315i

0:2056746266
30:7425691490
0:3833193864
1:6432603190

1080:4916890184

Theapproximationof theabovefour integralsare

Table11 Table12

r = 1 Approximation Exactvalue

� = 1:01 10:26398785:: 10:26398779::

� = 1:1 4:398898196:: 4:398898203::

r = 2 Approximation Exactvalue

� = 1:01 414:4873471:: 414:4873459::

� = 1:1 15:06117499:: 15:06117492::

FromTables5-6 and11-12onecanseethatbothmethodsprovideuswith similar numerical
results.In bothcasesresultsgivenby Gaussianformulasarestronglyimproved.

Case2: ! (x) =
p

1 � x2 :Tchebyshev weightfunctionof thesecondkind (x 2 [� 1; 1]).
Theweightfunction� (t) = ! (h(t)) is thestrongTchebyshev weightfunctionof thesecond
kind on [a; b] givenby

� (t) =
p

b� t
p

t � a:

Choosingtheparticularvalues� = 1:1; 1:01, r = 1, thesmoothfunctionf (x) = ex and
againn = 10(numberof nodes)�x ed,wewill approximatethenext two integralswith exact
valuescomputedwith MATHEMATICA:

I 1 =
Z 1

� 1

ex
p

1 � x2

jx + 1:1j
dx = 1:67594127475: : :

I 2 =
Z 1

� 1

ex
p

1 � x2

jx + 1:01j
dx = 2:03543204817: : :

For theTchebyshev weight functionof thesecondkind ! (x), thenodesandweightsof
theGaussianquadratureformulahave alsoexplicit expressions.As in case1, becauseof the
presenceof asingularityneartheinterval of integration,we canexpectto obtainpoorresults
usingthis formulaasdisplayedin thenext table:
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Table13

r = 1 Approxiamtion Exactvalue

� = 1:01 2:421155521: : : 2:03543204817: : :

� = 1:1 1:608794159: : : 1:67594127475: : :

Again, in orderto improve theslow convergencein this situationwe usethe two men-
tionedmethods:

Resultsfor Method1
Fromtherelation

Z 1

� 1

f (x)
p

1 � x2

jx + � jr
dx =

Z 1

� 1

g(x)
p

1 � x2jx + � jr
dx

with

g(x) = f (x)(1 � x2);

thementionedexplicit formulasfor thenodesandweightsin case1 canbeused.Theapprox-
imationof theabovetwo integralsare

Table14

r = 1 Approximation Exactvalue

� = 1:01 2:035432052: : : 2:03543204817: : :

� = 1:1 1:675941276 : : : 1:67594127475: : :

Resultsfor Method2
Expressionsfor thetrigonometricmomentsaregivenby

� k =

8
>>>><

>>>>:

2� j� j; if k = 0;

� � j� j; if k = 1;

� � j� j� k � 2(1 � � 2); if k � 2;

whenr = 1, and

� k =

8
>><

>>:

� 4�
1� � 2 ; if k = 0;

� 2� � k

1� � 2

�
2� + k � 1 � � 2(k + 3)

�
; if k � 1;

whenr = 2. By thesplit Levinsonalgorithmcomputedin FORTRAN with doubleprecision,
nodesandweightsaregivenby:
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Table15

r = 1; � = 1:1 n = 10

Nodes Weights

0:8473567133+ � 0:5310241053i
� 0:9095350917+ � 0:4156271369i
� 0:5968012792+ � 0:8023890784i

0:4377179772+ � 0:8991123247i
� 0:0996095352+ � 0:9950266029

0:0809799064
0:4250829076
0:6749529041
0:2923674821
0:5427101048

and,

Table16

r = 1; � = 1:01 n = 10

Nodes Weights

0:8432691294+ � 0:5374915584i
� 0:9380253965+ � 0:3465665239i
� 0:6342873464+ � 0:7730973821i

0:4228259917+ � 0:906210892i
� 0:1278951430+ � 0:9917876952i

0:0884264387
0:8084274344
0:8785194976
0:3244615048
0:6277760750

Finally theapproximationof thetwo integralsaredisplayedin:

Table17

r = 1 Approximation Exactvalue

� = 1:01 2:03543204774: : : 2:03543204817: : :

� = 1:1 1:67594127382: : : 1:67594127475: : :

Again,numericalresultsofferedby bothmethodsarequitesimilar.
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