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LOCALIZED POLYNOMIAL BASESON THE SPHERE
�

NOEMÍ LA ÍN FERNÁNDEZ
�

Abstract. Thesubjectof many areasof investigation,suchasmeteorologyor crystallography, is thereconstruc-
tion of a continuoussignalon the � -spherefrom scattereddata. A classicalapproximationmethodis polynomial
interpolation. Let ��� denotethe spaceof polynomialsof degreeat most � on the unit sphere�	��

��� . As it is
well known, the so-calledsphericalharmonicsform an orthonormalbasisof the space� � . Sincethesefunctions
exhibit a poor localizationbehavior, it is naturalto askfor betterlocalizedbases.Given �������
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where
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denotesthe Legendrepolynomialof degree 3 normalizedaccordingto the condition
9
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5�*2.@5 . In this
paper, wepresentsystemsof

(

�A4%5�* � pointson � � thatyield localizedpolynomialbasesof theabove form.
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1. Intr oduction. Let BDC%EGFIHKJMLINPOQESR+JPR

C

FUTWV denotethe unit sphereem-
beddedin the Euclideanspace NXO and let YZE\[ ])^�_�`bac[ ])^�d�_fehgji NXO2^
kml	^�noeqp gji

kmr�s$tulwv>xyr&n)^zr;s$tulwr�s�t{n)^zv>xyr&l|e be its parameterizationin sphericalcoordinatesk}lj^;noe . Cor-
respondingto thesurfaceelement~o•€km•‚e , wehave the ƒ{C‚kmBDC;e -innerproductandnorm
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Furthermore,let Harm’=k"N“O|e denotethe spaceof harmonichomogeneouspolynomialsof
degree” in threevariables.Restrictingthesefunctionsto B“C , weobtaintheso-calledspherical
harmonicsof order ” . Throughoutthis paper, we will focuson thespace•-–%EˆF—H ˜š™
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wherethis direct sum decompositionhasto be understoodin the sensethat any spherical
polynomialof degreeat most • is the restrictionof a harmonicpolynomialof degreeless
or equal to • to the sphere. Sincedim Harm’

kmBDC�e¡F¢d‚”“£¤T , it follows that ¥ EˆF dim
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k•dW”y£¨T e©F—km•ª£¨T«e;C . An ƒwC‚k"BfC;e -orthonormalbasisof •
– thatis not localizedon

thesphereis givenby
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FIG. 1.1. Sphericalharmonic½A¾P¿ÁÀwÂ
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denotetheassociatedLegendrefunctionsand̃“’ standsfor theLegendrepolynomialof degree
” normalizedaccordingto thecondition ˜“’=k=T e{FcT . Fromnow on, this basiswill bereferred
to asthebasisof sphericalharmonics.

A way of constructingbetterlocalizedbasesis by meansof the reproducingkernel of
the underlyingspace. Let H«Ø
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– . It is straightforwardto checkthatthereproducingkernelof
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Combiningnow the direct sumdecompositionof •
– in (1.1) andthe additiontheoremfor

Harm’�kmBPC;e (seeMüller [4], page10),onecomesupwith thefollowing result.
LEMMA 1.1. Theuniquereproducingkernelof •j– is givenby
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It shouldbeobservedthat
á

–-k}•&^;Þ)eÓFÕã‚–fk}•Óâ�Þ)e , asazonalfunction,only dependsonthe
Euclideanproductof thevectors• and Þ . Therefore,it is invariantwith respectto rotations,
i.e., transformationsof thegroup ä©åæk"çoe .

1.1. ScalingFunctions. In contrastto thesphericalharmonics
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introducedin (1.2),
the function

á

–-k}•&^³âˆe»EuBDC»gjièNZk}•°LqBDC;e de�ned in (1.3) is the sphericalpolynomial
with minimal ƒwC‚k"BfC�e -normamongall sphericalpolynomialsof degreeat most • thatattain
thesamevalueat theprescribedpoint • . The following lemmaestablishesthis localization
property.

LEMMA 1.2. Let ••L@BDC . Then
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Theproof is a directconsequenceof applyingCauchy-Schwarz's inequalityandthead-
dition theorem(seeLa�́n Ferńandez[2]).

Ouraim is to studytheproblemof characterizingsetsof points HK•

µ

V

µ

Ÿ

Ð�ìˆíˆíˆí ì îðï

BDC

suchthat the functions H«ñ

–

µ

EˆF

á

– k}•

µ

^Kâ e+V

µ

Ÿ

Ð�ìˆíˆíˆí ì î

constitutea basisof the space• – . The
functionsñ

–

µ

^Xk}òXFëT‚^K‘³‘K‘>^�¥
e will becalledscalingfunctions. Thelinearindependenceof the
scalingfunctionsis re�ectedin theregularityof an ¥óaŒ¥ matrix. Given HK•

µ

V

µ

Ÿ

Ð+ìˆíˆíˆí ì î—ï

BDC ,
we canconstructtheinterpolationmatrix

ô

– EˆF

õö

ö

ö

ö

ö

ö

ö

ö

ö

ö

ö

ö÷

­

Ž

Ž

km•

Ð

e

­

Ž

Ž

km•

C

e

­

Ž

Ž

km•

O

e ‘³‘³‘

­

Ž

Ž

km•

î

e

­Œø

Ð

Ð

k}•

Ð

e

­æø

Ð

Ð

k}•

C

e

­æø

Ð

Ð

k}•

O

e ‘³‘³‘

­šø

Ð

Ð

k}•

î

e

­

Ž

Ð

km•

Ð

e

­

Ž

Ð

km•

C

e

­

Ž

Ð

km•

O

e ‘³‘³‘

­

Ž

Ð

km•

î

e

­

Ð

Ð

km•

Ð

e

­

Ð

Ð

km•

C

e

­

Ð

Ð

km•

O

e ‘³‘³‘

­

Ð

Ð

km•

î

e

...
...

...
...

...­

ø

–

–

km•

Ð

e

­

ø

–

–

km•

C

e

­

ø

–

–

km•

O

eù‘³‘³‘

­

ø

–

–

km•

î

e

...
...

...
...

...­

–

–

k}•

Ð

e

­

–

–

k}•

C

e

­

–

–

k}•

O

e ‘³‘³‘

­

–

–

k}•

î

e

ú³û

û

û

û

û

û

û

û

û

û

û

û

ü

L»ý

îbþ&î

‘(1.5)

By virtue of theadditiontheorem,onecandirectly seethatthesymmetricpositive semide�-
nitematrix ÿ
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Therefore,the matrix ÿ•– is the Grammatrix of the scalingfunctionsandwill be positive
de�nite, in particularregular, if andonly if thescalingfunctionsarelinearly independent.As
det ÿ

–
F ™ det

ô

–
™

C , we canstudythe regularity of either
ô

– or ÿ
– in orderto determine

whetherthescalingfunctionsconstituteabasisof •
– ornot. Sincetheregularityorsingularity

of thematrix
ô

– is independentof thebasisof •
– onhand,wewill assumefrom now onthat

theunderlyingbasisis thebasis(1.2) of sphericalharmonics.
DEFINITION 1.3. A setof points HK•
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BDC for which the interpolationmatrix
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basisof •

– , is calleda fundamentalsystemfor •
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2. Construction of fundamental systems.With growing • , theanalysisof theregular-
ity of the interpolationmatrices

ô

– becomesa very dif�cult taskin general,sowe have to
restrictour analysisto speci�c choicesof point constellations.

A possibleway of constructingfundamentalsystemsfor •
– is dueto v. Golitschekand

Light [6] andSünderman[5]. Thekey ideaof their constructionis to locatethe ¥ nodeson
•w£6T parallelcircles,suchthatthe ã th k"ãšF°]2^³‘K‘³‘>^�•fe circlecontainsdoã�£6T points.

Anotherdescriptionof speci�c setsof points,whichadmituniquepolynomialinterpola-
tion, is givenby Xu [7, 8]. In his construction,the fundamentalsystemsarisefrom relating
an interpolationproblemon the unit disc to an interpolationproblemon the unit sphere:
onestartswith k}•6£§T e>km•%£ d‚e

�

d pointslying on [ •

�

d�`z£@T concentriccirclesinsidetheunit
disc, suchthat oneof the circles is the unit circle B

Ð

itself andeachcircle contains•
£ T

equidistantlydistributednodes.Finally, thepointsareprojectedontothenorthernandsouth-
ernhemispheresof BDC , yielding therebya symmetricdistribution of ¥ pointson thesphere.
Unfortunately, this constructiononly worksin thecaseof evenpolynomialdegree• .

Hereandfrom now on,wewill assumethat • is anoddnaturalnumberandconsiderac-
cordinglythatthe km•w£6T«e;C nodesaredistributedon •w£6T parallelcircles,whereeachof them



ETNA
Kent State University 
etna@mcs.kent.edu

Localizedpolynomialbaseson thesphere 87

	 	 	 	

	 	 	 	

	 	 	 	

	 	 	 	

g×T

]

T

•�


ì Ð

•�


ì

C

•�


ì

O

•�


ì




•

C

ì Ð

•

C

ì

C

•

C

ì

O

•

C

ì




•

O

ì Ð

•

O

ì

C

•

O

ì

O

•

O

ì




•

Ð�ì Ð

•

Ð+ì

C

•

Ð+ì

O

•

Ð�ì




_

d

_

]

] _ d�_

v>xyr&l


��

� �

Cz•

–Wß

Ð

�

�

FIG. 2.1. Case �Ò.�� and �Ö.q5 : distribution of the points in a local-coordinates-grid: the pointsare
distributedequidistantlyon four symmetriclatitudinal circles.

bears•u£ðT equidistantlydistributedpoints. Moreover, the latitudinal circlesaresymmetric
with respectto theequatorandthepointson themexhibit a rotationalsymmetrywith respect
to theaxis that joins thenorthandsouthpoles.However, asthenext lemmashows,a distri-
bution with km•%£§T«e;C pointslying simultaneouslyon •{£»T meridiansandon •u£@T latitudes,
doesnot yield a fundamentalsystemfor •

– .
LEMMA 2.1. Let • L�� be an odd positive integer. Furthermore, denotewith
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wise different longitudinal and latitudinal angles,respectively. Thenthe systemof points
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tal systems.Basedon this idea, the following theoremestablishesa possibleconstruction
principlefor fundamentalsystemswhen • is odd.
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Proof. In orderto establishthelinearindependenceof thescalingfunctionscorrespond-
ing to thepoint set %Ùk+&Pe , we have to studytheregularity of the interpolationmatrix

ô

– in
(1.5). Thetrick of theproof is to reduceour km•w£6T«e�C -dimensionalproblemto •w£6T problems
of dimension•�£@T . Usingthestructureof thesphericalharmonicsasfunctionsof separated
variables,wecanconvertour original interpolationmatrix
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– into anequivalentblockdiag-
onaloneconsistingof •š£°T blocks ,
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regulartransformations.
Multiplying from the left handsideby a properpermutationmatrix -

Ð

, we canreorder
therowsof
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Let us now focus our attentionon the k}•Ö£hT«eDa6km•Ò£hT e -dimensionalmatrices
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� Ÿ

Ð

4

�

® ø

� ß

Ð

 

�

^(2.3)

where
á

®

�

denotestheconstant

á

®

�

EˆFTS

duk}· g Tw£U��eD£°T

±

_ðk}•Û£¹T«e

^ �ÝF—T‚^K‘³‘K‘>^;•%g¡·¤£°To‘(2.4)

Note that thesumin (2.3) is nonzeroif andonly if km·°gN�2£»T«eV2c] mod k}•{£»T«e . However,
since · L H«]2^³‘³‘K‘>^;•“V and �ÛL HoTo^³‘K‘³‘+^;•u£@T‚V , this implies that �©F
·¨£»T . Accordingly, we
obtain

O

.

�

®

:u–Wß

Ð

P

k���^�� e©FXW

km•Œ£¹T«e

á

®

�

˜

®

® ø

Ð

ß �

kmv³xor&l��«eF4

®

^ if �›F ·¤£°To^

]2^ otherwise‘

b) Similarly, if •@gÒ·h£¨dNKM�NK¨•š£°T , then

O

.

�

®

:
–Wß

Ð

P

k���^�� eÓFXW

km•Û£°T e

á

C

�

�

˜

–Wß

Ð

ø
®

�

ø

Ð

kmv>xyr)l
�

eF4

®

^ if � F¹·h£¹T‚^

]2^ otherwise‘

(II) Now let � be even.
a)For TLKM�NK¨•%g¡·Ù£°T , it holds

O

.

�

®

:
–Wß

Ð

P

k���^�� e©F

T

;

•w£6T

–Wß

Ð

à

�
Ÿ

Ð

­€®

®
ø

Ð

ß
�

Ë	YcË|l��‚^

k"d2k"ã•g T«e�£M&Pe=_

•š£°T
ÏAÏ

4

�

Ð

ø

�

 

�

�

ø

Ð

 

F

á

®

�

˜

®

®
ø

Ð

ß
�

kmv³xor&l��«e

–Wß

Ð

à

�
Ÿ

Ð

4

)

®

Ñ

C

ø
®

ß
�

®
ø

�>�
ß

�

ø

Ð

ß
�

F

á

®

�

˜

®

®
ø

Ð

ß
�

kmv³xor&l
�

eF4

)

®

Ñ

C

ø
®

ß
�

ø

Ð

–Wß

Ð

à

�
Ÿ

Ð

4

�

®
ø

�
ß

Ð

 

�

^(2.5)

where
á

®

�

wasalreadyintroducedin (2.4). Again, thesumin (2.5) is nonzeroif andonly if
� F°·Ù£¹T . Accordingly, it follows that

O

.

�

®

:
–Wß

Ð

P

k���^�� eÓF
W

km•Û£°T e

á

®

�

˜

®

®
ø

Ð

ß
�

kmv³xor&l��«eF4ZY\[

#

^ if � F¹·h£¹T‚^

]2^ otherwise‘

b) In asimilar way, if •6gÒ·h£¨dNK]�ZK¨•š£¹T , then

O

.

�

®

:u–Wß

Ð

P

k���^�� eÓF^W

km•Û£°T e

á

C

�

�

˜

–Wß

Ð

ø
®

�

ø

Ð

kmv³xor2l��«e_4
Y�[

#

´

ø

)

•

µ

^ if � F¹·h£¹T‚^

]2^ otherwise‘

In view of thesecalculations,we realizethat eachof the matrices
.

�

®

:
–Wß

Ð

possesses
only onenonzerocolumn,namelythe k}·¹£¡T«e stone.Moreover, bearingin mindthestructure
of thematrix in (2.2), we observe thatwe canobtaina block diagonalmatrix if we multiply
from theright handsideby thefollowing permutationmatrix

-

C

EGF/`ba

Ð

^ca
–Wß

C

^da

C

�

–Wß

Ð

 

ß

Ð

^³‘K‘³‘>^(a

–

�

–Wß

Ð

 

ß

Ð

^ca

C

^Ga
–Wß

O

^da

C

�

–Wß

Ð

 

ß

C

‘K‘³‘K^Ga

–

�

–Wß

Ð

 

ß

C

^³‘K‘³‘K^da
–‚ß

Ð

^ca

C

�

–Wß

Ð

 

^ca

O

�

–Wß

Ð

 

^³‘K‘³‘>^ca

�

–‚ß

Ð

 

#fe

‘

Thereby, theproduct -

Ð

ô

–
:g-

C

attainstheform diag k�,

Ž

^�,

Ð

^³‘K‘³‘³^�,
–

e , wherethematrix
,

®

L%ý

�

–Wß

Ð

 

þ

�

–Wß

Ð

 

k}·óF°])^K‘³‘K‘>^;•fe hasthefollowing entries:
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h If TLK]�ZK •6gÒ·h£¹T , then

,

®

k���^@�|e©F W

km•Œ£¹T«e

á

®

�

˜

®

® ø

Ð

ß �

kmv³xor2l��KeF4

®

^ if � odd̂
km•Œ£¹T«e

á

®

�

˜

®

® ø

Ð

ß �

kmv³xor2l��KeF4 Y\[

#

^ if � even‘

h If •%g¡·¤£\dZK��ZK¨•Û£°T , then

,

®

kQ��^i�|eÓFXW

km•Œ£¹T«e

á

C

�

�

˜

–‚ß

Ð

ø ®

�

ø

Ð

k"v>xyr&l��«e94

®

^ if � odd̂
km•Œ£¹T«e

á

C

�

�

˜

–‚ß

® ø

Ð

�

ø

Ð

k"v>xyr&l��«e94 Y�[

#

´

ø

)

•

µ

^ if � even.

Summarizing,wehaveobtaineda simplerrepresentationof the ¥ëau¥ -dimensionalma-
trix

ô

– asthe block diagonalmatrix diag k+,

Ž

^�,

Ð

^³‘K‘³‘³^�, – e via multiplication by regular
matrices.Hence,we have reducedthe studyof the regularity of

ô

– to the analysisof the
regularityof eachof thelowerdimensionalmatrices,

®

k}·°F6])^³‘K‘³‘K^;•fe .
In order to facethis problem,we will make useof somepropertiesof the calculusof

determinants.Notealsothatit is enoughto restrictouranalysisto thecases· F6]2^³‘³‘K‘³^«k}•š£

T«e

�

d , since , –Wß

Ð

ø ®

is equivalentto ,

®

for ·¹F»])^³‘K‘³‘+^«k}•Û£ÕT«e

�

d . Indeed,thelatteroneis
a permutedandscaledversionof ,

®

.
Extractingthe constantsappearingin the entriesof eachof the matrices ,

®

k}·èF

])^K‘³‘K‘>^Kkm• £ T«e

�

d‚e , �rst rowwise, then columnwise,and introducing the notation J
�

EGF

v>xyr&l
�

k!�•F To^³‘³‘K‘>^;•š£¹T«e , we obtain

det ,

®

Fqk}•š£¹T«e

–‚ß

Ðkj

–

ø
®

ß

Ð

l

�
Ÿ

Ð

á

®

�Zm

j

–Wß

Ð

l

�
Ÿ�–

ø
®

ß

C

á

C

�

�nm

´

®

•

µ
´

Y�[

?�A

#

a

a

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

˜

®

®

k}J

Ð

e ˜

®

®

kmJ

C

e ‘³‘K‘ ˜

®

®

kmJ
–Wß

Ð

e

˜

®

®

ß

Ð

k}J

Ð

e ˜

®

®

ß

Ð

k}J

C

e ‘³‘K‘ ˜

®

®

ß

Ð

k}J
–‚ß

Ð

e

...
...

...
...

˜

®

–

k}J

Ð

e ˜

®

–

kmJ

C

e ‘³‘K‘ ˜

®

–

kmJ
–Wß

Ð

e

˜

–Wß

Ð

ø
®

–Wß

Ð

ø
®

k}J

Ð

e ´

ø

)

•

µ

˜

–‚ß

Ð

ø
®

–Wß

Ð

ø
®

kmJ

C

e ‘³‘K‘Ì´

ø

)

•

µ

˜

–Wß

Ð

ø
®

–Wß

Ð

ø
®

kmJ
–Wß

Ð

e

˜

–Wß

Ð

ø
®

–Wß

C

ø
®

k}J

Ð

e ´

ø

)

•

µ

˜

–‚ß

Ð

ø
®

–Wß

C

ø
®

kmJ

C

e ‘³‘K‘Ì´

ø

)

•

µ

˜

–Wß

Ð

ø
®

–Wß

C

ø
®

kmJ
–Wß

Ð

e

...
...

...
...

˜

–Wß

Ð

ø
®

–

k}J

Ð

e ´

ø

)

•

µ

˜

–‚ß

Ð

ø
®

–

kmJ

C

e ‘³‘K‘Ì´

ø

)

•

µ

˜

–Wß

Ð

ø
®

–

kmJ
–Wß

Ð

e

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

‘(2.6)

Note that in the lower half of the above matrix, the factor ´

ø

)

•

µ

only appearsin the even
columns.For the sake of symmetry, let usmultiply the last · rows by ´

)

•

µ

Ñ

C . Thereby, it
remainsto show thatthedeterminant

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

˜

®

®

k}J

Ð

e ˜

®

®

k}J

C

e ‘K‘³‘ ˜

®

®

k}J
–‚ß

Ð

e

˜

®

®

ß

Ð

k}J

Ð

e ˜

®

®

ß

Ð

kmJ

C

e ‘K‘³‘ ˜

®

®

ß

Ð

k}J
–Wß

Ð

e

...
...

...
...

˜

®

–

k}J

Ð

e ˜

®

–

k}J

C

e ‘K‘³‘ ˜

®

–

k}J
–‚ß

Ð

e

´
Y

?�A

#

˜

–Wß

Ð

ø
®

–Wß

Ð

ø
®

kmJ

Ð

e ´

ø

Y

?�A

#

˜

–Wß

Ð

ø
®

–‚ß

Ð

ø
®

k}J

C

e ‘K‘³‘Ì´

ø

Y

?�A

#

˜

–‚ß

Ð

ø
®

–Wß

Ð

ø
®

kmJ	–Wß

Ð

e

´pY

?�A

#

˜

–Wß

Ð

ø
®

–Wß

C

ø
®

kmJ

Ð

e ´

ø

Y

?�A

#

˜

–Wß

Ð

ø
®

–‚ß

C

ø
®

k}J

C

e ‘K‘³‘Ì´

ø

Y

?�A

#

˜

–‚ß

Ð

ø
®

–Wß

C

ø
®

kmJ
–Wß

Ð

e

...
...

...
...

´pY

?�A

#

˜

–Wß

Ð

ø
®

–

kmJ

Ð

e ´

ø

Y

?�A

#

˜

–Wß

Ð

ø
®

–

k}J

C

e ‘K‘³‘Ì´

ø

Y

?�A

#

˜

–‚ß

Ð

ø
®

–

kmJ
–Wß

Ð

e

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

(2.7)
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is nonzero.Exploiting theparity of theassociatedLegendrefunctions,we cantransformthe
above matrix by elementaryrow operationsinto q

®sr

, where
r

is the km•@£ŠT eja•km•6£ŠT«e -
dimensionaldiagonalmatrix

r

F diag
O

k=TugÒJ

C

Ð

e

®

^«k=TugÒJ

C

C

e

®

^³‘³‘K‘>^Kk;Tug¡J

C

–Wß

Ð

e

®

P

L@N

�

–Wß

Ð

 

þ

�

–Wß

Ð

 

^

and q

®

is givenby
õö

ö

ö

ö

ö

ö

ö

ö

ö

ö

ö

ö

ö

ö

ö÷

T T ‘³‘³‘ T

J

Ð

J

C

‘³‘³‘ J	–Wß

Ð

J	C

Ð

JjC

C

‘³‘³‘ J	C

–Wß

Ð

...
...

...
...

J

–

ø ®

Ð

J

–

ø ®

C

‘³‘³‘ J

–

ø ®

–‚ß

Ð

´

Y

?�A

#

k=TugÒJ	C

Ð

eit ´

ø

Y

?�A

#

k=TugÒJ	C

C

eit ‘³‘³‘ ´vu

Y

?�A

#

k=TugÒJ	C

–Wß

Ð

ewt

´ Y

?�A

#

J

Ð

k;Tug¡JjC

Ð

ewt ´

ø

Y

?�A

#

J

C

k;Tug¡JjC

C

ewt ‘³‘³‘Ú´ u

Y

?�A

#

J –Wß

Ð

k;TAgÒJ	C

–Wß

Ð

eit

...
...

...
...

´

Y

?�A

#

J

®
ø

Ð

Ð

k;TAg¡JjC

Ð

ewt ´

ø

Y

?�A

#

J

®
ø

Ð

C

k=TugÒJ	C

C

ewt ‘³‘³‘ ´vu

Y

?�A

#

J

®
ø

Ð

–Wß

Ð

k;Tug¡JjC

–Wß

Ð

eit

ú û

û

û

û

û

û

û

û

û

û

û

û

û

û

û

ü

with xÖFhkm•¡£qT«e

�

dæg · . Consequently, in order to concludethe proof of Theorem2.2,
it remainsto establishthe regularity of the k}• £ÙT e“a»k}•Ò£¤T«e -dimensionalmatrices q

®

k}·¸FÕ])^K‘³‘K‘>^Kkm•Œ£¹T«e

�

d‚e .
As it is shown in Theorem2.7 of La�́n Ferńandez[1], all thesematrices q

®

k}· F

])^K‘³‘³‘³^Kk}•š£¹T«e

�

d‚e areregular, whichcompletestheproof.

2.1. Conditions of the matrices
ô

– . Accordingto Lemma2.1, thepoint distribution
describedin Theorem2.2doesnotyield afundamentalsystemfor •

– when &×F6] or &ÝF%d . In
orderto understandbetterthein�uenceof theparameter& onthestabilityof theinterpolation
problem,let usnow studytheasymptoticbehavior of theconditionnumbercond

ô

Ð

k�&“e when
& approximatestheextremalvalues] or d . On accountof thesymmetricdistribution of the
pointsin Theorem2.2, wehavethatcond

ô

–
k+&PeoF cond

ô

–
k•dAgy&Pe . Hence,wewill assume

without lossof generalitythat & LÖkm]2^³T>` .
LEMMA 2.3. Let • F
T andlet HK•

Ð

^;•

C

^;•

O

^;•�
‚V

ï

BDC bea fundamentalsystemof theform
describedin Theorem2.2. Then

z�{�|

êæs�t-H v>xotc}

ô

Ð

k�&“e{E~&ÎLÒk"])^KT>`•V F—T‚^

andcond
ô

Ð

k=T«e|FÒT if andonly if theunderlyinglatitude v³xor&l

Ð

FqT

�

;

ç is thepositivezero
of theLegendrepolynomial̃

C

. Moreover,

v>xotc}

ô

Ð

k+&PeÓFÕå

O

&

ø

Ð

P

as &¡iM]2‘

Proof. In order to estimatethe conditionnumberof the matrix
ô

Ð

k+&Pe in dependence
on the shift & , let us computethe eigenvaluesof the Grammatrix ÿ

Ð

k+&Pe . For the sake of
simplicity, let •AEˆFðv>xorKk�&D_

�

doe and €�EGF»v³xor�C�l

Ð

. It is straightforwardto checkthatthematrix
ÿ

Ð

k�&“e attainstheform

T

±

_

õ

÷

7 •'‚

Ç

� 5j4ƒ�

(…„�(

‚

Ç

5�*

Ç

‚

* 5j4ƒ�

(…„�(

5

Ç

‚

*

Ç

‚

*

•'‚

Ç

�

7

5j4ƒ�

(…„�(

5

Ç

‚

*

Ç

‚

* 5j4ƒ�

(…„�(

‚

Ç

5�*

Ç

‚

*

5j4†�

(�„W(

‚

Ç

5�*

Ç

‚

*S5j4†�

(�„W(

5

Ç

‚

*

Ç

‚

*

7 •'‚

Ç

�

5j4†�

(�„W(

5

Ç

‚

*

Ç

‚

*S5j4†�

(�„W(

‚

Ç

5�*

Ç

‚

*

•'‚

Ç

�

7

ú

ü

‘
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FIG. 2.2. On theleft handside: Conditionnumberof ‡

�

in dependenceof theshift � for different latitudinal
heights.Notethat becauseof thesymmetryof thesphere, cond ‡

�

(

�)*K. cond ‡

�

(

�

Ç

�)* . Theminimalcondition
numberis achievedfor �“.×5 . On theright handside: log-log plot of cond ‡›�

(

�)* , when � tendsto È .

Sincethismatrix is blockcirculantwith circulantblocks,onecancomputeits eigenvaluesvia
diagonalizationby Fouriermatrices

ˆ

Ð

k+•&eÓF

±

^

ˆ

C

k+•|ewFëT«d�€ ^

ˆ

O

k+•&eÓFŠ‰	k�•bg T«e³k+€�g T«e>^

ˆ


yk+•|e©F—g‹‰2k;TÓ£U•&e>k@€�g¨T e+‘

Consideringnow the cases€UK

Ð

O

and €•Œ

Ð

O

separately, it canbe seenthat the quotient
ˆcŽf•‘•

k•ÿ

Ð

k�&“e;e

�

ˆcŽf’ “

k•ÿ

Ð

k+&Pe�e attainsits minimumat the intersectionpoint of the lines
ˆ

O

k+•&e

and
ˆ


ok+•|e , i.e. at thepoint •“F6] or equivalently &¡F—T .
Accordingly, for &ÝF
T , theGrammatrix ÿ

Ð

k=T e possessestheeigenvalues

ˆ

Ð

F

±

^

ˆ

C

F”‰2k=Tw£\v>xyr2d�l

Ð

e>^

ˆ

O

ì


 F—gAç2k=g×TÓ£\v>xyr2d�l

Ð

e>‘

It is now straightforwardto provethatthematrixhasequaleigenvaluesif andonly if v³xor&l

Ð

F

T

�

;

ç . For thisvalueof l

Ð

, theconditionnumberof thematrix is equalto oneandthescaling
functionsform anorthogonalbasisof •

Ð

.
Having computed the eigenvalues of ÿ

Ð

k+&Pe , we can immediately conclude that
cond •

Ð

k+&Pe Fqå

O

&

ø

Ð

P

^–& iÚ] by analyzingthecasesv>xyr�C-l

Ð

KhT

�

ç and v>xyr;Cfl

Ð

ŒhT

�

ç

separately.

At this point it shouldbementionedthat for thespecialvalueof l

Ð

F

z�{

v³v³xor

O

T

�

;

ç

P

,
thepointsconstitutingtheset %Ùk;T«e , i.e.

•

Ð�ì Ð

F

j

g

¯

d

ç

^�]2^

T

;

ç

m

^ •

Ð�ì

C

F

j

¯

d

ç

^�]2^

T

;

ç

m

^

•

C

ì Ð

F

j

]2^

¯

d

ç

^³g

T

;

ç

m

^ •

C

ì

C

F

j

])^Kg

¯

d

ç

^Kg

T

;

ç

m

^

aretheverticesof a regulartetrahedroninscribedin thesphere.
Motivatedby the resultsobtainedfor the case • FóT , it is natural to ask whetherit

is possibleto make similar assertionsfor highervaluesof • . Unfortunately, so far it was
only possibleto conductnumericalexperiments,which indeedsupporttheconjecturethatfor
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•]3 d theconditionnumbercond
ô

–�k+&Pe behaveslike åæk+&

ø

Ð

e , resp. åæk;k"d€gU&“e

ø

Ð

e , when
theshift & approximatesthesingularvalues] or d .

On the right handsideof Figure2.2, we displaythebehavior of theconditionnumber
cond

ô

– k�&“e for small valuesof & andfor the odd valuesof • betweenT and — . In order
to bring out theasymptoticbehavior of cond

ô

– k�&“e , we have usedlogarithmicscalesin the
plot. Accordingto our expectation,we obtaina straightline with slopeequalto g×T . It can
alsobe observedthatwith increasing• the intersectionof thegraphwith the ˜ -axis moves
upwards. In thenumericaltests,we have chosenequidistantlydistributedlatitudinalangles
for our calculations. Rememberthat the consideredfundamentalsystemsin Theorem2.2
allowedarbitraryheightsof thelatitudinalcircles.

On the left handsideof Figure 2.2, we illustrate the behavior of cond
ô

O

k�&“e for the
valuesof &qL [�T

�

d&^�ç

�

d�` . Note that for •6F§T the minimal conditionnumberis attainedat
&ÝF
T , whichcorrespondsto Lemma2.3.

On accountof Lemma2.3, for •ÖFcT orthogonalityof the scalingfunctionscould be
achievedby consideringthe zerosof theLegendrepolynomialof thenext higherdegreeas
latitudes.Motivatedby thisfact,wenow chooseasheightsfor ourparallelcirclesthezerosof
orthogonalpolynomialsof degreefour. In particularwe considerthezerosof Legendreand
Tschebyscheff polynomialsof the�rst kind. Thischoice�ts into theapproachpursuedby Fis-
cherandPrestin[3], wherepolynomialwaveletson theinterval werestudiedandorthogonal-
ity of thescalingfunctionswasachievedby employing thezerosof theunderlyingorthogonal
polynomialsasnodes.As wemighthaveexpected,theconditionnumberof thematrix

ô

O

k+&Pe

improveswhenwechoosethezerosof theLegendrepolynomialsasheightsof thelatitudinal
circles. The choiceof equidistantlydistributedheights ™��¡FQv³xor�kzk"doã€g T«e&_

�

k"dAk}•æ£ÕT e;e;e

yieldssimilar conditionnumbersto thecaseof theLegendrenodes.
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