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ON THE WORST-CASE CONVERGENCE OF MR AND CG FOR
SYMMETRIC POSITIVE DEFINITE TRIDIA GONAL TOEPLITZ MATRICES

�

JÖRG LIESEN
�

AND PETR TICHÝ
�

Abstract. We studythe convergenceof the minimal residual(MR) andthe conjugategradient(CG) method
whenappliedto linearalgebraicsystemswith symmetricpositivede�nite tridiagonalToeplitzmatrices.Suchsystems
arise,for example,from thediscretizationof one-dimensionalreaction-diffusion equationswith Dirichlet boundary
conditions. Basedon our previous resultsin [J. LiesenandP. Tichý, BIT, 44 (2004),pp. 79–98],we concentrate
on the next-to-last iterationstep,anddeterminethe initial residualsandinitial errorsfor the MR andCG method,
respectively, that leadto theslowestpossibleconvergence.By this we meanthat themethodshave madethe least
possibleprogressin thenext-to-last iterationstep.Using theseworst-caseinitial vectors,we discusswhich source
termandboundaryconditionin theunderlyingreaction-diffusion equationaretheworst in thesensethat they lead
to theworst-caseinitial vectorsfor theMR andCG methods.Moreover, we determine(or very tightly estimate)the
worst-caseconvergencequantitiesin thenext-to-laststep,andcomparetheseto theconvergencequantitiesobtained
from average(or unbiased)initial vectors.Thespectralstructureof theconsideredmatricesallows usto applyour
worst-caseresultsfor the next-to-laststepto derive worst-caseboundsalsofor otheriterationsteps.We presenta
comparisonof the worst-caseconvergencequantitieswith theclassicalconvergenceboundbasedon thecondition
numberof � , and�nally wediscusstheMR andCGconvergencefor thespecialcaseof theone-dimensionalPoisson
equationwith Dirichlet boundaryconditions.

Key words. Krylov subspacemethods,conjugategradientmethod,minimal residualmethod,convergence
analysis,tridiagonalToeplitzmatrices,Poissonequation
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1. Intr oduction. Thispaperis concernedwith theconvergenceanalysisof Krylov sub-
spacemethodsfor solvinglinearalgebraicsystemsof theform
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where
?

. denotesthe setof polynomialsof degreeat most - andwith valueoneat the ori-
gin. Two choicesof conditionsfor determiningthepolynomials

5

. haveemergedasdefacto
standards.

In theminimal residual(MR) Krylov subspacemethod,thepolynomialis chosensothat
theEuclideannorm( @BAC@
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Thereareseveral algorithmsfor implementingthe MR methodthat try to exploit asmuch
aspossiblefrom thepropertiesof

�

. Examplesaretheconjugateresidual(CR) method[18]
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for symmetricpositive de�nite
�

, theminimal residual(MINRES) method[17] symmetric
andnonsingular

�

, andthegeneralizedminimal residual(GMRES)method[19] for general
nonsingular

�

.
In the orthogonalresidualKrylov subspacemethod,the - th iterate

�

. is determined
such that the - th residual �V. is orthogonalto all previous residuals�

� 
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. A par-
ticular implementationfor symmetricpositive de�nite matrices

�

is the conjugategradi-
ent (CG) method[8]. The symmetricpositive de�nite matrix
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de�nes a norm (
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Thestandardapproachto analyze(1.2) and(1.3) is to excludethein�uence of �

�

and 2

�

,
andhenceto considertheworst-caseconvergenceinsteadof theconvergencefor theparticular
initial vectors.It iswell known[4, 6, 9] thatthe(attainable)worst-caseconvergencequantities
aregivenby
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(1.4)

where j

g , l

�
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� , aretheeigenvaluesof
�

. Therightmosttermin (1.4) dependsin a
nonlinearway on theeigenvaluedistribution, andno explicit solutionfor this min-maxap-
proximationproblemis known in general.Therefore,to analyzetheworst-caseconvergence
of theMR andCG methodsoneneedsto estimatethis min-maxvalue. Suchestimationcan
bebasedeitheron a suitablesupersetof theeigenvalues,or a suitablesubset,wherethe�rst
choiceleadsto anupperandthesecondto a lowerboundon theworst-caseconvergence.

Thestandardchoiceof asupersetof thediscretesetof matrixeigenvaluesis theirconvex
hull m
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where
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is theconditionnumberof
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; see,e.g.,[5, Theorem3.1.1]. Be-
causeof (1.4), the term on the right handside of (1.5) representsa boundon the relative
residualnorm @H�V.8@
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for eachinitial residual�
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andeachinitial error 2

�

, respectively. Thebound(1.5) is particu-
larly usefulin practicalapplicationswhenonly partial informationaboutthespectrumof

�

is availableor canbe estimated.But oneshouldbe awarethat this boundis obtainedfrom
a differentkind of approximationproblemthantheonesolvedby theMR andCG methods
(worst-caseratherthanfor aspeci�c �

�

or 2

�

, andcontinuousratherthandiscrete),andhence
thatit might providemisleadinginformationabouttheactualconvergenceof thesemethods;
see[12] for moredetailsandreferences.

To obtaina lower boundon the worst-caseconvergenceonecan in principle consider
any subsetof theeigenvalues.As shown in [4, 13], for eachsubsetof exactly -
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Apparently, for eachchoiceof -

{

� distincteigenvalues€
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€ .c•
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, theright handsideof
(1.6) representsanexplicit lowerboundon theworst-caseconvergencequantities.Moreover,
in ourcaseof realeigenvalues,thereexistsa subsetof -

{

� eigenvalues,for which thelower
bound(1.6) is attained.Therefore,if thesubsetof -

{

� eigenvaluesisproperlychosen,onecan
obtaina very goodconvergenceestimate.Sincethis estimateof theworst-caseconvergence
requirespreciseknowledgeaboutatleastsomeeigenvaluesof

�

, its mainuseis in theanalysis
of modelproblems,wheretheeigenvaluesareknown explicitly.

In thispaperweconsidersuchaclassof modelproblems,namelythelinearsystemswith
symmetricpositivede�nite tridiagonalToeplitzmatrices

�

. Suchsystemsarise,for example,
in thediscretizationof one-dimensionalreaction-diffusionequations.We focuson theslow-
estpossibleconvergenceof theMR andCGmethods.By thiswemeanthesituationwhenthe
worst-caseconvergencequantityis attainedin thenext-to-lastiterationstep.For thisstepthe
only possiblesubset•V€

%V
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of theeigenvaluesof
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to bechosenin (1.6) is theset
of all distincteigenvaluesof

�

, so that thesolutionof themin-maxapproximationproblem
is known explicitly. Basedon our previousresultsin [13], we determinetheworstpossible
initial data,i.e. thevectors�&š

�

and 2/š

�

leadingto theslowestpossibleconvergenceof theMR
andCG method,respectively. Knowing the initial vector 2Sš

�

explicitly, we identify source
termsandboundaryconditionsin theone-dimensionalreaction-diffusionequationthatyield,
afterdiscretization,theslowestpossibleCG convergence.We alsoaddresstheidenti�cation
of suchdatafor the MR method,which appearsto be considerablymorecomplicatedthan
for CG.Moreover, we determine(or very tightly estimate)theworst-caseconvergencequan-
tities in thenext-to-laststep,andcomparetheseto theconvergencequantitiesobtainedfrom
average(or unbiased)initial residualsaswell astheclassicalconvergencebound(1.5). The
spectralstructureof theconsideredmatricesallowsusto applyour worst-caseresultsfor the
next-to-laststepto derive worst-caseboundsalsofor otheriterationsteps.Finally, we con-
siderthecaseof one-dimensionalPoissonequation,whichis apopularmodelproblemfor the
convergenceanalysisof Krylov subspacemethods,in particularof CG;see,e.g.,[1, 2, 15, 16].

We point out that the convergenceof GMRES for nonsymmetrictridiagonalToeplitz
matricesis studiedin [10]. Theresultsin [10] hold explicitly for thehighly nonnormalcase,
i.e. thecasewhena tridiagonalToeplitzmatrix canbeconsidereda perturbedJordanblock.
Hencetheresultspresentedin this paperareneitherspecialcasesnor generalizationsof the
resultsin [10].

Thepaperis organizedasfollows. Section2 presentsbasicformulasfor thenext-to-last
MR andCG iterationstep. In Section3 we focuson symmetricpositive de�nite tridiago-
nal Toeplitzmatricesthatarisefrom thediscretizationof one-dimensionalreaction-diffusion
equationswith Dirichlet boundaryconditions,andstudytheMR andCGconvergencequanti-
tiesin thenext-to-laststep.Section4 comparesourresultswith known resultsfor thePoisson
equationmodelproblem.Our conclusionsaregivenin Section5, andtheAppendixlists all
trigonometricformulasusedin theproofs.

2. Formulas for the next-to-lastMR and CG iteration step. Let asymmetricpositive
de�nite matrix

�›�œ�•�)���

be given and denoteby
�ž� Ÿ„¡¢Ÿ

D its eigendecomposition,
where

Ÿ

D

Ÿœ�¤£

and
¡���¥�L¦Z&§

7…j

%

,*,*+*,


j

�

9

. To avoid unnecessarytechnicalcomplications
weassumethatall eigenvaluesof

�

aredistinct. Next, weparameterizetheinitial residual�

�

andtheinitial error 2

�

by

�

�¨�>Ÿ

mª©

%

,*+*,*H


©

�

t

D




2

���>Ÿ

m «

%

+*,*+*,


«

�

t

D

*

(2.1)

Note that, since �

�
�¬�

2

�

, we have ©

g

�

j

g

«

g for all l

�

�


,*+*,*H


� . Without loss of
generalitywe restrictour analysisto vectors�

�

with ©

g®­

�°¯

for all l

�

�


,*,*+*H


� . In case



ETNA
Kent State University 
etna@mcs.kent.edu

WORST-CASECGAND MR CONVERGENCE 183
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To obtainasimilar resultfor the
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-normof theCGerror, it suf�ces to realizethat
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Hencethe
�

-normof theCGerrorcanbeseenastheMR residualnorm,whenMR is started
with the initial residual
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Theformulas(2.2) and(2.5) provide explicit a priori informationaboutthenext-to-lastMR
andCG convergencequantitiesin termsof thematrix eigenvaluesandthecoordinatesof �

�

or 2

�

in thematrix eigenvectors.To simplify thenotation,we will write residualsanderrors
withoutsuperscriptMR or CG.Whenwespeakaboutresiduals�

. , wealwaysmeanresiduals
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of theMR method.Similarly, 2
. alwaysdenotestheerror 2
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of theCG method.The
superscriptcanbenow usedto indicatetheassociationof a residualor errorwith aparticular
initial residualor error.

2.2. Convergencequantities for differ ent initial vectors. As describedin the Intro-
duction,weareinterestedin initial residualsandinitial errorsthatleadto themaximalrelative
convergencequantitiesof theMR andCG method,respectively, in thenext-to-lastiteration
step.We denotesucha worst-caseinitial residualfor theMR methodby �
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Usingtherelation(2.4) andthede�nition of �&š

�

it is nothardto seethatthecorresponding
worst-caseinitial error 23š
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for CG is givenby
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where
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We alsoconsidertheinitial residual
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Thevector �

Å
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canbeconsideredasa representative of the initial residualswhich areuncor-
relatedwith the matrix
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, in the sensethat their componentsin the eigenvectorsof
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are
of (approximately)equalsize. We call suchvectorsunbiasedwith respectto
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. The MR
methodstartedwith the initial residual(2.10) will produce,in thenext-to-lastiterationstep,
theresidualvector �
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TheCGmethodstartedwith theinitial residual�
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, i.e. with theinitial error
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generatesin thenext-to-lastiterationsteptheerror 2
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. Basedon(2.5), therelative
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-norm
of this erroris givenby
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The vector 2

Å

�

is by its de�nition correlatedwith the eigenvaluedistribution of
�

andthus
canbeconsideredbiased. We havedeliberatelymadethischoiceto contrasttheconvergence
quantitiesof MR andCGfor thesameinitial residual.

3. Symmetric positive de�nite tridiagonal Toeplitz matrices. Considertheone-dim-
ensionalreaction-diffusionequation
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In theexpressionfor
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we havede�ned
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cf., e.g.,[20, pp. 113–115].We write theeigendecompositionof
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as
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REMARK 3.1. We have chosento derive our resultsfor the tridiagonalToeplitz ma-
trix
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. In eithercase,
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�

up
to a scalingby

h
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. It is easyto checkthatall of our resultsareinvariantundersuchscaling
of theeigenvaluesof

�

.

3.1. Connectionwith Chebyshev polynomialsof the secondkind. Therelationof the
eigenvaluesof

�

givenin (3.4) to therootsof the � th Chebyshev polynomialof thesecond
kind, denotedby õ
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, will proveusefulin our context. Thepolynomial õ

�

7…Ë

9

hasdegree
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This relationshowsthattheproductof all eigenvaluesof
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canbeexpressedas
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Below westudyhow muchtheMR andCGconvergencequantitieschangewith changing
Ö

. For this we �rst needto understandthe behavior of õ

�

7
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{¨Ö&9

asa function of
Ö
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.
To geta feeling of the growth of õ
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(3.7)

see,e.g.,[14, p. 15]. Usingthis formula,elementaryrealanalysisshows that
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� . In particular, õ
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. As shown by (3.7),
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. This is illustratedin
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FIG. 3.1. ù$ú�û¦ü,ýÌþ+ûcÿ����Gý for different ÿ .

3.2. Worst-casedata. Ourgoalhereis to characterizedata(sourceterm
Î

andboundary
conditions)in (3.1)–(3.2), that lead to the maximal relative convergencequantitiesin the
next-to-laststepwhenMR andCGwith theinitial guess

�����Ð¯

areappliedto thediscretized
system(3.3). Ourmaintoolsaretheparameterizations(2.6) and(2.8) of theworst-caseinitial
vectors�3š

�

and 2/š

�

, which we evaluateexplicitly usingtheknown eigendecompositionof
�

,
andthentranslatebackinto datafor (3.1)–(3.2). Thevectors�3š

�

and 2/š

�

dependon theterms

µ

g , whicharecharacterizedby thefollowing lemma.
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(3.8)

In particular, for
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,
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cf. identity (A.1). Accordingto (2.3), (3.6) and(3.10),
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Therelation(3.9) for
Öé��¯

followsimmediatelyfrom õ
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Now considertheparameterizationof 2 š
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givenin (2.8). Clearly, for any
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leadsto a worst-caseinitial error 23š
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m «&š
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t¦D
for CG. If CG is startedwith initial

guess
� � ��¯

, then 2/š

�

representsthesolution,and
�

23š

�

theright handsideof a linearsystem
thatleadsto themaximalrelative

�

-normof theerrorin thenext-to-lastiterationstep.
Usingthecoef�cients (3.12), andtheexplicit form of
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g in (3.11),
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Since
Á

�

¯

canbechosenarbitrarily, we concludethatany right handsidevector
�

that is
a positive multiple of the �rst unit vectorleadsto theworstpossiblerelative

�

-normof the
errorin thenext-to-laststepof CG(with

�
�

��¯

) for thelinearsystem
�#� �Æ�

givenby (3.3).
Theconvergenceof CG (with

�
�

� ¯

) for
���ò�è�

is obviously thesameasfor
�#�®�° ��

,
andthereforeany negative multiple of the �rst unit vectoris a worst-caseright handsidein
thejust describedsenseaswell.

Insteadof thecoef�cients (3.12) we mayde�ne
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A computationanalogousto the one leadingto (3.13) shows that, for the initial error 23š
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de�ned by thecoef�cients (3.14),
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i.e.,any nonzeromultiple of the � th unit vectoralsois aworst-caseright handsidefor CG.
Both examplesshow that the right handsidesleadingto the very unfavorableconver-

gencebehavior of CG maylook ratherunsuspiciousat �rst sight. In termsof thedifferential
equation(3.1)–(3.2), theworstpossiblerelative

�

-normof thenext-to-lasterror in CG (for
�
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��¯

) is obtainedsimplyby
Î"�Ð¯

and
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(3.16)
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for any nonzeroconstant
�

.
As shown in (2.4), CG for the initial error 23š

�

de�ned by (3.12) is equivalentto MR for
theinitial residual
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leadsto theworst-caserel-
ative residualnorm in the next-to-last MR step. Obviously, the coordinatesof �~š
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Becauseof the complicatedform of the ©Sš

g , no simple expressionfor the vector �&š
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exists in general. An exceptionfor which �&š
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simpleform is thecase
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As (3.18) indicates,for MR it is not asstraightforwardasfor CG to �nd datafor (3.1)–(3.2)
thatleadsto theworstcasein thenext-to-laststep.For moredetailsanda proofof (3.18) we
referto [11].

3.3. Worst-caseand unbiasedconvergencequantities. After having characterizedthe
worst-caseinitial vectors�&š

�

and 2/š

�

for thesystem(3.3), we next evaluatethecorresponding
convergencequantity(2.7) andcompareit to thequantities(2.11) and(2.13) resultingfrom
theinitial vectors�

Å

�

and 2

Å
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. We startwith deriving boundson (2.7) and(2.11).
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In particular, for
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Proof. We �rst prove (3.19). The middle inequality is trivial. To show the leftmost
inequalityit suf�ces to usetherelation(2.11) andto �nd anupperboundon thesumof the
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Then(2.11) implies
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Next notethat,using(A.3),
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andthustherightmostinequalityin (3.19) follows from applying(3.22) to (2.7).
For
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cf. (A.3), and
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(3.24)

cf. (A.4). Substituting(3.23) and(3.24) into (2.7) and(2.11), weobtain(3.20).
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for all
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, thenext-to-lastworst-caseMR residual
normdecreasesexponentiallywith increasing
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. Moreover, Theorem3.3showsthattheprogressMR hasmadein thenext-to-lastiteration
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Thespectralstructureof
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allows to usetheworst-caseconvergenceresultfor thenext-
to-laststepin Theorem3.3 to obtaina worst-caseconvergenceboundalsofor otheriteration
steps.
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wherethe �nal lower boundresultsfrom applyingTheorem3.3 to the linear systemwith
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Theorem3.3doesnotcharacterize(2.13), i.e. thecaseof CGfor theinitial error 2
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is donein thefollowing result.
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Proof. The secondinequality in (3.26) follows easily from (3.19). We prove the �rst
inequality. UsingCauchy's inequalitywe obtain,cf. (2.13),
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Since j

� is thelargesteigenvalue,
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It remainsto �nd a boundon thesumof the
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From(3.29)–(3.31) we now obtain(3.26).
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(3.32)

wherewe have usedthe identities(A.7) and(A.8). Then(3.27) follows from (3.29), (3.31)
and(3.32).
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wherewe haveused(A.6) and(A.7).
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192 JÖRGLIESENAND PETRTICHÝ

A comparisonof Theorems3.3and3.5showsthat,for small
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For larger
Ö

, this differenceis muchlesspronounced,andtheseMR andCG quantitiesareat
mosta smallconstantapartfrom eachother.

3.4. Comparisonof the worst-casebound and the classicalbound. Wenext compare
our worst-caseconvergenceresultsin Theorem3.3 with the classicalconvergencebound
(1.5),
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which, insertedinto (3.7), yields
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where“
5

” meansthattheinequalityis close.In thenotationestablishedabove,
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In (3.37) weuse(3.33) for -
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� , andin (3.38) weuse(3.19), wheretheunimportant
multiplicative factor(between�
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for convenience.Next, in
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The main point in this derivation is that the actualconvergencequantitieson the right
handsideof theinequalityin (3.37) arealwaysquitecloseto (3.40), i.e.
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Thetightnessof theupperbound(3.37) to theactualconvergencequantitiesthereforedepends
on thesizeof
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, andhenceon
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, which for a �x edmatrix size � is a strictly decreasing
functionof theparameter
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.
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is small,i.e. theclassicalboundprovidesaccurateinformationabouttheactualconvergence
quantitiesof CG andMR in (3.37) and(3.38). On the otherhand,when

z

7

�<9

is large (or
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is closeto zero), then the lower bound(3.40), andwith it the CG andMR convergence
quantitieswill besmaller(up to thefactor �
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) thanpredictedby theclassicalupperbound
(3.37). In thelimiting case
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This clearlydemonstratesthat, for reasonablylarge � , theclassicalbound(3.33) cannotde-
scribethe worst-caseconvergencevaluesof CG or MR in later iterations. Asymptotically
(for �

ACB

) theweaknessof theclassicalboundin thiscontext hasalsobeennoticedbefore
by Axelsson[1, Example13.7]andothers.

4. Poissonequation. Now we considerthecaseof one-dimensionalPoissonequation
with Dirichlet boundaryconditions,i.e. the problem(3.1)–(3.2) with
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andthecorrespondingsystemmatrix in (3.3) is
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determinedtheexactMR andCGconvergencequantitiesin thenext-to-laststepfor theworst-
caseas well as the unbiasedinitial vectors(seeTheorems3.3 and 3.5). In addition, it is
possible,in this particularcaseandfor specialstartingvectorsincludingtheonesconsidered
in thispaper, to determinethewholeMR andCGconvergencecurveapriori. In thefollowing
we recall known resultsfrom [15] for the unbiasedcase,andstate(without proof) a new
convergenceresultfor theworstcase.
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for someparameterL
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. Two of thesesolutionsareof particularinterestin our context.
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An elementarycomputationusing(4.2) showsthat
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which representsa strictly decreasingfunctionof the iterationstep - . The“superlinear”be-
havior of P
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canberelatedto thedistribution of theeigenvectorcoordinatesof theinitial
error 2
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. As provedasymptoticallyby BeckermannandKuijlaars[2], CGmayfor themodel
problem(3.3) with
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converge superlinearly, when the initial error exhibits a certain
distribution of eigencomponentsthat is far from anequilibriumdistribution. This appearsto
bethecasein our example,where 2
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is biased, cf. (2.12).
Using thesametechniquesasin [15] basedon Lagrangemultipliers, it is alsopossible

to determinethe exact valuesof the relative
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-norm of the error in every stepof CG with
theinitial error 2/š
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. This techniqueis quiteinvolved,andthefull proofwould take usseveral
pagesto state.The�nal resultis thefollowing,
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Becauseof the equivalence(2.4) betweenCG andMR, the relative MR residualnormsfor
theinitial residual�&š
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Obviously, theworst-caseconvergencevalue(1.4) of CGandMR at eachstep- mustbe
largerthan(or equal)to any otherattainableconvergencevalue.Hencethemaximumof the
threeconvergencecurves P
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value,
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(4.6)

Figure4.1 illustratesthe above resultsfor the modelproblem(3.3) with �

�

�

w

¯

and
Öv�¤¯

. Thecomputationswereperformedin MATLAB [21], on anAMD Athlon XP 2100+
personalcomputerwith machineprecisionV
W¤�

¯

W

% X

.
As predictedby (4.5), thecurves P
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7
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9

(dasheddotted)and P9T

7
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(solid)areveryclose.
Theleft handsideof (4.6) (bold)wascomputedby thefunctioncheby0 of thesemide�nite
programmingpackageSDPT3[22]. Exceptfor thelastfew steps,themaximumon theright
handsideof (4.6) is given by P
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7
-

9

(dashed).Overall, the bound(4.6) is quite tight. The
bound(3.33) is tight in step - , if thereexist -

 

� eigenvaluesof
�

, thatcloselyapproximate
extremaof the - th scaledandshiftedChebyshev polynomialof the�rst kind. In our example
this is not the casefor the later phaseof the iteration,wherethe two sidesof (3.33) differ
signi�cantly.

As mentionedabove, MR with the right handside �Sš

�
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have thesameconvergencecurvegivenby P'T
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) differ by ordersof magnitudefrom
eachother. Hencea right handsidethat leadsto theworst-caseconvergencefor onemethod
doesnot lead(in general)to similar convergencefor theothermethod.
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FIG. 4.1. CG andMRconvergencecurves,andbothsidesof û 3.33ý .

5. Conclusions. In this paperwe have appliedour previousresultsin [13] to studythe
convergenceof theCG andMR methodsfor linearsystemswith symmetricpositive de�nite
tridiagonalToeplitz matrices.The structureof the matrix spectraallowed us to answerthe
questionshow slow theconvergenceof theiterativesolversmightpossiblybefor theconsid-
eredmodelproblems,which initial vectorsleadto themaximalconvergencequantityin the
next-to-lastiterationstep,andhow muchtheconvergencequantityin this casediffers from
an“average”(or unbiased)case.We alsowereableto derive lowerboundson theworst-case
convergencequantitiesin otheriterationstepsusingthelowerboundfor thenext-to-laststep.
Thepresentedapproachcanbeappliedalsoto otherclassesof modelproblemsin which the
matrixeigenvaluesareknown, andtheLagrangefactors

µ

g in (2.3) canbeevaluated.
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Identity (A.2) canbefoundin [3, p. 40], andthesums(A.3)–(A.8) canbeveri�ed using
MAPLE [23]. To provethenon-standardidentity (A.1), we notethat

�

Œ

”…Ž¸•

”8’ Ž~¹

NXä'LcN

(
	 


?

Ò

wZ�

 öä'LcN

(
	

l

?

Ò

w��

O

�

�

Œ

”…Ž¸•

”8’ Ž~¹

äGLON

	

7




{

l

9_?

Ò

w �

�

Œ

”…Ž¸•

”G’ Ž

Â�^

•

Ã

¹

æHç

ä

	

7




{

l

9f?

Ò

w �

*

If lÏÒ

�

%

( then, �

{

�

 

l

�

l , andtheproductin (A.1) takestheform
�

Œ

”…Ž¸•

”G’ Ž‘¹

´

´

´

´

ä'LcN

	

7




{

l

9f?

Ò

w �

æHç

ä

	

7




{

l

9f?

Ò

w �

´

´

´

´

�

�

w

�

W

%

�

Œ

”kŽ‘•

”G’ Ž‘¹

h

äGLON

7G7




{

l

9_?

Ò

9

h

�

�

w

�

W

%

�

Œ

‹

a

%

äGLcN

7




?

Ò

9ö�

�

{

�

w

(

�

W

%




cf. (A.2). Clearly, (A.1) holdssince
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