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KRYLOV SUBSRACE SPECTRAL METHODS FOR VARIABLE-COEFFICIENT
INITIAL-BOUND ARY VALUE PROBLEMS

JAMES V. LAMBERS

Abstract. This paperpresentsan alternatve approachto the solution of diffusion problemsin the variable-
coefcient casethatleadsto a nev numericalmethod,calleda Krylov subspacepectralmethod. The basicidea
behindthe methodis to use Gaussiamuadraturen the spectraldomainto computecomponentf the solution,
ratherthanin the spatialdomainasin traditionalspectraimethods.For eachcomponenta differentapproximation
of the solutionoperatoiby arestrictionto alow-dimensionaKrylov subspacés emplg/ed,andeachapproximation
is optimalin somesensdor computingthe correspondingomponentThis stratgy allows accurateresolutionof all
desiredfrequeng componentsvithout having to resortto smoothingtechniquego ensurestability.
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1. Intr oduction. Let beaself-adjointsecond-ordedifferentialoperatorof theform

(1.1)

where and are -periodicfunctions.We considerthe diffusionequation
onaboundeddomain,

(1.2)

(1.3)

with periodicboundaryconditions
(1.4)

In Section4 we will discussapplicationsof the methodspresentedn this paperto more
generaproblems.

1.1. Dif culties of Variable-Coef cient Problems. Spectramethodsareextremelyef-
fectivefor solvingtheproblem(1.2), (1.3), (1.4) in thecasewvherethecoefcients and are
constantseefor instancq 1], [7]. Unfortunatelythe variable-coetient casepresentsome
dif culties for thesemethods:

Let bethenaturalbasisof trial functionsde ned by

In theconstant-coe€ient casethesdrial functionsareeigenfunction®f , butthis
is nottruein the variable-coetient case;in fact,thematrixof in this basisis a
full matrixin thegenerakase.

Thephenomenonof aliasingcanleadto weakinstability (se€for instancd 5]), which
manifestdtself in the sudderblow-up of the solution. Unlike stronginstability; it
cannotbe overcomesimply by usinga smallertime step,but ratherone mustuse
moregrid pointsor ltering techniquegsee[1]).
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As aresult, substantiallymore computationakffort mustbe expendedfor lessinformation
thanin the constant-coetient case.As variable-coetient problemscanbe viewedasper
turbationsof their constant-coetient counterpartsit shouldbe possibleto developnumeri-
cal methodghatexploit this usefulperspectie.

1.2. ProposedApproach. TraditionalGalerkinmethodsseeka solutionin the spaceof
trial functionsthat satis esthe PDE (1.2) in anaveragesense.In this paperwe will instead

computeanapproximatesolution of theform

where is an orthonormalset of trial functions. For each , the coefcients
areapproximation®f the coefcients of the exactsolution

in thebasis . Speci cally,

wheretheinnerproduct is de ned by

andthe solutionoperator is approximatedisingKrylov subspacesf . Thisap-

proach,in and of itself, is not new; for example,Hochbruckand Lubich have developeda

methodfor approximating , for agivenvector andHermitianpositive de nite

matrix , usingaKrylov subspace
(1.5) span

for somechoiceof . However, this approachs mostaccuratevhenthe eigervaluesof
are clustered,which is not the casefor a matrix that represents discretizationof . For
suchstiff systemspnemusttake careto choose sufciently large,or sufciently small,
in orderto obtainsufcient accuray (se€[8] for details).

Our approachs to usea differentapproximatiorfor eachcomponent . By writing

for somenonzeroconstant , we canreducethe problemof approximating to
thatof approximatingquadraticforms

where . Eachsuchquadraticform is computedusing the Krylov subspace
for some . In this way, eachfrequeny componentbf canbecomputed
independentlyusing an approximationthat is, in somesense pptimal for that component;
we will elaborateon this statementn Section3. Furthermoreaswe will seein Section2,
high-ordertemporalaccurag canbeobtainedusingonly low-dimensionaKrylov subspaces.

2. Krylo v SubspaceSpectral Methods. In this sectionwe describeKrylov subspace
spectramethodsandprove resultsconcerningheir corvergence.
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2.1. Elementsof Functionsof Matrices. We rst discusgheapproximatiorof quadratic
forms

where,in our application, for some . We rst discretizethe operator
onauniformgrid

(2.1) —

where isthenumberof gridpoints.Onthisgrid, isrepresentetly an symmetric
positive de nite matrix de ned by

(2.2)

where is a discretedifferentiationoperatorde ned on the spaceof grid functions. The
function isrepresentely an -vector

We denotethe eigervaluesof by

andthe correspondingigervectorsby . We cancomputethe quantity
(2.3)

usinga Gaussiarguadratureule to evaluatethe Riemann-Stieltjeintegral
(2.4)

wherethemeasure is de ned by

(2.5)

Thenodesandweightsof the Gaussiamuadratureule canbe obtainedby applyingthe
symmetricLanczosalgorithm(see[3]) to with initial vector . After iterationswe
obtaina tridiagonalmatrix

(2.6)

whoseeigervaluesarethe Gaussiarquadraturgulesfor the integral (2.4). The weightsare

thesquaref the rst component®f theeigervectorsof . With , Gaussian
guadratureyields a lower boundfor (see[15] for details). We canextend  to obtain
a tridiagonalmatrix thathasaneigervalueat . Theresultingrule is a Gauss-Radau

rule, whichyieldsanupperboundfor (se€[3)).
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2.2. Algorithm Description. We now describean algorithm for solving (1.2), (1.3,
(1.4) using the quadraturerules describedabove. First, we considerthe computationof
quadratidormsof theform (2.3), where for given .

For corvenienceWedenoteby  thespaceof real-valued -periodicfunctionsof the
form

andassumehattheinitial data andthecoefcients and of theoperator belongto
. Furthermorewe associat@agrid function  with thefunction de ned by

where

If we discretizethe operator by an matrix andcompute , then

high-frequeng component®f  arelostdueto aliasing.

We canavoid this lossof informationusinga ner grid. Givenagrid function de ned
onan -pointuniform grid of the form (2.1), the grid function , for ,isde ned
by interpolatingthevaluesof onthe ner  -pointgrid;i.e.,

where

If , andthe coefcients of belongto |, then retainsthe high-
frequeny componentsf

In thefollowing algorithm,we computeboundson usinga -pointGaus-
sianrule anda -point Gauss-Radartule. Both quadratureulesareobtainedby ap-
plying the symmetricLanczosalgorithmto the matrix with initial vector , Where

. Becausahecoefcients of belongto , wedonotneedto work with

explicitly at eachiteration; we caninsteadbegin with a  -point grid andre ne aftereach
iteration.

After iterationsof the Lanczosalgorithm,the tridiagonalmatrix  de ned
in (2.6) is obtained. The Gaussiarguadratureapproximationof is given by

. Then, isextendedoamatrix thathasaneigervaluethatap-

proximateghesmallestigervalueof . For detailsontheextensionof |, see[3]. Finally,
the Gauss-Radaapproximatiorof is givenby

We now describethealgorithmin full detail.
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Algorithm 2.1 Given a real-valuedgrid function de ned onan -point uniform grid
(2.2), a self-adjointdifferential operator of the form (1.1) anda scalar , the following
algorithmcomputedounds and on , where isthenumberof
Gaussiamuadraturanodesto be computedand

for

end

Let bethe matrix de ned by (2.6)

Let beanapproximatiorto thesmallestigervalueof
Solve

Let bethe matrix obtainedfrom by adding

tothediagonal, tothesuperdiagonal
and tothesubdiagonal

The approximatiorto the smallesteigervalueof , requiredby the Gauss-Radatule,
canbe obtainedby applyingthe symmetricLanczosalgorithmto a discretizationrof ~ with
initial vector . This choiceof initial vectoris motivatedby thefactthat,
as increases, . Thereforejn orderto obtainafunction for which

is assmallaspossiblejt is agoodheuristicto avoid high frequencies.

Now, we candescribean algorithmfor computingthe approximatesolution of
(1.2, (1.3, (1.4 attimes . At eachtime step,we computeap-
proximateFouriercomponent®f the solutionby usingthe polar decomposition

(2.7) -
to expressthe Fourier componentsn termsof quadraticforms, which in turn are approxi-

matedusingAlgorithm 2.1.
To avoid complex arithmetic,we usethegrid functions

and
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Also, it will beassumedhatall boundson quantitiesof the form , for ary
matrix andvector , arecomputedusingAlgorithm 2.1.

Algorithm 2.2 Givenagrid function  representingheinitial data onauniform -

point grid of the form (2.1), a nal time andatimestep suchthat
for someinteger , thefollowing algorithmcomputesnapproximation to thesolution
of (1.2), (1.3), (1.4) evaluatedat eachgridpoint for with
andtimes for .
for do

Choosea nonzeroconstant

Computebounds and  for

Computebounds and  for

Let where and
arechoserto minimizeerrorin

for

Computebounds and  for
Computebounds and  for

Computebounds and  for
Computebounds and  for

Let where and
arechoserto minimizeerrorin
Let where and

arechoserto minimizeerrorin

end
(inversediscreteFouriertransform)
end

In computingquantitiesof theform usingthe polardecomposition2.7), this
algorithmactually computes- wherethe scalar is chosenat the beginning
of eachtime step.Onthe onehand,smallervaluesof aredesirablebecausehe quadrature
erroris reducedvhenthevector in is anapproximateeigervectorof thematrix

. However, shouldnot be chosento be sosmallthat and arevirtually indis-

tinguishablefor the given precision. In practice,it is wiseto choose to be proportionalto

whencomputing . This explainswhy is chosenat the beginning of eachtime
stepin the precedingalgorithm.

Variousstratgiescanbeusedio determinevhethertheupperor lowerboundon eachin-
tegral shouldbeusedin computingtheapproximatiorto eachcomponenbf thesolution. For
example,a Gauss-Radatule with anappropriatechoiceof prescribechodecanbecompared
with theapproximatiorcomputedusinga Gaussiamule in orderto estimatdts accurag. Al-
ternatively, Gauss-Kronrodulescanbe usedfrom the previously constructedsaussianules
to estimateheaccurag of eachbound;for detailssee[2].
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2.3. ConvergenceAnalysis. We now prove that Algorithm 2.2 is corvergent. The ap-
proachis analogoudo thatusedto prove corvergencefor nite-dif ferenceschemesWe will
denoteby the resultof applying Algorithm 2.2 to the function usinga
discretizatiorof spaceandtime with uniformspacings and , respectiely.

2.3.1. Consistency First,wewill provethattheapproximatd-ouriercomponentsf the
solutionattime  computedby Algorithm 2.2,usinga  -point Gaussiamquadratureule,

corvergeto the correspondindrouriercomponent®f the exactsolutionas atarate
of . In orderto analyzethe quadraturesrrorfor theintegrand , we
rst needto considerthecase .

LEMMA 2.1. Let bean symmetrigositivede nite matrix. Let and be xed
vectos,andde ne . For apositiveinteger, let bede nedby

whee istheJacobimatrix producedbythesymmetrid_anczosterationappliedto  with
startingvector . Then,for some satisfying ,

(2.8)

Proof. SeeAppendixA.1. O

The following corollary summarizeghe integrandsfor which Gaussiamuadraturds
exact.

COROLLARY 2.2. Undertheassumptionsfthelemma,

for .
Lemma2.1 canbe usedto showv consisteng of the computedsolutionwith ,
but we needto shav consisteng with the exact solutionof the underlyingPDE,
. Therefore we needthe following resultto relatethe discreteinner productsem-
ployed by Algorithm 2.1 to the continuousnner productsthat describethe frequeny com-

ponentof . Recallthede nition of ~ from the beginningof Section2.2.
LEMMA 2.3. Let and bean -thorderdifferential opemator of theform (1.1)
sud thatthecoefcients and belongto . Then and
(2.9)
for , Whee is a positiveinteger.

Proof. SeeAppendixA.2. O

We cannow boundthelocal truncationerrorin eachFouriercomponenbf thecomputed
solution.

THEOREM 2.4. Let beaself-adjoint -th order positivede nite differential operator
with coefcientsin  , andlet . ThenAlgorithm2.2is consistentj.e.
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for
Proof. Let be the functionfrom Lemma2.1 with , and
Furthermoredenotetheentriesof by

Finally, let and . Then,by Lemmas2.1and2.3,
(2.10)
A similaramgumentappliesto . d

Theprecedingesultindicateghatevenif low-dimensionaKrylov subspaceareusedto
approximateeachcomponenbf the solution,high-ordertemporalaccurag canbe obtained.

On the otherhand,it is importantto notethat the spatialerror dependsheavily on the
smoothnessf thecoefcients of theoperator , aswell astheinitial data . Thefollowing
resultquanti esthe effect of the smoothnessf thecoefcients.

THEOREM 2.5. Let and belongto ,andlet

Avg — Avg
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Let bede nedasin (1.1), andassumehat, , whee
Let — ,andlet betheapproximationof

computedusing Algorithm 2.1 with an  -point grid of the form (2.1) and  Gaussian
guadmature nodes.Then,for ,

Proof. SeeAppendixA.3. O
Notethatthis resultimpliesthatKrylov subspacspectramethodseduceto the Fourier
methodin thecasewhere hasconstantcoefcients.

2.3.2. Stability. We now examinethe stability of thistime-steppinglgorithm.For sim-
plicity, we only considetthe casewherethe ; thatis, we areusingaone-nodesaussian
rule for eachFouriercomponent.

THEOREM 2.6. Letthedifferentialoperators , and bede nedasin Theoem?2.5,
andlet . Let in Algorithm 2.2, and assumehat the algorithm usesonly the
boundsobtainedfrom Algorithm 2.1 by Gaussianquadrature. Then,in thelimit as ,
the approximatesolution to (1.2), (1.3, (1.4 computedby onetime stepin
Algorithm2.2is givenby

whele is theorthogonalprojectiononto
Proof. We usethe notationof Algorithm 2.2. First, we notethat

(2.11) - —
where
(2.12)
A similar statementppliesto  and . Theresultthenfollows from a von Neumann
stability analysisof the approximatesolution obtainedfrom thelimits of , and
as , which canbe computedby differentiatingexpressionsuchas(2.11) and(2.12
analytically O
Because whenthe operator hasconstantcoefcients, the precedingtheorem

indicatesthat stability is dependenbn the variationin the coefcients, not their magnitude,
asis the casewith explicit nite-dif ferencemethods. In fact, it canbe shavn that, if the
coefcients of aresufciently smooth,thenAlgorithm 2.2, underthe assumptionsf the
theorem,is stableregardlessof thetime step . Stability will be discussedurtherin an
analysishatwill be presentedh [13].
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2.3.3. Convergence. We are now readyto stateand prove the principal resultof this
paper As with the Lax-RichtmyerEquivalenceTheoremfor nite-dif ferencemethodsthe
consisteng andstability of Algorithm 2.2 canbe usedto prove thatit is alsocorvergent.

THEOREM 2.7. Let bethesolutionof (1.2), (1.3), (1.4), where is a self-adjoint
positivede nite differential operator with coefcients in andtheinitial data belongs
to . Letthedifferential operators and bede nedasin Theoem?2.5. Furthermoe,
assumehat the Fourier coefcients of satisfyan
estimate

Let betheapproximatesolutioncomputedy Algorithm?2.2. If

and satises
(2.13)

thenAlgorithm 2.2, in conjunctionwith Algorithm 2.1 using Gaussianquadrature
nodesjs corvergent;i.e.

Proof. Let If we choosethe parameter sufciently small
in Algorithm 2.2,thenit follows from Theorem.4and2.6that

wheretheconstants and  areindependentf and . We concludethat

whichtendsto zeroas underthegivenassumptions. [
It is importantto notethat because is positive de nite, it is alwayspossibleto nd
sothatthe stability condition(2.13 holds.

2.4. Practical Implementation. A companionpaper[12] discussegpracticalimple-
mentationof Algorithms 2.1 and 2.2 in detail, but we highlight the main implementation
issueshere.

2.4.1. Parameter Selection. We now discusshow one canselecttwo key parameters
in the algorithm: the numberof quadraturenodes andthetimestep . While it is obvi-
ously desirableto usea larger numberof quadraturenodes variousdif culties canarisein
additionto the expectedcomputationakxpenseof additionalLanczositerations. As is well
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known, the Lanczosmethodsuffers from loss of orthogonalityof the Lanczosvectors,and
this vulnerabilityincreasesvith the numberof iterationssinceit tendsto occurasRitz pairs
corvergeto eigenpairgfor detailssee[4]).

In orderto choosean appropriatetime step , one can computecomponentf the
solutionusinga Gaussiamuadratureule, andthenextendthe rule to a Gauss-Radaule
andcompareheapproximationsselectingasmaller  if theerroris toolargerelative to the
norm of the data. Alternatively, onecanusethe Gaussiamnule to constructa Gauss-Kronrod
rule andobtaina secondapproximationfor detailssee[2]. However, it is usefulto notethat
thetime steponly playsarole in the laststageof the computatiorof eachcomponenbf the
solution. It follows thatonecaneasily constructa representationf the solutionthatcanbe
evaluatedat anytime, thusallowing a residual to be computed.This aspecbf
our algorithmis fully exploitedin [17].

By estimatingthe errorin eachcomponentpne canavoid unnecessargonstructionof
quadratureules. For example,supposeahata timestep  hasbeenselectedandthe ap-
proximatesolution hasbeencomputedusingAlgorithm 2.2. Beforeusingthis ap-
proximatesolutionto constructhe quadratureulesfor the next time step,we candetermine
whetherthe rulesconstructedisingthe initial data canbe usedto computeary of the
component®f by evaluatingthe integrandat time insteadof . If so,then
thereis noneedto construchew quadratureulesfor thesecomponentsThisideais explored
furtherin [12].

2.4.2. Impr oving Performance. Theoren?.6impliesthatAlgorithm 2.2yieldsgreater
accurag if the coefcients of aresmoother Therefore,it is advisableto usesimilarity
transformationgo “precondition” sothatit morecloselyresembles constant-coetient
operator Someunitary similarity transformationghat canbe usedfor this purposewill be
discussedh [11].

It is easyto seethata straightforvardimplementatiorof Algorithm 2.2is prohibitively
expensve, asit employs the Lanczosalgorithm times per time step, with eachap-
plication requiring at least operations.This compleity canbe reducedto by
exploiting the fact that the matrix representsa differentialoperatoy andthat the initial
vectorscanbeparametrizedisingthewave number A practicalimplementatiorof Algorithm
2.2canbefoundin [12].

Thefactthatthetime stepplaysalimited rolein thecomputationand,in particularis not
usedto constructthe quadratureules,implies thatthe computedcomponentsaneasilybe
representedssimplecontinuoudunctionsof without usinginterpolation.The availability
of sucharepresentatiors exploitedin [12] to obtainanevenmoreef cient algorithm. This
representationanalsobedifferentiatecanalyticallywith respecto , whichis alsoexploited
in [12] to constructa straightforvard procedurdor deferredcorrection.

3. Numerical Results. In this sectionwe will displaynumericalresultscomparingthe
performanceof Krylov subspacepectraimethodswith that of othernumericalmethodsfor
problemsof theform (1.2) aswell asfor moregenerabproblems.

3.1. Construction of TestCases. In mary of thefollowing experimentsit is necessary
to construcfunctionsof agivensmoothnessTo thatend,we rely onthefollowing result(see
[7D:

THEOREM 3.1. (GUSTAFSSON, KREISS, OLIGER) Let bea -periodicfunction
andassumehatits th derivativeis a piecavise  function.Then,

(3.1) constant
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Basedonthis result,the constructiorof a function proceedssfollows:

1. For each , choosethe discreteFourier coefcient by set-
ting , where and arerandomnumbersuniformly
distributedontheinterval

2. Foreach , set

3. Set equalto any realnumber

4. Set — .
In the following test cases,coefcients and initial dataare constructedso that their third
derivativesarepiecavise , unlessotherwisenoted.

We will now introducesomedifferentialoperatorsandfunctionsthat will be usedin a
numberof theexperimentsiescribedn this section.As mostof thesdunctionsandoperators
are randomly generatedwe will denoteby the sequenceof randomnumbers
obtainedusingMATLAB' srandomnumbergeneratorand aftersettingthe generatoto its
initial state.Thesenumbersareuniformly distributedon theinterval

We will make useof a two-parametefamily of functionsde ned on the interval
. First,we de ne

Re

where

The parameter indicateshow mary functionshave beengeneratedn this fashion
sincesettingMATLAB' s randomnumbergeneratotto its initial state,andthe pa-
rameter indicateshow smooththefunctionis. Figure3.1shows selectedunctions
from this collection.

In mary casesit is necessaryo ensurehatafunctionis positive or negative, sowe
de ne thetranslatioroperators and by

(3.2)

(3.3)

Someexperimentswill involve the one-parametefamily of randomly generated
self-adjointdifferentialoperators

wheretheoperators and  werede nedin (3.2, (3.3).
Many of the experimentsdescribedn this sectionareintendedto illustratethe corvergence
behaior of Algorithm 2.2, with certainvariations,on variousproblems.

3.2. Parabolic Problems. For our rst example,we will solve the problem

(3.4) —

(3.5)
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FiG. 3.1. Functionsfromthecollection , for selectedraluesof and .
(3.6)

usingthefollowing methods:
The Crank-Nicolsormethodwith centraldifferencing
Algorithm 2.2,with 2 nodesdeterminedy Gaussiamjuadrature
Algorithm 2.2, with 2 nodesdeterminedy Gaussiarmguadratureandoneadditional
prescribechode. The prescribechodeis obtainedby estimatingthe smallesteigen-
valueof usingthe symmetricLanczosalgorithm.

In all cases, gridpointsare used. For , We computean approximate
solution at , using . Figure 3.2 shavs estimatesof the relative
errorin for . Notethesigni cant bene t of the prescribechodein the

Gauss-Radarule.

3.2.1. Varying Spatial Resolution. In Figure 3.3 we illustrate the bene t of using
component-speci &rylov subspacapproximationsWe solvetheproblem(3.4), (3.5), (3.6)
usingthefollowing methods:

A two-stagethird-orderschemalescribedy HochbruckandLubichin [ 8] for solv-

ing system®f theform , Where,in thiscase, and isan

matrix thatdiscretizeghe operator . The schemeénvolvesmultiplication of vec-

tors by , where is a parametelchosento be -), is the stepsize,and
. The computationof , for agivenvector , is ac-

complishedby applyingthe Lanczositerationto  with initial vector to obtain
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Relative error for varying time steps

T T
107 b~ Ty ]
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= R N
010" | R 2 E
= ~ ~
E N SO
o ~ SO
> ~
-5
10 3 > N 3
S i
N
N
10° b N ]
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4 . i
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| — FD/Crank-Nicolson N
[| — — Krylov/Gauss N
107 H- = KryloviGauss-Radau S d
= I Il Il Il 3
1 172 1/4 1/8 1/16 1/32
time step
FiG. 3.2. Estimatef relativeerror in the computedsolution of (3.4), (3.9, (3.6) at . Solutions

are computedusing nite differenceswith Crank-Nicolson(solid curve), Algorithm 2.2 with Gaussiangquadature
(dashecturve),and Algorithm2.2 with Gauss-Radaqguadmature (dotted-dashedurve)with varioustime stepsand
grid points.

anapproximatiorto thatbelongsto the -dimensionaKrylov subspace
span .
Algorithm 2.2,with  nodesdeterminedy Gaussiamuadratur@ndoneadditional
prescribechode. The prescribechodeis obtainedby estimatingthe smallesteigen-
valueof usingthesymmetricLanczosalgorithm.
We choose in bothcasessothatbothalgorithmsperformthe samenumberof matrix-
vectormultiplicationsduringeachtime step.Notethat,as increase$rom 64to 128,there
is no impacton the accurag of Algorithm 2.2; the curvescorrespondingo this methodare
virtually indistinguishableOn the otherhand,this increasewhich resultsin a stiffer system,
reduceghetime stepatwhich the methodfrom [8] beginsto shav reasonablaccuragy.

This loss of accurag can be explainedby observingthat for eachcomponentof the
solution, a Krylov subspacespectralmethodimplicitly constructsa polynomial that
interpolates for some . Theinterpolationpointsare chosenin orderto maximize
the degreeof a quadratureule thatis usedto integrate with respecto the component-
dependenieasue de nedin (2.5). It is in this sensethatthe approximationof each
components optimalfor thatcomponent.

The methodfrom [8] effectively usesthe samepolynomialapproximationof for
all componentsiesultingin alower degreeof accurag. If theinitial datais smooth thenthis
uniform approximatioris still very accuratdor computingow-frequeny component®sf the
solution,butas increaseghecomputedsolutionincludesmore(erroneoushigh-frequeng
components.

3.2.2. Convergenceof Derivatives. Figure 3.4 shavs the accurag in eachfrequengy
componenbf the computedsolutionusingvariousmethods.This accurag is measuredy
computingtherelative differencein the rst andsecondlerivativesof approximatesolutions
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FiG. 3.3. Estimatesf relativeerror in thecomputedsolution of (3.4), (3.5), (3.6) at . Solutions
are computedusingthe third-order methodof Hochbrudk and Lubich describedn [ 8] usinga Krylov subspacef
dimension (solid curve),and Algorithm 2.2 with a 2-point Gauss-Radauule (dashedcurve)with various
time stepsand grid points(top plot) or grid points(bottomplot).

and to the problem(3.4), (3.5), (3.6). Eachapproximatesolution is computed
using , for ,and gridpoints.In otherwords,we aremeasuring
theerrorin  usingthe and  seminormgseg[9]), where

(3.7)

Themethodausedfor thecomparisorareCrank-Nicholsorwith nite differencingbackward
Euler with the Fourier method,and Gauss-Radaquadraturewith two Gaussiarquadrature
nodes. As can easily be seen,Gauss-Radaguadratureprovides more rapid corvergence
for both higher and lowerfrequeng componentghan the othertwo methods. Gaussian
guadraturewith no prescribechodesdoesnot performaswell, sincethe lower boundsthat
it yields for eachintegral are not as sharpasthe upperboundsobtainedvia Gauss-Radau
quadrature.

3.3. Non-Self-Adjoint Problems. While thedevelopmenbf ouralgorithmreliedonthe
assumptiorthat wasself-adjoint,it canbe shavn thatit worksquitewell in casesvhere
is not self-adjoint. In [5], GoodmanHou and Tadmorstudythe stability of the unsmoothed
Fouriermethodwhenappliedto the problem

(3.8) — —
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Relative error in first derivative
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=10 ~
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— - Krylov/Gauss Radau T~
1 | -
1 1/2 1/4 1/8 1/16 1/32
time step
Relative error in second derivative
210° .
Q
()
2
3
e
10* H{ — FDI/Crank Nicolson T~
— — Fourier/Backward Euler e
— - Krylov/Gauss Radau T~
1 | | | ~
1 1/2 1/4 1/8 1/16 1/32
time step
FiG. 3.4. Relativeerror estimatesn r standsecondlerivativesof appoximatesolutionsto (3.4), (3.5), (3.6),
measuedusingthe and seminormstespectivelyln all cases gridpointsare used.
(3.9) —
(3.10)

Figure 3.5 compareghe Fourier coefcients obtainedusing the Fourier methodwith those
obtainedusing Gauss-Radaguadratureasin Algorithm 2.2. It is easyto seethat using
Algorithm 2.2 avoids the weakinstability exhibited by the unsmoothedrourier method. As
notedin [5], this weakinstability canbe overcomeby usinga sufciently large numberof
gridpoints,or by applying ltering techniquegsed] 1]) to removehigh-frequeng components
that are contaminatedy aliasing. Algorithm 2.2, by computingeachFourier component
usingan approximatiorto the solutionoperatorthatis tailoredto thatcomponentprovides
thebene t of smoothingwithoutthelossof resolutionassociatedavith Itering.

While thetheorypresentedndcitedin Section2 is notapplicableto thenon-self-adjoint
caseaplausibleexplanationcanbegivenasto why Gaussiamuadraturenethodscanstill be
employedfor suchproblems Eachcomponenbf the solutionis computedoy approximating
quantitiesof theform

where isan -vector isan matrix that may or may not be symmetric. The
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approximation of takestheform
andsatis es

due to the constructionof the two setsof Lanczosvectorsgeneratediy the unsymmetric
Lanczositeration. In this sensethe high accurag of Gaussiamuadraturegeneralizego

thenon-self-adjointase Eachquantity canbeviewedasanRiemann-Stieltjeintegral

overacontourin thecomple plane;theuseof Gaussiamuadraturéo evaluatesuchintegrals
is discussedn [14].

It shouldbe noted,however, thatinstability canstill occurif theintegralsarenot com-
putedwith sufcient accurag. Unlike theweakinstability thatoccursin the Fouriermethod,
the remedyis not to usemoregridpoints,but to ensurethatthe samecomponentsre com-
putedwith greateraccurag. This canbe accomplishedy choosinga smallertimestepor
increasinghe numberof quadraturenodesandbothtacticshave beensuccessfuwith (3.8),
(3.9 in practice.

4. Generalizations. This paperhasfocusedprimarily on the applicability of Krylov
subspacespectralmethodsto the diffusion equationin one spacedimensionwith periodic
boundaryconditions. However, asillustratedin the previous section,they arewell suitedto
mary othercateyoriesof problemswhich we enumeratdere.

1. Problemsin higher spacedimension: In [10] numericalresultsare presentedor
rst-order wave equationsanddiffusionequationsn two spacedimensionsaswell
asdiscussionon how to useKrylov subspacepectralmethodsin ary numberof
spacadimensions.

2. Non-periodicboundaryconditions: In [6] Krylov subspacespectralmethodsare
appliedto a problemwith Dirichlet boundaryconditions. More generaldiscussion
of otherboundaryconditionsis containedn [10].

3. Second-ordewave equations: Problemsthat contain higherorder derivativesin
time, can be solved using Krylov subspacespectralmethodsvery easily because
the computedsolutionscanbe differentiatedanalyticallywith respecto time. This
is exploitedin [6] to solvethevariable-speedave equatiorin onespacealimension.
Resultsor two andthreedimensiondave beenobtainedandwill be presentedh an
upcomingpaper

5. Conclusions. By reconsideringhe role of numericalquadraturen Galerkinmeth-
ods,we have succeedeih developinga classof numericalmethoddor solvingthe problem
(1.2, (1.3), (1.9 that overcomesomeof the dif culties that variable-coetient problems
posefor traditionalspectraimethods.By usinga low-orderKrylov subspacepproximation
of thesolutionoperatoifor eachcomponeninsteadof a singlehigherorderKrylov subspace
approximationfor all componentshigh-orderaccurag and nearunconditionalstability is
attained.

Futurework will be devotedto realizingfurtherbene t by exploiting two key properties
of thesemethods: rst, thatthey aremoreaccurateor problemswith smoothercoefcients,
andsecondthatthe component®f the computedsolutionin the basisof trial functionscan
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Fourier method
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FiG. 3.5. Fourier coefcients of the approximatesolution of (3.9), (3.9), (3.10 computedusingthe
Fourier method(top graph) and Algorithm 2.2 with Gauss-Radaguadiature (bottomgraph) with nodes

andtimestep

be representeds continuousfunctionsof that have a reasonablysimple structure. One
goalis to combinemethoddsfor ef ciently computingapproximatesigenfunction®of  with
Krylov subspacespectraimethodgo constructa continuousunctionthatrepresents highly
accurateapproximationof the exact solution over aslarge a domainin -space
aspossible,with lesscomputationakffort thanthat which traditionaltime-marchingmeth-
odsandsubsequerninterpolationwould require. Suchan approximatiorshouldyield useful
insightinto the natureof the exactsolutionaswell asthatof the eigensystenof

Appendix A. Proofs.

A.1. Proofof Lemma 2.1 From we obtain
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Fromsymmetryit follows that

Fromrepeatedpplicationof therelation , we obtain

whichyields

Fromtherelations

we obtain
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Thelemmafollows immediatelyfrom the Taylor expansionof

A.2. Proofof Lemma 2.3, For corveniencewe write

where , ,and . For , we have
thus . Becausdrourierinterpolationof |, for ary degree ,Is exact, (2.9
follows.

A.3. Proofof Theorem2.5. Letthevector beadiscretizatiorof
onauniformgrid of theform (2.1); thatis,

Theapproximation of computeddy Algorithm 2.1 hasthe form

where isthe Jacobimatrix producedyy the symmetricLanczosalgorithmapplied
to thematrix de nedin (2.2) with initial vector . Thuswe have
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We canexpresstheerror as
(A.1)
We rst consideitheexpression , Where is apositiveintegerand . Then

It follows from thefactthat is tridiagonal that

andthereforefor ,
When and , theexpressiorontheleft sidevanisheslif ,then
and , whichyieldsa similar boundfor .
Next, we considerthe expression , Where isanon-
negative integer By Lemma2.1, for . For , wede ne

for any nonngyativeinteger . Furthermorefor evenpositiveintegers  wede ne
thefollowing operatoron the spaceof continuousunctionsde ned on
is theorthogonalbrojectiononto

is the compositionof andthe -pointinterpolationoperatorusingan -
pointuniform grid of theform (2.1):

with — Certainly if , then
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Usingthesede nitions, we obtain

Let . By Lemma2.1, , from whichit followsthat ,

andtherefore

from whichit followsthat

In generalwe have

where

and

It followsthat,for x ed linearly with . By Lemma2.1,thetermsin
(A.1) thatareof order in  vanish,which completeghe proof.
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