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LOCALIZED POLYNOMIAL BASESON THE SPHERE

NOEMi LAIN FERNANDEZ

Abstract. Thesubjectof mary areasf investigation suchasmeteorologyor crystallographyis thereconstruc-
tion of a continuoussignalon the -spherefrom scattereddata. A classicalapproximationmethodis polynomial
interpolation Let  denotethe spaceof polynomialsof degreeat most on the unit sphere . Asitis
well known, the so-calledsphericalharmonicsform an orthonormalbasisof the space . Sincethesefunctions
exhibit a poorlocalizationbehaior, it is naturalto askfor betterlocalizedbases Given ,
we considetthe sphericapolynomials

where  denoteshe Legendrepolynomial of degree normalizedaccordingto the condition . In this
paperwe presensystemsf pointson  thatyield localizedpolynomialbase®f theabove form.

Keywords. fundamentabystemslocalization,matrix condition,reproducingkernel.

AMS subjectclassi cations. 41A05,65D05,15A12.

1. Intr oduction. Let denotethe unit sphereem-
beddedin the Euclideanspace  and let
be its parameterizatiorin sphericalcoordinates . Cor
respondingo thesurfaceelement , we have the -innerproductandnorm

Furthermore Jet Harm denotethe spaceof harmonichomogeneougolynomialsof
degree in threevariables Restrictingthesdunctionsto , we obtaintheso-calledspherical
harmonicsof order . Throughouthis paperwe will focusonthespace

of sphericalpolynomialsof degreeatmost . It canbe shovn that

(1.2) Harm

wherethis direct sum decompositiorhasto be understoodn the sensethat any spherical
polynomial of degreeat most is the restrictionof a harmonicpolynomial of degreeless

or equalto to the sphere. Sincedim Harm , it follows that dim
. An -orthonormabasisof  thatis notlocalizedon

thespherds givenby

(1.2)
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Fi1G. 1.1. Sphericalharmonic andrepoducingkernel with

where

denoteheassociatetlegendrefunctionsand  standgor theLegendrgpolynomialof degree
normalizedaccordingto the condition . Fromnow on, this basiswill bereferred
to asthebasisof sphericalharmonics
A way of constructingbetterlocalizedbaseds by meansof the reproducingkernel of
the underlyingspace. Let be an arbitrary
-orthonormabasisof . It is straightforvardto checkthatthereproducingernelof
Harm is givenby

Combiningnow the direct sumdecompositiorof  in (1.1) andthe additiontheoremfor
Harm (seeMulller [4], pagel0),onecomesup with thefollowing result.
LEMMA 1.1. Theuniquereproducingkernelof s givenby

(1.3) —

It shouldbeobseredthat , asazonalfunction,only depend®nthe
Euclideanproductof thevectors and . Thereforejt is invariantwith respecto rotations,
i.e., transformation®f thegroup

1.1. ScalingFunctions. In contrastto the sphericaharmonics  introducedn (1.2),

the function de ned in (1.3) is the sphericalpolynomial
with minimal -normamongall sphericalpolynomialsof degreeat most thatattain
the samevalueat the prescribecpoint . Thefollowing lemmaestablisheshis localization
property

LEMMA 1.2. Let . Then

(1.4)
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The proofis adirectconsequencef applyingCauchy-Schwarz'sinequalityandthe ad-
dition theorem(seeL.a’n Ferrande4 2]).
Ouraimis to studythe problemof characterizingetsof points

suchthat the functions constitutea basisof thespace . The
functions will becalledscalingfunctions Thelinearindependencef the
scalingfunctionsis re ectedin theregularity of an matrix. Given ,

we canconstructheinterpolationmatrix

(1.5)

By virtue of theadditiontheorem pnecandirectly seethatthe symmetricpositive semide -
nite matrix hastheentries

Therefore the matrix is the Grammatrix of the scalingfunctionsandwill be positive
de nite, in particularregular, if andonly if thescalingfunctionsarelinearly independentAs
det det , we canstudytheregularity of either  or in orderto determine
whetherthescalingfunctionsconstituteabasisof ~ ornot. Sincetheregularity or singularity
ofthematrix  isindependentfthebasisof onhand,wewill assumdrom now onthat
theunderlyingbasisis the basis(1.2) of sphericaharmonics.

DEFINITION 1.3. A setof points for which the interpolationmatrix

is nonsingularor equivalentiytheassociatedcalingfunctions constitutea
basisof , is calleda fundamentasystemfor

2. Construction of fundamental systems. With growing , theanalysisof theregular
ity of theinterpolationmatrices  becomesa very dif cult taskin general,sowe have to
restrictour analysigto speci ¢ choicesof point constellations.

A possibleway of constructingundamentakystemdor  is dueto v. Golitschekand
Light [6] andSuindermar{5]. The key ideaof their constructions to locatethe nodeson

parallelcircles,suchthatthe th circle contains points.

Anotherdescriptionof speci ¢ setsof points,which admituniquepolynomialinterpola-
tion, is givenby Xu [7, 8]. In his constructionthe fundamentakystemsarisefrom relating
an interpolationproblemon the unit disc to an interpolationproblemon the unit sphere:
onestartswith pointslying on concentriccirclesinsidethe unit
disc, suchthat one of the circlesis the unit circle  itself andeachcircle contains
equidistantlydistributednodes Finally, the pointsareprojectedontothe northernandsouth-
ernhemispheresf |, yielding therebya symmetricdistributionof  pointsonthe sphere.
Unfortunatelythis constructioronly worksin the caseof evenpolynomialdegree .

Hereandfrom now on,we will assumehat is anoddnaturalnumberandconsiderac-
cordinglythatthe nodesaredistributedon parallelcircles,whereeachof them
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FiG. 2.1. Case and : distribution of the pointsin a local-coodinates-grid: the points are
distributedequidistantlyon four symmetridatitudinal circles.

bears equidistantlydistributed points. Moreover, the latitudinal circlesare symmetric
with respecto theequatorandthe pointson themexhibit a rotationalsymmetrywith respect
to the axisthatjoins the northandsouthpoles. However, asthe next lemmashaows, a distri-

bution with pointslying simultaneouslon meridiansandon latitudes,

doesnotyield afundamentabystentor
LEMMA 2.1. Let be an odd positive integer. Furthermoe, denotewith
and pair-

wise different longitudinal and latitudinal angles,respectively Thenthe systemof points
doesnot constitutea fundamentakystenfor
The proof follows directly from constructingthe associatednterpolationmatrix
It is straightforvard to checkthat the rows correspondingo the functions and

, arelinearly dependent.

In view of the precedingemmawe have to considerdifferentlongitudeson the chosen
circles in orderto obtainfundamen-
tal systems.Basedon this idea, the following theoremestablishes possibleconstruction
principlefor fundamentakystemsvhen is odd.

THEOREM 2.2. Let bean oddinteger andlet -

and denotesymmetridatitudinal angles.Thenthe
setof points , Whee
— if isodd,
if iseven,

with , constitutesa fundamentabystenfor

Proof. In orderto establishithelinearindependencef the scalingfunctionscorrespond-
ing to the point set , we have to studythe regularity of theinterpolationmatrix in
(1.5). Thetrick of the proofis to reduceour -dimensionaproblemto problems
of dimension . Usingthe structureof the sphericaharmonicsasfunctionsof separated

variableswe cancorvertour original interpolationmatrix into anequialentblock diag-
onaloneconsistingof blocks of dimension by



ETNA

Kent State University
etna@mcs.kent.edu

88 N. La'n Ferrandez

regulartransformations.
Multiplying from the left handside by a properpermutatiormatrix  , we canreorder
therows of sothatthe matrix attainstheform

mod

mod

mod
Here, denotegherow vectorcontainingthe evaluationof the sphericaharmonic ~ at
thenodes . Within thematrices
thefunctions— eachof themdetermine®nerow of —areorderedn thefollowing way

Furthermorebearingin mindthedistribution of the pointson theparallelcircles
, we cansplit the -dimensionaimatrices into
squarematricesof dimension

where containsthe informationrelative to the pointslying on the th
latitudinalcircle.
Moreover, let andconsiderthe -dimensional
Fouriermatrix with entries
(2-1) R — R — T
Multiplication from the right handside by the -dimensionalblock diagonalmatrix
diag yields
(2.2)
Let us now focus our attentionon the -dimensionalmatrices

and computetheir entries. Sincethe longitudinal anglesof the points on handvary from
latitudeto latitude, it is necessaryo examinethecasesf oddandeven separatelyAlso the
structureof the functionsinvolvedin eachof the matrices ~ recommendshe distinction
of two cases. On the one hand,we study the entriesof the rst rows, i.e., the
rows correspondindo the functions , and,on the otherhand,we
analyzetheremaining rowsrelative to the functions

() Let beodd.
a) For , we obtain
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(2.3)

where denoteghe constant

(2.4)

Notethatthe sumin (2.3) is nonzeraif andonly if mod . However,
since and , thisimpliesthat . Accordingly, we
obtain

if

otherwise
b) Similarly, if , then

if

otherwise

(I Now let beeven.
a) For , it holds

(2.5)

where wasalreadyintroducedn (2.4). Again,thesumin (2.5) is nonzeraf andonly if
. Accordingly, it follows that

— if

otherwise
b) In asimilarway; if ,then
— if
otherwise
In view of thesecalculationswe realizethat eachof the matrices possesses
only onenonzerocolumn,namelythe stone.Moreover, bearingin mindthestructure

of thematrixin (2.2), we obsenre thatwe canobtaina block diagonalmatrix if we multiply
from theright handsideby the following permutatiormatrix

Therebytheproduct attainstheform diag , wherethe matrix
hasthefollowing entries:
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If , then
if odd
— if even
If , then
if odd
- if even.
Summarizingywe have obtaineda simplerrepresentationf the -dimensionama-
trix asthe block diagonalmatrix diag via multiplication by regular

matrices. Hence,we have reducedthe study of the regularity of to the analysisof the
regularity of eachof thelower dimensionamatrices

In orderto facethis problem,we will make useof someproper'uesof the calculusof
determinantsNotealsothatit is enoughto restrictour analysisto the cases

, since is equivalentto for . Indeed thelatteroneis
apermutedandscaledversionof

Extractingthe constantsappearingin the entriesof eachof the matrices

, st rowwise, then columnwise,and introducing the notation

, we obtain
det 7
(2.6)
Note thatin the lower half of the above matrix, the factor only appearsn the even
columns. For the sale of symmetry let us multiply thelast  rows by . Thereby it

remainsto shav thatthedeterminant

2.7)
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is nonzero.Exploiting the parity of the associated egendrefunctions,we cantransformthe
above matrix by elementaryrow operationsnto , where isthe -
dimensionatdiagonalmatrix

diag

and is givenby

with . Consequentlyin orderto concludethe proof of Theorem2.2,
it remainsto establishthe regularity of the -dimensionalmatrices

As it is showvn in Theorem2.7 of La'’n Ferrandez[1], all thesematrices
areregular, which completeghe proof.

2.1. Conditions of the matrices . Accordingto LemmaZ2.1, the point distribution
describedn Theoren2.2doesnotyield afundamentasystenfor  when or .In
orderto understandbetterthein uence of theparameter onthestability of theinterpolation
problem letusnow studytheasymptotidoehaior of theconditionnumbercond when

approximateshe extremalvalues or . Onaccountof the symmetricdistribution of the
pointsin Theorem?2.2, we have thatcond cond . Hencewe will assume
withoutlossof generalitythat

LEMMA 2.3. Let andlet beafundamentasystenof theform

describedn Theoem?2.2 Then

andcond if andonly if the underlyinglatitude " isthepositivezen
of theLegende polynomial . Moreover,

as

Proof. In orderto estimatethe conditionnumberof the matrix in dependence
ontheshift , let us computethe eigervaluesof the Gram matrix . For the sale of
simplicity, let and . It is straightforvardto checkthatthe matrix

attainstheform
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FiG. 2.2. Ontheleft handside: Conditionnumberof in dependencef theshift for differentlatitudinal
heights.Notethat becausef the symmetryof the sphee, cond cond . Theminimal condition
numberis achievedfor . Ontheright handside: log-log plot of cond ,when tendsto .

Sincethis matrixis block circulantwith circulantblocks,onecancomputdts eigervaluesvia
diagonalizatiorby Fouriermatrices

Consideringnow the cases - and - separatelyit canbe seenthat the quotient
attainsits minimum at the intersectiorpoint of thelines
and , i.e. atthepoint or equialently
Accordingly, for , the Grammatrix possessethe eigervalues

It is now straightforvardto prove thatthe matrix hasequaleigervaluesf andonly if
. Forthisvalueof ,theconditionnumberof thematrixis equalto oneandthescaling
functionsform anorthogonabasisof

Having computedthe eigervalues of , we can immediately conclude that
cond by analyzingthe cases and
separatelyd

At this pointit shouldbe mentionedthatfor the specialvalue of
thepointsconstitutingthe set ,i.e.

aretheverticesof aregulartetrahedrornnscribedin the sphere.

Motivated by the resultsobtainedfor the case , it is naturalto ask whetherit
is possibleto make similar assertiondor highervaluesof . Unfortunately sofar it was
only possibleto conductnumericalexperimentsyhichindeedsupportheconjecturghatfor
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the conditionnumbercond behaeslike , resp. , when
theshift approximateshesingularvalues or .
On theright handside of Figure 2.2, we displaythe behaior of the conditionnumber

cond for small valuesof andfor the odd valuesof between and . In order
to bring out the asymptoticbehaior of cond , we have usedlogarithmicscalesn the
plot. Accordingto our expectationwe obtaina straightline with slopeequalto . It can

alsobe obseredthatwith increasing theintersectionof the graphwith the -axis moves
upwards. In the numericaltests,we have choserequidistantlydistributedlatitudinal angles
for our calculations. Remembetthat the consideredundamentakystemsn Theorem2.2
allowedarbitraryheightsof thelatitudinalcircles.

On the left handside of Figure 2.2, we illustrate the behaior of cond for the

valuesof . Notethatfor the minimal conditionnumberis attainedat
, Which correspond$o Lemma2.3.

On accountof Lemma2.3, for orthogonalityof the scalingfunctionscould be

achieved by consideringthe zerosof the Legendrepolynomialof the next higherdegreeas
latitudes.Motivatedby thisfact,we now chooseasheightsfor our parallelcirclesthezerosof
orthogonalpolynomialsof degreefour. In particularwe considerthe zerosof Legendreand
Tschebyschépolynomialsof the rst kind. Thischoice ts intotheapproactpursuedy Fis-
cherandPrestin[ 3], wherepolynomialwaveletson theinterval werestudiedandorthogonal-
ity of thescalingfunctionswasachiezedby employing the zerosof theunderlyingorthogonal
polynomialsasnodes As we mighthave expectedtheconditionnumberof the matrix
improveswhenwe choosehe zerosof the Legendrepolynomialsasheightsof thelatitudinal
circles. The choiceof equidistantlydistributed heights

yieldssimilar conditionnumbergo the caseof the Legendrenodes.
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