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ON THE WORST-CASE CONVERGENCE OF MR AND CG FOR
SYMMETRIC POSITIVE DEFINITE TRIDIA GONAL TOEPLITZ MATRICES

JORG LIESEN AND PETRTICHY

Abstract. We studythe convergenceof the minimal residual(MR) andthe conjugategradient(CG) method
whenappliedto linearalgebraicsystemsvith symmetrigoositive de nite tridiagonalToeplitzmatrices.Suchsystems
arise,for example,from the discretizationof one-dimensionaleaction-difusion equationswith Dirichlet boundary
conditions. Basedon our previous resultsin [J. LiesenandP. Tichy, BIT, 44 (2004),pp. 79-98],we concentrate
on the next-to-lastiteration step,and determinethe initial residualsandinitial errorsfor the MR and CG method,
respectiely, thatleadto the slovestpossibleconvergence. By this we meanthatthe methodshave madethe least
possibleprogresdn the next-to-lastiterationstep. Using theseworst-casenitial vectors,we discusswhich source
termandboundaryconditionin the underlyingreaction-difusion equationarethe worstin the sensehatthey lead
to theworst-casenitial vectorsfor the MR andCG methods Moreover, we determingor very tightly estimatethe
worst-caseonvergencequantitiesn the next-to-laststep,andcomparetheseto the corvergencequantitiesobtained
from average(or unbiasedjnitial vectors. The spectralstructureof the considerednatricesallows usto apply our
worst-caseesultsfor the next-to-laststepto derive worst-caseboundsalsofor otheriterationsteps.We presenta
comparisorof the worst-caseconvergencequantitieswith the classicalcorvergenceboundbasedon the condition
numberof | and nally wediscusgheMR andCG corvergencefor thespecialcaseof theone-dimensiondPoisson
equationwith Dirichlet boundaryconditions.

Key words. Krylov subspacenethods,conjugategradientmethod, minimal residualmethod,convergence
analysistridiagonalToeplitzmatrices Poissorequation
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1. Intr oduction. This paperis concernedvith the corvergenceanalysisof Krylov sub-
spacemethoddor solvinglinearalgebraicsystemf theform

(1.1)

with a symmetrigoositivede nite matrix , anda right handside vector

We obviously assume . Startingfrom aninitial guess , Krylov subspacenethods

computetheinitial residual , andasequencef approximatesolutions(iterates)
, suchthatthe th residual andthe th error areof the

form

where denoteghe setof polynomialsof degreeat most andwith value one at the ori-
gin. Two choicesof conditionsfor determiningthe polynomials have emegedasdefacto
standards.

In theminimalresidual(MR) Krylov subspacenethod the polynomialis chosersothat
the Euclideanmorm ( ) of theresidualds minimized,

(1.2) (MR)

Thereare several algorithmsfor implementingthe MR methodthattry to exploit asmuch
aspossiblefrom the propertiesof . Examplesarethe conjugateresidual(CR) method[ 18]
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for symmetricpositive de nite , the minimal residual(MINRES) method[17] symmetric
andnonsingular , andthegeneralizedninimal residual(GMRES)method[19] for general
nonsingular .

In the orthogonalresidualKrylov subspacemethod,the th iterate is determined
suchthat the th residual is orthogonalto all previous residuals . A par
ticular implementationfor symmetricpositive de nite matrices is the conjugategradi-
ent (CG) method[8]. The symmetricpositive de nite matrix de nesanorm( -norm,

) in whichtheerrorsareminimized,

(1.3) (CG)

Thestandardapproactto analyze(1.2) and(1.3) is to excludethein uenceof and
andhenceo considetheworst-caseconvergenceinsteadf thecorvergencedor theparticular
initial vectors.It iswell known[4, 6, 9] thatthe (attainableworst-caseonvergenceguantities
aregivenby

(1.4)

where , aretheeigervaluesof . Therightmosttermin (1.4) dependsn a
nonlinearway on the eigervaluedistribution, and no explicit solutionfor this min-maxap-
proximationproblemis known in general.Thereforeto analyzethe worst-casecorvergence
of the MR andCG methodsoneneedgo estimatethis min-maxvalue. Suchestimationcan
be baseckeitheron a suitablesupersebf the eigervalues,or a suitablesubsetwherethe rst
choiceleadsto anupperandthe secondo alower boundon theworst-caseornvergence.

Thestandarachoiceof asupersebf thediscretesetof matrix eigervaluess their corvex
hull . Using scaledandshifted Chebyshe polynomialsof the rst kind on this
interval, onecanshaw theclassicabound

(1.5) ————

where is the conditionnumberof ; see.e.g.,[5, Theorem3.1.1]. Be-
causeof (1.4), the term on the right handside of (1.5 represents boundon the relative
residualnorm for MR andtherelatve -normof theerror for CG

for eachinitial residual andeachinitial error , respectiely. Thebound(1.5) is particu-
larly usefulin practicalapplicationswhenonly partialinformationaboutthe spectrumof
is availableor canbe estimated.But one shouldbe awarethat this boundis obtainedfrom
a differentkind of approximationproblemthanthe one solved by the MR and CG methods
(worst-caseatherthanfor aspecic  or , andcontinuougatherthandiscrete)andhence
thatit might provide misleadingnformationaboutthe actualcorvergenceof thesemethods;
seg[12] for moredetailsandreferences.

To obtaina lower boundon the worst-casecorvergenceone canin principle consider
ary subsebf the eigervalues.As shavn in [4, 13], for eachsubsebf exactly distinct
eigervalues ,

(1.6)
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Apparently for eachchoiceof distincteigervalues , theright handsideof
(1.6) representanexplicit lower boundon theworst-caseornvergenceguantities.Moreover,
in our caseof realeigervalues thereexistsa subsebf eigervalues for whichthelower
bound(1.6) is attained.Thereforejf thesubsebf eigervaluess properlychosenpnecan
obtaina very goodcorvergenceestimate.Sincethis estimateof the worst-casecorvergence
requirereciseknowledgeaboutatleastsomeeigervaluesof |, its mainuseisin theanalysis
of modelproblemswherethe eigervaluesareknown explicitly.

In this papemwe considersucha classof modelproblemspamelythelinearsystemswith
symmetricpositive de nite tridiagonalToeplitzmatrices . Suchsystemsrise for example,
in the discretizatiorof one-dimensionaleaction-difusionequationsWe focuson the slow-
estpossibleconvergenceof the MR andCG methods By thiswe meanthesituationwhenthe
worst-caseonvergencequantityis attainedn the next-to-lastiterationstep.For this stepthe
only possiblesubset of the eigervaluesof to bechosenin (1.6) is the set
of all distincteigervaluesof , sothatthe solutionof the min-maxapproximatiornproblem
is known explicitly. Basedon our previousresultsin [13], we determinethe worst possible
initial data,i.e. thevectors and leadingto the slowestpossiblecorvergenceof the MR
and CG method,respectrely. Knowing the initial vector  explicitly, we identify source
termsandboundaryconditionsin the one-dimensionaleaction-difusionequationthatyield,
afterdiscretizationthe slowestpossibleCG corvergence We alsoaddresgheidenti cation
of suchdatafor the MR method,which appeargo be considerablymore complicatedthan
for CG. Moreover, we determing(or very tightly estimatetheworst-caseornvergencequan-
tities in the next-to-laststep,andcomparetheseto the corvergencequantitiesobtainedfrom
average(or unbiased)nitial residualsaswell asthe classicalcorvergencebound(1.5). The
spectraktructureof the considerednatricesallows usto apply our worst-caseesultsfor the
next-to-laststepto derive worst-caseéboundsalsofor otheriterationsteps.Finally, we con-
siderthe caseof one-dimensiondPoissorequationwhichis apopularmodelproblemfor the
convergenceanalysiof Krylov subspacenethodsin particularof CG;seeg.g.,[1, 2, 15, 16].

We point out that the corvergenceof GMRES for nonsymmetridridiagonal Toeplitz
matricess studiedin [10]. Theresultsin [10] hold explicitly for the highly nonnormakase,
i.e. thecasewhenatridiagonalToeplitz matrix canbe consideredh perturbedlordanblock.
Hencethe resultspresentedn this paperare neitherspecialcasemor generalizationsf the
resultsin [10].

The paperis organizedasfollows. Section2 presentdasicformulasfor the next-to-last
MR and CG iterationstep. In Section3 we focus on symmetricpositive de nite tridiago-
nal Toeplitzmatricesthatarisefrom the discretizatiorof one-dimensionaleaction-difusion
equationsvith Dirichlet boundaryconditions,andstudythe MR andCG corvergenceguanti-
tiesin the next-to-laststep.Sectiond compare®urresultswith known resultsfor the Poisson
equationmodelproblem. Our conclusionsaregivenin Section5, andthe Appendixlists all
trigonometricformulasusedin the proofs.

2. Formulas for the next-to-lastMR and CG iteration step. Letasymmetricpositive
de nite matrix be given and denoteby its eigendecomposition,
where and . To avoid unnecessartechnicalcomplications
we assumehatall eigervaluesof aredistinct Next, we parameterizéheinitial residual
andtheinitial error by

(2.1)

Note that, since , we have for all . Without loss of
generalitywe restrictour analysisto vectors  with for all . In case
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coordinates arezero,thecorrespondingigencomponenido not play ary role,and
hencetheformulasfor presentedbelon will hold for

2.1. General results. As shavn in [13, Theorem2.1], the MR residualnormin the
st (next-to-last)iterationstepis givenby

2.2) — —

where

2.3)

To obtainasimilar resultfor the -normof the CG error, it sufces to realizethat

(2.4)
Hencethe -normoftheCG errorcanbeseemasthe MR residualnorm,whenMR is started
with theinitial residual . Parameterizing by ,l.e.
, we obtain
(2.5) _ _

Theformulas(2.2) and(2.5) provide explicit a priori informationaboutthe next-to-lastMR

andCG cornvergencequantitiesin termsof the matrix eigervaluesandthe coordinate of

or in thematrix eigervectors.To simplify the notation,we will write residualsanderrors

without superscripMR or CG. Whenwe speakaboutresiduals , we alwaysmeanresiduals
of the MR method.Similarly, alwaysdenotegheerror of the CG method.The

superscriptanbe now usedto indicatethe associatiorof a residualor errorwith aparticular

initial residualor error.

2.2. Convergencequantities for differ ent initial vectors. As describedn the Intro-
duction,we areinterestedn initial residualsandinitial errorsthatleadto themaximalrelative
convergencequantitiesof the MR and CG method,respectiely, in the next-to-lastiteration
step. We denotesucha worst-caseénitial residualfor the MR methodby , andthe corre-

spondingresidualin the next-to-laststepby . In[13, Theorem3.1] we show that
(2.6)

where is ary scalingfactor andthat

(2.7 _

Usingtherelation(2.4) andthede nition of it isnothardto seethatthecorresponding
worst-casenitial error  for CGis givenby

(2.8) for
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where is ary scalingfactor andthat
(2.9)

We alsoconsidertheinitial residual
(2.10)

Thevector canbeconsideredasa representatie of theinitial residualswhich areuncor
relatedwith the matrix , in the sensethattheir componentsn the eigervectorsof are
of (approximately)equalsize. We call suchvectorsunbiasedwith respecto . The MR
methodstartedwith theinitial residual(2.10 will produce,n the next-to-lastiterationstep,
theresidualvector . Using(2.2), therelative MR residualnormis givenby

(2.11) -

The CG methodstartedwith theinitial residual , i.e. with theinitial error
(2.12)

generatef thenext-to-lastiterationsteptheerror . Basedon (2.5), therelatve -norm
of thiserroris givenby

(2.13) S —

Thevector is by its de nition correlatedwith the eigervaluedistribution of  andthus
canbeconsiderediased We have deliberatelymadethis choiceto contrasthe corvergence
guantitiesof MR andCG for the sameinitial residual.

3. Symmetric positive de nite tridiagonal Toeplitz matrices. Consideithe one-dim-
ensionakeaction-difusionequation

(3.1)
for someparameter , with Dirichlet boundaryconditions
(3.2)

Thenfor eachpositiveinteger , thecentral nite differenceapproximatiorof (3.1)—(3.2) on
theuniformgrid , , leadsto alinear systemof theform

(3.3)
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In theexpressiorfor  we have de ned for notationalcornvenience.
The distinctandpositive eigervalues , andthenormalizedeigervectors of are
givenby
(3.4)
(3.5

cf., e.9.,[20, pp. 113-115]. We write the eigendecompositionf as , Where
, and .

REMARK 3.1. We have chosento derive our resultsfor the tridiagonal Toeplitz ma-

trix in (3.3) becausef its directrelationto the differential
equation(3.1)—(3.2). However, our resultshold equallywell for ary symmetrictridiagonal
Toeplitzmatrix of theform with , for some

Obviously, f , then , andif ,
then , where . In eithercase, and have
the samesetof orthogonakigervectors,andtheeigervalues coincidewith thoseof up
toascalingby . It is easyto checkthatall of our resultsareinvariantundersuchscaling

of theeigervaluesof

3.1. Connectionwith Chebyshe polynomials of the secondkind. Therelationof the
eigervaluesof  givenin (3.4) to therootsof the th Chebyshe polynomialof the second

kind, denotedby , will prove usefulin our context. The polynomial hasdegree

, andits distinctrootsarethe values , . Henceall rootsare
containedn the openinterval . Theleadingcoefcient of is , whichmeans
that canbewrittenas

Thisrelationshavsthatthe productof all eigervaluesof  canbeexpresseds

(3.6)

Below we studyhow muchtheMR andCG cornvergenceguantitieschangewith changing

. For this we rst needto understandhe behaior of asa function of
To geta feeling of the growth of outsidethe interval , we usethe alternatve
representation
(3.7) - S

seege.g.,[14, p. 15]. Usingthis formula,elementaryeal analysisshowvs that

andthat for . In particular is positive andstrictly increasingor
. As shovn by (3.7), grows exponentiallyoutside . Thisis illustratedin
Fig. 3.1, wherewe plot for
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15

Fic. 3.1. for different .

3.2. Worst-casedata. Ourgoalhereisto characterizelata(sourceerm andboundary
conditions)in (3.1)—(3.2), that lead to the maximalrelative corvergencequantitiesin the
next-to-laststepwhenMR andCG with theinitial guess areappliedto thediscretized
system(3.3). Ourmaintoolsaretheparameterization&.6) and(2.8) of theworst-casenitial
vectors and , whichwe evaluateexplicitly usingthe known eigendecompositioof

andthentranslateébackinto datafor (3.1)—(3.2). Thevectors and dependontheterms
, which arecharacterizethy thefollowing lemma.

LEMMA 3.2. Supposehat are givenby 3.4 for some . Then as
de nedin 2.3 satis es

(3.8)

In particular, for

(3.9)

Proof. Thedenominatoof  canbewrittenas

(3.10)

cf. identity (A.1). Accordingto (2.3), (3.6) and(3.10),

(3.11)
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Therelation(3.9) for followsimmediatelyfrom and
O

Now considerthe parameterizationf  givenin (2.8). Clearly, for ary , theset
of coefcients
(3.12)
leadsto a worst-casenitial error for CG. If CGis startedwith initial
guess ,then representshesolution,and theright handsideof alinearsystem

thatleadsto themaximalrelatve -normof theerrorin the next-to-lastiterationstep.
Usingthecoefcients (3.12), andtheexplicit form of  in (3.11),

and,therefore,

(3.13)

Since canbe chosenrarbitrarily, we concludethatary right handsidevector thatis
a positive multiple of the rst unit vectorleadsto the worst possiblerelative -norm of the
errorin thenext-to-laststepof CG (with ) for thelinearsystem givenby (3.3).
The corvergenceof CG (with ) for is obviously the sameasfor ,
andthereforeary negative multiple of the rst unit vectoris a worst-caseight handsidein
thejustdescribedsenseaswell.

Insteadof the coefcients (3.12 we mayde ne

(3.14)

Then,using , We obtain

A computationanalogougo the one leadingto (3.13 shaws that, for the initial error
de ned by thecoefcients (3.14),

(3.15)

i.e.,any nonzeramultiple of the th unit vectoralsois aworst-caseight handsidefor CG.
Both examplesshav that the right handsidesleadingto the very unfavorablecorver
gencebehaior of CG maylook ratherunsuspicioust rst sight. In termsof the differential
equation(3.1)—(3.2), theworst possiblerelatve -norm of the next-to-lasterrorin CG (for
) is obtainedsimply by

(3.16) and or
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for ary nonzeroconstant .
As shovnin (2.4), CG for theinitial error  de ned by (3.12) is equivalentto MR for
theinitial residual thatcanbewrittenin theform

Therefore,ary nonzeromultiple of the vector leadsto the worst-caseel-
ative residualnorm in the next-to-last MR step. Obviously, the coordinatesof in the
eigervectorsof  aregivenby

(3.17)

Becauseof the complicatedform of the , no simple expressionfor the vector
exists in general. An exceptionfor which ~ canbe foundin a relatively

simpleform is thecase , where , andthe thentryof ,denotedoy
for , satis es
(3.18)

As (3.1 indicatesfor MR it is not asstraightforvardasfor CGto nd datafor (3.1)—(3.2)
thatleadsto theworstcasein the next-to-laststep.For moredetailsanda proof of (3.18 we
referto[11].

3.3. Worst-caseand unbiasedcornvergencequantities. After having characterizethe
worst-casenitial vectors and  for thesystem(3.3), we next evaluatethe corresponding
cornvergencequantity (2.7) andcompareit to the quantities(2.11) and(2.13 resultingfrom
theinitial vectors and . We startwith deriving boundson (2.7) and(2.11).

THEOREM 3.3. Supposé¢hat MR is appliedto a systenof theform 3.3, andtheinitial
residualis either or .Then

(3.19)

In particular, for ,

(3.20) - - -

Proof. We rst prove (3.19. The middle inequalityis trivial. To showv the leftmost
inequalityit sufces to usetherelation(2.11) andto nd anupperboundon the sumof the
. Using(3.8) and(A.4),

(3.21)
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Then(2.11) implies

Next notethat,using(A.3),

(3.22) -

andthustherightmostinequalityin (3.19 follows from applying(3.22 to (2.7).
For we have

(3.23) -

cf. (A.3),and

(3.24) - -

cf. (A.4). Substituting(3.23 and(3.24) into (2.7) and(2.11), we obtain(3.20). O

Since (compare(2.7) and (2.9)) the theoremalso
characterizes , the next-to-lastworst-caseelatve -norm of the error for
CG.

Therightmostequationin (3.20 shaws that, for , MR in theworstcasedecreases
therelative residualnormin the rst iterationstepsonly to . Ontheotherhand,
since for all , the next-to-lastworst-caseVIR residual
normdecreaseexponentiallywith increasing , andhencencreasingliagonaldominanceof

. Moreover, Theorem3.3 shavs thatthe progressMR hasmadein the next-to-lastiteration
stepfor theunbiasednitial residual is atmostaconstanfactor (lessthan ) apartfrom
theworstcase.Iln generathetwo casesnaydiffer by afactorof upto ; seg[13, Section
5], [7, Section5].

Thespectralstructureof — allowsto usetheworst-caseonvergenceresultfor the next-
to-laststepin Theorem3.3to obtaina worst-caseonvergenceboundalsofor otheriteration
steps.

COROLLARY 3.4. Supposehat the positiveinteger  divides . Thenfor all

(3.25)
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Proof. Considerthe subset of eigervaluesof
givenby
It is easyto seethat the set consistsof the distinct eigervaluesof
. Then

wherethe nal lower boundresultsfrom applying Theorem3.3 to the linear systemwith

0
For example,in case , the lower bound(3.25 would apply in the steps
. Hencein additionto just the lower boundon in (3.19,
which correspondso (3.25 for , we getadditionallower boundsparticularlyfor

theearlierphaseof theiteration.

Theorem3.3doesnotcharacteriz¢€2.13), i.e. thecaseof CGfor theinitial error . This
is donein thefollowing result.

THEOREM 3.5. Supposghat CG is appliedto a systenof theform (3.3), andtheinitial
erroris . Then

(3.26)

For ,

(3.27)

andfor ,

(3.28)

Proof. The secondinequalityin (3.26) follows easilyfrom (3.19. We prove the rst
inequality Using Cauchysinequalitywe obtain,cf. (2.13),

(3.29) S —
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. Using(3.8) and(A.5),

(3.31)

From(3.29—(3.31) we now obtain(3.26).
Now considerthecase . Then

(3.32)

wherewe have usedtheidentities(A.7) and (A.8). Then(3.27) follows from (3.29, (3.31)

and(3.32.
For ,

wherewe have used(A.6) and(A.7). d
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A comparisorof Theorems3.3and3.5shavs that,for small ,
(MR) _ — (CG)
For larger , this differenceis muchlesspronouncedandtheseMR andCG quantitiesareat

mosta smallconstantpartfrom eachother

3.4. Comparison of the worst-casebound and the classicalbound. We next compare
our worst-casecorvergenceresultsin Theorem3.3 with the classicalcorvergencebound

(1.9,

(3.33)
where , for .
For our comparisorwe express in termsof theconditionnumberof , which
is givenhby . Firstnotethat,by (3.4),
Next,
(3.34) _

which, insertednto (3.7), yields

(3.35)

Since is strictly monotonicallyincreasingor ,and ,
(3.36)

where* " meanghattheinequalityis close.In the notationestablishedbove,

(3.37)

(3.38) - -

(3.39) S

(3.40)

In (3.37) we use(3.33 for , andin (3.38 weuse(3.19, wheretheunimportant
multiplicative factor (between  and ) wasreplacedby for corvenience.Next, in
(3.39 we use(3.36 aswell asthe relation , from which we receve (3.40
using(3.36) andtheinequality
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The main point in this derivationis that the actualcorvergencequantitieson the right
handsideof theinequalityin (3.37) arealwaysquite closeto (3.40), i.e.

Thetightnessf theupperbound(3.37) to theactualcorvergencequantitieghereforedepends
onthesizeof , andhenceon , whichfor a x edmatrix size is astrictly decreasing
functionof the parameter
For small (or boundedawayfrom zero),the differencebetween3.37) and(3.40

is small,i.e. the classicaboundprovidesaccuratanformationaboutthe actualcorvergence
quantitiesof CG andMR in (3.37) and(3.38. On the otherhand,when is large (or

is closeto zero), thenthe lower bound(3.40, andwith it the CG and MR corvergence
quantitieswill besmaller(upto thefactor ) thanpredictedby the classicalupperbound
(3.37. In thelimiting case ,

This clearly demonstratethat, for reasonablyarge , the classicabound(3.33 cannotde-
scribethe worst-casecorvergencevaluesof CG or MR in later iterations. Asymptotically
(for ) theweaknes®f theclassicaboundin this context hasalsobeennoticedbefore
by Axelsson 1, Examplel3.7]andothers.

4. Poissonequation. Now we considerthe caseof one-dimensionaPoissonequation
with Dirichlet boundaryconditions,i.e. the problem(3.1)—(3.2) with . Then
andthe correspondingystemmatrixin (3.3) is . In this case simple
explicit expressiondor  aswell as  areknown (seeSection3.2). Moreover, we have
determinedheexactMR andCG cornvergencegquantitiesn thenext-to-laststepfor theworst-
caseaswell asthe unbiasednitial vectors(seeTheorems3.3 and 3.5). In addition, it is
possiblejn this particularcaseandfor specialstartingvectorsincludingthe onesconsidered
in this paperto determinghewhole MR andCG corvergencecurve apriori. In thefollowing
we recall known resultsfrom [15] for the unbiasedcase,and state(without proof) a new
convergenceesultfor theworstcase.

Assumingthat , andhence , the paperg[15, 16] presentexactanalytic
expressiongor therelatve -normof the CG errorsfor solutionsof theform

(4.1 —
for someparameter . Two of thesesolutionsareof particularinterestin our context.
A simplecalculationshawvs that asde nedin (2.12. Moreover, ,

where isde nedin (2.10. Usingtheserelationsandtheexactanalyticcorvergencecurves
derivedin [15] givesthefollowing result.

PROPOSITION 4.1. Suppos¢hat CG andMR are appliedto thesystem 3.3 with ,
andtherespectivanitial error andresidualare givenby and . ThentheresultingCG
errors andMRresiduals , satisfy

(4.2)

(4.3)
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An elementarycomputatiorusing(4.2) shavsthat

which represents strictly decreasingunction of the iterationstep . The“superlinear’be-
havior of canberelatedto thedistribution of the eigervectorcoordinate®f theinitial

error . As provedasymptoticallyby BeckermanmandKuijlaars[2], CG mayfor themodel
problem(3.3) with cornverge superlinearlywhenthe initial error exhibits a certain
distribution of eigencomponentdhatis far from anequilibriumdistribution. This appeargo
bethecasein ourexample,where is biasedcf. (2.12.

Using the sametechniquesasin [15] basedon Lagrangemultipliers, it is alsopossible
to determinethe exactvaluesof the relative -norm of the errorin every stepof CG with
theinitial error . Thistechniqués quiteinvolved,andthefull proofwould take usseveral
pagedo state.The nal resultis thefollowing,

(4.4)

Becauseof the equivalence(2.4) betweenCG and MR, the relatve MR residualnormsfor
theinitial residual alsosatisfy . Notethat

(4.5)

Obviously, theworst-caseornvergencevalue(1.4) of CG andMR ateachstep mustbe
largerthan(or equal)to ary otherattainablecorvergencevalue. Hencethe maximumof the

threecorvergencecurves , and forms a lower boundon the worst-case
value,
(4.6)

Figure 4.1 illustratesthe above resultsfor the model problem(3.3) with and

. Thecomputationsvereperformedin MATLAB [21], onanAMD Athlon XP 2100+
personatomputemwith machineprecision .

As predictedby (4.5), thecurves (dashedlotted)and (solid) areveryclose.
Theleft handsideof (4.6) (bold) wascomputedy thefunctioncheby0 of thesemide nite
programmingpackageSDPT3[22]. Exceptfor thelastfew stepsthe maximumon theright
handside of (4.6) is givenby (dashed).Overall, the bound(4.6) is quite tight. The
bound(3.33 is tightin step , if thereexist eigervaluesof | thatcloselyapproximate
extremaof the th scaledandshiftedChebyshe polynomialof the rst kind. In our example
this is not the casefor the later phaseof the iteration, wherethe two sidesof (3.33 differ
signi cantly.

As mentionedabove, MR with the right handside  (we used for MR and
CG) andCG with theright handside have the samecorvergencecurve givenby
(solid). However, the curvesof MR with the right handside (dotted)and CG with the
right handside (dashedlotted;coincideswith ) differ by ordersof magnituderom
eachother Hencearight handsidethatleadsto the worst-caseonvergencefor onemethod
doesnotlead(in general}Xo similar corvergencefor the othermethod.
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FIG. 4.1. CGandMR cornvergencecurvesandbothsidesof 3.33.

5. Conclusions. In this paperwe have appliedour previousresultsin [13] to studythe
convergenceof the CG andMR methoddor linear systemsawith symmetricpositive de nite
tridiagonal Toeplitz matrices. The structureof the matrix spectraallowed us to answerthe
questionshow slow the corvergenceof theiterative solversmight possiblybefor the consid-
eredmodelproblemswhich initial vectorsleadto the maximalcorvergencequantityin the
next-to-lastiterationstep,andhow muchthe corvergencequantityin this casediffersfrom
an“average”(or unbiasedyase We alsowereableto derive lower boundson theworst-case
convergencequantitiesn otheriterationstepsusingthe lower boundfor the next-to-laststep.
The presentedpproacttanbe appliedalsoto otherclasseof modelproblemsin which the
matrix eigervaluesareknown, andthe Lagrangefactors  in (2.3) canbeevaluated.

Acknowledgments. We thankMiro Rozlazn'k, Daniel Szyld andanorymousreferees
for helpful commentsandsuggestionghatimprovedthe paper

Appendix. Let , . Thenthefollowing identitieshold:

(A1) —

(A.2) E—

(A.3) -

(A.4) -

(A.5) S S
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(A.6) S — —

(A7) S —

(A.8) - - -

Identity (A.2) canbefoundin [3, p. 40], andthe sums(A.3)—(A.8) canbeveri ed using
MAPLE [23]. To prove the non-standarientity (A.1), we notethat

If - then, , andthe productin (A.1) takestheform
cf. (A.2). Clearly; (A.1) holdssince for -
If -, thentheproductin (A.1) canbewrittenas
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