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FRACTAL TRIGONOMETRIC APPROXIMA TION

M. A. NAVASCUES

Abstract. A generalprocedureto de ne nonsmoothfractal versionsof classicaltrigonometricapproximants
is proposed.The systemsof trigonometricpolynomialsin the spaceof continuousand periodic functions
are extendedto basesof fractal analogues.As a consequencef the processthe densityof trigonometricfractal
functionsin is deduced.We generalizealso someclassicalresults(Dini-Lipschitz's Theorem for instance)
concerninghe corvergenceof the Fourier seriesof a functionof . Furthermorea methodfor realdata tting
is proposedby meanf the constructiorof a fractalfunction proceedingrom a classicalapproximant.
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1. Intr oduction. A classicalapproachto handlereal experimentalrecordingsconsists
in their decompositiorin signal contentand noise. The rst components consideredas
deterministicandthe noiseis studiedfrom a statisticalpoint of view. We give herea global
deterministionethodto modelboth,signalandnoise by meanf fractalinterpolation.This
methodwasintroducedby M. Barnsleg andothers([1], [2], [3], [4], [10]) in theeightiesand
providesgoodtechniquedor the constructionof not necessarilysmoothinterpolantsto real
data.Theproceduras basedon thetheoryof IteratedFunctionSystemsandtheir associated
attractorq[2], [8]).

In formerpaperswe have provedthatBarnslg's methodis a generatheorywhich con-
tainsotherinterpolationtechniquessparticularcaseqseefor instancg 12], [13]). Another
importantfactis thatthe graphof theseinterpolantgpossessea fractal dimension,andthis
numbercanbeusedtio measuréhecompleity of asignal,allowing anautomaticcomparison
of recordingseglectroencephalographior instancg] 14)).

A generalprocedureo de ne nonsmoothractal versionsof classicatrigonometricap-
proximantsis proposed.The fractal trigonometricpolynomialsde ned heredo not sharein
generalthe propertiesof differentiability of classicaltrigonometricfunctionsandthey pre-
sene someotherslike closenesso continuousperiodicfunctions. The systemsof trigono-
metric polynomials,in the spaceof continuousand periodicfunctions ,areextended
to baseof fractalanaloguesAs a consequencef the processthe densityof trigonometric
fractal functionsin is deduced.This resultillustratesthe fact that, fractal interpola-
tion functionsareeverywherein the spaceof continuousfunctions,in a metricsense.ln the
referencd 14], for instancewe have provedthedensityof af ne fractalfunctionsin .

We generalizealso someclassicaltheorems(Dini-Lipschitz's Theorem,for instance)
concerningthe corvergenceof the Fourier seriesof a function of . Furthermorea
methodfor real data tting is proposedpy meansof the constructionof a fractal function
proceedingrom aclassicalpproximant.

Fromanappliedpoint of view, thetrigonometricapproximantslisplaythe spectrakon-
tent of a signal, providing a representatiofin the frequengy domainwhich allows its pro-
cessingand Itering. Ontheotherhand,Besicoritch andUrsell, in thereferencd 5], proved
thatthe graphof a smoothfunction hasa fractal dimensionof one. As a consequencehe
nonsmoothness arequiredconditionin orderto obtainanapproximatiorof the geometrical
compleity of arbitrarysignals.A conventionalinterpolantexcludesthe possibility of using
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this parametefor numericalcharacterizationsf experimentakignals([ 16]).

2. -Fractal Functions. Let berealnumbersand be
the closedinterval that containsthem. Let a setof datapoints
be given. Set andlet be

contractve homeomorphismsuchthat:

2.1)

2.2)

for some .
Let ; , for some and
continuousnappings, be givensatisfying:

(2.3)

(2.4)

Now de ne functions, .
THEOREM 2.1. (Barnslg [1]) The lterated Function System(IFS)
de ned above admitsa uniqueattractor . is the graphof a continu-
ousfunction which obeys , for .
The previousfunctionis calleda FractallnterpolationFunction(FIF) correspondingo

Let bethe setof continuousfunctions suchthat ;
is a completemetric spacerespecto the uniform norm. De ne a mapping
by:
(2.5)
is acontractiormappingon the metricspace
(2.6)
where . Since , possesseaunique x ed
pointon , thatis to say thereis suchthat . This
functionis the FIF correspondingo  andit is theunique satisfyingthe functional
equation([1]):
(2.7)

The mostwidely studiedfractalinterpolationfunctionssofar, arede ned by thelFS
(2.8)

is calleda vertical scalingfactorof thetransformation  and is
the scalevectorof the IFS. Following theequalitie(2.1)

(2.9)
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Let bea continuoudunction. We considetere,thecase
(2.10)

where is continuoussuchthat , and

This casds proposedy Barnslg, in thereferencd] 1]), asgeneralizatiorof ary contin-
uousfunction. It is easyto checkthatthe condition(2.3) is ful lled. By this methodonecan
de ne fractalanalogue®f any continuoudunction(seeFig. 2.1).

4
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Fic. 2.1. Theleft gure representshe graph of the function . Theright
graph representshe corresponding -fractal, with , alinein the
interval and .

DEFINITION 2.2, Let  bethecontinuoudunctionde ned by thelFS (2.8), (2.9 and
(2.10. isthe -fractalfunctionassociatedo withrespecto andthepartition
Following (2.7) and(2.10,  veri es the x edpointequation:

(2.11)
interpolateso at as,using(2.1), (2.11) andBarnslg's Theorem:
(2.12)

From(2.11) it is easyto deducehat:

and

(2.13)

If ,then(2.19)
Let  betheoperatorof ;

depend®n and but sometimesve will omitthe subindicesn orderto simplify the
notation.
ProOPOSITION 2.3. For xed and ,  satis estheLipscitz condition:

(2.14)
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Proof. Let , . By theequation(2.11),

and

then

and

from which theresultis deduced. O

THEOREM 2.4, is a continuousopemtor of

Proof. It is aninmediateconsequencef theformerproposition. |

PROPOSITION 2.5. Let besud that and as tendsto
in nity . Then uniformlyas tendsto in nity.

Proof. By theinequality(2.13:

from whichtheresultis deduced. O
To constructnon-smoothnterpolatingfunctionsone canproceedn the following way.
Let beaclassicalsmooth)nterpolantof thedata.Chooseanowheredifferentiabl€function
(for instancea Weierstrassunction([9])) and  non-null . As issmooth, cannot
bedifferentiablein every pointbecauséf it were,for ary , andtheequation
(2.17) canbewrittenas

As aconsequence,would bedifferentiableat (seeFig. 2.2).

3. Fractal Linear Operator. If we choose where is continuousjncreasing
andsuchthat and (for instance, for
in theinterval ), thenthe operatorof which assigns  ( -fractalof respecto

and ) tothefunction

islinearas,by (2.17)

Multiplying the rst equatiorby andthesecondoy , theuniquenessf thesolutionof the
x edpointequationde ning the FIF gives:
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Fic. 2.2. Theleft gure representghe graph of the function . Theright
graphrepresentshe corresponding -fractal, with , theWeierstrass
function — (with suitable ,  in orderto verify thehypothesesand
Besidesapplyingthe equation(2.13) for , onehas
(3.1)

from whichit is clearthat,

andasa consequence,
(3.2)

andso is a linear andboundedoperator From hereon we considerthis particularcase
( )

4. Fractal Trigonometric Polynomials. We considerherethe spaceof -periodic
continuoudunctions

Let be the set of trigonometricpolynomialsof degree (or order) at most , linearly
spannedy theset

(4.1)

Thisfamily constitutesbasisfor . Thissystemis orthogonalvith respecto theinner
product(5.1). In factit is acompletesystemin (7D.

Let be apartitionof theinterval

DEFINITION 4.1. is thesetof -fractal trigonometricpolynomialsof
degreeat most

PROPOSITION 4.2. is spannecdby
whee and

Proof. The constanfunctionsare x ed pointsof ,astheequation(2.11), for
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is satis ed by andby theuniquenessf thesolution .

If , then where . By thelinearityof , isalinear
combinationof . O

CONSEQUENCE 4.3. .

Thisfactallowsthe existenceof a nite uniform distancerom to
(4.2)

In 6, we approachthe problemof nding a basisfor . The case givesthe

classicakcaseof smooth and  functions.
The Theoremof Uniform Approximation(Weierstrasshor  -periodicfunctionsasserts

that, ary canbe uniformly approximatedy trigonometricpolynomials(seefor
instancd 11]).

THEOREM 4.4. Let be given. For all , anypartition  of theinterval

with points( ) andanyfunction verifyingtheconditiongprescribed,

there existsan -fractaltrigonometricpolynomial with in suc that

Proof. For ary , let us consider . Applying the theoremof uniform
approximatiorof , ,suchthat,
(4.3)
For apartition we choose , smallenoughto verify
(4.4)

Then,by (4.3 and(4.4) we obtaintheresult. d
THEOREM 4.5. For xed and , thesetof fractal trigopnometricpolynomials

is densdan
Proof. It is aninmediateconsequencef theformertheorem. g
We exclude becauseén this case andthe factis known. This result
con rms thatit is possibleto choose and suchthat there exists a fractal
trigonometricpolynomial  arbitrarily closeto any . Thatis to say the set
where , is fundamentatespecto the uniform norm. ([ 6]).
5. Fractal Fourier Series. We considetere with theinnerproduct
(5.1)
Thesystem

(5.2) B . - -
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is orthonormalndcomplete([ 7], [15]). TheFourierseriesof is
(5.3) —

where

In generalthe Fourierseriesof anelementis merelythe sumof its projectionson a system
of orthonormalelements.Fourier expansionscorvergein the meanof order2 (- -norm)to
theelementghatgive riseto them.Thatis to say if

(5.4) —

then,

as .
Pointwiseand uniform convergenceof the Fourier seriesof is not veri ed in general. A
collectionof theoremsoncerninghis topic canbeconsultedn ([ 7], [6], [15]). For instance,
we remarkthefollowing result.

THEOREM 5.1. (Dini-Lipschitz) If , andif as , then
theFourier seriesof convemgesuniformlyto . ( isthemodulusof continuityof ).
Let usconsidetthe operator ,suchthat is de ned by

where istheFouriersumoforder of (5.4). Inthereferencd[6]), it is provedthat
is aboundedperatorandthe following inequalityholds:

(5.5) —

isaprojectionon  as .
The error committedby the nite Fourier sum canbe boundedin several ways. For
instanceijf

it canbe provedthat(see[17])
(5.6)

Thetheoremf Jacksorgive upperboundsfor the quantity . Forinstance:
THEOREM 5.2. (Jacksors Theorem 6]) For all
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wheie is the modulusof continuityof . Thecoefcient 1 of —— isthebestpossible
oneindependendf and
As aconsequencéf

(5.7)  —

It canbe obsenedthat,from this inequality the Dini-Lipschitz theoremis deduced.

Let betheoperatorsuchthat

( -fractalFourier nite sumof ). is alinearandboundedperatorandby (3.2) and(5.5
andapplying(5.7)

(5.8) _ —_—

In this way, thetheoremof Dini-Lipschitz canbe generalizedo thefractalseries.

THEOREM 5.3. Let sud that as and let bea
sequencef scalevectoss, sud that as thenthe -fractal Fourier series
of corvemgesuniformlyto as

Proof. As is continuouson , as ([6]). The hypothesesand

(5.8) givetheresult. d

6. Trigonometric Fractal Inter polation. We approachherethe problemof trigono-
metricinterpolationby meansof fractaltechniquesLet
be given correpondingo the data where . Letus
considetthefundamentafunctionsof interpolation([17], [7])

(6.1)

For . Eachfunction ,is alinearcombinationof

andhences anelementof  ([7]).
Thefunction,

(6.2)
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Jisalsoanelemenf  andistheuniquesolutionin this spacedor theinterpolationproblem

If representshe trigopnometricinterpolationoperator which assigngo a function its
trigonometricinterpolantwith respecto , thenby (6.2)

(6.3)

where

We de ne the -fractaltrigonometricinterpolantas

isthe -fractalfunctionof  with respecto
Thefunction  passeghroughthe points as (see 2
(2.12). Besides

Thefunctions areorthogonabwith respecto theform:

andhenceabasisof . This propertyis inheritedby as interpolateso atthe
nodesandso

where isthedeltaof Kronecler. If , by thelinearity of theoperator

the orthogonalityof implies the linear independenceand hence constitutesa

basisof of -fractaltrigonometricpolynomialswith respecto thepartition . For ,
we retrieve thestandardasis

7. Fitting Method by Fractal Approximants. Let =~ — beacol-
lectionof data.Let usde ne afunctionof approximatiorto thedata(for instancea minimax
approximatioror aleastsquarestting curve) . Consideraninterval containingtheab-
scissa@ndlet beapartitionof |, suchthat ,

~ and " . Welook for an -fractalfunction . Tochoose we considerall
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the abscissas T oin for . Then,by the equation
(x edpoint) (2.11):

Approximating by

Wechoose by aleastsquaregprocedure:

Differentiatingthe former expressiorwe obtain:

By the Schwartz'sinequality

where

We mustchoosethe orderof the approximant in sucha way thatthe differencesetween

(1]
[2]
(3]

[4]
(5]

(6]

[7]
(8]

[9]
[10]
[11]
(12]

(13]

and— aresmallenoughto obtain
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