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FRACTAL TRIGONOMETRIC APPROXIMA TION
�

M. A. NAVASCUES
�

Abstract. A generalprocedureto de�ne nonsmoothfractal versionsof classicaltrigonometricapproximants
is proposed.The systemsof trigonometricpolynomialsin the spaceof continuousandperiodic functions �������
	

areextendedto basesof fractal analogues.As a consequenceof the process,the densityof trigonometricfractal
functionsin �������
	 is deduced.We generalizealsosomeclassicalresults(Dini-Lipschitz's Theorem,for instance)
concerningtheconvergenceof theFourierseriesof a functionof �������
	 . Furthermore,a methodfor realdata�tting
is proposed,by meansof theconstructionof a fractalfunctionproceedingfrom aclassicalapproximant.

Keywords. iteratedfunctionsystems,fractalinterpolationfunctions,trigonometricapproximation
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1. Intr oduction. A classicalapproachto handlerealexperimentalrecordingsconsists
in their decompositionin signal contentand noise. The �rst componentis consideredas
deterministicandthenoiseis studiedfrom a statisticalpoint of view. We give herea global
deterministicmethodto modelboth,signalandnoise,by meansof fractalinterpolation.This
methodwasintroducedby M. Barnsley andothers([1], [2], [3], [4], [10]) in theeightiesand
providesgoodtechniquesfor theconstructionof not necessarilysmoothinterpolantsto real
data.Theprocedureis basedon thetheoryof IteratedFunctionSystemsandtheir associated
attractors([2], [8]).

In formerpapers,we haveprovedthatBarnsley'smethodis a generaltheorywhichcon-
tainsotherinterpolationtechniquesasparticularcases(seefor instance[12], [13]). Another
importantfact is that thegraphof theseinterpolantspossessesa fractaldimension,andthis
numbercanbeusedto measurethecomplexity of asignal,allowing anautomaticcomparison
of recordings,electroencephalographicfor instance([14]).

A generalprocedureto de�ne nonsmoothfractalversionsof classicaltrigonometricap-
proximantsis proposed.Thefractal trigonometricpolynomialsde�ned heredo not sharein
generalthe propertiesof differentiability of classicaltrigonometricfunctionsandthey pre-
serve someotherslike closenessto continuousperiodicfunctions. The systemsof trigono-
metric polynomials,in the spaceof continuousandperiodicfunctions �
������� ,areextended
to basesof fractalanalogues.As a consequenceof theprocess,thedensityof trigonometric
fractal functionsin �
������� is deduced.This result illustratesthe fact that, fractal interpola-
tion functionsareeverywherein thespaceof continuousfunctions,in a metricsense.In the
reference[14], for instance,wehaveprovedthedensityof af�ne fractalfunctionsin ����� ��������� .

We generalizealso someclassicaltheorems(Dini-Lipschitz's Theorem,for instance)
concerningthe convergenceof the Fourier seriesof a function of ��������� . Furthermore,a
methodfor real data�tting is proposed,by meansof the constructionof a fractal function
proceedingfrom aclassicalapproximant.

Fromanappliedpointof view, thetrigonometricapproximantsdisplaythespectralcon-
tent of a signal,providing a representationin the frequency domainwhich allows its pro-
cessingand�ltering. On theotherhand,Besicovitch andUrsell, in thereference[5], proved
that the graphof a smoothfunction hasa fractal dimensionof one. As a consequence,the
nonsmoothnesis a requiredconditionin orderto obtainanapproximationof thegeometrical
complexity of arbitrarysignals.A conventionalinterpolantexcludesthepossibilityof using
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this parameterfor numericalcharacterizationsof experimentalsignals([16]).

2.  -Fractal Functions. Let !#"%$&!�'($*)+),)-$.!#/ berealnumbers,and 0213� !#"4�5!#/6� be
the closedinterval that containsthem. Let a setof datapoints 78�9!�:;�5<=:��?>@0BADCFEHG&1

I

�KJL�����M),)+),��NHO be given. Set 0M:P1Q� !#:
R-'���!#:8� andlet ST:.E�0VUW0X:Y�ZG*>[74J4�����M),)+),��NDO be
contractivehomeomorphismssuchthat:

ST:Y�\!]"^��1_!#:`RY'^�aST:Y�9!#/b��1@!#:(2.1)

c

Sd:Y�9eK'K�gfhSd:Y�9eXi^�

c`jlkgc

eK'dfDeXi

cnm

eK'���eXi@>o0(2.2)

for some
I

jPk

$pJ .
Let fqJr$l g:?$pJ ; GZ1[JL���`�K)+),)+��N , st1.0uAv� ew��xL� for somefzy{$Pez$Px|$@}qy and N

continuousmappings,sa:oELs~U•C begivensatisfying:

sg:Y�\!]"8�5<€"���1@<=:
R-'^�Zs•:Y�9!#/‚��<=/q��1@<=:;�vGZ1~JL���`�M),),)+��N(2.3)

c

s•:-�9!ƒ�5<;�afhsg:-�9!ƒ�5„��

c
j

 g:

c

<…fh„

c

�†!‡>o0=�†<���„2>vC(2.4)

Now de�ne functions,̂ :
�\!ƒ�5<;�T1~��S

:
�9!5�ƒ��s

:
�9!ƒ�5<����ƒ�

m

GB1[JL�����M),)+),��N .
THEOREM 2.1. (Barnsley [1]) The Iterated Function System(IFS) 7‰sŠ�Vˆ‹:ŒE

G&1•JL���`�M),),)+��NDO de�ned aboveadmitsa uniqueattractor Ž . Ž is the graph of a continu-
ousfunction •ZE80(U•C which obeys •a�9!5:��T1_<=: , for GZ1

I

�KJL���`�M),),)+��N .
Theprevious function is calleda FractalInterpolationFunction(FIF) correspondingto

78��ST:;�\!5�X��sg:-�\!ƒ��<��5�ƒO

/

:w•g'

.
Let ‘ be the setof continuousfunctions •’Ez� !5"8�5!#/6�rUŒ� e���xL� suchthat •a�9!]"‰�21“<=" ;

•a�\!#/r�61[<=/ . ‘ is a completemetricspacerespectto theuniform norm. De�ne a mapping
”

E8‘•U–‘ by:

�

”

•Y�M�\!5��1.s•:Y��S

R-'

:

�\!5�X��•|—‡S

R-'

:

�\!5���

m

!‡>H� !#:
R-'^��!#:8���oGZ1[JL���`�K)+),)+��N(2.5)

”

is acontractionmappingon themetricspace��‘ , ˜‡™8˜^š%� :

˜

”

•…f

”‹›

˜Kš

jtc

 

c

šB˜K•|f

›

˜Kš(2.6)

where
c

 

c

šF1†œ|•�žo7

c

 •:

c Ÿ

Gl1¡JL���`�K)+),)+��NDO . Since
c

 

c

š–$¢J ,
”

possessesa unique�x ed
point on ‘ , that is to say, thereis •t>~‘ suchthat �

”

•Y�M�\!5�|1£•a�9!5�

m

!2>*� !#"4�5!#/6� . This
functionis theFIF correspondingto ˆ‹: andit is theunique •¤>H‘ satisfyingthefunctional
equation([1]):

•a�\!5��1_sg:-��S

RY'

:

�\!5�X��•%—‡S

RY'

:

�\!5���ƒ�¥GB1~J4���`�K)+),),��NZ�2!d>v0X:…1[� !#:
R-'^�5!#:8�(2.7)

Themostwidely studiedfractalinterpolationfunctionssofar, arede�ned by theIFS
¦

Sd:Y�\!5�T1@�8:
!�}§�ƒ:

sg:-�\!ƒ��<��T1. g:
<¨}¤©K:Y�\!5�

(2.8)

 
: is calleda verticalscalingfactorof thetransformation̂ : and  l1ª�� 

'
�� 

i
�K)M)K)X�� 

/
� is

thescalevectorof theIFS.Following theequalities(2.1)

�
:|1

!#:(f•!#:`RY'

!
/

fh!
"

�ƒ:%1

!#/z!#:
RY'dfh!]"K!#:

!
/

f•!
"

(2.9)
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Let •n>?���90
� bea continuousfunction.We considerhere,thecase

© : �\!5�T1.•¨—‡S : �\!5�afD : ���\!5�(2.10)

where � is continuous,suchthat �w�\! " �T1_< " , ���9! / �T1_< / and �‚« 1.• .
Thiscaseis proposedby Barnsley, in thereference([1]), asgeneralizationof any contin-

uousfunction. It is easyto checkthatthecondition(2.3) is ful�lled. By this methodonecan
de�ne fractalanaloguesof any continuousfunction(seeFig. 2.1).
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FIG. 2.1. Theleft �gure representsthe graph of the function ¬�­�®]¯r°†±K²�³`´¶µ�·�¸‰¹^­¶ºX±ƒ®#¯ . Theright
graph representsthe corresponding» -fractal, with ¼ª½;¾o¿[ºXÀMÁo¿pÂ‰ÀKÁo¿[Ã�Ã�Ãg¿[º , Ä a line in the
interval Å ¾LÆƒº�Ç and »YÈr°¤¾wÃ ÂÊÉ`Ë¨°lº‰ÆƒÃ�Ã�Ã�Æ5Á .

DEFINITION 2.2. Let •YÌ bethecontinuousfunctionde�nedby theIFS (2.8), (2.9) and
(2.10). •YÌ is the  -fractal functionassociatedto • with respectto � andthepartition Í .

Following (2.7) and(2.10), •
Ì veri�es the�x edpointequation:

•

Ì

�\!5�d1@•a�\!5�•}¤ 
:

��•

Ì

fH�X�-—‡S

RY'

:

�9!5�

m

!d>v0
:

(2.11)

•YÌ interpolatesto • at !
:

as,using(2.1), (2.11) andBarnsley'sTheorem:

•

Ì

�9!#:€��1&•a�\!#:���}V •:Y��•

Ì

fH�X�-—b�\!#/r�T1@•a�9!#:��

m

Gv1

I

�KJL�M)K)M)X��N
(2.12)

From(2.11) it is easyto deducethat:

˜M•

Ì

fH•
˜Mš

jtc

 

c

šB˜K•

Ì

fD�w˜Kš

j~c

 

c

šZ��˜K•

Ì

fD•
˜Kšp}&˜M•…fD�w˜Kš|�

and

˜M•

Ì

fH•
˜Mš

j

c

 

c

š

JÎf

c

 

c

š

˜M•…fD�L˜Mš
(2.13)

If  D1

I

, then(2.11) •YÌ…1.• .
Let Ï

Ì betheoperatorof ‘ ; Ï
Ì…1

Ï
Ì

Ð‡Ñ Ò :

Ï
Ì

Ð‡Ñ Ò

EF‘ U ‘

• Ó U •YÌ

Ï
Ì

Ð‡Ñ Ò dependson � and Í but sometimeswe will omit thesubindicesin orderto simplify the
notation.

PROPOSITION 2.3. For �xed Í and � , Ï
Ì satis�estheLipschitzcondition:

˜
Ï

Ì

��•Y�gf
Ï

Ì

�

›

�K˜
š

j

J

JÎf

c

 

c

š

˜M•?f

›

˜
š

(2.14)
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Proof. Let Ï Ì-��•Y��1@•YÌ , Ï ÌY�

›

��1

›

Ì . By theequation(2.11),
m

!T>Z0 :

•

Ì

�\!5�T1.•a�\!5��}V g:Y��•

Ì

fH�X�-—‡S

R-'

:

�9!5�

›

Ì

�\!5�T1

›

�9!5��}¤ g:Y�

›

Ì

fH�X�-—‡S

R-'

:

�9!5�

and

•

Ì

�9!5�af

›

Ì

�\!5�T1.•a�\!5�af

›

�9!5��}V •:Y��•

Ì

f

›

Ì

��—‡S

RY'

:

�\!5�

then ÔMÕ8Ö€×¶ØLÙ¶Ú

c

•

Ì

�\!5�
f

›

Ì

�9!5�

c`j

˜M•…f

›

˜ š }

c

 

c

š ˜M•

Ì

f

›

Ì

˜ š

and

˜M•

Ì

f

›

Ì

˜ š

j

˜M•|f

›

˜ š }

c

 

c

š ˜K•

Ì

f

›

Ì

˜ š

from which theresultis deduced.
THEOREM 2.4. Ï

Ì…1
Ï

Ì

Ð‡Ñ Ò is a continuousoperator of ‘ .
Proof. It is aninmediateconsequenceof theformerproposition.
PROPOSITION 2.5. Let  gÛÜ>nC

/ besuch that
c

 gÛ

c

šÝ$~J and  gÛ[U

I

as Þ tendsto
in�nity . ThenÏÎÌ4ß

��•Y��UQ• uniformlyas Þ tendsto in�nity .
Proof. By theinequality(2.13):

˜
Ï

Ì
ß

��•Y�
fD•
˜
š

j

c

 gÛ

c

š

JÎf

c

 •Û

c

š

˜M•…fD�w˜
š

from which theresultis deduced.
To constructnon-smoothinterpolatingfunctionsonecanproceedin the following way.

Let • beaclassical(smooth)interpolantof thedata.Chooseanowheredifferentiablefunction
� (for instance,aWeierstrassfunction([9])) and  g: non-null

m

G . As • is smooth,•-Ì cannot
bedifferentiablein everypointbecauseif it were,for any !d>v0 , SŠ:Y�\!5�‡>Z0X: andtheequation
(2.11) canbewrittenas

�w�\!5��1&•

Ì

�\!5�•}

J

 
:

��•?fD•

Ì

��—‡ST:;�9!5�

As aconsequence,� wouldbedifferentiableat ! (seeFig. 2.2).

3. Fractal Linear Operator. If we choose�‹1t•|—‡e where e is continuous,increasing
andsuchthat ew�9!]"��T1@!]" and ew�9!#/r�T1_!#/ (for instance,eL�\!5�T1’�9àwá

×

flJ‰��â��9à�áqflJ‰� for ãBä

I

in the interval �

I

�KJX� ), thenthe operatorof �
��08� which assigns••Ì (  -fractalof • respectto
•¨—‡e and Í ) to thefunction • å

Ì

1

å

Ì

Ð‡Ñ æ

is linearas,by (2.11)
m

!T>v0X: :

•

Ì

�\!5��1&•a�\!5��}V 
:

��•

Ì

fH•¨—‡eM�-—‡S

RY'

:

�\!5�

›

Ì

�\!5�T1

›

�9!5�-}¤ 
:

�

›

Ì

f

›

—‡eM��—‡S

RY'

:

�9!5�

Multiplying the�rst equationby ã andthesecondby ç , theuniquenessof thesolutionof the
�x edpoint equationde�ning theFIF gives:

��ã�•|}Hç

›

�

Ì

1&ã=•

Ì

}Hç

›

Ì

m

ã-��çn>ZC



ETNA
Kent State University 
etna@mcs.kent.edu

68 M. A. NAVASCUES

0 0.2 0.4 0.6 0.8 1
-4
-2

0
2
4

0 0.2 0.4 0.6 0.8 1
-4
-2

0
2
4

FIG. 2.2. Theleft �gure representsthe graph of the function ¬�­�®]¯r°†±K² ³`´¶µ ·�¸‰¹^­¶ºX±ƒ®#¯ . Theright
graphrepresentsthecorresponding» -fractal, with ¼’½
¾u¿_ºXÀMÁ¨¿§Â‰ÀKÁ‚¿_Ã�Ã�Ã€¿_º , Ä theWeierstrass
function Ä‰­�®#¯-°Hè8é€êvè

´=ë&ì í�î

é

é

´]ï

¹�ð\Ë-­\ñ

í

®]¯ (with suitableè8é , è

´

in order to verify thehypotheses)and
» È °H¾wÃ º{É`Ë¨°PºKÆƒÃ�Ã�Ã�Æ]Á .

Besides,applyingtheequation(2.13) for �Š1.•¨—‡e , onehas

˜

å

Ì

��•Y�afH•
˜Mš

j

�

c

 

c

š

JÎf

c

 

c

š

˜M•
˜Kš(3.1)

from which it is clearthat,

˜

å

Ì

��•Y�K˜
š

j

�

c

 

c

š

JÎf

c

 

c

š

˜M•
˜
š

}&˜M•
˜
š

j

Jd}

c

 

c

š

JÎf

c

 

c

š

˜M•
˜
š

andasaconsequence,

˜

å

Ì

˜

j

Jd}

c

 

c

š

JÎf

c

 

c

š

(3.2)

andso

å

Ì is a linear andboundedoperator. Fromhereon we considerthis particularcase
( �‡1&•¨—‡e ).

4. Fractal Trigonometric Polynomials. We considerhere the spaceof �w� -periodic
continuousfunctions

�����w����1t7�•ZE€�+fÎ�
�5�;�;UQC

Ÿ

•;eXò^GY!]ó¶G

Õ

ò

ÕYÔ

��•a�5fÎ���g1&•a�\���ƒO

Let ôMÛ be the set of trigonometricpolynomialsof degree(or order) at most Þ , linearly
spannedby theset 78JL�

Ô

ó¶G��9<��ƒ��eXò

Ô

�\<;�ƒ�

Ô

ó¶G����w<��X��eXò

Ô

���w<��X�M™M™K™M�

Ô

ó¶G��9Þ2<;�ƒ��eMò

Ô

�9Þ2<;��O .

ôMÛ&1($&74J4�

Ô

ó¶G��\<��X��eXò

Ô

�9<��ƒ�

Ô

ó�G�����<;�ƒ��eMò

Ô

����<;�ƒ�M™K™M™K�

Ô

ó¶G��\Þo<��ƒ��eXò

Ô

�\Þo<��ƒOuä(4.1)

Thisfamily constitutesabasisfor ô
Û . Thissystemis orthogonalwith respectto theinner

product(5.1). In factit is a completesystemin õ

i

������� ([7]).
Let Í

E�fÎ�Z1_!]"u$§!�'b$.™K™M™�$l!#/&1P� beapartitionof theinterval �+fÎ�
�5�;� .
DEFINITION 4.1. ô€Ì

Û

1

å

Ì��\ôMÛq� is the setof  -fractal trigonometricpolynomialsof
degreeat mostÞ .

PROPOSITION 4.2. ô=Ì

Û

is spannedby 74JL��eXò

Ô

ÌY�\!5�X�

Ô

ó¶G�Ì��9!5�ƒ�M™K™M™K�

Ô

ó¶G�ÌY�\Þo!5�ƒ��eXò

Ô

Ì��9Þ2!5�ƒO

where eXò

Ô

Ì��+ö4!5�T1

å

Ì�eMò

Ô

�,ö4!5� and

Ô

ó¶G�Ì-�,ö4!5��1

å

Ì

Ô

ó¶G��+ö4!5� .
Proof. Theconstantfunctionsare�x edpointsof

å

Ì ,astheequation(2.11), for •a�\!5�Š1

÷

�

m

!d>o0

•

Ì

�\!5��1

÷

}V g:-��•

Ì

fH•¨—‡eK��—‡S

R-'

:

�\!5�



ETNA
Kent State University 
etna@mcs.kent.edu

FRACTAL TRIGONOMETRICAPPROXIMATION 69

is satis�edby •YÌ��\!5��1

÷

m

!T>v0 andby theuniquenessof thesolution

å

Ì-��•Y��1.• .
If !5Ì

Û

>•ô€Ì

Û

, then !5Ì

Û

1

å

Ì��\! Û � where ! Û >hô Û . By the linearity of

å

Ì , !5Ì

Û

is a linear
combinationof 78JL��eMò

Ô

ÌY�9!5�ƒ�

Ô

ó¶G�Ì��\!5�ƒ�K™M™K™M�

Ô

ó¶G�Ì-�9Þ2!5�X��eXò

Ô

Ì•�\Þo!5��O .
CONSEQUENCE 4.3. x4ó�ÞD�\ô=Ì

Û

�Š$_}qy .
This factallows theexistenceof a �nite uniformdistancefrom •n>2�
������� to ô Ì

Û

:

x

�

Ì

Û

1.x���•��5ô

Ì

Û

�T1_ó¶G�••7
˜M•|f•!

Ì

Û

˜Mš

Ÿ

!

Ì

Û

>vô

Ì

Û

O(4.2)

In ø 6, we approachthe problemof �nding a basisfor ô;Ì

Û

. The case Ü1

I

givesthe
classicalcaseof smooth

Ô

ó�G and eXò

Ô

functions.
TheTheoremof Uniform Approximation(Weierstrass)for ��� -periodicfunctionsasserts

that,any •_>¤�����w��� canbeuniformly approximatedby trigonometricpolynomials(seefor
instance[11]).

THEOREM 4.4. Let •H>•��������� begiven. For all ùuä

I

, anypartition Í of the interval
0(1’� fÎ�
���;� with Nh}%J points( N•ä&J ) andanyfunctione verifyingtheconditionsprescribed,
thereexistsan  -fractal trigonometricpolynomial

Ô

Ì��\!5� with  P« 1

I

in C

/ such that
c

•a�9!5�af

Ô

Ì

�\!5�

c

$lù

Proof. For any ùVä

I

, let us consider ùƒâL�pä

I

. Applying the theoremof uniform
approximationof ��������� , ú

Ô

�\!5�Î>2ô
Û ,suchthat,

c

•a�\!5�gf

Ô

�9!5�

c

$lùXâw� !‡>v0(4.3)

For apartition Í we choose V>oC

/ ,  _« 1

I

smallenoughto verify

c

Ô

�9!5�af

Ô

Ì

�\!5�

c�j

�

c

 

c

š

JÎf

c

 

c

š

˜

Ô

˜Mš¢$§ùXâL�(4.4)

Then,by (4.3) and(4.4) we obtaintheresult.
THEOREM 4.5. For �xed Í and e , thesetof fractal trigonometricpolynomials

û

7K!

Ì

Û

Ÿ

!#Û[>2ôMÛ

Ÿ

 H>H�9C

/

�

��Ÿ^c

 

c

š¢$&J

Ÿ

Þ£>oNHO

is densein �
������� .
Proof. It is aninmediateconsequenceof theformertheorem.
We exclude  *1

I

becausein this case!�Ì

Û

1£!#Û andthe fact is known. This result
con�rms that it is possibleto choose F« 1

I

and Þü>*N suchthat thereexists a fractal
trigonometricpolynomial

Ô

Ì

Û

arbitrarily closeto any •n>2�
������� . Thatis to say, theset
û

Ì

Ø4ý

78JL��eXò

Ô

Ì

�\<;�ƒ�

Ô

ó¶G

Ì

�\<��X�M™K™M™‰�

Ô

ó¶G

Ì

�\Þo<��X��eXò

Ô

Ì

�\Þo<��;™K™M™+O

where þn1p7‰ ¤>vC

/

Ÿ‰c

 

c

šª$pJ

Ÿ

 _« 1

I

O , is fundamentalrespectto theuniformnorm.([6]).

5. Fractal Fourier Series. We considerhere��������� with theinnerproduct

$l•��

›

äz1.ÿ��

R

�

•a�\!5�

›

�\!5�5xL!(5.1)

Thesystem

7

J

�

���

�

J

�

�

Ô

ó¶G��\!5�X�

J

�

�

eXò

Ô

�\!5�X�

J

�

�

Ô

ó¶G�����!5�X�

J

�

�

eXò

Ô

���w!5�ƒ�M™K™M™+O(5.2)
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is orthonormalandcomplete([7], [15]). TheFourierseriesof • is

•a�\!5���

�4"

�

}

�

š

�

�

•g'

���

�

eXò

Ô

�

÷

!5��}§�

�

Ô

ó¶G��

÷

!5�5�(5.3)

where

�

�

1

J

�

ÿ �

R

�

•a�\!5�5eXò

Ô

�

÷

!5�5xL!

�

�

1

J

�

ÿ��

R

�

•a�\!5�

Ô

ó¶G��

÷

!5�#x4!

In general,theFourierseriesof anelementis merelythesumof its projectionson a system
of orthonormalelements.Fourierexpansionsconvergein themeanof order2 ( õ

i -norm)to
theelementsthatgive riseto them.Thatis to say, if

�

Û
�\!5�d1

�8"

�

}

Û

�

�

••'

�9�

�

eXò

Ô

�

÷

!5�-}V�

�

Ô

ó�G��

÷

!5�5�(5.4)

then,

˜M•|f

�

Û
˜

i

i

1
ÿ

�

R

�

��•…f

�

Û
�

i

xL!�U

I

as Þ¡U–y .
Pointwiseanduniform convergenceof the Fourier seriesof • is not veri�ed in general.A
collectionof theoremsconcerningthis topiccanbeconsultedin ([7], [6], [15]). For instance,
we remarkthefollowing result.

THEOREM 5.1. (Dini-Lipschitz) If •a�\!5�‡>2��������� , andif 	6��
w�

k

ò

›

��
w��U

I

as 
qU

I

, then
theFourier seriesof • convergesuniformlyto • . ( 	 is themodulusof continuityof • ).

Let usconsidertheoperator�gÛ~E������w����UFôMÛ ,suchthat �•Û¨��•Y� is de�ned by

��Û%��•Y�X�9!5�T1

�

Û(�9!5�

m

!T>D� fÎ�
���;���

where
�

Û is theFouriersumof order Þ of • (5.4). In thereference([6]), it is provedthat ��Û

is a boundedoperatorandthefollowing inequalityholds:



�

i

k

ò

›

�\ÞZ�‡$t˜���Û(˜

j��

}

k

ò

›

�9Þv�(5.5)

�
Û is a projectionon ô

Û as �
Û

—��
Û

1��
Û .

The error committedby the �nite Fourier sum can be boundedin several ways. For
instance,if

x

�

Û

��•Y��1.x=��•��5ôMÛr�T1Pó¶G�••7`˜M•%f

Ô

˜Mš2�

Ô

>vôMÛuO

it canbeprovedthat(see[17])

˜���Ûb•?fD•
˜Kš

j

�




}

k

ò

›

�\ÞZ�5�5x

�

Û

��•Y�(5.6)

Thetheoremsof Jacksongiveupperboundsfor thequantity x

�

Û

��•Y� . For instance:
THEOREM 5.2. (Jackson'sTheorem[6]) For all •Z>o���������

x

�

Û

��•Y�

j

	6�

�

ÞÜ}_J

�
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where 	 is themodulusof continuityof • . Thecoef�cient 1 of 	6�

�

Û

�

'

� is thebestpossible
oneindependentof • and Þ .

As aconsequence,if •B>2���������

˜���Ûr•…fH•
˜Mš

j

�




}

k

ò

›

�9Þv����	6�

�

Þ†}_J

�(5.7)

It canbeobservedthat,from this inequality, theDini-Lipschitz theoremis deduced.
Let �‡Ì

Û

1

å

Ì(—�� Û betheoperatorsuchthat

�

Ì

Û

��•Y��1

å

Ì

����Û%��•Y�5�

(  -fractalFourier�nite sumof • ). �ŠÌ

Û

is a linearandboundedoperatorandby (3.2) and(5.5)
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˜

j
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}
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ò

›
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Ì

Û

•?fD•
˜Kš
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Ì

Û
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Ì
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Ì
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š
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c

š
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c

š
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c

š

˜K•
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andapplying(5.7)
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•?fD•
˜Kš
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JÎf
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c

š

���5�5J‡}
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ò

›

�\ÞZ�5��	6�

�

Þ†}@J
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c

šZ˜K•
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In this way, thetheoremof Dini-Lipschitzcanbegeneralizedto thefractalseries.
THEOREM 5.3. Let •@>V�����w��� such that 	6��
w�

k

ò

›

��
w�uU

I

as 
oU

I

and let  
Û be a

sequenceof scalevectors,such that  
Û

U

I

as ÞÝU y ,thenthe  
Û -fractalFourier series

of • convergesuniformlyto • as ÞªU{y .
Proof. As • is continuouson � fÎ�
���;� , 	6�����bU

I

as �HU

I

([6]). Thehypothesesand
(5.8) give theresult.

6. Trigonometric Fractal Inter polation. We approachherethe problemof trigono-
metric interpolationby meansof fractal techniques.Let Í

EYfÎ�D1t!�"%$@!�'‚$’™K™M™Y$@!#i�Û†$

!#i�Û

�

'|13� be given correpondingto the data 78�9!

�

�5<

�

��O

i�Û

�

'

�

•Y"

where <="o1¥<=i�Û

�

' . Let us
considerthefundamentalfunctionsof interpolation([17], [7])
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(6.1)

For öL�

÷

1

I

�KJL�K™M™M™M����Þh�

� �

�\!

�

��1!


�

� . Eachfunction �"� ,is a linearcombinationof

JL��eXò

Ô
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Ô

�9Þ2!5�X�
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Ô

ó¶G��9Þ2!5�

andhenceis anelementof ô‰Û ([7]).
Thefunction,
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�

•Y"

<

�
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�\!5�(6.2)
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,is alsoanelementof ô Û andis theuniquesolutionin thisspacefor theinterpolationproblem

�

�\!

�

�T1P<

�

÷

1

I

�MJ4�M™M™K™X���wÞ•)

If
”

Û representsthe trigonometricinterpolationoperator, which assignsto a function • its
trigonometricinterpolantwith respectto 78�9!

�

��•a�\!

�

����O

i�Û

�

•Y"

, thenby (6.2)
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We de�ne the  -fractaltrigonometricinterpolantas
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� is thedeltaof Kronecker. If
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å

Ì ,
Ô

Ì

1
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Ì
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the orthogonalityof �

Ì

� implies the linear independenceandhence 7

�
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�
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i�Û

�

•Y"
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basisof ô

Ì

Û

of  -fractaltrigonometricpolynomialswith respectto thepartition Í . For  •1

I

,
we retrievethestandardbasis�

� .

7. Fitting Method by Fractal Approximants. Let 78� !

�

� <

�

�X��ö(1

I

�KJL�K)M)M)M�

Ö

O bea col-
lectionof data.Let usde�ne afunctionof approximationto thedata(for instance,aminimax
approximationor a leastsquares�tting curve) •a�9!5� . Consideraninterval 0 containingtheab-
scissasandlet Í beapartitionof 0 , Í

EL�¨1@!#"q$l!�'z$p)+),)�$l!#/&1@� suchthat !

�

«1 !

�

m

ó���ö ,
!]"u$ !]" and !5/[ä !%$ . We look for an  -fractalfunction •-Ì��\!5� . To choose g: we considerall
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theabscissas!

�'&

�K™M™K™X� !

��( in 0 : : ! :
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j
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��)

j

! : for ó‹13JL�����M™K™M™X�+* . Then,by theequation
(�x edpoint) (2.11):
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We choose : by a leastsquaresprocedure:
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Differentiatingtheformerexpressionwe obtain:
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By theSchwartz's inequality
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We mustchoosetheorderof theapproximant• in sucha way that thedifferencesbetween
•a� !
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