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KRYLOV SUBSPACE SPECTRAL METHODS FOR VARIABLE-COEFFICIENT
INITIAL-BOUND ARY VALUE PROBLEMS

�

JAMES V. LAMBERS
�

Abstract. This paperpresentsan alternative approachto the solutionof diffusion problemsin the variable-
coef�cient casethat leadsto a new numericalmethod,calleda Krylov subspacespectralmethod. The basicidea
behindthe methodis to useGaussianquadraturein the spectraldomainto computecomponentsof the solution,
ratherthanin thespatialdomainasin traditionalspectralmethods.For eachcomponent,a differentapproximation
of thesolutionoperatorby arestrictionto a low-dimensionalKrylov subspaceis employed,andeachapproximation
is optimalin somesensefor computingthecorrespondingcomponent.Thisstrategy allows accurateresolutionof all
desiredfrequency componentswithout having to resortto smoothingtechniquesto ensurestability.

Keywords. spectralmethods,Gaussianquadrature,variable-coef�cien t, Lanczosmethod
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1. Intr oduction. Let � bea self-adjointsecond-orderdifferentialoperatorof theform

�������
	��
���������������(1.1)

where��	������ � and �!	"�#�%$&� are ')( -periodicfunctions.We considerthediffusionequation
onaboundeddomain,
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with periodicboundaryconditions
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In Section4 we will discussapplicationsof the methodspresentedin this paperto more
generalproblems.

1.1. Dif�culties of Variable-Coef�cient Problems. Spectralmethodsareextremelyef-
fectivefor solvingtheproblem(1.2), (1.3), (1.4) in thecasewherethecoef�cients � and � are
constant;seefor instance[1], [7]. Unfortunately, thevariable-coef�cient casepresentssome
dif�culties for thesemethods:
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In theconstant-coef�cient case,thesetrial functionsareeigenfunctionsof � , but this
is not true in thevariable-coef�cient case;in fact, thematrix of � in this basisis a
full matrix in thegeneralcase.

D Thephenomenonof aliasingcanleadto weakinstability(seefor instance[5]), which
manifestsitself in the suddenblow-up of thesolution. Unlike stronginstability, it
cannotbe overcomesimply by usinga smallertime step,but ratheronemustuse
moregrid pointsor �ltering techniques(see[1]).
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As a result,substantiallymorecomputationaleffort mustbe expendedfor lessinformation
thanin theconstant-coef�cient case.As variable-coef�cient problemscanbeviewedasper-
turbationsof their constant-coef�cient counterparts,it shouldbepossibleto developnumeri-
calmethodsthatexploit this usefulperspective.

1.2. ProposedApproach. TraditionalGalerkinmethodsseeka solutionin thespaceof
trial functionsthatsatis�esthePDE(1.2) in anaveragesense.In this paperwe will instead
computeanapproximatesolution W��	"�7�85?� of theform
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where E�FZG�H
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is an orthonormalsetof trial functions. For each 5[�\� , the coef�cients
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areapproximationsof thecoef�cients of theexactsolution �;	����?5?�]�
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in thebasisE3FZG7H . Speci�cally,
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wheretheinnerproduct _�bc�obpd is de�ned by
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andthesolutionoperatorgohOiMjk�%�+5ml is approximatedusingKrylov subspacesof � . This ap-
proach,in andof itself, is not new; for example,HochbruckandLubich have developeda
methodfor approximatingg<h!i7jk�%y%5ml{z , for a givenvector z andHermitianpositive de�nite
matrix y , usingaKrylov subspace
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for somechoiceof ~ . However, this approachis mostaccuratewhentheeigenvaluesof y

areclustered,which is not the casefor a matrix that representsa discretizationof � . For
suchstiff systems,onemusttake careto choose~ suf�ciently large,or 5 suf�ciently small,
in orderto obtainsuf�cient accuracy (see[8] for details).

Ourapproachis to useadifferentapproximationfor eachcomponent
Y
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for somenonzeroconstant
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, we canreducethe problemof approximating_>FMG;�
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where ˆ3G‰�ŠFZGŒ‹

ƒ

: . Eachsuchquadraticform is computedusingthe Krylov subspace
|

	"�%�8ˆ3G��8•7� for some• . In this way, eachfrequency componentof W��	"�7�85?� canbecomputed
independently, usingan approximationthat is, in somesense,optimal for that component;
we will elaborateon this statementin Section3. Furthermore,aswe will seein Section2,
high-ordertemporalaccuracy canbeobtainedusingonly low-dimensionalKrylov subspaces.

2. Krylo v SubspaceSpectral Methods. In this sectionwe describeKrylov subspace
spectralmethodsandproveresultsconcerningtheir convergence.
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2.1. Elementsof Functionsof Matrices. We�rst discusstheapproximationof quadratic
forms

_����w:;	>�Ž�•�nd

where,in our application,:;	f•Z�]�‰gohOiMjk��•
5ml for some5%�@� . We �rst discretizetheoperator
� ona uniformgrid
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whereQ is thenumberof gridpoints.On thisgrid, � is representedby an Q˜—†Q symmetric
positivede�nite matrix �

J

de�ned by
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where •
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is a discretedifferentiationoperatorde�ned on thespaceof grid functions. The
function � is representedby an Q -vector
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usingaGaussianquadraturerule to evaluatetheRiemann-Stieltjesintegral
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Thenodesandweightsof theGaussianquadraturerule canbeobtainedby applyingthe
symmetricLanczosalgorithm(see[3]) to �

J

with initial vector Ÿ

J

. After ´ iterations,we
obtaina ´µ—¶´ tridiagonalmatrix
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whoseeigenvaluesaretheGaussianquadraturerulesfor the integral (2.4). Theweightsare
thesquaresof the�rst componentsof theeigenvectorsof

·
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quadratureyieldsa lower boundfor
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thathasaneigenvalueat £ . The resultingrule is a Gauss-Radau
rule,whichyieldsanupperboundfor

¦

j :Zl (see[3]).
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2.2. Algorithm Description. We now describean algorithm for solving (1.2), (1.3),
(1.4) using the quadraturerules describedabove. First, we considerthe computationof
quadraticformsof theform (2.3), where :;	>•#���@g<h!i7jk��•-5ml for given 5 .
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If we discretizetheoperator� by an QÉ—ÊQ matrix �

J

andcomputez
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, then
high-frequency componentsof ˆ

J

arelostdueto aliasing.
We canavoid this lossof informationusinga �ner grid. Givena grid function Ì de�ned

on an Q -point uniform grid of the form (2.1), thegrid function Ì•Í , for ÎÏ��Q , is de�ned
by interpolatingthevaluesof Ì on the�ner Î -pointgrid; i.e.,
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We now describethealgorithmin full detail.
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Algorithm 2.1 Given a real-valuedgrid function Ÿ

J
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(2.1), a self-adjointdifferentialoperator� of the form (1.1) anda scalar 5 , the following
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Í’Ù , wheré is thenumberof
Gaussianquadraturenodesto becomputedand Î

¸

�s'

¸

Q .

¼

P �ÝÜ

Ÿ

J

Ü

t

Ì

L

J

�

Ÿ

J³Þ ¼

P

Ì

P

J

�sß

Î«�@')Q

for “Ò�

R

�oC€CoC<�w´

à

‘

Í

�,�ŽÍ�Ì

‘

Í

©M‘Ú��j Ì

‘

Í

l

¡

à

‘

Í

á

‘

Í

�

à

‘

Í

�â©n‘€Ì

‘

Í

�äãa‘

KnL

Ì

‘

KnL

Í

¼

‘ �ÝÜ

á

‘

Í

Ü

t

Ì

‘

°

L

Í

�

á

‘

Í

Þ
¼

‘

Î«�s'�Î

end
Let

·
¸

bethe ´å—[´ matrixde�ned by (2.6)
Û

L

�,”

¼

t

P

j gohOi�	��

·a¸

5?�ml

LwL

Let £ beanapproximationto thesmallesteigenvalueof �

Solve 	

·a¸

�Ê£

¦

�

ƒ

�

¼

t

¸çæ

¸

©

¸

°

L

�@£ç�

ƒ€¸

Let
·a¸

°

L

bethematrixobtainedfrom
·O¸

by adding
©

¸

°

L

to thediagonal,
¼

¸

to thesuperdiagonal
and

¼

¸

to thesubdiagonal
Û

t

�,”

¼

t

P

j gohOi�	��

·
¸

°

L

5?�ml

L8L

The approximationto the smallesteigenvalueof � , requiredby the Gauss-Radaurule,
canbeobtainedby applyingthesymmetricLanczosalgorithmto a discretizationof � with
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to expressthe Fourier componentsin termsof quadraticforms, which in turn areapproxi-
matedusingAlgorithm 2.1.
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Also, it will beassumedthatall boundson quantitiesof theform Ÿ
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matrix y andvector Ÿ , arecomputedusingAlgorithm 2.1.
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In computingquantitiesof theform Ÿ
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algorithmactuallycomputes
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Variousstrategiescanbeusedto determinewhethertheupperor lowerboundoneachin-
tegralshouldbeusedin computingtheapproximationto eachcomponentof thesolution.For
example,aGauss-Radaurulewith anappropriatechoiceof prescribednodecanbecompared
with theapproximationcomputedusingaGaussianrule in orderto estimateits accuracy. Al-
ternatively, Gauss-Kronrodrulescanbeusedfrom thepreviouslyconstructedGaussianrules
to estimatetheaccuracy of eachbound;for detailssee[2].
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2.3. ConvergenceAnalysis. We now prove thatAlgorithm 2.2 is convergent. Theap-
proachis analogousto thatusedto proveconvergencefor �nite-dif ferenceschemes.We will
denoteby W

™

	fé}5A�IéÒ�7þw:n� the resultof applyingAlgorithm 2.2 to the function :;	��#� usinga
discretizationof spaceandtimewith uniform spacingséÒ� and éÒ5 , respectively.

2.3.1. Consistency. First,wewill provethattheapproximateFouriercomponentsof the
solutionat time éÒ5 computedby Algorithm 2.2,usinga ´ -point Gaussianquadraturerule,
convergeto thecorrespondingFouriercomponentsof theexactsolutionas éÒ56ÿ � at a rate
of

�

	>éÒ5

t

¸

� . In orderto analyzethequadratureerrorfor theintegrand:;	>•#���@g<h!iMj���•
5ml , we
�rst needto considerthecase:;	>•#�+�,•

‘ .
LEMMA 2.1. Let y bean •Œ—Ð• symmetricpositivede�nite matrix. Let Ÿ and z be�xed

vectors,andde�ne Ÿ
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z . For “ a positiveinteger, let Wq3‘a	
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where ü

ý is theJacobimatrixproducedbythesymmetricLanczositerationappliedto y with
startingvector Ÿ
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Proof. SeeAppendixA.1.
The following corollary summarizesthe integrandsfor which Gaussianquadratureis

exact.
COROLLARY 2.2. Undertheassumptionsof thelemma,

Wq�‘a	

ƒ

�;�@W q�‘�	?�
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¡
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for �
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“Ð/2')´ .
Lemma2.1 canbe usedto show consistency of the computedsolutionwith

T

K�^

Ç

*

Ì

J

,
but we needto show consistency with theexact solutionof the underlyingPDE, �;	����?5?�}�

T

K#^

*

:;	���� . Therefore,we needthefollowing resultto relatethediscreteinnerproductsem-
ployedby Algorithm 2.1 to thecontinuousinnerproductsthatdescribethe frequency com-
ponentsof �;	����?5?� . Recallthede�nition of Á

J

from thebeginningof Section2.2.
LEMMA 2.3. Let :ŒÅ1Á

J

and � bean ~ -th orderdifferentialoperator of theform(1.1)
such that thecoef�cients � and � belongto Á
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. Then�Ž:1Å1Á
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for Îó�,'

‘

Q , where “ is a positiveinteger.
Proof. SeeAppendixA.2.
Wecannow boundthelocal truncationerrorin eachFouriercomponentof thecomputed

solution.
THEOREM 2.4. Let � bea self-adjoint~ -th order positivede�nite differential operator

with coef�cients in Á

J

, andlet :;	"�#�]ÅŒÁ

J

. ThenAlgorithm2.2 is consistent;i.e.
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for Ãu���%Q
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A similarargumentappliesto _

Y

û•G��?�;	�bc�wéÒ5?�?d4�âû€G .
Theprecedingresultindicatesthatevenif low-dimensionalKrylov subspacesareusedto

approximateeachcomponentof thesolution,high-ordertemporalaccuracy canbeobtained.
On the otherhand,it is importantto notethat the spatialerror dependsheavily on the

smoothnessof thecoef�cients of theoperator� , aswell astheinitial data:;	"�#� . Thefollowing
resultquanti�estheeffectof thesmoothnessof thecoef�cients.

THEOREM 2.5. Let ��	"�#�]�2� and �!	����]$2� belongto Á

J

, andlet
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Let � bede�nedasin (1.1), andassumethat, �����&�BÁ , where

�����

�

�
� �€� �
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computedusing Algorithm 2.1 with an Q -point grid of the form (2.1) and ´ Gaussian
quadraturenodes.Then,for
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Proof. SeeAppendixA.3.
Notethatthis resultimpliesthatKrylov subspacespectralmethodsreduceto theFourier

methodin thecasewhere � hasconstantcoef�cients.

2.3.2. Stability. Wenow examinethestabilityof this time-steppingalgorithm.For sim-
plicity, weonly considerthecasewherethe ´˜�

R

; thatis, weareusingaone-nodeGaussian
rule for eachFouriercomponent.

THEOREM 2.6. Let thedifferential operators � , � and Á bede�nedasin Theorem2.5,
and let :BÅBÁ

J

. Let ´ �

R

in Algorithm2.2,andassumethat thealgorithmusesonly the
boundsobtainedfrom Algorithm2.1 by Gaussianquadrature. Then,in the limit as

ƒ

ÿó� ,
the approximatesolution W
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	>éÒ5A�wéÒ��þw:n� to (1.2), (1.3), (1.4) computedby onetime stepin
Algorithm2.2 is givenby

W

™

	>éÒ5A�Ié}��þw:n���

T

K����

*! 

J

	

¦

�íéÒ5?Á}�?:#�

where  

J

is theorthogonalprojectiononto Á
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Proof. We usethenotationof Algorithm 2.2. First,we notethat
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A similar statementappliesto û
G and

Y

Ÿ

ë�°

L

P

. The result thenfollows from a von Neumann
stability analysisof the approximatesolutionobtainedfrom the limits of ú

G , û
G and

Y

Ÿ

ë)°

L

P

as
ƒ

ÿ.� , which canbe computedby differentiatingexpressionssuchas(2.11) and(2.12)
analytically.

BecauseÁ*)ò� whenthe operator� hasconstantcoef�cients, the precedingtheorem
indicatesthatstability is dependenton thevariationin thecoef�cients, not their magnitude,
as is the casewith explicit �nite-dif ferencemethods. In fact, it can be shown that, if the
coef�cients of � aresuf�ciently smooth,thenAlgorithm 2.2, underthe assumptionsof the
theorem,is stableregardlessof the time step éÒ5 . Stability will be discussedfurther in an
analysisthatwill bepresentedin [13].
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2.3.3. Convergence. We arenow readyto stateandprove the principal resultof this
paper. As with the Lax-RichtmyerEquivalenceTheoremfor �nite-dif ferencemethods,the
consistency andstability of Algorithm 2.2canbeusedto provethatit is alsoconvergent.

THEOREM 2.7. Let ��	"�7�85?� bethesolutionof (1.2), (1.3), (1.4), where � is a self-adjoint
positivede�nite differentialoperator with coef�cients in Á

J

andtheinitial data :;	"�#� belongs
to Á

J

. Let thedifferential operators � and Á be de�ned as in Theorem2.5. Furthermore,
assumethat the Fourier coef�cients E

Y

��	ÄÃ%�Ié}5?�AH of ��	"�7�Ié}5?�0�òg<h!i7jk�%�ŽéÒ5ml�:;	���� satisfyan
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thenAlgorithm 2.2, in conjunctionwith Algorithm 2.1 using ´«�

R

Gaussianquadrature
nodes,is convergent; i.e.

"

õ1#

�

�2,

�

*

%

P

Ü-W ��	?bk�85?ê

Ucë

¨Iì

�;�…�;	�bc�?5?ê

Ucë

¨Iì

�€Ü%�@�
C

Proof. Let
T

ë

	����6� W��	"�7�85

ë

�4�Ê��	"�7�85

ë

�AC If we choosetheparameter
ƒ

suf�ciently small
in Algorithm 2.2,thenit follows from Theorems2.4and2.6that
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areindependentof é}� and éÒ5 . We concludethat

Ü

T

ë

ÜÚ/�•546�

L

éÒ5

t

�7�

t

éÒ�

Í

KnL98

/

5
ê

Ucë

¨Iì

éÒ5

46�

L

éÒ5

t

�3�

t

éÒ�

Í

KML:8

which tendsto zeroas éÒ5 , éÒ�¶ÿ � underthegivenassumptions.
It is importantto note that because� is positive de�nite, it is alwayspossibleto �nd

éÒ5Ž�2� sothatthestabilitycondition(2.13) holds.

2.4. Practical Implementation. A companionpaper[12] discussespractical imple-
mentationof Algorithms 2.1 and 2.2 in detail, but we highlight the main implementation
issueshere.

2.4.1. Parameter Selection. We now discusshow onecanselecttwo key parameters
in thealgorithm: thenumberof quadraturenodeś andthetime step éÒ5 . While it is obvi-
ously desirableto usea largernumberof quadraturenodes,variousdif�culties canarisein
additionto theexpectedcomputationalexpenseof additionalLanczositerations.As is well
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known, the Lanczosmethodsuffers from lossof orthogonalityof the Lanczosvectors,and
this vulnerability increaseswith thenumberof iterationssinceit tendsto occurasRitz pairs
convergeto eigenpairs(for detailssee[4]).

In order to choosean appropriatetime step éÒ5 , onecan computecomponentsof the
solutionusinga Gaussianquadraturerule, andthenextendthe rule to a Gauss-Radaurule
andcomparetheapproximations,selectingasmalleréÒ5 if theerroris too largerelativeto the
normof thedata.Alternatively, onecanusetheGaussianrule to constructa Gauss-Kronrod
rule andobtaina secondapproximation;for detailssee[2]. However, it is usefulto notethat
thetime steponly playsa role in thelaststageof thecomputationof eachcomponentof the
solution. It follows thatonecaneasilyconstructa representationof thesolutionthatcanbe
evaluatedat any time, thusallowing a residual�#�

Þ

�Z57�&��� to becomputed.This aspectof
ouralgorithmis fully exploitedin [12].

By estimatingtheerror in eachcomponent,onecanavoid unnecessaryconstructionof
quadraturerules. For example,supposethat a timestepé}5 hasbeenselected,and the ap-
proximatesolution W�;	����wéÒ5?� hasbeencomputedusingAlgorithm 2.2. Beforeusingthis ap-
proximatesolutionto constructthequadraturerulesfor thenext time step,we candetermine
whetherthe rulesconstructedusingthe initial data :;	"�#� canbe usedto computeany of the
componentsof W��	"�7�w'aéÒ5?� by evaluatingthe integrandat time '�éÒ5 insteadof éÒ5 . If so,then
thereis noneedto constructnew quadraturerulesfor thesecomponents.This ideais explored
furtherin [12].

2.4.2. Impr oving Performance. Theorem2.6impliesthatAlgorithm 2.2yieldsgreater
accuracy if the coef�cients of � aresmoother. Therefore,it is advisableto usesimilarity
transformationsto “precondition” � so that it morecloselyresemblesa constant-coef�cient
operator. Someunitary similarity transformationsthat canbe usedfor this purposewill be
discussedin [11].

It is easyto seethata straightforwardimplementationof Algorithm 2.2 is prohibitively
expensive, as it employs the Lanczosalgorithm

�

	"Qä� times per time step,with eachap-
plication requiringat least

�

	"Qä� operations.This complexity canbe reducedto
�

	>Qä� by
exploiting the fact that the matrix �

J

representsa differentialoperator, andthat the initial
vectorscanbeparametrizedusingthewavenumber. A practicalimplementationof Algorithm
2.2canbefoundin [12].

Thefactthatthetimestepplaysalimited rolein thecomputation,and,in particular, is not
usedto constructthequadraturerules,implies that thecomputedcomponentscaneasilybe
representedassimplecontinuousfunctionsof 5 without usinginterpolation.Theavailability
of sucha representationis exploitedin [12] to obtainanevenmoreef�cient algorithm.This
representationcanalsobedifferentiatedanalyticallywith respectto 5 , which is alsoexploited
in [12] to constructastraightforwardprocedurefor deferredcorrection.

3. Numerical Results. In this sectionwe will displaynumericalresultscomparingthe
performanceof Krylov subspacespectralmethodswith thatof othernumericalmethodsfor
problemsof theform (1.2) aswell asfor moregeneralproblems.

3.1. Construction of TestCases.In many of thefollowing experiments,it is necessary
to constructfunctionsof agivensmoothness.To thatend,werely onthefollowing result(see
[7]):

THEOREM 3.1. (GUSTAFSSON, KREISS, OLIGER) Let :;	"�#� bea '3( -periodicfunction
andassumethat its � th derivativeis a piecewise �

L

function.Then,
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Basedon this result,theconstructionof a �

;

°

L

function :;	��#� proceedsasfollows:
1. For eachÃ �
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In the following test cases,coef�cients and initial dataare constructedso that their third
derivativesarepiecewise �

L

, unlessotherwisenoted.
We will now introducesomedifferentialoperatorsandfunctionsthat will be usedin a

numberof theexperimentsdescribedin thissection.As mostof thesefunctionsandoperators
are randomlygenerated,we will denoteby ?

L

�&?

t

�€CoC€C the sequenceof randomnumbers
obtainedusingMATLAB' s randomnumbergeneratorrand aftersettingthegeneratorto its
initial state.Thesenumbersareuniformly distributedon theinterval 	"�
�

R

� .
D We will make useof a two-parameterfamily of functionsde�ned on the interval

j �
�w')(�l . First,we de�ne
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Theparameter“ indicateshow many functionshave beengeneratedin this fashion
sincesettingMATLAB' s randomnumbergeneratorto its initial state,andthe pa-
rameterD indicateshow smooththefunctionis. Figure3.1showsselectedfunctions
from this collection.
In many cases,it is necessaryto ensurethata functionis positiveor negative,sowe
de�ne thetranslationoperatorsI

°

and I

K

by

I

°

:;	��#�Ž�,:;	"�#�;�

#–õcö

�-JLK
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t8vNM

:;	����7�
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�(3.2)
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twvQM

:;	"�#�;�

R

C(3.3)

D Someexperimentswill involve the one-parameterfamily of randomlygenerated
self-adjointdifferentialoperators
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wheretheoperatorsI

°

and I

K

werede�ned in (3.2), (3.3).
Many of theexperimentsdescribedin this sectionareintendedto illustratetheconvergence
behavior of Algorithm 2.2,with certainvariations,onvariousproblems.

3.2. Parabolic Problems. For our �rst example,we will solve theproblem

�#�

�#5

	��7�85?�7���VU<�;	����?5?�+�,�-�.�0/��ä/2')(4�ó56�2�-�(3.4)

�;	����8�a�+�EI

°

:
P

,
U

	"�#�A� �0/��1/2'3(4�(3.5)
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FIG. 3.1. Functionsfromthecollection WHX&Y Z-[1\2] , for selectedvaluesof ^ and _ .

��	"�7�?5?�Ž�2�;	��–�B'3(4�85?�A�.56�B�(3.6)

usingthefollowing methods:
D TheCrank-Nicolsonmethodwith centraldifferencing
D Algorithm 2.2,with 2 nodesdeterminedby Gaussianquadrature
D Algorithm 2.2,with 2 nodesdeterminedby Gaussianquadratureandoneadditional

prescribednode.Theprescribednodeis obtainedby estimatingthesmallesteigen-
valueof � usingthesymmetricLanczosalgorithm.

In all cases,Q«�

�

‚

gridpointsareused. For “�� �
�oC€CoC<�

�

, we computean approximate
solution �

F

‘

G

	"�7�?5?� at 5†�

R

, using é}5†�å'

K

‘ . Figure 3.2 shows estimatesof the relative
errorin �

F

‘

G

	��7�

R

� for “–�s�-�€CoC€C<��` . Notethesigni�cant bene�t of theprescribednodein the
Gauss-Radaurule.

3.2.1. Varying Spatial Resolution. In Figure 3.3 we illustrate the bene�t of using
component-speci�cKrylov subspaceapproximations.Wesolvetheproblem(3.4), (3.5), (3.6)
usingthefollowing methods:

D A two-stage,third-orderschemedescribedby HochbruckandLubichin [8] for solv-
ing systemsof theform a

ž

�@ybaç�dc , where,in thiscase,câ�@� and y is an Q —}Q

matrix thatdiscretizestheoperator�
U . Theschemeinvolvesmultiplicationof vec-

tors by e]	�ãn”Zy’� , where ã is a parameter(chosento be
L

t

), ” is the stepsize,and
e]	"ÛO��� 	

TQf

�

R

�

Þ

Û . The computationof e6	�ãn”Zy’��z , for a given vector z , is ac-
complishedby applyingthe Lanczositerationto y with initial vector z to obtain
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FIG. 3.2. Estimatesof relativeerror in thecomputedsolution g

h

[1\�i!jk] of (3.4), (3.5), (3.6) at j�lnm . Solutions
are computedusing�nite differenceswith Crank-Nicolson(solid curve),Algorithm 2.2 with Gaussianquadrature
(dashedcurve),andAlgorithm2.2with Gauss-Radauquadrature (dotted-dashedcurve)with varioustimestepsand

o

ldprq grid points.

anapproximationto e]	ÄãM”
yÚ�•z thatbelongsto the ~ -dimensionalKrylov subspace
|

	"y
�8z+�?~Œ�Ž� spanE€z��8y%z��8y

t

z��oCoC€Co�wy

•

KnL

z4H .
D Algorithm 2.2,with ~ nodesdeterminedby Gaussianquadratureandoneadditional

prescribednode.Theprescribednodeis obtainedby estimatingthesmallesteigen-
valueof � usingthesymmetricLanczosalgorithm.

Wechoose~\�s' in bothcases,sothatbothalgorithmsperformthesamenumberof matrix-
vectormultiplicationsduringeachtime step.Notethat,as Q increasesfrom 64 to 128,there
is no impacton theaccuracy of Algorithm 2.2; thecurvescorrespondingto this methodare
virtually indistinguishable.On theotherhand,this increase,which resultsin astiffer system,
reducesthetime stepat which themethodfrom [8] beginsto show reasonableaccuracy.

This loss of accuracy can be explainedby observingthat for eachcomponentof the
solution, a Krylov subspacespectralmethodimplicitly constructsa polynomial ��	f•Z� that
interpolates

T

KnÀ��

* for some éÒ5 . The interpolationpointsarechosenin orderto maximize
thedegreeof a quadraturerule that is usedto integrate��	>•#� with respectto thecomponent-
dependentmeasure ©Ž	f•Z� de�ned in (2.5). It is in this sensethat theapproximationof each
componentis optimalfor thatcomponent.

Themethodfrom [8] effectively usesthesamepolynomialapproximationof
T

K�À��

* for
all components,resultingin a lowerdegreeof accuracy. If theinitial datais smooth,thenthis
uniformapproximationis still veryaccuratefor computinglow-frequency componentsof the
solution,but asQ increases,thecomputedsolutionincludesmore(erroneous)high-frequency
components.

3.2.2. Convergenceof Derivatives. Figure3.4 shows the accuracy in eachfrequency
componentof thecomputedsolutionusingvariousmethods.This accuracy is measuredby
computingtherelativedifferencein the�rst andsecondderivativesof approximatesolutions
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[$\�iSjk] of (3.4), (3.5), (3.6) at j�lsm . Solutions
are computedusingthe third-order methodof Hochbruck andLubich describedin [ 8] usinga Krylov subspaceof
dimensiontulwv (solid curve),andAlgorithm 2.2 with a 2-point Gauss-Radaurule (dashedcurve)with various
timestepsand

o

lxprq grid points(top plot) or
o

lym{z�| grid points(bottomplot).
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KnL

to the problem(3.4), (3.5), (3.6). Eachapproximatesolution W

Ÿ

‘ is computed
using é}5+�s'
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‘ , for “Ò�,�-�€CoC€C<�
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, and Q �
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gridpoints.In otherwords,wearemeasuring
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and }
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seminorms(see[9]), where

ÜA�4Ü
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xa�7C(3.7)

Themethodsusedfor thecomparisonareCrank-Nicholsonwith �nite differencing,backward
Euler with theFourier method,andGauss-Radauquadraturewith two Gaussianquadrature
nodes. As can easily be seen,Gauss-Radauquadratureprovidesmore rapid convergence
for both higher- and lower-frequency componentsthan the other two methods. Gaussian
quadraturewith no prescribednodesdoesnot performaswell, sincethe lower boundsthat
it yields for eachintegral arenot assharpas the upperboundsobtainedvia Gauss-Radau
quadrature.

3.3. Non-Self-Adjoint Problems. While thedevelopmentof ouralgorithmreliedonthe
assumptionthat � wasself-adjoint,it canbeshown thatit worksquitewell in caseswhere�

is not self-adjoint.In [5], Goodman,Hou andTadmorstudythestability of theunsmoothed
Fouriermethodwhenappliedto theproblem

�#�

�#5

	"�7�?5?�+�

�

�#�

	

ñ?õcö

	"�#�•�;	����?5?�8�Ž� �
�=�–/B�Œ/ '3(4�.56�B�
�(3.8)



ETNA
Kent State University 
etna@mcs.kent.edu

KRYLOV SUBSPACE SPECTRALMETHODS 227

1   1/2 1/4 1/8 1/16 1/32

10
�4

10
�2

10
0

time step

re
la

tiv
e 

er
ro

r
Relative error in first derivative

FD/Crank�Nicolson
Fourier/Backward Euler
Krylov/Gauss�Radau

1   1/2 1/4 1/8 1/16 1/32

10
�4

10
�2

time step

re
la

tiv
e 

er
ro

r

Relative error in second derivative

FD/Crank�Nicolson
Fourier/Backward Euler
Krylov/Gauss�Radau

FIG. 3.4. Relativeerror estimatesin �r st andsecondderivativesof approximatesolutionsto (3.4), (3.5), (3.6),
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Figure3.5 comparesthe Fourier coef�cients obtainedusingthe Fourier methodwith those
obtainedusing Gauss-Radauquadratureas in Algorithm 2.2. It is easyto seethat using
Algorithm 2.2 avoids theweakinstability exhibitedby theunsmoothedFouriermethod.As
notedin [5], this weakinstability canbe overcomeby usinga suf�ciently large numberof
gridpoints,orbyapplying�ltering techniques(see[1]) to removehigh-frequency components
that are contaminatedby aliasing. Algorithm 2.2, by computingeachFourier component
usinganapproximationto thesolutionoperatorthat is tailoredto that component,provides
thebene�t of smoothing,without thelossof resolutionassociatedwith �ltering.

While thetheorypresentedandcitedin Section2 is notapplicableto thenon-self-adjoint
case,aplausibleexplanationcanbegivenasto why Gaussianquadraturemethodscanstill be
employedfor suchproblems.Eachcomponentof thesolutionis computedby approximating
quantitiesof theform

:;	

Ÿ

���

Ÿ

¡

goh!i7j��%yÚéÒ5ml

Ÿ

�

where Ÿ is an Q -vector y is an Q•—uQ matrix that may or may not be symmetric. The



ETNA
Kent State University 
etna@mcs.kent.edu

228 J.V. LAMBERS

approximation W
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due to the constructionof the two setsof Lanczosvectorsgeneratedby the unsymmetric
Lanczositeration. In this sense,the high accuracy of Gaussianquadraturegeneralizesto
thenon-self-adjointcase.Eachquantity :;	

Ÿ

� canbeviewedasanRiemann-Stieltjesintegral
overacontourin thecomplex plane;theuseof Gaussianquadratureto evaluatesuchintegrals
is discussedin [14].

It shouldbenoted,however, that instability canstill occurif the integralsarenot com-
putedwith suf�cient accuracy. Unlike theweakinstability thatoccursin theFouriermethod,
the remedyis not to usemoregridpoints,but to ensurethat thesamecomponentsarecom-
putedwith greateraccuracy. This canbe accomplishedby choosinga smallertimestepor
increasingthenumberof quadraturenodes,andbothtacticshave beensuccessfulwith (3.8),
(3.9) in practice.

4. Generalizations. This paperhasfocusedprimarily on the applicability of Krylov
subspacespectralmethodsto the diffusion equationin onespacedimensionwith periodic
boundaryconditions.However, asillustratedin theprevioussection,they arewell suitedto
many othercategoriesof problems,whichweenumeratehere.

1. Problemsin higher spacedimension: In [10] numericalresultsare presentedfor
�rst-order wave equationsanddiffusionequationsin two spacedimensions,aswell
asdiscussionon how to useKrylov subspacespectralmethodsin any numberof
spacedimensions.

2. Non-periodicboundaryconditions: In [6] Krylov subspacespectralmethodsare
appliedto a problemwith Dirichlet boundaryconditions.More generaldiscussion
of otherboundaryconditionsis containedin [10].

3. Second-orderwave equations: Problemsthat contain higher-order derivatives in
time, canbe solved usingKrylov subspacespectralmethodsvery easily, because
thecomputedsolutionscanbedifferentiatedanalyticallywith respectto time. This
is exploitedin [6] to solvethevariable-speedwaveequationin onespacedimension.
Resultsfor two andthreedimensionshavebeenobtainedandwill bepresentedin an
upcomingpaper.

5. Conclusions. By reconsideringthe role of numericalquadraturein Galerkinmeth-
ods,we have succeededin developinga classof numericalmethodsfor solvingtheproblem
(1.2), (1.3), (1.4) that overcomesomeof the dif�culties that variable-coef�cient problems
posefor traditionalspectralmethods.By usinga low-orderKrylov subspaceapproximation
of thesolutionoperatorfor eachcomponentinsteadof asinglehigher-orderKrylov subspace
approximationfor all components,high-orderaccuracy and near-unconditionalstability is
attained.

Futurework will bedevotedto realizingfurtherbene�t by exploiting two key properties
of thesemethods:�rst, that they aremoreaccuratefor problemswith smoothercoef�cients,
andsecond,that thecomponentsof thecomputedsolutionin thebasisof trial functionscan
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FIG. 3.5. Fourier coef�cients of the approximatesolution g

h

[$\�iS•�] of (3.8), (3.9), (3.10) computedusingthe
Fourier method(top graph)andAlgorithm2.2 with Gauss-Radauquadrature (bottomgraph)with

o

lŽprq nodes
andtimestep ••j�l‘m&’rv�z .

be representedas continuousfunctionsof 5 that have a reasonablysimple structure. One
goal is to combinemethodsfor ef�ciently computingapproximateeigenfunctionsof � with
Krylov subspacespectralmethodsto constructa continuousfunctionthatrepresentsa highly
accurateapproximationof the exact solution �;	��7�85?� over as large a domainin 	"�7�?5?� -space
aspossible,with lesscomputationaleffort thanthat which traditionaltime-marchingmeth-
odsandsubsequentinterpolationwould require.Suchanapproximationshouldyield useful
insightinto thenatureof theexactsolutionaswell asthatof theeigensystemof � .
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Usingthesede�nitions, we obtain
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